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Abstract: With the aid of 2D computer simulations, the whole colloidal crystallization process
for particles interacting with a short-ranged attractive potential is described, emphazising the
visualization of the different subprocesses at the particle level. Starting with a supercooled
homogeneous fluid, the system undergoes a metastable fluid-fluid phase separation. Afterwards,
crystallite nucleation is observed and we describe the obtainment of the critical crystallite size and
other relevant quantities for nucleation. After the crystal formation, we notice the shrinking and
eventual disappearance of the smaller crystals, which are close to larger ones; a manifestation of
Ostwald ripening. When two growing crystal grains impinge on each other, the formation of grain
boundaries is found; it is appreciated how a grain boundary moves, back and forth, not only on
a perpendicular direction to the boundary, but with a rotation and a deformation. Subsequently, after
the healing of the two extremes of the boundary, the two grains end up as a single imperfect grain
that contains a number of complex dislocations. If these dislocations are close to the boundary with
the fluid, they leave the crystal to make it more perfect. Otherwise, they migrate randomly inside
the grain until they get close enough to the boundary to leave the grain. This last process of healing,
trapping and getting rid of complex dislocations occurs preferentially for low-angle grain boundaries.
If the angle between the symmetry axes of the two grains is not low, we end up with a polycrystal
made of several touching crystal grains.
Keywords: colloidal crystallization; crystalline nucleation; Ostwald ripening; grain boundaries;
dislocation migration; grain coarsening

1. Introduction
There is an ongoing interest in crystals made of colloidal particles [1,2]. One of the reasons for
this is the possibility to adjust the interaction potential between the particles by chemically modifying
their surfaces, which would allow us to study the many different structures obtained by self-assembly.
Another important reason is the capability of researchers to study the crystallization process by
direct observation with simple laser diffraction and optical video microscopy, given that their size and
interparticle distance is usually comparable to the wavelength of visible light and that their dynamics is
slow enough to follow the trajectories of the individual particles [3–7]. Last but not least in importance
is the possibility of applying some of the colloidal crystalization results to the self-assembly of proteins
in their native globular state, a topic with the utmost attention paid in recent years; although in
this case, by their very nature, the interaction between the proteins is not isotropic as with spherical
colloidal particles, which enriches but complicates the problem [8].
In particular, the monolayers of colloidal particles trapped by surface tension on the free surface
of a liquid have been proposed as two-dimensional (2D) analogs of 2D atomic systems in the
condensed phase. P. Pieranski was the first to observe the formation of a 2D colloidal crystal, made of
polystyrene spheres confined in a surface energy well at the air-water interface [9]. Using particles of
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a diameter ' 0.2 µm in a low-ionic-strength aqueous medium, he observed that ordering occurs with
particles separated from each other by distances of at least ten particle diameters. Since in this case only
a part of the surface of the colloidal spheres is immersed in water, allowing dissociation of the sulfonic
acid groups on that part of the surface, the ordering was attributed to the repulsion of electric dipoles
perpendicular to the air-water interface, formed at each particle due to the asymmetric distribution of
such dissociated charges [9].
A distinction must be made between this process and that of crystallization of usual atomic
systems, for which the attractive interaction potential is somewhat similar to that of a Lennard-Jones
6–12 type. In the present case, due to a fixed concentration, the system may crystallize with purely
repulsive forces in order to minimize its free energy, if the concentration is high enough. This has been
seen since the earlier studies of the crystallization of a 2D electron gas on a liquid-He surface [10].
A necessary condition therefore is that the repulsive interaction range should be longer than the
nearest-neighbor distance between the particles; for low enough concentrations, crystallization may
not occur. For dilute systems, an attractive interaction potential is required to order the system into
a crystal. Onoda [11] was the first to succeed in finding the correct particles in this other case. They
consisted of large uniform polystyrene particles of different sizes (from 1 to 15 µm), stabilized with the
surfactant sodium dodecyl sulfate on their surfaces, to prevent the aggregation of the particles. The
attractive interaction potential was coming therefore from the van der Waals forces experienced by
two nearby particles plus the hard core at contact. He found clustering and ordering of the system,
resembling in the first steps a phenomenom similar to crystalline nucleation [11].
Another distinction should be made between the process we are describing and that of melting
and crystallization of 2D systems when they are kept in thermal equilibrium, that is, if the heating
(cooling) rate for melting (crystallization) is made to be very slow. In this last case the situation is not
quite clear since, with the exception of some studies (e.g., [12–15]) that find a first order transition
from the liquid to the solid or vice versa, most researchers find two phase transitions with a hexatic
phase in between the fluid and the crystal phases. However, some of them find the two transitions
to be continuous [16–21], while some others [22–26] find one or the two transitions to be first order
(indicating a coexistence of the phases at the transition point), depending on the repulsive interaction
potential. The two continuous phase transitions scenario was predicted by the celebrated KTHNY
theory, after Kosterlitz and Thouless [27], Halperin and Nelson [28], and Young [29]. As colloids
can be easily visualized by video microscopy, this prediction has been verified in such 2D colloidal
systems [16,17,19–21], finding no hysteresis of the transition points in melting and cooling cycles of the
system, if it is kept always in thermal equilibrium. In the case described here the 2D system, initially
at a high temperature, is suddenly quenched to a supercooled state and it is not in equilibrium. The
crystallization process is the result of the system trying to reach the equilibrium state. In this case it
has been shown [30], at least for super-paramagnetic colloids in water with repulsive dipole-dipole
interactions, that the system crystallizes from the isotropic fluid directly to the crystal, without any
intervening hexatic phase.
In a supercooled homogeneous fluid, it is generally believed that crystallization first begins with
the formation of small crystalline regions, called crystalline nuclei or simply crystallites, most of
them disappearing almost immediately after formation while a few of them, with a extent larger than
a critical size, continue to grow to form a crystal grain. It turns out that for some colloidal particles
with short-ranged attractive interactions in 3D [31–34] and 2D [35–37], and also for some colloidal-like
particles again with short-ranged attractive interactions, notably the proteins [38–42], this paradigm
may not be true. In the usual crystallization of atoms or small molecules, the range of the attractive
interactions is generally of the same order of magnitude as the size of such atoms, as in a Lennard-Jones
potential. However, in mixtures of depletants (such as polymers) and colloidal particles, where the
length of the polymers is chosen such that their radius of gyration is sufficiently small compared to the
diameter of the colloids, the colloidal particles are attracted to each other by means of a short-ranged
depletion interaction [43]. Similarly, for many purposes, globular proteins are well described as hard
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spheres with short-ranged attractive interactions [44]. In all these cases, the single phase colloidal fluid
does not nucleate directly to the crystal phase. It happens that an intermediate, metastable fluid-fluid
phase separation occurs first [31–42]. Afterwards, crystal nucleation occurs in the denser portions of
the phase separated colloidal liquid.
Most of the theories of crystallization consider the boundaries between the crystallites or the
crystals and the surrounding fluid as smooth. In fact, in the classical nucleation theory [45], the
crystallites are assumed to have a spherical shape (circular in our 2D case). The growing of these
regions into a crystal depends upon two factors: a decrease in the bulk energy which favors growth,
and an increase in the surface energy which disfavors it. These factors are reflected in the free energy
change for the formation of a circular crystallite (in 2D) of radius r:
∆G = 2πr γ − πr2 ∆µ n

(1)

where γ is the line tension of the crystallite boundary with the fluid, ∆µ = µ f luid − µcrystal is the
difference between the chemical potentials of the fluid and crystal phases and n is the number of
particles in the crystal per unit area. This free energy difference has the form of a barrier and is sketched
in Figure 1, where the critical crystallite radius is given by
rc = γ/n∆µ

∆G
0

(2)

∆Gc

rc

r

Figure 1. The free energy barrier of crystal nuclei. Generally, nuclei of subcritical size (r < rc ) shrink
and disappear, while nuclei that reach a postcritical size (r > rc ) can grow larger, decreasing in this
way their energy.

As it is somewhat difficult to calculate γ and ∆µ from first principles they are, more often than
not, treated as parameters adjusted to fit the experiments. Notwithstanding the assumption of smooth
surfaces for the crystallites and crystals made in the classical nucleation theory, a considerable amount
of researchers are finding rough interfaces, at least for colloidal crystals. For example, in the 3D
experimental work of Gasser et al. [46] it was shown by confocal microscopy the anisotropy and the
rough surface structure of colloidal crystalline nuclei and crystal grains. It was also shown how to
calculate the critical crystallite size from a knowledge of the position of the particles during the course
of the time. However, for calculating the interfacial tension and the chemical potential difference
between the phases, to take into account their anisotropy the authors approximated the crystallites and
crystals as ellipsoids which, after all, have smooth surfaces. Moreover, it has also been shown [47] that
the crystallization front of a growing complex plasma crystal is not only rough, but it has a fractal (scale
invariant) structure. It appears that more and more researchers are finding anisotropic crystallites with
rough surfaces [48,49], suggesting that more advanced nucleation theories must be developed that can
treat the nucleus structure as a variable.
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Once some of the crystallites surpass the critical size they keep growing, acquiring more particles
from the surrounding liquid that attach to their boundaries. In this sense, the crystal boundaries
are not static but highly dynamical, collecting and releasing particles from and to the surroundings.
It is remarkably found an interchange of particles between two nearby crystal grains through the
surrounding liquid leading, in some cases, to the shrinking and eventual disappearing of the smaller of
the two “interacting” grains. This result is due to the higher stability of the larger grains as described
in Equation (1) and Figure 1: The larger crystals have a lower curvature of their boundaries and
a (negatively) large bulk free energy, which favors their growth. The smaller crystals on the other
hand account for a higher boundary energy per unit area and are “devoured” by the larger crystals.
This process, known as Ostwald ripening, was first described by Wilhelm Ostwald more than a century
ago [50], in which the components of a discontinuous phase (not necessarily crystalline) preferentially
diffuse from smaller to larger droplets through the continuous phase, and has been verified in many
instances of crystalline droplets [51–54].
At some point, depending on the concentration of the particles [55], the crystals start to touch
each other [30] which imposes the formation of the grain boundaries (GB); in the course of time,
the crystalline system becomes a cellular structure [56] whose “cells” are the so called crystal grains.
Afterwards, the process of grain coarsening switches from the simple growth of the crystal acquiring
particles from the surrounding fluid to the coarsening arising from the movement and migration of
the GBs, which forces the small grains to shrink and disappear while the large ones grow at their
expenses. But it is also possible (as we will see) the disappearance of the GB between two crystals, that
therefore coalesce into a single, larger crystal. Due to the misorientation of the symmetry axes of the
two impinging monocrystals, they do not merge immediately into a single crystal. This merging may
occur, after some time, if the following conditions are satisfied: (i) the touching crystals are not too large;
and (ii) the misorientation angle of the symmetry axes of the crystals is also not too large. Before this
merging, GB diffusion and migration takes place [57], particularly faster in the low misorientation
angle cases in 2D [58]. At the particle level, it was observed a glassy type dynamics of the particles
confined in the grain boundaries, due to transient caging of them by their nearest neighbors [59,60].
It has been seen, both by simulations [61] and experiments [62], how a grain boundary diffuses back
and forth on a direction roughly perpendicular to the boundary, as if performing a one-dimensional
random walk, although it was observed for short periods of time.
If the misorientation angle is low, the grain boundary is named low-angle grain boundary (LAGB),
while if it is high it is termed high-angle grain boundary (HAGB). The transition angle from LAGBs to
HAGBs is around 10◦ –15◦ [57,63], but depends on the material and boundary structure. In the case
of HAGBs, the crystallizing system may remain as a polycrystal for a long time, which is the case of
most metals found in nature. In the other case of a LAGB, as mentioned, the two touching crystals
may merge into a single crystal with the disappearance of the grain boundary. Once the LAGBs in the
system have disappeared through this process, the final product of the crystallizing system is obtained,
the polycrystal, formed by grains separated by HAGBs.
The purpose of the present article is to describe all these mentioned subprocesses, present in
the crystallization of colloidal particles interacting with short-ranged attractive interactions, which
are many times dispersed in the literature, and try to unify them into a single entity for the whole
colloidal crystallization process. The description of the processes at the particle level will be illustrated
with figures and videos taken from Monte Carlo simulations designed to exhibit the crystallization
of colloidal particles in 2D interacting with the aforementioned potential. It will be seen how the
simulations reproduce most of the processes and, more remarkably, they produce some others not yet
described that need further explanation.
2. Simulations
Considering that the crystallizing units are mesoscopic colloids suspended in a fluid, and
considering also that we are interested in the time evolution of the crystallites and crystals, the
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ad hoc simulation procedure should be either a Brownian dynamics simulation or a kinetic Monte Carlo
simulation with short random steps, since the colloidal particles are performing that kind of diffusional
motion. Although kinetic Monte Carlo, which is just a way of solving the master equation, should be
complemented with the approximate transition probabilities from one state to the next, Kikuchi et al.
have shown [64–66] that by using a Metropolis dynamics [67] they can recover the Fokker-Planck
diffusion equation. The only restriction imposed in their derivation is that the maximum allowed
displacements of a particle should be sufficiently small compared to the size of the system and to the
irregularities of the potential between the particles [66]. Therefore, a kinetic Monte Carlo simulation
with Metropolis dynamics is equivalent to a Brownian dynamics simulation.
3
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Figure 2. The potential of interaction between two particles. r is the distance between centers,
normalized by the hard core diameter [70]. Reprinted from Physics Letters A, 376, González, A.E. and
Ixtlilco-Cortés, L., Fractal structure of the crystalline-nuclei boundaries in 2D colloidal crystallization:
Computer simulations, 1375–1379, Copyright (2012), with permission from Elsevier.

We considered Ntot = 53, 715 monodispersed disks distributed at random in a box with periodic
boundary conditions, taking care not to overlap the hard cores. The hard cores occupy an area
fraction of φ = 0.15. Our system size is sufficiently large and the area fraction sufficiently small that
finite size effects can be neglected during the course of crystal nucleation [68]. In crystal nucleation
simulations, it seems that a great deal of uncertainty rests on the definition of the crystallites [69].
In the case of attractive interactions, this is probably due to the broad potential wells mostly used,
like the 6–12 Lennard-Jones potential for which the width of the attractive well is of the same order of
magnitude as the size of the repulsive core. The reason of our use of a narrow potential well is therefore
twofold: (i) As it will be seen, the crystallites obtained could be very easily defined with almost no
ambiguity; and (ii) it will be possible to retrieve the metastable fluid-fluid phase separation that
occurs before the crystal nucleation, when the particles are interacting with a short-ranged potential.
The crystal nucleation will be obtained afterwards in the denser portions of the phase separated system,
We experimented with different continuous potentials with narrow wells, which would define with
more precision the separation of two bonded particles, until we settled with the one shown in Figure 2,
whose mathematical expression is as follows: V/k B T = (75/r3 ) exp(−2.5 (r − 1)) cos(10 (r − 1)4 ) ,
where r is the distance between the particles normalized by the hard core diameter. After the cosine
reaches zero for a second time, at around r0 ' 1.8285, the potential is made to be zero. This potential
was tabulated to speed up the calculations. The algorithm is as follows: (i) pick one particle at
random and move it by a distance equal to one tenth of the hard core diameter on a random direction;
(ii) Calculate the new energy of interaction U f and substract from it the initial: ∆U = U f − Ui ;
(iii) If ∆U ≤ 0 the move is accepted; (iv) If ∆U > 0 the move is only accepted if exp (−∆U/k B T ) > R,
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where R is a random number uniformly distributed in [0, 1); (v) After each trial move, whether or not
it is accepted, the Monte Carlo time t is augmented by 1/Ntot . We then go to point (i). When ∆t = 1,
which defines a Monte Carlo sweep, every particle has attempted to move once, on average. From now
on, when we refer to the Monte Carlo time (MC time), we will mean the Monte Carlo sweeping time.
The simulations were stopped at the MC sweeping time of 128,000, after waiting several months of
wall-clock time.
3. Description of the Subprocesses
3.1. The Metastable Fluid-Fluid Phase Separation
As already mentioned, in systems with short-ranged attractions between the particles, it has been
found in 3D [31–34,38–42] and 2D [35–37] that crystal nucleation does not start from the homogeneous
supercooled system of particles. It turns out that a fluid-fluid phase separation occurs first (now called
two-step nucleation in the literature); the crystalline nuclei, particularly those of a larger size, appear in
the denser portions of the fluid-fluid phase separated system. In the case under study here, it was also
seen [70] that the larger crystallites appear in the denser portions of the phase separated system. A few
of those crystalltes, when they surpass the critical size, continue their growth to become part of the final
crystalline phase. This is schematically shown in Figure 3, where we can see a metastable fluid-fluid
coexistence (indicated by the dashed curved) which lies inside the final fluid-crystal coexistence curve.
After thermalizing the system at high temperatures for 2000 MC sweeps, that is with a potential strictly
equal to zero after the hard core, we started to count the MC time using the potential shown in Figure 2.
This corresponds to the sudden quench to the supercooled state already mentioned. In Figure 4a it is
shown the state of the system at the beginning of the process, at t = 1, i.e., after one Monte carlo sweep.
By zooming in the figure with the computer viewer, we are able to see a quite homogeneous system
even at the particle level. On the contrary, in Figure 4b for the MC time t = 4001, it is seen high density
regions coexisting with low density regions, both disordered.

Figure 3. The phase diagram for systems of particles attracting with a short-ranged potential. There is
a metastable fluid-fluid (or liquid-gas) coexistence, indicated by the dashed curve, which lies inside the
final liquid-solid (or fluid-crystal) coexistence region. The vertical axis (T) is temperature while the
horizontal axis (φ) is the volume fraction (or area fraction in 2D).
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Figure 4. The simulation box where, on panel (a), are shown all the particles after one Monte Carlo
sweep while, on panel (b), the MC time has advanced to 4001.

A convenient measure of the crystallinity for the overall 2D system is given by the global bond
orientational (hexagonal) order parameter ψ6 , first introduced by Halperin and Nelson [28,71] in the
context of two-dimensional melting. The local value of ψ6 for a particle j located at r j = ( x, y) is
given by
1
ψ6,j =
exp(6 i θ jk )
(3)
Nj ∑
k
where the sum on k runs over the Nj nearest-neighbors of this particle, and θ jk is the angle between
the line joining the particles j and k and an arbitrary but fixed reference axis, e.g., the x axis. The
nearest-neighbors are obtained via the Voronoi/Delaunay construction (For a definition of the Voronoi
cell around one of our disks and the overall Voronoi tesselation, see [72]). The global bond orientational
order parameter is then defined as [73–75]
ψ6 =

1
Ntot

Ntot

∑ ψ6,j

(4)

j =1

When the system belongs to the fluid phase and there is no structural order, its value is ψ6  1. On the
other hand, ψ6 takes a value very close to (but smaller than) unity when the colloidal particles form a
monocrystal with the hexagonal order (triangular lattice).
In Figure 5 it is plotted ψ6 as a function of the MC time. For the time t = 1 the value of ψ6 is
so low that does not appear in the graph. For the time t = 4001, its value is ψ6 = 0.001458, which
is still very low and corroborates the assertion that at this time, for the system considered here, the
two coexisting fluid phases are both disordered. It was found in our system [70] that the nucleation
process starts around t ≈ 4500, in the sense that it is possible to find crystallites with the symmetry of
the triangular lattice containing more than, say, ten particles. Before this time, for example at t = 4001
of Figure 4b, only crystallites with less than ten particles were found. The crystallites were forming
mainly (if not entirely) in the denser portions of the fluid-fluid phase separated system, indicating
therefore supersaturated zones. That the ψ6 does not reach the monocrystal value of one in Figure 5
is due to the orientational mismatches between the different grains. The limiting value found at
long times for ψ6 (see Figure 5), of around 0.2, lies in the range of values found for some other 2D
polycrystalline systems made of colloidal particles [76].
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Figure 5. The global bond orientational order parameter ψ6 (see the text) as a function of the Monte
Carlo (MC) time t, for t = 4001, 8001, 12001, etc.

Two comments are in order at this point. First, it should be emphasized that the process considered
here is homogeneous nucleation, which occurs by the spontaneous formation of a critical nucleus in
the bulk of a supercooled fluid. This is generally a very rare event, since it happens due to random
structural fluctuations [2]. Researchers need to wait for quite a long time, both experimentally or with
simulations, to sometimes observe the appearance of a critical nucleus in homogeneous nucleation.
In heterogeneous nucleation, on the other hand, the formation of a critical nucleus on an already present
seed (e.g., an impurity) can be much faster, if the seed gives rise to a reduction of the free energy
barrier (see Figure 1). To have a colloidal crystal with an increased purity, homogeneous nucleation
should be used. What is then needed is an enhancement of the crystal nucleation rate by many
orders of magnitude, in order to efficiently produce the crystals. It has been proposed, both by
simulations [39] and Density Functional Theory [40], that such an enhancement can be promoted
by nucleating the system close to the the metastable fluid-fluid critical point, which reduces the free
energy barrier. However, it could be a nuisance to find the metastable critical point in order accelerate
the crystal nucleation. Nonetheless, recent work on Density Functional Theory has shown that this
is not necessary. Lutsko and Nicolis [77] have found that by just supercooling inside the fluid-fluid
coexistence, it is free-energetically easier to crystallize by passing through a metastable dense fluid.
This agrees with the study of Galkin and Vekilov [41] for protein crystallization around the liquid-liquid
phase boundary. This also agrees with the observation here that the crystalline nuclei, in particular the
larger ones, appear precisely at the denser portions of the fluid-fluid phase separated system. In other
words, an already supercooled system may be made highly supersaturated and prone to crystallize by
an increase in its density. A thorough resolution of this still unsolved issue is very relevant, and of
particular importance, to the protein crystallization process.
Second, we were expecting to witness [70] a full fluid-fluid (or liquid-gas) phase separation,
perhaps with droplets of the denser disordered phase inside the dilute one, also disordered [42], before
the system started to crystallize. Instead, as already mentioned, the crystal nucleation started to take
place at the time t ≈ 4500, for which there were only high density regions (far from being circular)
coexisting with low density ones, as in Figure 4b. This revealed us (and we realized) the meaning
of what a metastable state is: Soon after the formation of the dense and dilute regions, the crystal
nucleation process started to take over, benefitting from the higher concentration of particles in the
denser regions, without having to wait for the formation of droplets of any given shape. This is
probably due to a not-so-high value for the free energy barrier in the nucleation process (see below).
Therefore, it is quite possible—for some other conditions of the system—to have a more established
fluid-fluid phase separation, before the crystal nucleation process starts.
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3.2. Crystalline Nucleation
By visualizing the simulations results, it was possible to see after the time t ≈ 4500 the continuous
formation and disappearance of small and medium sized crystallites, the larger ones being formed at
the denser zones of the fluid-fluid phase separated system. Only a few of the larger ones could be able
to surpass a critical size and started to grow steadily. As highly anisotropic crystallites were observed
with rough (possibly fractal) boundaries, as the ones obtained in the experimental work of Onoda [11],
the critical size was obtained not in terms of any critical radius but in terms of the critical number of
particles, Nc . Movies, at the particle level, were produced from the simulations to investigate the path
to the formation of supercritical nuclei and to ascertain which are the main working mechanisms in
this process. They were also produced to observe the growth of the crystals, above the critical size.
In video 1, that lasts 3 min 20 s, we investigate the appearance of a supercritical nucleus, by focusing
in one of the dense regions of the simulation box. As mentioned, it can be observed the incessant
generation and vanishing of small and medium sized crystallites, with a triangular lattice symmetry,
coming from the structural fluctuations of the system. The critical size was estimated [70] at Nc ≈ 75
(see below), and most of the crystallites studied coming from those structural fluctuations were well
below that size. One possibility to obtain a crystallite with a supercritical size comes from the merging
or coalescence of two nearby subcritical size crystallites, such that the symmetry axes of them more or
less coincide, i.e., with a low misorientation angle. Indeed, this is seen in video 1 at the time 1 min 17 s
in supplementary materials, when a merging of two crystallites is observed. After this merging and
some restructuring of the resulting crystallite, it was observed a steady growth of the crystal, which
indicated that it surpassed the critical size. Although we do not discard a large structural fluctuation
beyond the critical size as the path to the formation of a supercritical size crystallite, it was found an
easier way to obtain such a large crystallite. This coalescence of subcritical crystalline nuclei to obtain
a supercritical one has been also observed experimentally in reference [36].
For the analysis of the nucleation and crystallization processes, a program was designed to
isolate crystallites and crystals with more than 10 particles (there are an enormous quantity of smaller
crystallites, which would be hopeless to analize). Two bonded particles belonging to a crystallite
or to a crystal are located, on average, at a distance equal to the minimum of the potential well.
Nonetheless, as the particles are vibrating around this minimum, we considered them to be bonded if
their separation is less than r0 , the distance after which the interaction potential is zero. In this 2D case,
the criteria for considering a particle to be “crystal-like” is that it should have at least two bonds with
other particles in the same crystallite or crystal, since if it has only one bond, it can swivel on the plane
until it gets “hooked” by another particle and becomes part of the crystallite or crystal, or the bond is
broken by a thermal fluctuation and the particle diffuses away. The tolerancy for the angle between
any two adjacent bonds in the crystals emanating from a particle was taken as 12◦ , from the expected
60◦ , 120◦ or 180◦ values. This 12◦ value was defined for our potential by observing that the crystallites
obtained by increasing this tolerancy by about 100% were essentially the same. If we had put a 6◦ value,
for example, for this tolerancy and, by increasing it again by 100%, the crystallites obtained would have
been rather different, with substantially more particles in each crystallite. However, experimenting
with narrower potential wells, we have seen that the tolerancy could be made smaller.
To appreciate the goodness of the algorithm, in Figure 6 it is presented the extraction of crystallites
and crystals with more than 10 particles. As can be seen, the crystallites shown have a distinct
triangular lattice symmetry. The program was able to proportion the number of particles of each
crystallite or crystal, N, its radius of gyration, R g , and the number of particles in its “outer” boundary, L.
That is, excluding the particles surrounding a vacancy, unless they also belong to the outer boundary.
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Figure 6. A section of the simulation box for the MC time of t = 5866 where, on panel (a), are shown
all the particles in that section while, on panel (b), only the particles belonging to crystallites with
more than 10 particles [70]. Reprinted from Physics Letters A, 376, González, A.E. and Ixtlilco-Cortés, L.,
Fractal structure of the crystalline-nuclei boundaries in 2D colloidal crystallization: Computer
simulations, 1375–1379, Copyright (2012), with permission from Elsevier.

To obtain the critical crystallite size with the method of Gasser et al. [46], the growing or shrinking
of those crystallites were followed during the course of the simulation, from one frame to the next after
a Monte carlo sweep. This was performed with another algorithm. It allowed the calculation of the
probabilities of growing (Pg ) or shrinking (Ps ), averaged inside intervals of constant magnitude in the
logarithmic size scale N [70]. The quantity Pg – Ps should be negative for small sizes and positive for
supercritical sizes [46]. Therefore, the point at which this function crosses zero marks the critical size.
In this way, the critical size for our system was estimated between 70 and 80 particles [70].
In Figure 7 is shown an example of a critical size crystallite. As it is evident from the figure,
the boundary of the crystallite is still rough (possibly fractal). The fractality [78] of the crystallites
and crystals was investigated. It was found that the crystallites and crystals carried—in a statistical
sense—both a mass (or bulk) fractality with a fractal dimension denoted as D f , and a boundary
fractality with a fractal dimension named d f . To obtain the mass fractality, a double-logarithmic
plot was made of the radius of gyration versus size, N, of all the crystallites and crystals studied
(above 10 particles), averaged again inside intervals of constant magnitude in the logarithmic size
scale. This is a standard way for calculating the fractal dimension of colloidal aggregates, particularly
when studying not only large but also small clusters, for which a box counting procedure cannot be
performed (see for example, [79]). Surprisingly, it was found the apparition of not one but two straight
lines with the breaking point at precisely around the critical crystallite size. From the plot, the bulk
fractal dimension of the crystallites was derived as D f 1 = 1.873 ± 0.059 while that for the crystals was
obtained as D f 2 = 2.059 ± 0.134, where the error bars correspond to twice the standard deviation and
give a 95% confidence on the results. Since, on physical grounds, D f cannot be greater than 2 for a
2D system, the bulk fractal dimension of the crystals was taken as exactly 2, a value which lies well
inside the interval for the D f 2 found. Therefore, the crystals are compact. However, for the crystallites
it was found a value which is definitely smaller than 2, indicating that they are fractal in a statistical
sense. As can be seen in Figure 8a, sometimes the crystallites have a chainy structure, resembling the
diffusion-limited colloidal aggregation (DLCA) clusters [80], although not as stringy as the DLCA
aggregates. On top of that, many other crystallites are not chainy but bulkier (see e.g., Figure 6).
These two facts increase their fractal dimension from the DLCA value ('1.45) to the value just found.
Note how this value of the fractal dimension compares rather well to the value of 1.8 reported by
Dillman et al. [76]. However, above the critical size, the crystals are compact in the interior, which
gives a bulk fractal dimension of around two, as Figure 8b shows. To obtain the boundary fractal
dimensions, several procedures were used, all giving the same results. In one of them it was plotted
double-logarithmically the number of particles in the outer boundary, L, versus a linear dimensions
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of the cluster, which could be taken as the radius of gyration. This is similar to the procedure used
for calculating the d f of the Koch’s curve [78]. In this way it was obtained d f = 1.318 ± 0.065 for the
crystallites and d f = 1.168 ± 0.071 for the crystals. This indicates that the crystallites have a rougher
boundary compared to a more rounded boundary of the crystals, which is evident when comparing
Figures 6b, 7b and 8b. No claim on the universality of these four fractal dimensions was made.
They may vary with a change in the interaction potential, the degree of supercooling, and even with
a change in the concentration.
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Figure 7. (a) A section of the simulation box, where in (a) are shown all the particles in that section;
while in (b) only the particles belonging to crystallites with more than 10 particles. In this case we
obtain a single crystallite with 75 particles, which is in the range of the critical crystallite size [70].
Reprinted from Physics Letters A, 376, González, A.E. and Ixtlilco-Cortés, L., Fractal structure of
the crystalline-nuclei boundaries in 2D colloidal crystallization: Computer simulations, 1375–1379,
Copyright (2012), with permission from Elsevier.
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Figure 8. An example of (a) two small crystallites with a chainy structure and (b) a more rounded and
compact (in the interior) crystal.

It was intriguing to observe that the critical crystallite size, obtained by the probability method,
roughly coincided with the breaking points of the straight lines in the fractal analysis of the crystallites
and crystals. In video 1 we can see that the crystallites are very fleeting and ephemeral, for which
we can only have a glimpse of them. They may grow by acquiring some more particles from the
surrounding fluid, that attach to their boundaries or, much more often than not, they can shrink by
losing particles from their boundaries and, afterwards, disappearing. However, in the last part of this
video and in video 2, we can see that when the crystallites reach an appreciable size (greater than
the critical size), they become more or less permanent. Nonetheless, the boundaries are not fixed but
very active, acquiring more particles from the surrounding fluid, that eventually go into the cavities
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of these boundaries rather than at their tips, in order to establish more bonds with other particles
of the structure and “feel more comfortables” with a lower energy. This selection of the attaching
sites cannot be obtained from the crystallites because, during the time interval for which a particle
of the surrounding fluid tries to do so, the crystallite disappears. The net effect of these processes
is that, for the crystallites, the boundaries stay approximately as they were formed, having a rough
structure, while, for the crystals, a smoother boundary results from the filling of their cavities by the
particles of the surrounding fluid. Therefore, the transition from ephemeral crystallites to perdurable
crystals marks also the transition from a relatively high boundary fractal dimension to a low boundary
fractal dimension.
Instead of the classical free energy of formation of a circular crystallite of radius r (see Equation (1)),
it was written explicitly in terms of the length of the boundary l = L lo , where lo is the lattice spacing
(which corresponds to the position of the minimum of the potential well), as well as the number of
particles N:
∆G = γ l − ∆µ N
(5)
As is well known, the first term γ l dominates this change for the small crystallites. The probability of
activation of a crystallite of size N and boundary l scales as exp (− β ∆G ). Therefore, the number of
small crystallites in the system scales as NCr ∼ exp (− β γ l ). A logarithmic plot of ( NCr ) versus L was
made [70], for which a very good straight line was obtained for the first 10 points in the graph, from
L = 10 to L = 20. From that plot the line tension of the crystallites was obtained as
γ ' 0.399 k B T/lo

(6)

From the fractal analysis just mentioned it was possible to get a relationship between the boundary
size (L) of the crystallites and crystals and the number of particles in them (N). This equation reads:
L = 2.502 N 0.631

(7)

Next, Equations (6) and (7) were substituted into Equation (5). Then the derivative with respect to
N was equated to zero at N = Nc ' 74, say, to obtain ∆µ ' 0.128 k B T. With all these values, the height
of the free energy barrier was calculated as [70]:

(∆G )c
' 5.58
kB T

(8)

This barrier is not so high to be unsurmountable by a free energy fluctuation. Unfortunately, to the
best of our knowledge, there are not 2D experimental results to compare with Equations (6)–(8).
A comment should be said at this point. The reason that most (if not all) of the medium and
large size crystallites were coming from the high density zones of the fluid-fluid phase separation is
that, for a short-ranged interaction, the particles in those zones were quite close to each other and
the bonds, as defined above, were not very difficult to form. The only remaining thing to produce
a crystallite is a thermal fluctuation that could orient those particles to arrange with a triangular lattice
symmetry. Therefore, the line tension and the chemical potential difference should refer to this zone.
In other words the line tension γ is between the crystallites or crystals and the high density zone of
the fluid, at least for the initial stages of the nucleation process. Moreover, there should be (at least)
3 chemical potentials: one for the low density zone of the fluid, another for the high density zone, and
additionally another one for the crystalline phase. Therefore, the ∆µ should refer to the difference
between the chemical potentials of the high density fluid and the crystalline phase, again at least for
the initial stages of the nucleation process. Nonetheless, as time proceeds, the supercritical crystals
keep growing and reach a linear size comparable to the size of the high density zones of the system,
which can be considered of the order of the correlation length of the particles inside the fluid-fluid
phase separation. Afterwards, the crystals in their growth become in contact with the low-density
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zones, which can be called the gas phase. The subsequent growth comes from the crystals acquiring
particles from this gas phase, a process that could be called desublimation. But it should be stressed
that the nucleation process occurs in the denser (liquid) zones of the fluid-fluid phase separation.
3.3. Ostwald Ripening
For an usual experimental or simulational system with a constant number of colloidal particles
in a fixed space (a square box of area A in our case), and due to the fact that the density in the
crystals is higher than in the fluid (at least for potentials with an attractive well as in our case), as
the crystallization proceeds the fluid becomes less and less dense. This, in turn, forces the fluid
chemical potential to diminish, making the ∆µ in Equation (2) to diminish also. Therefore, the critical
radius keeps increasing. Hence, some of the formerly supercritical crystals become subcritical and
prone to shrink and disappear. It sometimes happens that when two nearby crystals with dissimilar
sizes, “interacting” by an interchange of particles between them, it occurs that the particles diffuse
preferentially from the smaller to the larger crystal, due to the lower boundary energy per unit length
(in our 2D case) of the larger crystal.
As already mentioned in the introduction, this is referred to as Ostwald ripening [50–54]. In Figure 9
this phenomenon is illustrated where, on the left, we can see two nearby crystals “interacting” through
a cloud of particles at the MC time of 21,001 while, on the right for the MC time of 35,001, the smaller of
the two crystals has almost disappeared, leaving a cloud of particles as the only vestige of its existence.
The same phenomenon was observed at several other sections of the lattice in our simulations. All this
may suggest that, if instead of working in the canonical ensemble (at fixed Ntot , T and A), we would
be working in the grand canonical ensemble by placing an open system in contact with a reservoir of
particles at fixed chemical potential µ (the so-called µ T A ensemble), we would not obtain Ostwald
ripening, something that must be confirmed.
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Figure 9. In panel (a) we see two nearby crystals, at the MC time of 21,001, “interacting” through
a cloud of particles; while in panel (b), for the MC time of 35,001, we can see that the smaller of the the
two crystals has almost disappeared, leaving a cloud of particles as the only vestige of its existence.
In subsequent times this cloud would also vanish.

The theoretical work on Ostwald ripening and the subsequent grow of separated (non-touching)
crystals is mostly based on the fundamental work done by Lifshitz and Slyozov [81] and independently
by Wagner [82], the LSW theory. The coarsening of the crystals occurs in order to reduce the boundary
free energy with respect to the surrounding solution. It is a direct consequence of the Gibbs-Thomson
equation that describes the dependency of crystal solubility on crystal grain size [83–87]. For our 2D
case, this equation reads:
C (r ) = C (∞) exp(α/r )
(9)
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where C (r ) is the solubility of a dispersed phase crystal with radius r, while C (∞) is the bulk solubility,
that is, the solubility of a crystal with infinite radius, corresponding to the concentration of the fluid
particles in equilibrium with the crystal phase. α is the so called capillary length given by
α=

kl γ
2 ka n kB T

(10)

where k l and k a are the boundary-length and area shape factors (k l = 2π and k a = π for a perfect
circle). γ is the line tension of the crystal boundary, n is the number of particles per unit area inside
the crystalline phase and k B is Boltzman constant. Equation (9) is just another instance of Equation (2)
and can be derived from it. For a perfect circle rc = γ/n (µ(C (rc )) − µcryst ) and, by its own definition,
µcryst = µ(C (∞)) by the condition of phase equilibria. Therefore rc = γ/n (µ(C (rc )) − µ(C (∞))) and,
by using the well known relation [88] for fairly dilute systems µ(C, T ) = µ(Co , T ) + k B T ln(C/Co ),
where Co is a reference concentration, we obtain rc = γ/(n k B T ln(C (rc )/C (∞))). From this last
relation, Equation (9) follows immediately.
Under several assumptions, such as perfect spherical crystals, negligible volume fraction and
diffusion-controlled growth, LSW studied the long-time regime and drew conclusions concerning the
average growth rate and the shape of the size distribution of the crystals. With these assumptions and
by using Fick’s first law, the mass balance, and the continuity equation for the crystalline-grain size
distribution, the following results were derived:
(i) At any instant of the ripening process, there exists a critical radius rc . Grains with a larger radius
grow and smaller grains shrink. During the ripening process rc increases with time.
(ii) In the long time limit, the grain size distribution becomes self-similar, when the sizes are scaled
with rc .
(iii) The critical radius rc is equal to the number-average r N of the limiting self-similar
size distribution.
(iv) The ripening rate, defined as dr3N /dt, is constant and given by
dr3N /dt ∝ α Dm C (∞)

(11)

where Dm is the molecular diffusion coefficient. This equation forms the basis of the t1/3 law for the
growth of the linear size of the 3D crystals, in the LSW theory.
After the publication of the LSW theory many experimentalists rushed to test its veracity.
They confirmed the prediction of self-similarity for the crystal size distribution at long times.
However, virtually none of the reported distributions were of the form predicted by the LSW theory.
The reported distributions were generally broader and more symmetric than the LSW predictions.
It was realized that the zero volumen fraction approximation of the teory was quite unrealistic
for the different experimental systems. Additionally, the growth of the crystals could not only be
diffusion-controlled: Other mechanisms like reaction-controlled, diffusion on the boundary, etc., may
take place [87]. More realistic models of the ripening process at finite volumen fractions of the
coarsening phase have been proposed [89–94]; however, a fully satisfactory approach has not yet been
found [95], and remains as an open problem.
3.4. Grain Boundary Formation and Dynamics
Once the crystals impinge on each other at a time that depends on the concentration of the particles,
it imposes the formation of the GBs. Before this time, the process of grain coarsening originated from
the simple growth of the crystals above the critical size due to Ostwald ripening, acquiring particles
from the surrounding fluid (see video 2). In Figure 10 it is shown the aspect of a grain boundary for
t = 11,001. Note how the axes of symmetry of the two touching crystals do not coincide: the crystals are
misaligned. This GB is not static; there is a continuous interchange of particles, crossing the boundary
between the two crystals which, in turn, forces the boundary to move, even in the absence of an
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externally imposed strain. Thus, the GBs can be considered as fluctuating interfaces. At the particle
level, it was proposed more than a century ago [96] that the metal crystalline grains in cast iron were
separated by a thin layer of noncrystalline material “analogous to the condition of a greatly supercooled
liquid”, what we now know as a glass-forming liquid. This observation has recently been proven via
MD simulations [97] and experimentally in 2D [60] and 3D [59] by observing that the mean square
displacement of a GB particle show diffusive behavior (< r2 > ∼ t) for very short times, followed by
a subdiffusive plateau indicative of particle trapping inside cages formed by the neighboring particles,
and then crossing over to diffusive behavior again (also known as the α-relaxation regime) due to cage
breaking. However, the long time diffusion constant is smaller compared to the short time diffusion.
Furthermore, it was found that the diffusion of the GB particles along the GB was faster than across
it [60]. Among the dynamical processes performed by a whole GB (i.e., the colective behavior of
the particles that constitute the GB) that have been advanced, in the absence of an applied strain as
in our case, that is, in the zero driving force limit [57,58,61,62,98], a one-dimensional random walk
perpendicular to the GB has been highlighted by several researchers [57,61,62]. In their 3D computer
simulations, Trautt et al. [61] were able to relate the interface mobility to the diffusion coefficient
of this one-dimensional random walk, by exploiting a fluctuation-dissipation relation similar to the
Stokes-Einstein relation. Starting with a planar interface perpendicular to the z direction and denoting
the interface height profile as h(r,t), where r = ( x, y) is restricted to the interfacial plane, and by
averaging over the x and y coordinates they obtain a mean square displacement on the z direction as
< h2 >= D t, with the diffusion coefficient
D=

2Mk B T
A

(12)

where M is the mobility and A the area of their 3D GB. This mathematical development was validated
with moleclular dynamics (MD) simulations of an initially flat grain boundary, with an attractive
potential between the particles, and it was observed that the average interface position <h(t)> maintains
a normal (Gaussian) distribution within each time interval considered [61]. It should be said, however,
that their simulations were very short—what the MD simulations permitted—and lasted on the order
of a few hundreds of picoseconds, corresponding to a movement of the mean interface position
by several interatomic distances only. Skinner et al. [62] studied a two-dimensional experimental
colloidal crystal, with repulsive interactions between the particles, with video microscopy. By the use
of capillary wave theory they were able to obtain not only the mobility M of the grain boundary but
also to extract its stiffness Γ, that relates the velocity v to the driving force, in this case the curvature κ:
v = MΓκ. A thorough use of the capillary fluctuation method (CFM) [99]—widely used in studies of
not only solid-liquid interfaces [100] but also of fluid-fluid surfaces [101,102], the Ising model [103] and
amorphous polymer films [104]—aparently confirmed the one-dimensional random walk performed
by the GB line on a direction perpendicular to it [62]. Another, very recent result [58] on the dynamics
of the GBs for a two-dimensional colloidal crystal, is that the GBs with a maximum misorientation
angle (∼30◦ ) show slow relaxation, while the boundary migration is much faster for asymmetrically
sized domains separated by GBs with less misorientation.
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Figure 10. The aspect of a grain boundary formed after two grains started to touch during their growth,
for the MC time 11,001.

In the present simulations the movement of some GB lines were followed for a long time and
were found to perform not only a one-dimensional random walk but also a random rotation and even
a deformation. In Figure 11a–d we are showing this situation. In the figures are shown the whole
simulation box for the MC times of (a) 14,001, (b) 35,001, (c) 56,001 and (d) 98,001, The straight lines
labeled A through D in the figures are drawn following the average position of some of the GBs; lines A
through C were defined at the MC time of 14,001, when the corresponding GBs were already present,
while line D was defined for the MC time of 35,001, once its corresponding GB was formed. That the
lines A through D pass through the GBs at the mentioned times can be verified by zooming in the figure
with the computer viewer. With the exception of GB A, whose movement is roughly perpendicular to
the line A, for the other three GBs there is additionally a random rotation and a deformation of them.
This should not be surprising since we are dealing with the movement of the GBs as coming from
the interchange of particles between the two grains, crossing the GB that separates them. We should
not expect the net crossing of particles at one end of the GB to be equal at the other end or, for that
matter, at any point along the GB, since we are dealing with random events. Note that an evaluation
during the course of time of < h2 > for a GB with translation on the normal direction, with rotation
and with deformation, could also lead to a diffusion law like < h2 >= D 0 t. The line A was omitted in
Figure 11d since, due to the healing of the extremes of the GB, the two grains convert into one bigger
grain with some defects inside, a process that will be studied in the next section. We have observed that
this healing occurs when the axes of symmetry of the two grains are not very misaligned.
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Figure 11. In panels (a)–(d) are shown the whole simulation box at the MC times (a) t = 14,001;
(b) t = 35,001; (c) t = 56,001 and (d) t = 98,001. The straight lines labeled A through D define the average
position of the grain boundaries (GBs) at the MC time 14,001 for the lines A through C, while the
line D is defined for the MC time 35,001. Once such lines are defined they stay fixed for the whole
simulation time.

3.5. Grain Coarsening by Dislocation Disappearance after Grain Boundary Healing
In Figure 12a, for the MC time 6101, two grains above the critical size that just started touching
can be appreciated. In Figure 12b, for t = 6801, we can see on the left side of the grain boundary that
the symmetry axes of the two grains are trying to align, although they do not succeed completely and
their axes are still misaligned by a small angle.
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Figure 12. In panel (a) we see two crystalline grains above the critical size, shown at the time t = 6101,
that start to touch in their growth. Note how the two symmetry axes of both crystals differ in their
orientation; In panel (b), for t = 6801, we observe that the formed grain boundary tries to crystallize
on its left side, a process known as healing, although the two symmetry axes do not exactly coincide.
Nonetheless, as the misalingment is not very pronounced, this is a low-angle grain boundary (LAGB).

The process of crystallization of some part of the grain boundary, in this case of the left side, is
called the healing of the boundary. As time proceeds, the healing continues. In Figure 13a for the time
t = 8001, now it is the right side of the boundary that apparently has also healed. This healing of the
right boundary may occur from the slow and painful alignment, particle by particle, of the rows on the
right side as it occurred on the left side, but perhaps helped by the rotation of the two grains as rigid
bodies [105,106], driven by the torque exerted by the already healed left side. In Figure 13a we can see
the formation of an amorphous vacancy inside the new crystalline grain formed by the union of the
two original ones. However, this vacancy is not like the usual vacancies in which one only removes
one particle of the crystal (or more adjacent particles, to have double or triple vacancies, etc.). In this
last case the symmetry of the crystal grain remains unchanged. To corroborate that the the vacancy
that appears in Figure 13a is more than just a vacancy, a Burgers circuit [107–110] is built, shown in
Figure 13b, that in the crystalline space is just a polygon of equal sides. In this case we have tried to
enclose the vacancy with a triangle, that could be equilateral if we had a perfect crystal symmetry,
given that such Burgers circuit consists of three sides, each of a length of 12 lattice spacings. In the case
of a perfect symmetry for the new crystalline grain, the initial and the final point of the Burgers circuit
should coincide. This does not occur, as we can see in Figure 13b and, from the initial to the final
point of the circuit (traversed counterclockwise, according to one of the conventions available in the
literature [107,108]), we can draw a vector of roughly the size of a lattice spacing shown in the figure.
This is called a Burgers vector. Conversely, the same Burgers vector could be obtained by traversing
the circuit clockwise and defining it from the final to the initial point.
The fact that exists a Burgers vector different from zero indicates that the amorphous vacancy
shown in Figure 13 contains a dislocation [107–110] which, for a 2D system like the one under study,
has to be an edge dislocation, given that there are no screw dislocations in planar crystalline systems.
Edge dislocations are generally described as extra half-rows (or extra half-planes in 3D) of particles
coming from the crystal boundary all the way up to the dislocation core. For the triangular lattice case
under study, the extra half-rows occur on the two symmetry axes which are not on the direction of the
Burgers vector, as can be appreciated in Figure 13. The existence of these half-rows can be traced to the
fact that the two symmetry axes that try to align belonging to each of the two “joining” crystals—closer
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to the perpendicular to the grain boundary line—make two angles, one above 180◦ and the other below
this value. Obviously, it is possible to accomodate more rows of particles on the greater than 180◦ side
than on the other. We have observed Burgers vectors with a size of two or more lattice spacings. In the
present case of Figure 13, where the Burgers vector size is just one lattice spacing, indicates that there
are just two more extra half-rows of particles (one for each of those two axes which are not on the
direction of the Burgers vector), coming from the right side to the dislocation core than coming from
the left side. The size in units of lattice spacings of the Burgers vector indicates the number of extra
half-rows that come from one side than from the other, along one of the axes.
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Figure 13. In panel (a) we observe the same two crystal grains as in Figure 12, where now their grain
boundary has healed on both sides, at the MC time of 8001; In panel (b), for the same MC time,
a Burgers circuit has been added, traversed counterclockwise (according to one of the conventions in
the literature), that consists of three sides of length of 12 lattice spacings each, along the three axes of
symetry of the crystal. The Burgers vector shown joins the initial to the final point of such circuit.

The dislocation shown in Figure 13 is somewhat more complex than the usual dislocations
considered in the literature (see Figure 14)—consisting of two disclinations [28] of coordination 5
and 7—perhaps due to the randomness of the movement of our Brownian particles, which favors
the formation of crystals with rough, fractal boundaries. Therefore, for other types of growth, it may
be possible to obtain flat crystals (faceted in 3D) which produce smoother grain boundaries. In the
following we will obtain dislocations even more complex than the one shown in Figure 13 and will be
referred to as complex dislocations (CD). A CD is just a dislocation like that in Figure 14 mixed with
vacancies. To better understand what a CD is, a Delaunay triangulation of a CD will be shown below
in Figure 20.
A dislocation has associated with it stress and strain fields surrounding the dislocation core [107].
The existence of distortion around a dislocation implies that the crystal is not in its lowest energy
state. Consequently, energy is stored in the strained region around the dislocation, and the total strain
energy of the body in the absence of external stresses may be called the elastic energy of the dislocation.
We will now describe a particular process we have found for the crystal to get rid of dislocations and,
in this way, to liberate the extra energy coming from them and increase its symmetry. This will lead to
grain coarsening, since the dislocation-containing crystal came from the merging of two smaller grains.

Crystals 2016, 6, 46

20 of 34

Figure 14. A triangular lattice containing a dislocation, consisting of two nearest-neighbor disclinations
of coordination number 5 and 7. The two extra half-rows as well as the Burgers vector are
shown highlighted.

In panel (a) of Figure 15 is shown the same crystal grain as in Figure 13, but now for the time
t = 8501. We can observe the way that the crystal has opted to get rid of the dislocation it contains.
It opens up a small channel in the zone where there are less rows of particles, directed to the zone
closer to the boundary with the surrounding fluid. Such channel starts to be filled up with particles, as
can be appreciated in panel (b) of the same figure, coming from the walls of the same channel as well
as from particles of the surrounding fluid. Finally, in Figure 16 for the time t = 10,501 it can be observed
that the channel has disappeared and the the crystal has healed completely. It is interesting to note
that the CDs (containing vacancies) are more mobile than pure vacancies. In Figure 15a (t = 8501) the
formation of a pure vacancy can be observed around the coordinates (237, 409) such that, when the
time reached t = 10,501 (Figure 16), it only moved to the coordinates (235, 411). This indicates that pure
vacancies are more entrenched to the crystal than the complex dislocations, which are more mobile.
We also note, in the upper-right corner of Figure 16, the formation of a new, bigger grain boundary
that will be described next.
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Figure 15. (a) In this figure we can appreciate, for the time t = 8501, the way in which the crystal tries
to eliminate the dislocation. It opens up a little channel towards the boundary with the surrounding
fluid, that will be filled up with particles, first with particles inside the channel and then with particles
from the surrounding fluid; (b) For the time t = 10,001, the filling up of the channel with more
particles continues.
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Figure 16. At the time t = 10,501 the dislocation has been eliminated, which could be said that went out
from the upper-left boundary of the new, bigger crystal grain. Note how the three axes of symmetry
of the crystal are well defined now. At the same time, the formation of a new grain boundary at the
upper-right corner of the figure can be observed.

In Figure 17a, for the time t = 9001, it can be observed two crystal grains that are starting to touch,
the lower being the one we have just described in its formation. At the time t = 28,001 (Figure 17b) we
can see that a wide GB has been established, which has not undergone the healing processs. However,
by waiting up to the time t = 68,001 (Figure 17c), the healing process has occurred in both extremes,
enclosing in this way four complex unit dislocations with the same burguers vector pointing on the
upper-right direction. This can be observed in Figure 17d, where are shown the four Burgers circuits.
In fact, if we could enclose the four CDs with a single Burgers circuit, we would obtain a Burgers
vector pointing in the same direction with a magnitude of four lattice spacings. This comes from the
fact that the Burgers vectors can be added to obtain the magnitude of the total dislocation [107–110]. It
can also be noted that the four Burgers vectors lie along the same symmetry axis of the Burgers vector
studied before (Figure 13b), but pointing on the opposite direction. That they are found on the same
symmetry axis as before indicates that such axis is the closest to the perpendicular to the GB line in
Figure 17b. The opposite direction comes from the fact the angle greater than 180o is now situated on
the opposite side as the case before.
We will now see the way in which the crystal gets rid of the four CDs found inside the crystal.
In Figure 18a, for the time t = 72,501, it can be seen that rightmost CD has just “gone out” from
the crystal when the boundary with the fluid has just opened up. In Figure 18b, now for the time
t = 80,001, is observed that such rightmost boundary has healed and also that the leftmost dislocation
has migrated upwards, going out from the left boundary. At the time t = 80,501 (Figure 18c) we can
see that this left boundary has healed completely. In Figure 18d, for the time t = 89,001, we see that
the CD in the lower right zone has gone out, this time from the right boundary, leaving therefore
a single dislocation in the very interior of the crystal grain. In Figure 19 we are following up the
movement of this dislocation noticing that, given that it does not “feel” the presence of the boundary
with the fluid, it stays migrating inside the grain, probably in a random way. Finally, in Figure 19c
for the time t = 101,001, it is observed that it is very close to the boundary with the fluid to go out
from there and disappear. In Figure 19d for the time t = 101,501 the CD has already disappeared.
Now the symmetry axes of the crystal grain are very well defined and the only imperfections of such
crystal consist of a few pure vacancies, that do not destroy its symmetry. However, in the upper part
of the figure it can be observed the formation of new GBs with other crystal grains as well as the
formation of a triple junction. By observing the angles of misalignment in Figures 17c and 18d, we note
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how the subsequent disappearance of single CDs keeps restoring orientational order. This is different
from the KTHNY mechanism of melting (and solidification) since dislocations are produced (and
annihilated) in anti-parallel pairs, which do not destroy orientational order. On the other hand, in our
case, the Burgers vectors of the subsequently disappearing dislocations point on the same direction.
Therefore, in order to restore the orientational order, we need them to disappear across the boundary
of the crystal grain. As previously announced, in Figure 20 it is shown the Delaunay triangulation of a
CD, the third from the left in Figure 17c,d.
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Figure 17. The aspect of a grain boundary at the times (a) t = 9001; (b) t = 28,001; (c,d) t = 68,001.
In (c) the angle between the symmetry axes of the two joining crystals is shown.
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Figure 18. The way in which the crystal gets rid of the complex dislocations, at the times (a) t = 72,501;
(b) t = 80,001; (c) t = 80,501 and (d) t = 89,001. Note the different scales of the figures on the vertical
axis. In (d) the angle between the two joining crystals is shown.
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Figure 19. The monitoring of the last complex dislocation inside the crystal grain, at the times
(a) t = 95,001; (b) t = 99,001; (c) t = 101,001 and (d) t = 101,501. Note the different scales of the
figures on the vertical axis.
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Figure 20. The Delaunay triangulation of one of the CDs (the third from the left) shown in Figure 17c,d.
It consists on seven 5-7 “topological dipoles” and two 5-8-5 “topological cuadrupoles”, where the
“topological charge” of a particle refers to the difference between its coordination number minus six.

We have found that this process of grain coarsening by GB disappearance, for a reasonable elapsed
time, occurs under two conditions: (1) That the symmetry axes of the two crystals whose GB is going
to disappear are more or less aligned, i.e., that the angle formed by such axes do not exceed 12◦ –15◦
say, that is a LAGB; (2) That the GB is not too large. Otherwise, in principle it would be possible
the fusion of two of these crystals, for which one would need to wait for an extremely long time,
both experimentally and simulationally. In Figure 21 is shown the whole simulation box for the MC
time t = 111,001. We can see that the system consists of 6 crystalline grains (taking into account the
periodicity of the box boundaries), all of which make a boundary with two or more grains, except
one of them. However, this particular grain makes a boundary with another one whose symmetry axis
makes an angle close to the maximum angle of 30◦ with the first one, something that can be verified by
zooming in the figure. Therefore, it would be very difficult the fusion of those two grains. This is the
reason why most metals and another crystals are in reality polycrystals, consisting on grains separated
by GBs. In an experimental system, particularly in the atomic crystals case, we can have a large cellular
structure of crystalline grains separated by a large network of GBs. How relevant the results presented
here are to that case is difficult to asses. However, in order to perform a simulation for that case, we
need to start with many millions of particles, which for the time being is not computationally accessible.
In this case one needs to resort to some theoretical models that will be reviewed in the next section
which, of course, would need to include the correct ingredients to obtain physically reasonable results.
700
600
500
400
300
200
100
0
0

100 200 300 400 500 600 700

Figure 21. The state of the simulation box at the time t = 111,001.
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3.6. Some Theoretical Developments of Grain Coarsening
On the theoretical side, there have been a number of advances on the description of grain growth
and coarsening. Several techniques for the computer simulation of grain growth have been developed,
including a kinetic q-state Potts model on a regular lattice [111–113], with a Hamiltonian defined by
H=−

J
2

N nn

∑ ∑ (δsi sj − 1)
i

si , s j = 1, 2, ..., q

(13)

j

which is well known to form domains of different spin numbers [114]. sk , the corresponding spin
number of each lattice site represents a particular crystal orientation in which the site is embedded. ∑iN
is the sum over all lattice sites and ∑nn
j is the sum over all nearest neighbors of the site i. Lattice sites si
that are adjacent to sites having different grain orientations s j 6= si were defined to be separated by
a HAGB. On the other hand, if a site is surrounded by sites with the same orientation, it is located
in the grain interior. The use of a kinetic Monte carlo simulation for this model allowed them to
obtain different growing grains covering the whole lattice. Vertex models have also been employed to
describe the grain coarsening of grain structures [115,116]. In this case the vertices of the disordered
lattice correspond to triple junctions between grains. Weygand et al. [116] also considered a set
of “virtual vertices” discretizing the GBs between pairs of triple points. The motion of the virtual
vertices allowed them to obtain GBs which are not exclusively straight lines but that could have
some curvature. D. Raabe [117] applied the cellular automata model to the study of grain growth
and recrystallization phenomena [118]. It starts from a regular array of lattice points that can be
regarded, for example, as atomic particles (or, as in our case, colloidal particles). Each lattice point
is characterized in terms of a set of generalized state variables which, for our case, could be crystal
orientations. The dynamical evolution of the automaton takes place through the application of
deterministic or probabilistic transformation rules that act on the state of each lattice point. These rules
determine the state of a lattice point as a function of its (discrete time) previous state and the state of
the neighboring sites. The use of this method has provided interesting results for the simulation of
primary static recrystallization in aluminum [119] and for the yield surface of aluminum polycrystals
during recrystallization [120]. Another approach that should be highlighted is the use of phase field
models to describe the process of grain coarsening [121]. Kobayashi et al. [122] employed a phase
field to describe crystallization, impingement and GB formation in 1D and extended it to 2D [123],
taking into account the rotation of the crystal grains as rigid bodies [105,106]. Later, the authors
extended the method to the evolution of a polycrystalline microstructure by impingement, followed
by grain boundary migration and grain rotation [124]. Extensions of the method to 3D have also been
developed [125–127]. More on rotation-induced growth can be found in [128]. Recent reviews on the
subject are given in Gránásy et al. [129] and Singer-Loginova and Singer [130].
4. Discussion and Conclusions
As we have seen, with a simple kinetic MC simulation with Metropolis dynamics it is possible to
retrieve and visualize in 2D all known different subprocesses undergone by a crystallizing system of
colloidal particles (or colloidal-like particles, like proteins), interacting with a short-ranged attraction.
First, before the nucleation process begins, a fluid-fluid phase separation is obtained, with the
coexistence of dense and rarefied zones of the fluid. Afterwards, the nucleation process starts at
the denser portions of the phase separated system. We have shown how to derive the critical crystallite
size with a knowledge of the position of the particles as a function of time, inspired by previous
work [46,70]. A use was made of the fractality of the crystallite boundaries in order to obtain the line
tension and the chemical potential difference between the disordered and crystalline phases. It was
also possible to contemplate the process of Ostwald ripening, noticing how some of the supercritical
crystals become subcritical as the time proceeds, due to the fact that the disordered phase becomes less
and less dense and hence undersaturated for those crystals, which makes them prone to shrink and
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disappear. The formation of the GBs was visualized when two nearby crystals impinge on each other
during their growth. As there is an interchange of particles between the two crystals forming a GB, it
becomes a fluctuating interface, undergoing a random translation on a direction perpendicular to it,
as well as a random rotation and deformation. Subsequently, for LAGBs sometimes there was a healing
of the extremes of the GBs and, hence, there was a trapping of CDs inside the new imperfect crystal
grain, formed by the merging of the two original ones. Those CDs migrate very readily inside the
new grain, until they find the boundary between the grain and the disordered phase, and escape
from there. Once the new grain has gotten rid of all CDs, it becomes a new, larger crystal grain,
whose only imperfections consist of simple vacancies, which do not destroy the symmetry of the
lattice. Arguably, this process of trapping CDs, CDs migration and going out from the boundary with
the fluid could be called a coalescence. Once the LAGBs have disappeared, we end up with the final
product of the crystallizing system: the polycrystal. We have treated the crystallization of colloidal
particles interacting with an attractive potential, in which case the final polycrystal does not fill the
whole simulation box, leaving a space with a dilute disordered phase. This coexistence of two phases,
one ordered and the other disordered is indicative of a first order phase transition, which includes
crystal nucleation and a critical nucleation barrier, as we have seen. Let us make a brief review of the
type of phase transitions we can have with attractive and repulsive isotropic potentials between the
particles, both for 3D and 2D.
In 3D, there is homogeneous or heterogeneous nucleation of supercooled fluids to the periodic
structure. This phase transition has been extensively studied, both for attractive and repulsive
potentials (including hard spheres), and has been found to be first order, with ordered and disordered
phases coexisting in equilibrium and with a nucleation process as the one we have studied here.
For example, in the hard sphere case, the volume fractions of freezing (φ f ) and melting (φm ) do
not depend on temperature and are around φ f ' 0.494 and φm ' 0.545 [131]. In between those
two concentrations there is coexistence of ordered and disordered phases. Likewise, for attractive and
repulsive potentials in 3D a first order phase transition with nucleation has been studied in numerous
works (e.g., in references [46,132–140] just to cite a few). As mentioned in the introduction, in 3D we
can have a two-step nucleation if the interaction potential has a short-range attraction [31–34,38–42],
which induces a metastable fluid-fluid phase separation before crystal nucleation starts. In the case
of hard spheres that do not present this phase separation, it has however remarkably been found
with computer simulations that the formation of dense, amorphous clusters (whose origin needs to
be explained, if it comes by simple density fluctuations or by some other mechanism) is the only
prerequisite to initiate the crystal nucleation process inside those clusters [141].
In 2D, it has been noted in the introduction that a short-range attraction can also induce two-step
crystal nucleation in the denser portions of the fluid-fluid phase separated system [35–37,70], leading to
a first order crystallization transition, with nucleation and a nucleation barrier at the critical size. There
is also phase coexistence between the polycrystal and the dilute disordered phase (e.g., Figure 21),
indicative of a first order transition. For the 2D repulsive case, the crystallization process apparently
does not follow the same path. In [30,76], the authors use super-paramagnetic colloids confined to a
flat water-air interface, such that an applied magnetic field perpendicular to the interface acts as the
inverse of temperature, due to the alignment of the magnetic repulsive dipoles along the magnetic field.
As the authors state, immediately after the sudden quench to a large magnetic field (low temperature)
begins the formation of a large number of small crystallites. In this case, no nucleation barrier which
defines a critical nucleus size has to be overcome by a fluctuation [76]. In a first period of time, the
number and the size of the crystallites increase in the course time, up to the point where the crystallites
or crystals start to touch [30]. Then a ripening process starts where the particles are reorganized and
the large crystals grow at the expense of the small ones, in a process resembling Ostwald ripening but
with touching crystals. Afterwards, the number of crystals decreases in this second stage and their size
increases at a lower rate. It should be noted that there is no phase coexistence between the polycrystal
and a disordered phase, and the whole polycrystal fills the whole experimental box.
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Now, what happens to the melting (crystallization) of 2D particles when the heating (cooling) rate
is made to be extremely slow, such that the system always remains in thermal equilibrium? As mentioned
in the introduction, with the exception of some works [12–15] which find a first order transition, most
researchers find two phase transitions with a hexatic phase in between the fluid and the crystal
phases, in accord with the KTHNY theory [27–29]. Some researchers find the two transitions to be
continuous [16–21], while some others [22–26] find one or the two transitions to be first order (indicating
a coexistence of the phases at the transition point), depending on the repulsive interaction potential.
To inquire about the crossover from a crystallization transition for a sudden quench—as described in the
last paragraph—to a KTHNY type of transition for a very slow cooling rate, Deutschländer et al. [142]
have studied the crystallization process when varying the cooling rate by three orders of magnitude.
Assuming that the two continuous phase transitions in the KTHNY theory are second order-like,
there should be a critical slowing down with a correlation time becoming longer and diverging, the
closer we are to the transition point. In this case, a Kibble-Zurek mechanism should apply (which
has been used not only in condensed matter transitions like the normal to superfluid transition in
liquid helium, but in fact it had its origin in the cosmological transition during the cooling down
of the early universe). If the cooling down of the colloidal system is very fast, the system does not
have time to rearrange into the KTHNY type of transition and the hexatic phase (with their separated
opposite-Burgers-vector dislocations) is lost, while if the cooling rate is very slow, the system can follow
this transition very closely. In their work [142], the authors have tested different predictions of the
Kibble-Zurek mechanism. Finally, to the best knowledge of the present author, all the works pertaining
to the test of the KTHNY theory—either experimentally or simulationally—that unambiguously find
a hexatic phase have been made with repulsive colloidal interactions. The question of what would
happen with an attractive potential between the colloidal particles, when melting a monocrystal
(or crystallizing a fluid) by heating it up (or cooling it down) very slowly, remains therefore as an open
question and is beyond the scope of the present article. In the case that a KTHNY type of transition
could be found for a very slow cooling rate, we expect that the Kibble-Zurek mechanism would tell us
again that the KTHNY transition will be lost—for a sudden quench to a lower temperature—in favor
of the first order transition we have just seen in the present work.
From a technological perspective, polycrystals are profitable since precise control over their
mechanical, optical and electrical properties can be achieved by tailoring the morphology of the grain
network. Therefore, understanding GB dynamics and its implications for grain growth stays as one of
the primary goals of materials research. Among the tools to connect single particle dynamics at GBs
and grain growth, the transmission electron microscopy (TEM) has been widely used for studying grain
growth in atomic polycrystals, but is very frequently unable to probe particle dynamics at buried GBs,
due to the small particle size and the very fast atomic motion [143]. MD simulations of atomic particles
can model systems realistically, but are resricted to small systems and short time scales [61,130,144].
Perhaps, one drawback of the above mentioned theoretical models is the absence of a complete
connection between single particle dynamics at GBs and grain growth, in the sense that they have been
so far unable to capture several microscopic details of the particle motion and relate them to grain
growth and GB dynamics. Nonetheless, the phase field model seems to be a promising procedure for
calculating mesoscopic phenomena, since it has been capable of rendering realistic-looking dendritic
growth, grain growth and several other phenomena occurring in metals [130]. However, the process
we have seen for “grain coarsening by dislocation disappearance after GB healing”, which arguably can
be regarded as a “coalescence with a vanishing GB”, has not been introduced as an input into the above
theoretical models [125,130]. Also, the glassy dynamics of the particles inside the GBs [59,60,97] has not
been considered, as far as the author is aware. It seems that the models consider the grain coarsening
phenomena merely as a result of boundary movement, which makes the smaller grains to shrink and
disappear (the T2 processes considered in Stavans review of cellular structures [56]), without explicitly
considering coalescence. Perhaps, the introduction of a balanced dynamics, considering not only the
T2 processes but also coalescence with vanishing GBs would be beneficial to those models.
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Experimentally, colloidal particles have shown to be a useful model system where to probe
atomistic phenomena [3–7]. Their large size (∼µm) and slow motion (∼s) allow us to use simple
optical techniques, like video microscopy, to study the crystallization phenomena. The corresponding
simulational counterpart of the colloidal study is the Brownian dynamics method that, as we have
seen, is equivalent to a MC simulation with Metropolis dynamics. Therefore, in the near future we
should expect to see a growing interest in the use of colloidal particles to test atomistic phenomena,
like crystallization, with the aid of simple imaging techniques. There are however many challenges to
overcome in the study of colloidal polycrystals, which will merit the intellectual effort due to their
practical application as model systems.
Supplementary Materials: The supplementary materials are available online at www.mdpi.com/2073-4352/
6/4/46/s1.
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