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Abstract: Differential cross sections (DCS) for single electron capture from helium by heavy ion
impact are calculated using a frozen core 3-body model and an active electron 4-body model within
the first Born approximation. DCS are presented for H+ , He2+ , Li3+ , and C6+ projectiles with velocities
of 1 MeV/amu and 10 MeV/amu. In general, the DCS from the two models are found to differ by about
one to two orders of magnitude with the active electron 4-body model showing better agreement with
experiment. Comparison of the models reveals two possible sources of the magnitude difference:
the inactive electron’s change of state and the projectile–target Coulomb interaction used in the
different models. Detailed analysis indicates that the uncaptured electron’s change of state can
safely be neglected in the frozen core approximation, but that care must be used in modeling the
projectile–target interaction.
Keywords: electron capture; charge transfer; frozen core approximation

1. Introduction
The study of electron capture (or charge transfer) collisions serves researchers in both fundamental
and applied fields. On the applied side, electron capture collisions are needed in areas as diverse
as plasma physics, astrophysics, and biophysics. Modelers, theorists, and experimentalists in these
fields rely on accurate collision cross sections in order to understand phenomena and develop
new technologies. Without an accurate knowledge of the most fundamental atomic interactions,
more sophisticated systems cannot be adequately understood, and this is where a connection between
fundamental and applied physics is needed. From a fundamental standpoint, electron capture
collisions can provide valuable information about atomic structure and few-body interactions on the
atomic scale. They have been used to study effects such as electron correlation, multi-step processes,
and nuclear–nuclear Coulomb effects.
While these collision systems have been studied extensively for the last century, there are still
many theoretical, computational, and experimental challenges. In particular, the small projectile
scattering angles involved in heavy particle collisions make highly detailed measurements difficult,
and only in the last two decades have a significant number of differential cross section measurements
become available [1–7]. The growing body of highly accurate experimental data has spurred the
development and application of numerous theoretical models for the study of the electron capture
process. While theory’s ability to accurately predict experiments has improved, there are still many
remaining challenges. For example, an accurate theoretical treatment of heavy particle continuum wave
functions remains quite difficult. Additionally, time-dependent and non-perturbative models often
perform better than traditional Born-type models, but they typically rely on classical, semiclassical,
or other approximations, and can require significant computational resources [8–13].
A frequently used approximation for single electron capture collisions in both perturbative
and non-perturbative models is the frozen core approximation in which the uncaptured, inactive
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electron is assumed to not change state. In the case of a bare particle colliding with a helium
atom, the implementation of the frozen core approximation effectively reduces the calculation from
a four-body problem to a three-body problem, which greatly improves computational runtimes.
The frozen core approximation is also often applied to single ionization and single excitation collisions
in which there is an inactive electron that can be modeled as a bystander with only screening effects
and no change of state. Naturally, a complete four-body calculation in all of these collision processes
represents a more physically accurate description, but the key question is what, if any, limitations exist
by using the frozen core approximation.
Theoretical study of the single capture process dates back nearly a century to the first work of
Thomas [14] using a classical model and Oppenheimer [15] and Brinkman and Kramers [16] using a
quantum mechanical plane wave Born approximation. Since that time, countless additional models
have been developed, which are too numerous to list individually. We refer the reader to the review [17]
and references cited below for an overview of the history of electron capture studies. However, a brief
discussion of a few of the 3-body and 4-body models is relevant to the work here.
Use of the frozen core approximation resulting in a 3-body model has proven effective in many
cases. For example, the 3-body continuum distorted wave-eikonal initial state [18], two center basis
generator method (TC-BGM) [4], 3-body Coulomb–Born distorted wave formalism [19], and the first
order Born approximation with Coulomb boundary conditions [20] have all shown moderate-to-good
success in predicting the shape and magnitude of the differential cross section (DCS). While electron
correlation cannot be explicitly included in these 3-body models, they all include the Coulomb distortion
caused by the residual ion and of nuclear screening. The methods by which these effects are included
are what distinguish the models.
Thanks to computational advances, there are also many four-body models in use for the single
capture process [2,17,21–30] with varying degrees of agreement between each other and experiment.
These four-body models include the four-body boundary-corrected first Born [31], Coulomb distorted
Wave–Born initial state [32], Coulomb distorted wave–four-body [33], four-body boundary-corrected
continuum-intermediate-states (BCIS-4B) [31], and Born Distorted Wave–four-body [34] models, among
others. The obvious advantage to the four-body models is the inclusion of the initial state electron
correlation, although this generally has a minimal effect [8]. The other advantage to four-body models
is the ability to include more accurate final state interactions between the outgoing bound state and
the residual ion bound state, which is typically the distinguishing feature of the models listed above.
With the exception of the TC-BGM model, which is semiclassical, and the BCIS-4B model, which is
second order, the models listed above are first order perturbative models. Many of these produce a
deep minimum at the so-called dark angle that results from an interference of terms in the perturbation
potential. However, inclusion of proper boundary conditions or higher order terms eliminates this
feature [8,31]. Despite the plethora of available three-body and four-body models for single electron
capture, a focused analysis of the effects of the frozen core approximation in single capture collisions
has not been performed. This is the goal of the present investigation.
Previously, we examined the frozen core approximation in electron and heavy ion impact single
ionization of helium [35,36], as well as the five-body process of He+ + He electron capture [37]. In our
study of single ionization, we found that the initial state projectile–target interaction and the final state
ionic potential were most influential on the magnitude and shape of the differential cross sections.
The different treatments of these interactions in the three-body and four-body models represent different
approximations for screening of the target nucleus and showed clear effects for both electron and heavy
ion projectiles.
For the five-body He+ + He single capture collision, our analysis also showed that the model
used for screening either the projectile or the target nucleus could significantly affect the shape and
magnitude of the DCS. In particular, much like the single ionization case, changes to the initial state
projectile–target Coulomb interaction were the primary cause of the differences between the frozen
core and active electron DCS. Based on the consistency of these prior studies, we expect the initial
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state projectile–target interaction to play an important role in the single capture process, as well.
In order to focus solely on the effect of the frozen core approximation, we perform calculations with
the first Born approximation (FBA), where the effect of the uncaptured electron can be studied in a
straightforward manner. Clearly, more sophisticated models are available, but their use introduces
additional complexities, making a one-to-one comparison of models more difficult. Our primary
aim is to trace any differences in the DCS directly to specific aspects of the theoretical models and
approximations. Using two simple models that are identical except for key features is crucial to
limiting the possible causes of differences observed in the DCS. Atomic units are used throughout
unless otherwise noted.
2. Theory
In both the three-body and four-body models, the DCS are calculated using Jacobi coordinates in
the center of mass frame and then converted to the lab frame. The fully differential cross section in the
center of mass frame is given by [38]

(2π)4 µpa µpi k f
dσc
=
|T f i |2
dΩ
ki

(1)

where µpi is the reduced mass of the scattered projectile and residual ion, µpa is the reduced mass of
→

→

the initial state projectile and target atom, k f ( k i ) is the center of mass momentum of the scattered
(incident) projectile, and T f i is the transition matrix. The differential cross section in the lab frame is
related to that of the center of mass frame by

3 
 (1 + 2δ cos θc + δ2 ) 2  dσC
dσL


= 


 dΩ
dΩ
|1 + δ cos θc |

(2)

where δ is the ratio of the speed of the center of mass of the entire collision system in the lab frame V
and the speed of the scattered projectile in the center of mass frame vCf , such that δ = VC . The angle θC
vf

is the scattering angle of the projectile in the center of mass frame, which is related to the lab frame
scattering angle by
sin θC
tan θL =
(3)
cos θC + δ
In order to focus on the effects of the frozen core approximation, we use the first Born approximation
(FBA) to calculate the transition matrix for single electron capture from a helium target by bare heavy
ion impact. We assume the simplest independent electron model for the target atom and use an
uncorrelated target helium wave function in the four-body model. It has been shown that for the single
capture process, target electron correlation is unimportant and can be neglected [8]. Additionally,
electron correlation cannot be explicitly included in a three-body model, and therefore its inclusion
in our four-body model would introduce a feature whose effect in comparison to the three-body
model could not be directly tested. However, to confirm the assumption that correlation can be
neglected, we compare differential cross sections using our uncorrelated four-body model with a
similar calculation using a correlated wave function.
In the three-body model, we use a hydrogenic wave function with effective nuclear charge for the
target atom. This model minimally accounts for nuclear screening, and most importantly is the same
as the independent electron orbitals in the four-body model. The use of a hydrogenic wave function
implicitly assumes screening does not play a significant role in the capture process, and to test this
assumption, we compare the differential cross sections produced using the three-body model with
either the hydrogenic wave function or a 5-Zeta wave function that better models nuclear screening
and predicts a more accurate binding energy.
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The incident projectile has charge Zp and mass mp , and we present results here for H+ , He2+ , Li3+ ,
and C6+ projectiles. In the FBA, the motion of the incident and scattered projectiles is treated as a plane
wave in both the initial and final state. The captured electron bound state is given by a hydrogenic
wave function that is analytically known.
One advantage of the simplistic FBA used here is that the majority of the calculation can be
performed analytically. Additionally, many parts of the three-body and four-body transition matrices
are identical, allowing for the most direct comparison of the models. For the analytical calculations, it is
useful to keep in mind the hydrogen-like atom momentum space wave function for a nuclear charge Z
Z

1

FT →

φ (p) =

(2π)

→→

→

→

ei p · x φ( x )d x

3/2

(4)

For capture to the ground state,
5

→

φFT ( p ) =

4Z 2
√
2
π 2 (Z2 + p2 )

(5)

Prior to any analytical calculations, the four-body model requires a 9-dimensional spatial integral
and the three-body model requires a 6-dimensional integral. Numerical integration of these integrals is
not feasible [27], however use of Equation (4) allows them to be reduced to 3-or 4-dimensional integrals
which we perform with standard Gaussian quadrature techniques.
2.1. Active Electron Four-Body Model
In the four-body model, all constituent particles are explicitly included in the calculation with the
transition matrix given by
→

→

→

→

→ →

T4B
= hχf ( R f )φc ( u )ψ( r )|Vi4B |χi ( R i )Φ( r , s )i
fi

(6)
→ →

where χi, f is the incident (scattered) projectile plane wave with center of mass momentum k i ( k f ),
→ →

→

Φ( r , s ) is the target helium atom wave function, φc ( u ) is the bound electron wave function for the
→
captured electron, and ψ( r ) is the bound state of the residual He+ ion. We note that while the target
electrons have been labeled here for clarity, their indistinguishability has been properly included by
symmetrizing the total final state wave function with respect to the two electrons. The perturbation is
given by the Coulomb interaction between the projectile and constituent particles of the helium atom
Zp Zα

Vi4B =
→

→

r1

+

Zp Ze
r12

+

Zp Ze

(7)

r13

→

where r 1 , r 2 , and r 3 are the lab frame position vectors of the projectile and two atomic electrons
respectively, and Zp , Zα , and Ze are the charges of the projectile, target nucleus, and electron respectively.
The Jacobi coordinates are related to the lab frame coordinates by
→

→

→

Ri = r1 −
→

→

Rf =

→

me (r2 + r3 )
2me + mα
→

mp r 1

me + mp

+

(8)
→

me r2
me r3
−
me + mp me + mα

(9)

→

→

→

s = r2−

me r 3
me + mα

(10)

Atoms 2019, 7, 44

5 of 15

→

→

→

→

r = r3

(11)

u = r 21

(12)

For the target ground state helium wave function, we use either a one parameter variational wave
function that does not include electron correlation given by
→ →

Φ( r , s ) =

α3 −αr −αs
e e
π

(13)

or a simple wave function that does include correlation, but still allows for a mostly analytical
calculation for capture to the ground state
→ →

→ →

Φ( r , s ) = Ne−γ(r+s) (1 − λe−µ| r − s | )

(14)

with α = 27
16 , N = 3.182, µ = 0.586, λ = 0.379, and γ = 1.8395. The bound state wave function for the
residual He+ ion is simply a 1s hydrogenic wave function for charge β = 2 given by
3

β2
→
ψ( r ) = √ e−βr
π

(15)

2.2. Frozen Core Three-Body Model
In the three-body model, the inactive electron and target nucleus are considered as a single frozen
core, with charge ZHe+ = 1. The transition matrix is then given by
→

→

→

→

T3B
= hχf ( R f )φp ( u )|Vi3B |χi ( R i )ψ( s )i
fi

(16)

where the projectile plane waves are the same as in the four-body model, as is the scattered projectile
bound state. The three-body perturbation is
V3B
i =

Zp ZHe+
r1

+

Zp Ze
r12

(17)

and the target atom wave function is modeled in the simplest case by a single electron bound state
given by Equation (13) with β = α = 27
16 to account for screening of the nucleus by the inactive
electron. A more sophisticated single electron wave function for the target helium atom is given by a
5-Zeta function
3
5 a Z2
X
i i −Z s
→
ψ( s ) =
e i,
(18)
π
i=1

where ai and Zi can be found in [39].
The lab frame coordinates remain the same as in the four-body model, with the exception that the
→
inactive electron is not present and therefore there is no r 3 . The Jacobi coordinates for the three-body
→
model can be found by setting r 3 = 0 in Equations (7)–(11).
3. Results and Discussion
3.1. Screening and Correlation
We begin by examining the effect of target electron correlation and target nuclear screening in
the four-body and three-body models, respectively. In the three-body model, the use of a hydrogenic
wave function only minimally includes nuclear screening and does not accurately predict the binding
energy, while the 5-Zeta wave function more effectively includes nuclear screening and predicts a
more accurate binding energy. Therefore, a comparison of the DCS using the two wave functions
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a screened nucleus compared to the bare nucleus in the four-body model, one difference between the
models is the treatment of target nuclear screening. It is understandable that the models would be
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small scattering angles where screening is less important. As scattering angle increases, nuclear–nuclear
interactions become more important and the difference in screening treatments between the two models
becomes more apparent. Also, as projectile energy increases, the three-body and four-body models
become more similar, indicating that projectile screening becomes less important for faster projectiles.
Figure 1 also shows some general trends for both models. As projectile velocity increases,
the magnitude of the DCS decreases, as is expected from the total cross sections, which decrease with
increasing projectile energy [22]. Also, as projectile charge and mass increase, the DCS increase in
magnitude, making capture more likely for heavier and more highly charged ions. The deep minimum
in the DCS that is characteristic of FBA models occurs at different scattering angles for the three-body
and four-body models. This is expected since the minimum is caused by a cancellation of terms in the
perturbation potential, which is different for the two models. The location of the minimum moves to
smaller scattering angles as projectile charge and mass increase. However, because projectile charge
factors out of the perturbation and results in an overall multiplicative constant, the shift in minimum
location as the projectile changes is due to the changing mass of the projectile.
3.2. Frozen Core Effects
Of primary interest here is a direct comparison of the three-body and four-body models in order
to study the effects of the frozen core approximation. In this case, we choose the models without
correlation or screening. Comparison of the three-body and four-body transition matrices shows
two primary differences, both of which originate from the frozen core approximation. First, in the
four-body model, the inactive electron in the target atom changes state from the ground state of the
He(1s2 ) atom to the ground state of a hydrogen-like atom with nuclear charge β = 2. This electron
is completely neglected in the three-body model and is therefore considered not to change state.
Second, the perturbation potential is different for the three-body and four-body models. In particular,
the four-body perturbation contains a sum of three terms, while the three-body perturbation is only
two terms. Past work on the analysis of three-body and four-body models for single ionization has
shown that the perturbation potential alters the shape of the fully differential cross sections [35,36].
Additionally, FBA models are known to predict a deep minimum in the electron capture DCS caused
by a cancellation of terms in the perturbation [7,40–42].
Therefore, we expect that the form of the perturbation will be important in determining the
three-body and four-body DCS. To further explore exactly how the inactive electron affects the DCS,
we perform a more comprehensive comparison and analysis of the three-body and four-body models.
Figures 2 and 3 contain DCS for the same collision systems as Figure 1.
The treatment of the inactive electron in the four-body model differs in two fundamental ways
from that of the three-body model. First, the inactive electron in the four-body model changes state
from the ground state of a He(1s2 ) atom to the ground state of a He+ ion. Second, the Coulomb
interaction in the perturbation potential of the four-body model contains three terms, whereas in the
three-body model, it only contains two terms. The four-body model perturbation contains the Coulomb
interaction of the projectile with each constituent particle of the He+ ion core, but the three-body model
perturbation contains only an interaction for the core as a single point particle. Both of these differences
between the three-body and four-body models can be individually explored through modifications to
the four-body model.
We first examine the effect of the inactive electron changing state from its initial atomic state to
its final ionic state in the four-body model. With the one parameter wave function used here for the
helium atom, the inactive electron is effectively in a hydrogenic orbital for a nuclear charge of 27/16.
After the collision, the electron has transitioned to a hydrogenic orbital for nuclear charge 2. Classically,
this corresponds to the electron transitioning to a smaller orbital radius. In the three-body model,
the inactive electron is assumed not to change state and therefore it remains in its initial bound state.
The inactive electron in the three-body model corresponds to a four-body model in which the final
state inactive electron is in the same hydrogenic orbital as it was in the initial state.
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DCS. This is consistent with our previous work for the single ionization process, in which the change
of state of the inactive electron had a negligible effect on the DCS [35,36].
The other difference between the three-body and four-body models is the perturbation potential
used in the calculations. In the three-body model, the frozen core approximation assumes that the
Coulomb interaction between the projectile and the He+ core consists of only one term in which the
core is fully screened by the inactive electron and therefore modeled as a point particle with charge
+1. To test the effect of this approximation, we perform a calculation using the four-body model, but
replace the four-body perturbation of Equation (7) with the three-body perturbation of Equation (17).
Results are shown in Figure 3, and it is apparent that the choice of perturbation significantly affects
the magnitude of the DCS. In particular, the DCS using the four-body model with the three-body
perturbation are generally smaller than those of the complete four-body calculation, although not as
small as the three-body model. For all projectile energies, the DCS calculated using the four-body
model with the three-body perturbation fall between the three-body and four-body models. This
indicates that full target nuclear screening in the three-body model results in lower capture cross
sections and points to the important role of nuclear–nuclear interactions in the capture process.
Clearly the model chosen for the projectile–target interaction significantly alters the DCS much more
than the inactive electron changing state. We can then conclude that the concept of the frozen core
approximation, in which the inactive electron does not change state, is valid for single electron
capture, but that care must be used in modeling the projectile–target interaction. These results are
Figure
2. Same
as Figure
1, with
DCS
calculated
using the four-body
model with
the uncorrelated
consistent
with
our past
studies
of the
frozen
core approximation
and nuclear
screening
[35–37].
wave function and the three-body model with the hydrogenic wave function. A calculation using the
Figure 2. Same as Figure 1, with DCS calculated using the four-body model with the uncorrelated
four-body model (uncorrelated) with β = 27/16 is also shown.
wave function and the three-body model with the hydrogenic wave function. A calculation using the
four-body model (uncorrelated) with 𝛽 = 27/16 is also shown.

The treatment of the inactive electron in the four-body model differs in two fundamental ways
from that of the three-body model. First, the inactive electron in the four-body model changes state
from the ground state of a He(1s2) atom to the ground state of a He+ ion. Second, the Coulomb
interaction in the perturbation potential of the four-body model contains three terms, whereas in the
three-body model, it only contains two terms. The four-body model perturbation contains the
Coulomb interaction of the projectile with each constituent particle of the He+ ion core, but the threebody model perturbation contains only an interaction for the core as a single point particle. Both of
these differences between the three-body and four-body models can be individually explored
through modifications to the four-body model.
We first examine the effect of the inactive electron changing state from its initial atomic state to
its final ionic state in the four-body model. With the one parameter wave function used here for the
helium atom, the inactive electron is effectively in a hydrogenic orbital for a nuclear charge of 27/16.
After the collision, the electron has transitioned to a hydrogenic orbital for nuclear charge 2.
Classically, this corresponds to the electron transitioning to a smaller orbital radius. In the three-body
model, the inactive electron is assumed not to change state and therefore it remains in its initial bound
state. The inactive electron in the three-body model corresponds to a four-body model in which the
final state inactive electron is in the same hydrogenic orbital as it was in the initial state.
To study the effect of the inactive electron’s change of state, we perform a four-body calculation
in which the final state He+ ion wave function is hydrogenic with nuclear charge 27/16 (the same as
the initial state orbital). All other features of the four-body model are unaltered. Results of the threebody, four-body, and four-body with 𝛽 = 27/16 models are shown in Figure 2. For all projectiles
Figure 3. Same as Figure 3, but results+are included for the four-body model using the three-body
and projectile
velocities, the final state He ion’s nuclear charge has no discernable effect on the DCS.
perturbation of Equation (17), as described in the text.
Closer examination of the two calculations reveals that they differ by at most 10%, with the results
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as the initial state orbital). All other features of the four-body model are unaltered. Results of the
three-body, four-body, and four-body with β = 27/16 models are shown in Figure 2. For all projectiles
and projectile velocities, the final state He+ ion’s nuclear charge has no discernable effect on the DCS.
Closer examination of the two calculations reveals that they differ by at most 10%, with the results for
β = 27
16 being larger than those for β = 2. Thus, we conclude that the change of state of the inactive
electron is not the primary cause of the differences between the three-body and four-body DCS. This is
consistent with our previous work for the single ionization process, in which the change of state of the
inactive electron had a negligible effect on the DCS [35,36].
The other difference between the three-body and four-body models is the perturbation potential
used in the calculations. In the three-body model, the frozen core approximation assumes that the
Coulomb interaction between the projectile and the He+ core consists of only one term in which
the core is fully screened by the inactive electron and therefore modeled as a point particle with
charge +1. To test the effect of this approximation, we perform a calculation using the four-body
model, but replace the four-body perturbation of Equation (7) with the three-body perturbation of
Equation (17). Results are shown in Figure 3, and it is apparent that the choice of perturbation
significantly affects the magnitude of the DCS. In particular, the DCS using the four-body model with
the three-body perturbation are generally smaller than those of the complete four-body calculation,
although not as small as the three-body model. For all projectile energies, the DCS calculated using
the four-body model with the three-body perturbation fall between the three-body and four-body
models. This indicates that full target nuclear screening in the three-body model results in lower
capture cross sections and points to the important role of nuclear–nuclear interactions in the capture
process. Clearly the model chosen for the projectile–target interaction significantly alters the DCS
much more than the inactive electron changing state. We can then conclude that the concept of the
frozen core approximation, in which the inactive electron does not change state, is valid for single
electron capture, but that care must be used in modeling the projectile–target interaction. These results
are consistent with our past studies of the frozen core approximation and nuclear screening [35–37].
3.3. Comparison with Experiment
While the FBA models used here are not expected to perform as well as more sophisticated
models, comparison with experiment can provide information regarding the validity of the frozen
core approximation. Recent experiments using the COLTRIMS technique have produced a number
of highly detailed data sets [1–7]. Unfortunately, for the single capture process, most experiments
were performed with proton projectiles. Only a very limited number of data sets for differential cross
sections using other heavy ion projectiles with helium targets are available in the energy regime where
the FBA is applicable. Additionally, while the single capture process is well-studied, most available
experimental data is for total cross sections, slow projectiles, or hydrogen targets. In Figures 4–6,
results are shown for the three-body and four-body models using the 5-Zeta and correlated helium
wave functions compared with the experiments of [6,7,43].
There are some important features to note in both the experimental and theoretical DCS results
of Figures 4–6. First, the experimental DCS exhibit an elbow structure at small scattering angles
where the slope of the curve changes. This elbow occurs at the boundary between small and large
angle scattering and separates different physical mechanisms. At small angles, projectile–nuclear
effects are less important than at large scattering angles. Physically, single capture at small angles is
predominantly caused by momentum transfer to the electron, while at large scattering angles, capture
occurs through momentum transfer between the nuclei [44–46].
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Figure 6. Differential cross sections for B5+ + He single electron capture to the ground state with
the residual He+ ion also in the ground state. Experimental results are from [43]. Incident projectile
Figure 6. Differential cross sections for B5+ + He single electron capture to the ground state with the
energies are (a) 750 keV/amu and (b) 1 MeV/amu. In all cases, the captured electron is known to be in
residual He+ ion also in the ground state. Experimental results are from [43]. Incident projectile
the ground state.
energies are (a) 750 keV/amu and (b) 1 MeV/amu. In all cases, the captured electron is known to be in
the
state.
Theground
order of
magnitude difference at large scattering angles between the three-body and four-body

models is evident from Figures 4–6, with the four-body model DCS generally larger than the three-body
Lastly, the question of relative importance of capture to the ground state compared to capture
model DCS. This similarity of the models at small scattering angles has also been observed in the He+ +
to excited states arises. As projectile charge increases, capture into excited states becomes more
He single capture collision system [37] and can be attributed to nuclear screening being less important
important. The results presented above assume that the scattered projectile electron is in the ground
in grazing collisions. In general, both models do a surprisingly good job of predicting experiment
state and with the exception of Figure 4b,c, this is known for all of the experimental data presented.
given their simplicity. However, no clear conclusion can be reached for which model best predicts
In Figure 7, we show DCS calculations with the four-body uncorrelated model for capture to the
experiment. In some cases, the four-body model is in better agreement, while in others, three-body
ground state compared to capture to excited+ states with 2 ≤ 𝑛 ≤ 6 . In all cases, the inclusion of the
model more closely matches the data. For H projectiles (Figure 4), both the three-body and four-body
𝑛 = 6 DCS had no discernable effect on the sum and therefore inclusion of higher excited states was
models do a reasonable job predicting experiment at small and large scattering angles for the larger
unnecessary. Figure 7 shows that the likelihood of capture to excited states increases with projectile
projectile velocities. However, both models underestimate the small angle DCS at 100 keV, which
charge, as expected. With the exception of proton projectiles, capture to excited states is roughly the
may be pushing the limits of the applicability of the FBA model. The deep minimum occurring in
same order of magnitude as capture to the ground state, and needs to be included if the final bound
the three-body and four-body DCS typically appears near the elbow in the experimental data and
state is not known.
causes a clear mismatch between theory and experiment in this region. In Figure 4a, the captured
electron is known to be in the ground state, while in Figure 4b,c, the bound state of the captured
electron is unknown. From Figure 7 and the Oppenheimer n−3 rule, we expect that contributions
from excited states will increase the three-body and four-body DCS by about 20%. For each energy,
we include predictions of other available theoretical models, which are generally in better agreement
with experiment. This is expected since each of the additional models includes better treatments of
screening and correlation.
In the case of 3 He2+ projectiles (Figure 5), similar features are observed. However, in this case
the four-body model better predicts experiment at small scattering angle, while at large scattering
angles, the three-body model produces better agreement. This indicates that large angle scattering is
overestimated by the use of a bare nucleus and that the nuclear–nuclear interaction in the four-body
model is too strong. The non-perturbative two center-basis generator method (TC-BGM) model very
accurately predicts experiment, while the perturbative Coulomb distorted wave–Born initial state
(CDW-BIS) model predicts a similar deep minimum due to interference from the perturbative terms.
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models of about one to two orders, with the four-body model predicting larger DCS. The difference in
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in the perturbation. The inactive electron’s change of state from an atomic ground state to an ionic
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ground state had almost no effect on the DCS. All of these models are consistent with prior studies of
the frozen core approximation and point to the need to carefully consider how nuclear screening is
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included in models. We also confirmed that inclusion of electron correlation in the four-body model
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had a minimum effect on the DCS. A more sophisticated treatment of target nuclear screening in the
three-body model increased the magnitude of the DCS by about one order of magnitude, but did
not alter the shape. Both the three-body and four-body models predicted experiments moderately
well, with the exception of the B5+ projectiles. While the experimental results that were used here
for comparison were able to distinguish capture to the ground state from capture to excited states,
this is not always the case. Our calculations showed that capture to excited states is more important
for higher charge projectiles, as expected.
Funding: This research was funded by the National Science Foundation, grant numbers PHY-1505217
and PHY-1838550.
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