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Abstract: The transformations of the topological phase and the edge modes of a double-bilayer
bismuthene were investigated with first-principles calculations and Green’s function as the
inter-bilayer spacing increased from 0 Å to 10 Å. At a critical spacing of 2 Å, a topological phase
transition from a topological insulator to a band insulator resulting from a band inversion between the
highest valence band and the second lowest conduction band, was observed, and this was understood
based on the particular orbital characters of the band inversion involved states. The edge modes of
double-bilayer bismuthene survived the phase transition. When d was 2 Å < d < 4 Å, the interaction
between the edge modes of two separated bismuthene bilayers induced an anti-crossing gap and
resulted in a trivial band connection. At and beyond 4 Å, the two bilayers behavior decoupled entirely.
The results demonstrate the transformability of the topological phase and the edge modes with the
inter-bilayer spacing in double-bilayer bismuthene, which may be useful for spintronic applications.
Keywords: double-bilayer bismuthene; topological phase transition; edge modes; inter-bilayer
spacing; first-principles calculations

1. Introduction
Topological insulators have attracted much attention over the past decade for their fundamental
physics interests and promising applications in spintronics [1]. A topological insulator is different from
a band insulator in regard to band topology, which can be characterized by a topological invariant [2].
The nontrivial topology of the band structure of a topological insulator gives rise to metallic boundary
modes [1], which are robust and cannot be destroyed by altering the boundary conditions [3,4].
Moreover, the edge modes are highly spin polarized because of the prominent spin-orbit coupling effect
associated with the heavy elements commonly found in topological insulators [5]. The spin polarized
boundary modes can host spin currents, which can be utilized to transmit and process information
with little energy dissipation [6]. Although the topological edge modes cannot be eliminated easily,
their properties can be tuned by factors such as strain [7], composition [8] and chemical adsorption [9].
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The tunability of the topological boundary modes is crucial for the applications of topological insulators
in spintronics.
Bismuthene [10], a monolayer of Bi with a buckled graphene-like hexagonal lattice [11,12], has
a large, nontrivial band gap. We call such a sheet of Bi atomic crystal a bilayer (BL). It is a very
promising topological insulator for spintronics application above room temperature. Since it was
theoretically predicted to be a two-dimensional (2D) topological insulator, it has inspired intensive
research [9,13–20]. Liu et al. studied the band topology of ultrathin Bismuth films (1~4 bilayers),
and found that the nontrivial nature of Bismuth films is independent of film thickness [15]. Besides
film thickness, the effects of strain, substrate and chemical modification have been explored as
well [9,16–19,21]. In contrast, the inter-bilayer spacing as an important parameter to tune the property
of double-bilayer bismuthene has not been well investigated up until now, especially the effect of
inter-bilayer interaction on the properties of edge mode having not yet been reported to the best of our
knowledge. Liu et al. reported the topological phase transition in double-bilayer bismuthene induced
by increasing inter-bilayer spacing to 2 Å [15], but the band inversion mechanism was not clearly
revealed. As we will present later, the band inversion detail is distinct from usual cases.
In the present work, we studied the evolution of the electronic structure of double-bilayer
bismuthene from a strongly coupled double-bilayer to two decoupled bismuthene bilayers as the
inter-bilayer spacing increases. The system underwent a phase transition from a topological insulator to
a band insulator through a singular point of a semimetal phase; however, the band inversion involved
an unusual interweaving of three, rather than just two bands. The band inversion occurred between the
highest valence band and the second lowest conduction band rather than between the two bands closest
to the Fermi level as usual. When the inter-bilayer spacing was between 2 Å and 4 Å, the interaction
between the edge modes of the two bilayers induced an anti-crossing gap and made the whole system
topologically trivial; the trivial nature was preserved even when the spacing was beyond 4 Å and the
anti-crossing gap disappeared. Our findings demonstrate the transformability of the topological phase
and the dispersion of edge modes with inter-bilayer spacing of double-bilayer bismuthene.
2. Calculation Method
The mono- and double-bilayer bismuthene systems were modeled by a supercell approximation.
The vacuum gap between image slabs was 20 Å and the interaction between neighboring slabs was
negligible as verified by its insensitivity to the change of the vacuum gap size. The calculations were
performed using the Abinit package (v8.4.3) [22,23] within the local density approximation (LDA) as
implemented in the Hartwigsen–Goedecker–Hutter (HGH) pseudopotential [24]. Previous results
show that even LDA is good enough to reach a reliable conclusion for the present system [15]. The
employment of Heyd-Scuseria-Ernzerhof (HSE) hybrid functional can certainly improve the accuracy
of the prediction of band gap [20], but it does not change the conclusion of the nontrivial property
of bismuthene. The cutoff of kinetic energy was 400 eV and the integration was carried out on a
Γ-centered 17 × 17 × 1 grid in accordance with the Monkhorst–Pack scheme [25]. The spectra of edge
modes were calculated with WannierTools package (v2.4.0) [26] based on the Green’s function method.
3. Results and Discussion
The band structures of mono-bilayer and double-bilayer bismuthene are reproduced and shown
in Figure 1a,c for reference; the corresponding atomic models are presented in Figure 1b,d. Both
the mono-bilayer and double-bilayer bismuthene had a gap spanning the whole Brillouin zone.
The gaps were 0.49 eV and 0.04 eV for mono-bilayer and double-bilayer bismuthene, respectively.
A mono-bilayer bismuthene has a graphene-like honeycomb lattice with an in-plane lattice constant
4.38 Å and a substantial buckling of 1.74 Å, belonging to the P3m1 space group (#164). Double-bilayer
bismuthene is constructed by stacking two mono-bilayers in an A-B configuration, where the top
bilayer is shifted along the red arrow—as indicated in Figure 1d—relative to the bottom bilayer.
Because of the inter-bilayer interaction, the buckling in double-bilayer is reduced to 1.64 Å after energy
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atomic model of double-bilayer bismuthene with 2.0 Å extra inter-bilayer spacing. The position of the
spacing. The position of the top bilayer in equilibrium geometry is indicated with dotted circles.
top bilayer in equilibrium geometry is indicated with dotted circles.
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system transformed into a semimetal state. Interestingly, the two conduction bands, C1 and C2, and
the valence band V1 became degenerate at the zone center. Bands V1 and C2 combined to form a Dirac
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Figure 2. Band structures of double-bilayer bismuthene by scaling the inter-bilayer spacing as indicated.
The parity of some states at the zone center is indicated. The insets in (b) and (d) show the real parts of
the wave functions for the states at the zone center as indicated.
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Based on the analysis above, double-bilayer bismuthene, which is topologically nontrivial, goes
through a topological phase transition at an extra inter-bilayer spacing of d = 2 Å. At d > 2 Å, the system
should become topologically trivial, including the case where the two bilayers were well separated
and decoupled. However, each mono-bilayer bismuthene by itself was topologically nontrivial. Thus,
the question is, are two well-separated mono-bilayers topological or not? The answer to this question
depends on the point of view. If the two bilayers are regarded as a single system (with a small but
non-zero coupling), the system as a whole was topologically trivial, even though each of the bilayers by
itself were topologically nontrivial. Let the parity product over all time-reversal invariant momentum
(TRIM) points for each isolated bilayer be N (minus one) relative to its own inversion center, and it is
straightforward to show that the parity product for the two minimally coupled bilayers was N2 = 1
relative to the inversion center of the double-bilayer, and thus the composite system was trivial even
though each of the two components by itself were nontrivial.
To further elucidate the unusual band inversion process involving a spectator band, a tight-binding
model including interactions up to the second neighbors under the Slater–Koster scheme [28] was built.
!
E E
H1 δH2
The basis set is s, px , p y , pz ↑↓ . The Hamiltonian is a 32 × 32 matrix H =
, where H1 and
δH2∗ H1
H2 are two 16 × 16 submatrices representing the intra-bilayer and inter-bilayer interactions, respectively.
The scaling factor δ ranges from 0 to 1. When it is set to 0, i.e., the inter-bilayer coupling is turned off,
the system corresponds to two well-separated, decoupled mono-bilayers. When δ is set to 1, the system
corresponds to a double-bilayer with its normal inter-bilayer spacing. The tight-binding parameters
determined by fitting the density functional theory (DFT) bands of double-bilayer bismuthene with
2 Å spacing are shown in the Table 1.
Table 1. Tight-binding parameters for double-bilayer bismuthene: Es and Ep are on-site energies of the
s and p orbitals, respectively, ∆SOC is spin-orbit splitting and the other factors are Slater–Koster type
integrals. I(NN) and I(SNN) stand for the intra-bilayer nearest neighbors and second-nearest neighbors,
respectively, while O(NN) and O(SNN) are the inter-bilayer nearest neighbors and second-nearest
neighbors, respectively. All energies are in the unit of eV.

Vssσ
Vspσ
Vppσ
Vppπ

Es
−7.8335
I(NN)
−0.720
1.051
1.740
−0.421

Ep
−0.3665
I(SNN)
−0.086
0.126
0.209
−0.050

∆SOC
1.5
O(NN)
−0.375
0.607
0.6717
−0.150

O(SNN)
−0.225
0.376
0.5022
−0.045

Evolution of the band structure as a function of δ is shown in Figure 3. As the inter-bilayer
coupling became weaker from Figure 3a–f, corresponding to varying δ from 1 to 0, the conduction and
valence bands around the zone center moved towards each other first. When δ = 0.4, the conduction
and valence bands became degenerate at the zone center, where a topological phase transition occurred
as expected. The linear dispersion of the Dirac cone and the six-fold degeneracy of the states were
successfully reproduced by this simple tight-binding model. The detailed band shapes away from
the zone center were different between the DFT and tight-binding results. This loss of accuracy can
be attributed to two factors: The first is that interactions beyond the second-nearest-neighbors were
not included in the model. The second is that the inter-bilayer interactions were scaled with just one
coefficient δ for different bands. In reality, the interactions decayed at different rates for different
states. Despite these inaccuracies, this model showed the general trend of gap closing and reopening
associated with a topological phase transition as tuning the inter-bilayer spacing. The results presented
here offer a foundation for further study on the evolution of edge modes of double-bilayer bismuthene
ribbons as increasing spacing with a tight-binding model.
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bilayers. The lower branch of the T pair became more isolated from the bulk band continuum around
the zone center, and there was a tiny anti-crossing band gap arising from the coupling between the
Figure
4d. The gap made the lower branch of the T pair connect to the conduction band rather than
edge modes of the two bilayers, indicated by the red arrows in Figure 4d. The gap made the lower
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supported
by the similarity of the edge mode spectra in Figure 4e,f. The closing of the anti-crossing
mode spectra in Figure 4e,f. The closing of the anti-crossing gap at 4 Å was also verified with a
gap at 4 Å was also verified with a simulation, including vdW and HSE06 correction.
simulation, including vdW and HSE06 correction.

Figure 4. (a–f) are the evolution of edge modes along the zigzag edge of a semi-infinite double-bilayer
bismuthene with increasing inter-bilayer spacing as indicated. (g,h) are the edge modes of individual
top bilayer and bottom bilayer of a double-bilayer bismuthene.

The topological nature variation of a double-bilayer bismuthene across the critical spacing can
be further understood by its topological edge states. The topological nontriviality of a system can
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be determined by counting the times that its edge modes intersects with its Fermi level between
two TRIMs [32]. The intersection times were always even for the systems with an extra inter-bilayer
spacing over 2 Å (Figure 4d–f), regardless of the opening or closing of the anti-crossing gap. This
result is in agreement with the fact that the systems with a spacing over 2 Å were topologically trivial,
as determined above. We also calculated the edge spectra of the individual top bilayer and bottom
bilayer as shown in Figure 4g,h, which helped us to ascribe the edge mode to individual bilayer of a
coupled double-bilayer bismuthene. Obviously, the M pair originated from the bottom bilayer and
the other two pairs were derived from the top bilayer. The odd times of intersecting between the
Fermi level and edge mode both in Figure 4g,h cases shows the nontrivial nature of the individual
bismuthene bilayer. When two such individual bilayers were stacked together with large spacing, the
spectra of edge mode of an individual bilayer superimposed with each other and made the intersection
times even, resulting in a topologically trivial composite system. We noticed the slight difference
in the edge state spectra of the individual bilayer and that of the double-bilayer with 10 Å extra
spacing. This discrepancy should not be attributed to the interaction between two bilayers, but to
the errors introduced in the wannierization process. In reality, the edge atom inclines to go through
a reconstruction to minimize energy, and the dispersion of edge modes will change markedly [33].
However, the way in which the topological edge modes connected, as constrained by their topological
symmetry, remains unchanged.
4. Conclusions
In this paper, we examined theoretically and conceptually the band structure transformation
in double-bilayer bismuthene by tuning the inter-bilayer spacing. The double-bilayer at its natural
inter-bilayer spacing is a topological insulator. When the spacing increased, the gap decreased and
closed at an extra spacing of d = 2 Å. Upon further increasing d, an inversed gap opened up and the
system became a topologically trivial band insulator. The band inversion was realized by reordering
the highest valence band and the second lowest conduction band with opposite parity, and this unusual
band inversion arose from the pz characteristics of the states involved in the band inversion. There
were three pairs of edge bands residing in the bulk gap, and the dispersion of the topologically related
one was sensitively dependent on the topological nature of the bulk. As the inter-bilayer spacing
was tuned, the dispersion of the edge modes was altered accordingly. Our findings here theoretically
demonstrated the transformability of the topological property of double-bilayer bismuthene and the
dispersion of its edge modes with inter-bilayer spacing, which may be of valuable reference for the
future spintronic application of bismuthene films.
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