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Abstract: This paper presents a comprehensive review of energy management control strategies
utilized in hybrid electric vehicles (HEVs). These can be categorized as rule-based strategies and
optimization-based strategies. Rule-based strategies, as the most basic strategy, are widely used
due to their simplicity and practical application. The focus of rule-based strategies is to determine
and optimize the optimal threshold for mode switching; however, they fall into a local optimal
solutions. To have better performance in energy management, optimization-based strategies were
developed. The categories of the existing optimization-based strategies are identified from the latest
literature, and a brief study of each strategy is discussed, which consists of the main research ideas, the
research focus, advantages, disadvantages and improvements to ameliorate optimality and real-time
performance. Deterministic dynamic programming strategy is regarded as a benchmark. Based on
neural network and the large data processing technology, data-driven strategies are put forward
due to their approximate optimality and high computational efficiency. Finally, the comprehensive
performance of each control strategy is analyzed with respect to five aspects. This paper not only
provides a comprehensive analysis of energy management control strategies for HEVs, but also
presents the emphasis in the future.

Keywords: energy management strategy; rule-based strategies; optimization-based strategies;
data-driven strategies; hybrid electric vehicles

1. Introduction

With the increasingly serious issues of energy shortage and environmental pollution, gas-electric
hybrid vehicles, as a new energy-fueled automobile, have received extensive attention from
governments and automobile companies, and include the plug-in hybrid electric vehicle (PHEV) and
traditional hybrid electric vehicles [1–3]. Hybrid electric vehicles (HEVs) can take full advantage of
traditional fuel vehicles and pure electric vehicles into account, and have become a transitional stage
from the traditional vehicle with internal combustion engines in electric vehicles (EV).

The energy management strategy (EMS) organically coordinates the power units to achieve
optimal energy distribution by directly controlling fuel consumption rate and battery state of charge
(SOC), which can achieve lower energy consumption and lower pollution [4–7]. Aiming towards
common driving cycles, there are three methods for obtaining better performance and higher energy
efficiency. The first method is to increase the efficiency of each powertrain component (such as engine,
motor, power battery); however, this may lead to a small increase in overall efficiency, while increasing
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its cost greatly. Forcing the engine and motors to operate in the high-efficiency zone by incorporating
shifting strategies can also achieve higher energy efficiency; however, there may occur an abnormal
phenomenon whereby efficiency and fuel consumption increase simultaneously. Moreover, based on
the efficiency characteristics of the motor/engine, making the position and distribution of the high
efficiency zone match the driving cycle is another method for obtaining better performance. In summary,
in terms of the short-term and long-term range, the key point for reducing fuel consumption is to
reasonably distribute the energy between the engine and motors so that the engine can operate in the
high efficiency zone for as long as possible [8].

HEVs are equipped with two or more power sources, and vehicle powertrains can provide
regenerative braking during deceleration and allow efficient auxiliary electricity and recharging
operations. Therefore, HEVs can be operated alternately in pure electric, hybrid modes, regenerative
braking mode, and so forth, which can have a better fuel consumption performance and effectively
solve the mileage problem of EV [9]. Due to the issue of multiple power sources, the energy distribution
between engine and motors is the core problem of energy management for HEVs. Vehicles need to
meet the required driving force, and the energy consumption of the battery is completely dependent
on the motor, that is, the torque distribution between engine and motors is the focus to EMS for HEVs.

Based on road conditions, power demand and battery SOC, to the means by which the power
distribution between engine and motors to reduce fuel consumption as much as possible can
be effectively determined has become a crucial issue in energy management control for HEVs.
One important purpose of energy management system is guaranteeing that battery SOC is kept within
a reasonable range while improving the fuel economy over the whole driving cycle [10]. Only in this
way can we ensure a global balance of SOC and the lowest fuel consumption in a true sense.

Furthermore, implementation of a control strategy to update the driving condition in order to
optimize the energy management system in real time is another key point for HEVs. Meanwhile, the
higher the computational efficiency, the more likely it is to achieve real-time control. In other words, it
is also necessary to consider whether real-time optimization can be achieved with low computational
burden and high computational speed.

Based on the above problems, current control strategies can be categorized as rule-based
(RB) strategies and optimization-based strategies [10,11] in terms of energy optimization for HEVs.
To efficiently distribute the energy between oil and electricity, rule-based (RB) strategies select operating
modes based on predefined rules, which are subdivided into deterministic rule-based strategies and
fuzzy logic-based strategies [10,12]. Although rule-based strategies are the most basic strategies, and
are widely applied due to their simplicity and practicality, they usually lead to local optimization such
that they cannot obtain the globally optimal solution. On the other hand, it does not take the actual
changes in driving conditions into account and its robustness cannot be guaranteed.

To achieve a better performance in terms of fuel economy in HEVs, numerous efforts been made
in the last decade in the area of optimization-based energy management control strategies, mainly
with respect to instantaneous optimization and global information driven optimization [13–15].

Instantaneous optimization strategies, such as Equivalent consumption minimization strategies
(ECMS), and global information-driven optimization, such as Pontryagin’s Minimum Principle
(PMP) [16–19] and dynamic programming (DP) [20–23], are able to obtain near-optimal or globally
optimal control strategies, however, they should acquire entire driving cycle information in advance.
The objective function can be optimized in a global sense to obtain the global optimal fuel economy for
global information-driven optimization strategies. Theoretically, deterministic dynamic programming
strategies can obtain the global optimal fuel economy for HEVs, providing a benchmark for assessing
the optimality of other energy management strategies. However, they suffer from difficulties in
practical application because they are time consuming, and tremendous memory is required for the
calculation process, while they also need to acquire the driving information in advance.

To obtain an applicable strategy, some researchers have attempted to design the EMS via model
predictive control (MPC) [24,25] and stochastic dynamic programming (SDP) [26], which can be directly
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applied online. The MPC strategy can apply various optimization methods to design the control
strategy based on a period of the predicted velocity, which can be predicted via Markov Chain or
artificial neural network. The optimization methods could be PMP algorithms, DDP algorithms, or
some intelligent algorithms, including particle swarm optimization (PSO), genetic algorithm (GA),
simulated annealing (SA), and quadratic programming (QA). On the basis of DDP-based strategy
and for the purpose of practical application, the SDP-based strategy constructs a stochastic transition
probability matrix of the driver demand by Markov chain and captures the statistical characteristics in
traffic information with a stochastic model. Therefore, the SDP-based strategy is a good choice for
a bus driving cycle with a fixed route, due to its high regularity. However, whether it is SDP-based
or MPC-based strategy, speed prediction is required, which influences the computational accuracy
for EMS.

With the rapid development of artificial intelligence algorithms and the large data processing
technology, optimal data-driven control strategies show superior performance because of their on-line
implementation and approximation to DP results. Data-driven strategies use neural networks to
approximate the control sequence and cost function or the prediction of future driving patterns.
At present, data-driven strategies are roughly composed of neural network-dynamic programming
(NN-DP) [27], reinforcement learning (RL) [28,29], and adaptive dynamic programming (ADP) [28–31].
Among these, the ADP-based strategy can not only significantly reduce computational time and
memory storage, but can also obtain similar results to DP results in achieving real-time optimization
based on updated driving information.

In addition, with the development of new technologies such as hydrogen fuel cells, powertrain
systems in a HEV can be the combination of engines, motors, batteries, super-capacitors, and hydrogen
fuel cells. Since the objective of energy management control strategies is to reasonably distribute the
energy of each power source, the various control strategies mentioned above are also applicable to a
hydrogen fuel cell hybrid vehicle or a hybrid vehicle with a super-capacitor.

The purpose of this paper is to review the existing energy management control strategies and
the advanced control strategies (such as ADP/deep learning algorithms) for gas-electric HEVs, which
are shown in Figure 1. The general research ideas, the advantages and disadvantages of the current
energy management control strategies related to HEVs will be emphatically discussed. It should be
noted that control strategies described in this paper are still applicable to hydrogen fuel cell hybrid
vehicles. The difference lies in allocating the energy between hydrogen consumption and electricity
consumption, rather than fuel consumption and electricity consumption.
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The structure of this paper is as follows: the first part reviews the development and the classification
of energy management control strategies for HEVs. The second section introduces the main study idea
and the optimization of rule-based strategies. The third section presents optimization-based strategies
in terms of instantaneous optimization, global information driven optimization and data-driven
strategies. This chapter is mainly about the overview of conventional optimization control strategies,
like ECMS/MPC/PMP/DDP/SDP, and the novel data-driven strategies, like NN-DP/RL/ADP, which can
achieve approximation to the global optimal results of DDP and can be implemented online based on
the updated driving conditions. Based on the comprehensive performance analysis of each strategy in
the fourth section, the conclusions and suggestions (outlook and future trends) for energy management
control strategies for HEVs are compiled in the fifth section.

2. Rule-Based Strategies

To reasonably manage the multi-power source energy coupling system, an energy management
control strategy is employed to distribute the power or torque of the multiple power sources. Meanwhile,
the braking energy recovery is coordinated to improve fuel economy and system efficiency under
the premise of ensuring the power requirements, safety and comfort of the vehicle. According to
the steady-state efficiency map of the powertrain components, the rule-based control strategy, as
the most practical control strategy, determines the torque/power distribution between engine and
motors. It selects the operating mode based on predefined rules to make the vehicle operate in the
high-efficiency zone to improve the fuel economy of the vehicle. Due the fact that the EMS of HEVs
can be easily extended to PHEVs via a charge depleting–charge sustaining (CD–CS) mode, the charge
depleting–charge sustaining (CD-CS) strategy [12,32,33] and the blended control strategy [4] were
developed to achieve energy saving and emissions reduction.

In further research, rule-based control strategies combining CS, CD, EV and hybrid modes was
used to improve fuel economy by making the engine and motors operate in the high efficiency area.
According to the characteristics of predefined rules, rule-based control strategies are mainly subdivided
into deterministic rule-based strategies and fuzzy logic-based strategies. The study of rule-based
strategies is mainly directed towards three aspects: threshold selection, optimization of mode-switching
thresholds, and determination of operation modes, as shown in Figure 2.
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2.1. CD–CS Strategy and Blended Strategy

The limited charge/discharge capability and low battery capacity/power of conventional HEVs
leads to a small operating area of battery SOC; therefore, the battery SOC of the conventional HEV has
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a certain convergence. In other words, the final value of SOC should be same as its initial value over
the whole driving cycle, which is referred to as charge sustaining (CS) mode. In CS mode, vehicles are
powered by an electric machine, engine, or both to maintain the battery SOC. Plug-in hybrid electric
vehicles (PHEVs) can be regarded as a combination of an electric vehicle (EV) and a conventional HEV,
which have the all-electric capability of an EV and the extended range capability of an HEV. Due to the
ability to charge via an external grid, the EMS of PHEVs increases charge depleting (CD) mode. In CD
mode, the electric machine is primarily used to power the vehicle with a net decrease in battery SOC,
while the engine turns on when the electric machine cannot provide the required power or SOC drops
too low.

Based on the above characteristics, the charge depleting–charge sustaining (CD–CS) strategy, as
the simplest method, is first proposed to generate an optimal SOC trajectory. This strategy operates
in an all-electric mode in its initial stage, following by CS mode when the battery SOC decreases
to a predefined low threshold along with an increase in driving distance. It is generally desirable
that the battery reach its depleting limit by the end of the given driving distance. Furthermore,
simulation results indicate that the CD–CS strategy, along with electric assistance, is more effective in
PHEV than in HEV that have the same battery energy capacity as PHEV [12]. A CD control strategy
for a generic parallel PHEV (SUV) was investigated in [34], which uses electric power to drive the
vehicle until the power demand reaches a preset threshold, and then the engine turns on to meet the
desired power requirements with the assistance of the motor. Meanwhile, the mechanical power of
the motor remains constant from when the engine turns on until the end of the drive cycle. With the
development of intelligent transportation systems (ITSs), geographical information systems (GISs) and
global positioning systems (GPSs), the trip information can be obtained in advance for a certain route.
Therefore, if the basic trip information can be acquired in advance, the CD strategy would slightly
increase the fuel economy of a PHEV compared with the AER strategy [35].

Although the CD–CS strategy is characterized by its simplicity, ease of implementation, and
allowing HEVs to operate as an “electric vehicle”, it is far from obtaining the optimal fuel economy
of energy management for HEVs. To obtain relatively satisfying fuel economy, the CD–CS strategy
should equip a relatively large battery to meet power performance requirements in CD mode over the
whole driving cycle, which will increase the vehicle cost. Generally speaking, sufficient CD operations
may lead to more electric loss and a sharp decrease in engine efficiency under high power demand,
while inadequate CD operations may not well achieve an improvement of fuel economy and make full
use of EMS. To further reduce fuel consumption, the blended strategy with gradual battery depletion
in a blended mode (BM) is implemented for an optimal EMS of HEVs. Engine and motors would
operate in coordination, causing the electricity to not be completely consumed until the end.

A blended-mode HEV can achieve cruising with low electric drive. Simultaneously, it can
moderately accelerate at low to moderate vehicle speeds in electric mode. Under moderate to high
vehicle speeds, the engine will turn on to meet power/torque requirements, and the motor will serve as
auxiliary power to provide more power/torque when the output power of engine cannot satisfy power
demand. In [36], the blended-mode energy management of PHEVs was introduced to achieve the
minimum total fuel consumption for a given driving cycle, while maintaining a constant battery energy.
Compared with foremost strategies, the proposed strategy improves fuel savings by 8.7%, on average.

In contrast to the CD–CS strategy, the blended strategy with basic trip information can have a
better performance in terms of fuel saving for HEVs. However, the performance of the blended-based
strategy depends on the trip length. Longer trips may lead to battery exhaustion in advance, while
shorter trips may result in power remaining. In addition, it is worth mentioning that the blended
strategy without trip information may have a worse performance than a fine-tuned CD–CS strategy.
When providing the information of the driving cycle, a comparison between CD–CS strategy and the
blended strategy in terms of the battery SOC evolution is shown in Figure 3.
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2.2. Deterministic Rule-Based Strategy

Deterministic rule-based strategies are mainly based on several predetermined threshold
parameters to make engines and motors operate in their high-efficiency area, which also takes battery
charging and discharging efficiency into consideration in order to properly distribute the demand
torque. According to power requirements, battery SOC, and vehicle speed or acceleration, the vehicle
can be divided into several operation modes, which mainly include motor-only mode, engine-only
mode, power-assist mode, regenerative braking mode, mechanical braking mode, recharging mode,
and so forth. The mode switches when the operating state meets threshold switching condition.
As detailed in [10], it takes four operation modes into consideration, namely, motor-only mode,
engine-only mode, regenerative braking mode and hybrid mode, and the threshold of mode-switching
is determined by desired torque and battery SOC.

Generally speaking, threshold selection of the deterministic rule-based strategy is mainly based
on engineering experience and the efficiency characteristics of the related power components, and
it requires considerable parameter debugging time to acquire satisfactory results. Thus, some
optimization methods are required to automatically obtain global optimal threshold parameters to
more reasonably distribute the torque between engine and the motors.

The main objective of mode-switching is to obtain minimum fuel consumption under the premise
of meeting driver’s demand and maintaining battery SOC. To make deterministic rule-based strategies
more effective, mode-switching thresholds can be optimized using several intelligent algorithms,
such as the genetic algorithm (GA), particle swarm optimization (PSO), simulated annealing (SA),
quadratic programming (QP), and so forth. For instance, mode-switching thresholds were optimized by
simulated annealing–particle swarm optimization (SA–PSO) in [26] to obtain the ideal mode-switching
sequence. In [37], a hybrid algorithm combining GA with SA was applied to simultaneously optimize
powertrain and control parameters, resulting in a better convergence speed and offering a global
searching ability to obtain the best comprehensive performance for a plug-in hybrid electric bus (PHEB).
In order to have good real-time performance, the direct algorithm has been used to optimize extracted
key parameters globally due to its low computational burden and rapid convergence [38].

In addition, the method of operation-mode prediction can also be introduced to optimize the
deterministic rule-based strategy. A torque correction strategy based on operation-mode prediction is
proposed in [39]. The current operation mode of HEV is determined by demand power, vehicle speed,
and battery SOC, and then the operation mode in the immediate future time-horizon is predicted based
on the Markov probability matrix [9,24,25]. In the end, based on ECMS algorithm, the optimized factor
of torque correction is selected as the control parameter to correct engine torque and motor torque
in real-time.

2.3. Fuzzy Logic-Based Strategy

With the in-depth study of fuzzy theory and based on fixed threshold control, the fuzzy logic-based
strategy was developed to optimize the predefined control rules by fuzzification, rule base, fuzzy
reasoning and defuzzification, offering strong adaptability and robustness.
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Simple fuzzy rule-based strategies consider battery SOC as the primary input and combine this
with other vehicle parameters, such as torque demand, vehicle speed, vehicle acceleration, motor
speed and engine speed. For instance, the fuzzy controller takes vehicle speed, battery SOC and torque
demand as inputs and outputs the torque request of internal combustion engine (ICE), resulting in a
more than 10% increase in fuel economy compared with the standard system [40]. In addition, the
performance of this proposed strategy was discussed with respect to fuel mileage, battery usage and
driver performance. Furthermore, a fuzzy logic-based EMS was proposed for a through-the-road HEV,
which applied fuzzy logic with a pair of membership functions to determine the appropriate power
distribution in real time [41].

Simple fuzzy rule-based strategies have low computation requirements, but require engineering
experience and have non-optimal results. In order to have good performance, there are three main
methods of optimization. One method is to intelligently select fuzzy rules by looking up the table of
off-line computed DP results. In [42], the mode selection between all-electric and hybrid is based on the
fuzzy logic controller, which uses a set of rules extracted from DP results. Meanwhile, the controller
can be adaptive to different driving conditions by using driving condition information. To further
improve the fuel efficiency of EMS for HEVs, [43] proposes an energy management control strategy
combining the conventional rule-based strategy and the global optimization strategy. Meanwhile,
driving pattern cycle recognition is used to classify current driving conditions into one of the driving
patterns, and the DP method is applied to design fuzzy-logic control strategy of each driving pattern.

Similar to threshold optimization for the deterministic rule-based strategy, the fuzzy logic-based
strategy can also be optimized by intelligent algorithms, such as GA, PSO, QP, SA, and so on [44,45].
Another method is the adaptive controller based on fuzzy logic, which can identify driver behavior
and optimize itself for these situations. This method does not need predetermined rules and can be
optimized for various drive cycles. For instance, a fuzzy rule-based EMS can automatically identify
the driver’s style, intentions and preferences in order to inform driver of the optimal operating
mode to minimize fuel consumption [46]. The driver’s style can be roughly divided into aggressive,
conservative, and multi-variant styles. Based on the collected data of vehicle speed, acceleration,
throttle opening, slope, or slip rate, the classification of driving style can be acquired by K-means
clustering or neural network. The driving style, as one of the influencing factors, is beneficial to
having a better performance in terms of fuel economy, which is mainly reflected in the impact on shift
frequency, or acceleration/deceleration.

Simple fuzzy logic controllers can effectively reduce computational burden; however, they are
still based on predetermined rules and lack of optimality in fuel economy for HEVs. Although some
adaptive fuzzy logic-based controllers can solve the above problems, they cannot be used easily in
real-time implementations due to their computational burden. Moreover, fuzzy logic controllers need
more than one set of rules to optimize a system if control variables/objectives are multiple, which will
increase the strategy’s complexity.

To achieve practical application while ensuring a good performance of control results, the
rule-based strategy can be improved by combining intelligent transportation systems. As for the
prediction of vehicle operation in the future, the trip information can be considered as one of the
determining factors, and can be obtained by intelligent transportation systems (ITSs), geographical
information systems (GISs), global positioning systems (GPSs), or advanced traffic flow modeling
techniques [47,48]. When trip information is predictable to a large extent, EMS becomes a global
optimization problem, which can utilize DP to improve the optimality of RB strategy in the process
of offline optimization. As described in [49], a rule-based EMS was proposed for PHEVs. Based
on historical traffic information, the driving cycle is modeled, and the DP algorithm is applied to
reinforce the charge-depletion control to ensure that SOC drops to a predefined value at the end of the
driving cycle.

In summary, rule-based control strategies have been widely used in EMS for HEVs due to their
convenience in adjusting parameters and practical applications. Computational time and memory
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storage of rule-based strategies are acceptable for online control. However, the drawback of such
strategies is that they tend to fall into local optimal solutions rather than global optimal solutions, that
is, they cannot fully optimize fuel consumption over the whole trip.

3. Optimization-Based Strategies

Theoretically, the local optimization is to find the minimum value of the objective function in a
limited space, while the global optimization is to find the minimum value of the objective function in
the whole space. If the information for the entire driving cycle is acquired in advance, the optimal
control consequence at each moment can be obtained by minimizing the objective function of the entire
driving cycle, which means that the global optimal fuel economy can be obtained. The corresponding
control strategy is implemented based on the known global driving information, which is defined as
global information-driven optimization. If only the current state of the vehicle is available in the entire
drive cycle, the optimal control sequence at each moment is obtained by minimizing the objective
function of the current moment. Relative to the entire drive cycle, the local optimal fuel economy is
obtained. The corresponding control strategy is implemented based on the current driving information,
which is defined as instantaneous optimization.

Therefore, the optimization-based control strategy contains instantaneous optimization and global
information driven optimization. Equivalent consumption minimization strategy (ECMS) and model
predictive control (MPC) strategy belong to instantaneous optimization. When the information for
the entire driving cycle is acquired in advance, the deterministic dynamic programming (DDP) and
Pontryagin’s minimum principle (PMP) strategies are designed to achieve theoretical global optimal
fuel economy over the entire driving cycle. Equivalent consumption minimization strategies (ECMS)
expresses electrical energy as an equivalent fuel quantity by introducing an equivalence factor, which
can achieve online control due to requiring less computational time compared with DDP. Meanwhile,
due to the prior knowledge of the driving cycle and the uncertainty of the optimal equivalent factor,
real-vehicle application of this strategy is limited.

The deterministic dynamic programming strategy can obtain global optimal fuel economy;
however, it suffers from the “curse of dimensionality”, and can only be implemented offline, owing to
its time consumption and requirement of a tremendous amount of memory. Additionally, the entire
driving cycle information needs to be acquired in advance when applying the DDP or PMP algorithms,
which is extremely difficult in real applications for energy management in HEVs. To overcome
these issues, the stochastic dynamic programming (SDP) strategy was designed to optimize power
distribution between different energy sources based on the prediction of driving condition.

Since the driving information is updated in real time, the data-driven control strategy is adopted
to achieve real-time optimization of energy management for HEVs, which includes the neural
network–dynamic programming (NN–DP) strategy, the reinforcement learning (RL) strategy, and the
adaptive dynamic programming (ADP) strategy.

3.1. Instantaneous Optimization

Instantaneous optimization strategies mainly consist of the equivalent consumption minimization
strategy and the model predictive control strategy, which can achieve real-time optimization control.
The focus of ECMS is the determination and adaptive adjustment of optimal equivalent factor, while
the key points of the MPC strategy are short-term speed prediction and the short-term optimization of
power distribution.

3.1.1. Equivalent Consumption Minimization Strategy (ECMS)

The equivalent consumption minimization strategy (ECMS), as an instantaneous optimization
algorithm, can obtain a near-optimal control strategy and can be implemented online due to its smaller
requirements in terms of storage memory and computation time compared with DDP-based strategies.
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The core idea of ECMS is to convert electricity consumption of electric machines into fuel
consumption by using an equivalent factor (EF), and adds this to the actual fuel consumption of the
engine to obtain the equivalent fuel consumption at each moment. The equivalent fuel consumption is
chosen as the objective function to solve the optimal energy distribution of HEVs at the minimum.
The objective function can be expressed as:

minJ(t) = min
∫ t

0

.
meq(τ)dτ (1)

.
meq(t) =

.
meng(t) +

.
mbat_eq(t) (2)

.
mbat_eq(t) = γ

.
mbatt(t) =

 γ·
Pbatt(t)

Qhv
ηchg(t)Pbatt < 0

γ·
Pbatt(t)

Qhv
1

ηdis(t)
Pbatt ≥ 0

(3)

where,
.

meq is the total equivalent fuel consumption rate of the HEV,
.

meng is the actual fuel consumption
rate of the engine,

.
mbat_eq is the equivalent fuel consumption rate of the battery, Pbatt is battery power,

Qhv is fuel calorific value, ηchg is battery charging efficiency, ηdis is battery discharging efficiency, and γ
is the equivalent factor, whose value is positive during the battery discharging process, while being
negative during the battery charging process.

It is worth noting that the results of ECMS are very sensitive to the equivalent factor, which
is influenced by driving conditions, battery SOC, driving style, road gradient, and so forth. If the
equivalent factor is too large, the strategy will prefer to use fuel, which results in increasing fuel
consumption and higher battery power. Conversely, the strategy will tend to use electricity, which
leads to excessive power consumption and lower battery power. Generally, the equivalent factor can
be calculated by the efficiency of oil-electric conversion η f uel_batt, which is defined as the efficiency of
converting engine’s chemical energy into electrical energy to store in the battery through generator.
The efficiency η f uel_batt can be formulated as:

η f uel_batt = ηeηgcηchg (4)

where, ηe is engine efficiency, ηgc is generator efficiency.
Considering the average effect of a large number of different operation points during the driving

cycle, the efficiencyη f uel_batt, ηe, ηgc, ηchg can be calculated byη f uel_batt, ηe, ηgc, ηchg, respectively. Whereηe
is the average efficiency of the engine, ηgc is the average efficiency of the generator, ηchg is the average
charging efficiency of the battery, and η f uel_batt is the average conversion efficiency, which satisfies
η f uel_batt = ηeηgcηchg. In the end, the equivalent factor can be calculated by the following formula:

γ =


ηm·ηdis
ηe

Pbatt < 0

1
η f uel_batt

Pbatt ≥ 0
(5)

where ηm is the average efficiency of the motor, ηdis is the average discharging efficiency of the battery.
In addition, the instantaneous fuel consumption rate of the engine

.
meng can be calculated by the

interpolation of engine torque Te and engine speed we, and the battery power Pbatt can be calculated by
the change of SOC and the battery’s terminal voltage. Therefore, battery SOC and vehicle speed v can
be chosen as the state variables, and Te, we or Tm, wm can be chosen as the control variables. Based on
the above state variables and control variables, the main research areas of ECMS are shown in Figure 4,
including the determination and optimization of the equivalent factor, and the solution of the ECMS
algorithm with constraints.
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For a given driving cycle, the optimal equivalent factor can be obtained by repeatedly adjusting the
equivalent factor until the terminal SOC is equal to the initial SOC in the offline calculation. Meanwhile,
the equivalent factor should be adaptively adjusted due to uncertain future driving conditions.
Therefore, the determination and adaptive adjustment of equivalent factor are the keys of ECMS.
In [50], the optimal equivalent factor λ∗ was determined by the full trajectory of the driver’s demanded
power, and the time-varying equivalent factor λ was set as an estimate of λ∗ to achieve the adaptive
ECMS, which was not needed in order to predict vehicle speed or perform horizon optimization.

However, the optimal equivalent factor λ∗ of ECMS can be calculated only if the whole driving
cycle is known in advance. Instead of direct estimation of the optimal equivalent factor in ECMS, the
optimal equivalent factor λ∗ can be estimated through the estimation of the upper and lower bounds
of the optimal equivalent factor, which are functions of the HEV’s configuration and independent
of the driving cycle. The idea of the upper and lower bounds of EF can be employed in designing
adaptive ECMS (A-ECMS) [51], which can obtain a charge-sustaining solution and minimize the
total fuel consumption. The adaptive ECMS (A-ECMS) strategy as an online control strategy is
introduced to estimate λ∗ at each moment, which can be categorized into instantaneous A-ECMS and
predictive A-ECMS.

Based on the theoretical analysis of Pontryagin’s Minimum Principle and introducing soft
constraints inside the range, an ECMS–CESO (catch energy-saving opportunity) strategy for series
HEVs as the instantaneous A-ECMS is introduced in [52], which can achieve near-optimal fuel economy
without the need for predicting future driver demand. The cost function of ECMS–CESO is penalized
when SOC exceeds the soft bounds and uses battery power, and its penalty factor is equivalent to the
equivalent factor for the latter. A driving-style-oriented adaptive ECMS is developed in [53], which
classifies drivers into six groups, from moderate to aggressive, using kernel density estimation and
entropy theory. According to driving style, the EF is tuned based on the relationship between SOC and
power demand to improve the fuel economy and charge sustainability of HEVs.

An adaptive ECMS with velocity prediction as predictive A-ECMS was proposed to adaptively
adjust the equivalence factor in real time [54]. The velocity predictor was constructed by neural
network to forecast short-term future driving behaviors based on historical data, and the bisection
method was utilized to guarantee the convergence of EF. By deriving the theoretical relationship
between the optimal EF and future driving statistics, a strategy synthesized with predictive ECMS
was proposed to develop the causal adaptation law to adjust equivalence factor [55]. In this work, the
non-causal behavior of EF in various driving scenarios was analyzed using the DP-based extraction
method, which obtains the equivalence factor corresponding to optimal SOC trajectory and the optimal
control policy by using the DP algorithm.
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In addition, RB-ECMS, combining rule-based strategy and ECMS, was developed to further
improve fuel economy while ensuring drivability and battery charge-sustaining for HEVs.
The equivalent factor in ECMS can vary with power demand and battery SOC, which can be
obtained online from a 2-dimensional mapping established offline, which can be optimized by
intelligent algorithm.

ECMS, as an instantaneous optimization algorithm, can compromise approximate global optimality
and computational burden; however, it is implemented over a driving cycle provided in advance. Even
though previous knowledge of the future driving cycle can be predicted based on trip distance, future
traffic and terrain conditions, the prediction accuracy and the value of the optimal equivalent factor
will have a significant influence on the optimality of the EMS, which limits the further application of
this strategy.

3.1.2. Model Predictive Control (MPC)

Common approaches for online energy management reduce the computational time by
implementing optimization for a short-time finite horizon of the entire trip and repeating it at
every time step. The MPC [56–58] strategy, as one of the instantaneous optimization control strategies,
and the rolling time domain control, have been extensively studied theoretically and applied in different
fields, and is able to achieve an approximate fuel economy to DP and can be implemented online with
limited computation and memory resources. The MPC strategy depends on a short-term prediction of
driver-demanded power in the future at each moment, which is different from DP, which requires the
whole driving cycle in advance.

Model predictive control (MPC) is based on rolling optimization, which converts the optimization
process into a limited prediction horizon to reduce calculations and has the potential for real-time
control. The short-term prediction can be studied from the perspective of the time domain or the
distance domain. In the time domain, each location has the same time of ∆s, and control inputs
are updated with a fixed time step. Similarly, in the distance domain, each location has the same
distance of ∆l, and control inputs are updated with a fixed distance step. The majority of studies have
implemented the prediction from the perspective of the time domain. With respect to the distance
domain, a distance-based ecological driving scheme with long-term speed optimization and short-term
adaptation is proposed in [59]. The optimal speed profile for the entire route is optimized by road
conditions, and the QP method is used for optimization to save computation time. In the short term,
the speed at the next location is adapted by the spacing to the preceding vehicle.

The main procedures of the MPC-based strategy are as follows, and the main research areas are
summarized in Figure 5:
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Step1: Predict vehicle velocity in a prediction horizon, and obtain optimal control trajectory in this
horizon based on minimizing objective function with multivariable constraints. If taking
fuel consumption, the performance of driving, and battery SOC reference trajectory into
consideration, the cost function can be written as:

J =
∫ th

t0

[
wm

( .
m f (t)

)2
+ ws(SOC(t) − SOCr)

2 + wv(v(t + 1) − vtar(t + 1))2
]
dt (6)

where t0 is the current time, th is the terminal time during a prediction time horizon, wm, ws, wv

are penalty weights, SOCr is the value of reference SOC, v is vehicle speed, vtar is the target
speed.

Step2: Implement the first element of the optimal control sequence in the corresponding vehicle
model and send the feedback adjustment of the estimated SOC to the optimization section
after the vehicle has responded;

Step3: Move the entire prediction horizon one step forward, that is, refresh the optimization problem
with the latest measured value at each moment;

Step4: Repeat the steps 1 to 3.

In general, the Markov Chain method, Monte Carlo Method [60] or artificial neural network
algorithm can be utilized to predict vehicle speed. Markov Chain Monte Carlo Method (MCMC) can
be adopted to predict vehicle velocity with post-processing algorithms including average filtering
and quadratic fitting to moderate fluctuations of the prediction results, which can effectively improve
the predictive accuracy and enhance the control performance of MPC-based strategy [24]. In [61],
a velocity predictor based on current driving environment and vehicle information is developed to
predict future driving conditions, which are established by the radial basis function neural network
(RBF-NN). Meanwhile, the nonlinear model predictive control with forward dynamic programming is
utilized to construct the master controller, which obtains optimal control variables online.

To improve prediction accuracy, intelligent transportation systems (ITSs) with some vehicular
telemetry technologies including onboard GPSs, geographical information systems (GISs), and
advanced traffic flow modeling techniques [49,62] can be used to access information of the traffic or
road conditions. Based on the traffic data from telematics, the battery SOC profile can be scheduled
systematically by considering the effect of road conditions, battery and real-time implementation ability,
which can efficiently improve fuel economy based on the MPC strategy [63]. In addition, a multi-step
Markov prediction method can be used to predict the driving conditions, and the DP method can be
used to solve the optimization problem within the prediction horizon [64].

As for the optimization of the short-term horizon, the methods used could be the PMP algorithm,
the DP algorithm, or an intelligent algorithm, such as the genetic algorithm (GA), particle swarm
optimization (PSO), simulated annealing (SA), quadratic programming (QP), and so forth. As described
in [65], a predictive energy management strategy is proposed with an online correction algorithm in the
optimal energy management strategy of PHEVs, which is optimized with the dynamic neighborhood
particle swarm optimization (PSO) algorithm. In [66], several quadratic equations were employed to
determine the engine fuel rate with respect to battery power, using the QP and SA methods together to
find the optimal battery power commands and engine-on power.

The Markov chain is a series of transition probabilities from one of the limited states at instant k to
another state of all possible states at instant (k + 1), which is mainly used to model and solve dynamic
decision-making problems. The key of the Markov chain is to obtain the transition probability matrix
T, whose element can be defined as:

T(i, j) = Pr
[
x(k + 1) = xi

∣∣∣x(k) = x j
]
(i, j ∈ 1, 2, . . . , N) (7)
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where the matrix T represents the transition probability from the state x j at the moment k to the state xi
at the moment k + 1.

In the MPC-based strategy, the future torque/power demand of powertrain can be modeled by
Markov chain; therefore, this problem can be regarded as a kind of stochastic constrained optimization
problem for nonlinear systems. Based on the above theory, a novel stochastic model predictive control
(SMPC) [67,68] strategy is developed to contribute the practical application of the MPC-based strategy.
To improve real-time performance, an SMPC-based energy management strategy for PHEB uses state
reconstitution method to guarantee the continuity of practical application, and employs time-varying
predictive steps by an online accuracy estimation method and a corresponding threshold to maintain the
prediction accuracy [24]. In [25], the SMPC is modified with the equivalent consumption minimization
strategy for PHEB, which considers the reference SOC trajectory in the finite predictive horizons to
eliminate undesirable working points. Based on SMPC with learning (SMPCL), a driver-aware vehicle
control was developed in [69], using Markov chain to adapt to changes in driver behavior, and the QP
method was used for optimization to handle larger state dimension models. The simulation results
showed that the performance of the proposed approach was close to that of MPC with full knowledge
of future driver power requests in standard and real-world driving cycles.

Due to the fact that the road conditions significantly influence the battery charging and discharging
processes of HEVs, it is worth considering that the previewed road grade can be used to predict the
future power demand to improve the performance of energy management without the route being
determined in advance. Ref. [70] proposed an SMPC-based energy management strategy to maintain
battery SOC within its boundaries and achieve good energy consumption performance. Based on
vehicle location, traveling direction, and terrain information for HEVs running in hilly regions, the
road grade for stochastic routes was modeled by a finite-state Markov chain model, and the vehicle
speed profile was modeled using a similar method.

Factors including prediction accuracy, design parameters, and optimization solution will influence
the control performance of the MPC strategy, which means that it cannot guarantee robustness and
accuracy when the actual driving cycle is quite different from the training driving cycle. Specifically,
prediction uncertainty can heavily affect the performance of the MPC-based strategy for unknown
routes with unknown driver behavior. Similarly, as for the SMPC strategy, the transition probabilities
in the Markov chain are based on collected driving cycles [71], that is, it cannot guarantee prediction
accuracy or the optimality of energy management when the real driving conditions differ from the
collected data.

3.2. Global Information-Driven Optimization

Global information-driven optimization control strategies look for the optimal control sequence
based on global information to obtain the minimum fuel consumption, and include the Pontryagin’s
minimum principle (PMP) strategy, the deterministic dynamic programming (DDP) strategy, and the
stochastic dynamic programming (SDP) strategy. These strategies can obtain the global optimal energy
management over the whole driving cycle, and the results of the DDP-based strategy can be regarded
as a benchmark for assessing the optimality of other energy management strategies.

3.2.1. Pontryagin’s Minimum Principle (PMP)

The minimum principle can be expressed as: the optimal trajectory determined by the optimal
control law must be the minimum value within the whole control domain when the control variables are
limited to a certain range, which can be applied in the energy management for HEVs. The PMP [72,73]
method solves the optimal energy management by finding the instantaneous minimum value of
Hamiltonian function at each moment, which is generally defined as the derivative of the stage cost
function versus time represented by the adjustable variable as independent variable. The optimal
control variables U will be obtained when the derivative of Hamiltonian function H versus control
variables equals to 0, that is, ∂H/∂U = 0. Therefore, Pontryagin’s minimum principle provides a
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necessary condition, but not a sufficient condition for optimality. When the obtained local optimal
trajectory is a unique trajectory that satisfies necessary boundary conditions and constraints and the
state function can be used to determine whether the results are the optimal solution, the optimal
trajectory of PMP-based strategy is regarded as the global optimum solution.

The essence of the PMP-based strategy for HEVs is to minimize the sum of fuel consumption at
each moment under determined terminal constraints, the objective function, and the admissible control
range. Within the boundary condition of control variables, the value of the Hamiltonian function,
along with the optimal trajectory, is a constant; thus, the optimal control sequence can be obtained by
finding the minimum value of performance index function. Thus, the performance index function can
be expressed as:

J(u) =
∫ t f

t0

L(x(t), u(t), t)dt =
∫ t f

t0

.
m f (u(t), t)dt (8)

where x is the state variable, u is the control variable,
.

m f is the fuel mass flow rate (g/s), L(·) is the
objective function, t is the time, t0 is the initial time of driving cycle, and t f is the terminal time of
driving cycle.

Taking the battery SOC (or fuel rate) as the state variable and the power battery, engine speed,
engine torque (or torque split ratios) as the control variable, the state equation and boundary condition
of the system are formulated as follows:

.
SOC(t) = −

UOC −

√
U2

OC − 4Rint·Pbatt

2Rint·C
(9)


SOC(t0) = c

SOC
(
t f

)
= SOC(t0)

SOCmin ≤ SOC(t) ≤ SOCmax

Pbatt_min ≤ Pbatt(t) ≤ Pbatt_max

(10)

where UOC is the open-circuit voltage, Rint is the internal resistance of the battery, Pbatt is the electric
power, C is the nominal capacity of the battery with a fixed value, c is a constant, SOC(·) is the boundary
values of state variable, Pbatt(·) is the boundary values of control variable, SOCmin is the minimum
SOC value, SOCmax is the maximum SOC value, Pbatt_min is the minimum value of power battery, and
Pbatt_max is the maximum value of the power battery.

When solving the optimal problem based on the minimum principle, it is necessary to introduce
the Hamiltonian function and the covariant variable. The Hamiltonian function can be defined as:

H(x(t), u(t),λ(t), t) =
.

m f (t, u) + λ(t) f (x(t), u(t), t) (11)

.
λ = −

∂H
∂x

(12)

where f (·) is the state equation of the system, λ is the covariant variable, which is related to the state
transfer function.

In the solving process, it is worth considering the complexity of the solutions to the boundary value
problem. On the one hand, the common method for solving the above problem is the shooting method,
which converts the boundary value problem to a problem of solving several initial values. The terminal
SOC value is calculated by the state equation and the costate equation. The error between the terminal
SOC value and the initial SOC value can be calculated, and then the error can be brought within the

target range (δ) by readjusting the value of the covariant variable, that is,
∣∣∣∣SOC

(
t f

)
− SOC(t0)

∣∣∣∣ ≤ δ [74].
The method of linear interpolation or the Newton method can be used to correct the value. On the
other hand, the value of the state variable must satisfy the boundary condition SOC(·), which can be
defined as the hard boundary. To avoid missing the optimal value on the boundary, [50] proposed the
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concept of soft bounds inside the hard bounds, defined as SOCso f t
min ≤ SOC(t) ≤ SOCso f t

max. The value of
SOC can exceed the soft bounds by an allowable amount; however, exceeding those bounds will be
penalized by increasing or decreasing λ.

Compared with the rule-based strategy, the PMP-based strategy has a significant improvement in
fuel economy and the battery SOC at the final moment is unchanged [74]. The PMP-based strategy
combining with the intelligent algorithms can be developed to improve the optimal performance
of control strategy. In [75], the PMP-based strategy combining with SA algorithm is applied to
determine the battery current command and engine-on power using a series of quadratic equations to
approximate fuel-rate when the engine is operating. Moreover, the proposed algorithm is validated
with by considering the battery’s state of health (SOH) to extend the application.

In addition, the selection of covariant variable λ can directly affect the optimal power distribution
between the power sources, meaning that it will affect the fuel economy and driving performance
of HEVs. Therefore, the influence of the co-state variable on the optimal solution of the PMP-based
strategy and its determination in terms of certain driving cycles and uncertain driving cycles should
be discussed, as detailed in [76]. According to the restriction of the state variable, the periodically
updated co-state variable is used for uncertain driving cycles, and the initial λ is given in advance.

The Hamiltonian function is a complicated function of the control variables, and the process of
seeking an optimal control variable needs to traverse the whole domain of the control variables, which
leads to a large computational burden and difficulty in implementing real-time control. To overcome
the challenge of optimizing the Hamiltonian function, the quadratic performance index is widely used,
which is an explicit solution for Hamiltonian optimization by applying quadratic fitting to both engine
and electric powertrains. Generally speaking, the consideration of engine on/off control is not necessary
for a HEV because the engine needs to be on due to the limited electrical energy. However, the engine
on/off control should be considered in PHEV because the engine can be kept off for a relatively long
period of time due to the sufficient electrical energy obtained from the extra grid.

Aiming to solve the problem mentioned above, [77] introduces the energy management of PHEVs
based on an approximate PMP (A-PMP) while utilizing a piecewise linear approximation, which was
determined by specifying the turning point of the engine fuel rate. In the A-PMP strategy, the engine
on command is separated from the engine torque command, and the engine state with the smaller
Hamiltonian function is considered to be the engine on command.

Based on the above research, the main research areas of the PMP-based strategy are described in
Figure 6.
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Although the results of the PMP-based strategy are very close to DP, and it has a lower
computational burden compared to the DDP-based strategy, there are still some challenges of PMP.
On the one hand, the quadratic fitting to the engine fuel rate is used to simplify the engine fuel map,
which changes some important features of the engine. On the other hand, the challenges of solving the
Hamiltonian function and acquiring the driving cycle in advance result in difficulty in the real-time
application of the PMP-based strategy; therefore, it is necessary to develop approximate PMP to
enhance computational efficiency and reduce the computational burden to implement online control.

3.2.2. Deterministic Dynamic Programming (DDP)

Applying deterministic dynamic programming (DDP) [78,79] in the EMS of HEVs could greatly
improve the fuel economy over the whole driving cycle, which provides a benchmark for assessing the
optimality of other energy management strategies despite the off-line optimization.

Assuming that the state equation of a nonlinear system is expressed as:

.
x(k + 1) = f (x(k), u(k), k) (13)

where x is the state variables, u is the control variables, k = 0, 1, 2, . . . , N − 1, and N is the stage number
of the whole driving cycle. Under the action of the control variables u, the cost function can be
expressed as:

J =
N−1∑
k=0

U(xk, uk) (14)

where U is the instantaneous cost at every moment.
The core of dynamic programming is Bellman’s optimal principle [80], which can be solved by

dealing with the optimization of a sequence of sub-problems, and is implemented backward from the
terminal state to the initial state of the driving cycle by searching for the optimal trajectory among
each state. Unlike to Pontryagin’s minimum principle, the principle of optimality provides sufficient
conditions for optimality, which need to solve the nonlinear Hamilton-Jacobi-Bellman (HJB) equation.
According to the principle of optimality, the basic recursive equation of dynamic programming can
be obtained:

J∗k(xk) = min
uk

[
U(xk, uk) + J∗k+1(xk+1)

]
(15)

where, J∗k is the optimal cost-to-go function at state xk in the kth(0 ≤ k ≤ N − 1) step, xk+1 is the next
state, which is obtained under uk being applied to the current state xk at the kth step.

The objectives of DP in HEVs are to find optimal control sequences to obtain the optimal SOC
trajectory and minimize fuel consumption over a given driving schedule. That is, the optimal cost
function of each step can be regarded as the minimum fuel consumption for that stage. Consequently,
how to determine the minimum fuel consumption of each stage and then search for the optimal
trajectory to obtain global optimal fuel economy are crucial issues for the DDP-based strategy.

In addition, because that dynamic programming is a numerical algorithm, the state variables,
control variables and continuous time should be discretized before formulating the DP, and the
boundary issue of their feasible regions should be considered when implementing DP to solve the
optimal control problem of HEVs. In addition, the physical constraints on the states and the inputs
should be considered to ensure safe operation of the components (such as the engine, motors and
battery). Generally, the state variables usually include the vehicle speed v and SOC, and the control
variables could be selected from among engine torque, engine speed, motor torque, engine speed, and
power-split ratio. Based on the Rint model, the battery SOC of the battery can be formulated as [20]:

SOCk+1 = SOCk −
UOC −

√
U2

OC − 4Rint·Pbatt

2Rint·C
(16)
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where SOCk+1 is the battery SOC at the (k + 1)th step. UOC is the open-circuit voltage, which is related
to the SoC and the battery temperature Tbat and can be obtained from the interpolation function
UOC = f (SOC, Tbat). Rint is the internal resistance of the battery, which is related to SOC, Tbat, I and
can be obtained from the interpolation function Rint = f (SOC, Tbat, I), Pbatt is the electric power, and C
is the nominal capacity of the battery, which is a fixed value.

Therefore, the main steps of DDP-based strategy can be concluded as follows, and the main
technical routes are shown in Figure 7:
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Step 1: Discretize the relevant variables and determine the boundaries of the feasible regions. The shape
of the SOC feasible domain is determined by the highest SOC, the lowest SOC, initial SOC,
terminal SOC and the maximum charge/discharge current limitation.

Step 2: Determine the SOC value between each adjacent grid point. According to the start time of SOC
rising/falling and the terminal time of SOC rising/falling, the feasible region of SOC would be
divided into several districts, and then the highest and lowest SOC at each moment would be
determined. Limited by the maximum SOC discrete interval, the number of grid points (i.e.,
discrete points) at each moment can be calculated in order to obtain the SOC value of each
grid points.

Step 3: Determine the possible operation modes according to the variation of vehicle speed, vehicle
acceleration and battery SOC. In general, the operation modes roughly include motor-only
mode, engine-only mode, hybrid mode (motor-assist), regenerative braking mode, mechanical
braking mode, recharging mode, and stop mode.

Step 4: Choose the operation mode with the minimum fuel consumption, and the fuel consumption
will be stored in the form of a matrix. Moreover, using a three-dimensional matrix to record fuel
consumption between each moment contributes to improving the computational efficiency.

Step 5: Search for all the optimal SOC trajectories among the discretized grid points using the improved
Dijkstra algorithm based on the fuel matrix.
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Step 6: Obtain the optimal control sequences of the engine and motors and the optimal SOC
trajectory domain.

In general, DP is employed to locate the optimal actions for the engine at each stage by minimizing
the fuel consumption cost function over a certain driving cycle in HEVs [81]. In [20], the torque Te and
TTM were chosen as the independent control variables and the vehicle speed v and SOC reflecting the
state of the PHEB were chosen as state variables. As a result, the results of the DDP-based strategy were
an approximately 20% improvement in fuel economy compared with the traditional control strategy.

In implementing the DDP-based strategy, researchers usually find all possible operation modes
of the HEV and all possible control solutions in each mode in order to obtain all control solutions
at every grid point of the battery SOC, and then the optimal controls of each stage are obtained by
backward solution based on the specified initial SOC or interpolation; however, this results in a heavy
computational burden. When using the DP algorithm, it is necessary to find a compromise between
the optimization accuracy and the computational burden. One of the reasons for the tremendous
computational burden in the calculation process is the storage of the fuel matrix. There are three
different manners in which to store the fuel matrix. An intuitive one is point to point, which uses
the loop inside the loop at each time. The second is an intuitive matrix method based on an M×M
matrix, which usually leads to a highly sparse matrix. The third is a method using a dense matrix with
column by column (rather than line by line), which contributes to having a smaller loop to construct
it, thereby reducing the computational time. To effectively solve the offline issue of DP, the different
possibilities for reducing the computational time were investigated in [82,83], and were introduced
from two perspectives: restraining the area of the feasible domain, and changing the solutions from an
intuitive manner to a complex matrix manner. As for the feasible area of SOC, the drawback of the
non-regular grid is that the maximum discharge limits have virtually no chance of corresponding to an
effective edge, while the regular grid creates errors on the SOC variations, and these are accumulated
throughout the whole cycle.

The interaction mechanism between the accuracy of the optimal results and the numerical issues
of DP (such as the discretization degree of the state/control variables and the boundary issue) should be
investigated in consideration of the computational burden in order to have the potential for practical
application. Thus, [84] presents a DP-based EMS for the Toyota Hybrid System (THS-II) powertrain of
the Prius. The potential of this DP-controller in reducing fuel consumption on regulatory cycles is
better than a rule-based controller, and the fuel reduction enhancements of the DP-controller were
achieved in real road tests in a MY06 Prius in Ile-de-France, when compared with the associated
consumption measurements.

To realize the adaptive energy management for real-time driving cycles, an adaptive energy
management method based on DP for a PHEV was proposed in [85]. This approach classifies typical
driving cycles into different driving patterns by considering the average and maximum speed as its
classification parameters and identifies the driving types for the driving pattern recognition (DPR)
process by a fuzzy logic controller. Meanwhile, the previous duration of historical information
is determined to identify a real-time driving pattern in order to improve the real-time and robust
performance of the energy management.

Although the DDP-based strategy is powerful and effective in obtaining the global optimal fuel
economy of HEVs, it presents some disadvantages for practical application:

• The whole driving information needs to be acquired in advance;
• The method is difficult to implement in practical applications because of the tremendous time and

memory consumption of the calculation process;
• The phenomenon of the “curse of dimensionality” occurs with the increase in the dimensions of

the state variables x and the control variables u, namely, the computation and storage capacity of
traditional dynamics programming will increase significantly.
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3.2.3. Stochastic Dynamic Programming (SDP)

The stochastic dynamic programming algorithm uses the existing standard driving cycles or
historical driving data as the sample to establish the statistical model of driver demand, and then uses
dynamic programming to solve the energy management problem represented by the statistical model.
This optimal strategy is the strategy with the lowest expected cost in the general sense, and it can be
applied to energy management of various hybrid vehicles with different drive configurations.

Considering a stochastic dynamic programming problem with a finite state space S =
{
s1, s2, . . . , sN

}
and a control space A, the cost function is L : S×A→ L , and the transition probability matrix is T(s, a, s′).
The cost function means that the cost that the state s moves to the state s′ under the control action a,
while the T(s, a, s′) represents the probability that the state s moves to the state s′ under the control
action a. As for a certain state s in the state space of the system, it has a finite set As =

{
a1, a2, . . . , aM

}
that the system can take action to move to any other state. That is, the system performs based on the
state transition matrix T.

When applying SDP to solve the energy management for HEVs, the objective is to find the optimal
control variables under some constraints to minimize fuel consumption. Therefore, the battery SOC,
the vehicle speed and the required power can be chosen as state variables, and the engine speed and
torque distribution ratio can be chosen as control variables. In addition, the cost function can be
expressed as:

J = lim
N→∞

E

N−1∑
k=0

βkL(x(k), u(k))

 (17)

J(s′) = min
∑

T(s, s′)(L(s, s′) + J(s)) (18)

f uelk+1(s′) = min
∑

T(s, u, s′)
(

f uelstep k(s, u, s′) + f uelk(s)
)

(19)

where β ∈ [0, 1] is the discount to ensure the convergence of the total cost function at the expected
iteration step, and the value reflects the importance of the future costs compared with the current costs.
The closer the value is to 1, the greater the proportion of future long-term expectations in the total
cost function. T is the state transition probability matrix, L(x(k), u(k)) is the one step reward function
in the k moment, which consists of the fuel consumption of the engine f uelstep k; sometimes, it also
includes the electricity consumption of the motors or the penalty term for the deviation of SOC from
the expected final value, which can be defined as ws(SOC(t) − SOCr)

2.
The demand power can be modeled using a Markov chain model, which is established by the

transition probability matrix. The state transition probability matrix T can be obtained by the maximum
likelihood estimation method as follows:

T(i, j) =
mi j

mi
(20)

where mi j is the frequency of the requested power, mi is the total frequency.
As for the solution to SDP method, there are three typical algorithms: value iteration, policy

iteration and modified policy iteration. The value iteration method calculates the optimal cost function
J∗, and then acquires the optimal strategy based on the optimality principle. Unlike the value iteration,
the policy iteration contains policy evaluation and policy improvement, which calculates the value
function of all states by giving an initial strategy π0 in advance and calculates a series of new strategies
based on the greedy strategy, and then repeats the above steps. The modified policy iteration combining
the value iteration and the policy iteration is more effective than the above strategies. The value
iteration is implemented in the first few steps to obtain a better estimated value and updates the value
function based on the Bellman function, and then implements the policy improvement to acquire the
optimal strategy.
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Therefore, the key points of the SDP-based strategy mainly include the speed prediction and the
optimal solver, which are shown in Figure 8. In addition, the main steps of the SDP-based strategy in
HEVs are as follows:

Step1: Establish the discrete-time dynamic systems and determine state variables, the control variables,
the optimal objectives and the constraints of the powertrain components (engine, motors, and
battery).

Step2: Establish the Markov chain model of the driver’s torque demand. Implement the statistical
analysis of the driver’s torque demand based on multiple standard driving cycles or historical
driving data, and then use the maximum likelihood estimation method to establish a transition
probability matrix.

Step3: Calculate the matrix of the one step reward function and solve the optimization of SDP based
on value iteration, policy iteration or modified policy iteration [86]. If the converged condition
is satisfied, the iteration will stop.

Step4: Obtain the optimal operation mode and the power split between engine and motors.
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The future power demand can be formulated as a discrete-time Markov decision process and
can be modeled as a stochastic model established by Markov chain or Monte Carlo method, which
reflects the probability distribution of the future power demand and the variation of the future driving
cycles. In [87], a novel cost function (incorporating the square of battery charge) with a penalty on
high-powered systems was used to lessen the affliction of real-world concerns such as battery health
and motor temperature. Furthermore, a Markov chain was augmented with the information regarding
SOC transitions to complete a full-state transition probability matrix, and the interpolation was used to
distribute each state transition between multiple transition probabilities.
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Due to the time-invariant characteristics of system dynamics, the optimal EMS can be formulated
from the finite horizon and infinite horizon respectively. As for the finite horizon problem, the
cost is accumulated in the finite stage, while the infinite horizon problem provides a reasonable
approximation of a class of problems, which have a finite range but a very large number [88]. To make
the decision-making process independent of driving time, the energy management strategy is solved
from the perspective of an infinite horizon in [89]. By considering the statistics of traffic speed profiles,
the SDP method based on a modified policy iteration can be adopted to generate a time-invariant
state-dependent power split strategy to optimize fuel consumption and charge sustenance of HEVs
in a general sense [90]. In [26], a pre-optimization based on the basic operating modes was carried
out to obtain the optimal decisions in advance, followed by obtaining the optimal combination of the
operating modes and the power split between engine and motor based on SDP. In the SDP algorithm, a
homogenous Markov chain in a finite horizon is used to model the driver demand, whose stochastic
transition probability matrix is constructed from 15 driving cycles.

In the SDP algorithm, the discount factor can reduce the contribution of the exponentially
increasing cost function in the future, and has a significant influence on ensuring the convergence
of the cost function. Therefore, it is necessary to consider the impact of different penalty factors on
the performance of the optimal control strategy, which is mainly reflected in the SOC domain, the
deviation from initial SOC, and the fuel economy. According to the effects of difficult penalty factors
on the optimal results, the most suitable value was chosen as 8 to balance fuel economy and battery
performance in [26]. Higher values of λ tend to consider the energy balance costs to make the vehicle
operate in a more charge sustaining fashion; however, this requires more iterations to ensure the
convergence of the solution and more computational times. Based on the above issues, a compromise
between guaranteeing charge sustaining and achieving lower computation time is discussed in [87].
In the end, the value of λwas in the range 0.95–0.995, and the realization of SDP took about 20 iterations,
with each policy evaluation step taking about 30 s.

The SDP-based strategy solves the problem that the global driving information of the vehicle
needs to be known in advance in the DP-based strategy; however, it needs to predict vehicle speed,
and the prediction accuracy would affect the global optimal solution, and the “curse of dimensionality”
would occur when the policy-based iteration is used to solve SDP. In other words, the implementation
of SDP is not straightforward, and embedded real-time operation may be memory intensive, despite
not being computationally intensive. Moreover, the driver demand model was established by using
the existing standard driving cycles or historical driving data as the training samples, and it cannot
guarantee robustness or accuracy in cases where the actual driving cycle is quite different from the
training driving cycle.

3.3. Data-Driven Strategies

With the deep learning of neural networks and the rapid development of large data processing
technology, data-driven energy management control strategies are increasingly being used for
HEVs, which can realize approximate optimal control performance. Data-driven control strategies
are introduced from the perspectives of neural network-based dynamic programming (NN-DP),
reinforcement learning (RL), and adaptive dynamic programming (ADP) [91].

3.3.1. Neural Network-Dynamic Programming (NN-DP)

An artificial neural network is composed of a considerable number of artificial neurons, which are
widely interconnected. It can be seen as a directed graph with artificial neuron nodes connected by
directed weighted arcs. Artificial neural networks can mainly be divided into feed-forward networks
and feedback networks, which can be used to solve optimization problems by the minimum point of
energy functions. The back propagation neural network (BP-NN) trains the neural network by using
error back propagation; this is the simplest neural network and is widely used in multiple fields at
present. Moreover, the radial basis function neural network (RBF-NN) has a better performance for
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nonlinear function approximation, generalization ability, and faster learning convergence speed, and is
also utilized to construct the model.

Since dynamic programming cannot achieve on-line optimization, neural networks (NN) can
be utilized to construct the road environment prediction model and the driving condition prediction
model due to their self-learning ability and adaptivity. They can be back propagation neural networks
(BP-NN), radial basis function neural networks (RBF-NN) or deep learning neural networks. Based
on the simplified neural network module designed to represent trip information, the DP results of
standard driving cycle and actual driving cycle can be used to train the neural network module.

There are two ways to effectively combine neural networks with DP. On the one hand, the vehicle
speed can be predicted based on current vehicle speed, acceleration, average vehicle speed and so
forth, and then the optimal results obtained offline by DP are extracted for the training of neural
network, which can select power demand, vehicle speed and SOC as the inputs. On the other hand, it
can predict the road environment (including the roadway type and the traffic-congestion level) and the
driver’s instantaneous reactions according to the vehicle speed, acceleration, trip information, and
so forth. The DP method is applied to a set of standard driving cycles to obtain the optimal control
sequences and the corresponding driving trend, which are used as inputs of the neural network to
obtain battery power and engine torque or motor speed in real time. Based on the above methods, the
main research areas for the NN-DP strategy for HEVs are presented in Figure 9.
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As for the predetermined bus route, [27,92–94] proposed a length ratio-based neural network
energy management strategy for online control of PHEB to reduce the computational time and storage
capacity of the micro-controller and to achieve approximate optimal control performance. The length
ratio representing the space domain was chosen as the input variable of the neural network module
to represent trip information, which consists of four parameters: trip length, trip duration, current
driving length and current driving time.

Based on the idea of transforming the global optimization problem into a local optimization
problem, the trip condition information at the kth(s) can be used to predict the future trip condition
information according to the prediction transfer relation. The process is from the (k + 1)th(s) to
(k + l)th(s), where l represents the length of a preview window. Therefore, the vehicle-speed trajectory
can be acquired online through the trip condition prediction model, which can be constructed by
BP-NN. To improve the prediction accuracy of the prediction model, the initial weights and thresholds
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can be optimized by some intelligent optimization algorithm. In [95], the focus was to provide an
on-line energy management control strategy based on trip condition prediction to minimize fuel
consumption for PHEVs. It predicts the vehicle speeds on-line by establishing the trip condition
prediction model based on GA/PSOA-BPNN. Based on the multi-mode trip information prediction
module (MTCPM), the optimal strategy calculation module (OSCM) calculates the optimal control
sequence by DP to obtain the optimal fuel consumption in real-time.

To solve the problem that DP cannot be applied in real time, it is possible to develop a machine
learning strategy to learn the optimal power split by generalizing the knowledge through neural
learning from multiple standard drive cycles. This includes driving environment prediction and
optimal energy management by machine learning. A multilayered and multiclass neural network
can be developed to predict the road environment including roadway types and traffic congestion
levels over a driving trip. Meanwhile, another neural network could be developed to predict the
driver’s instantaneous reactions to the driving environment at any given moment. Based on the above
predicted road information and driving trends, the optimal energy management strategy dictated by
DP for the current conditions can be emulated.

On the intelligent optimization of energy management for HEVs, a machine learning framework
that combines dynamic programming with machine learning to learn about roadway type and
traffic-congestion level was developed in [96]. For each of the 11 drive cycles, two neural networks
were trained to emulate the optimal engine speed generated by DP and the optimal battery power.
The simulation results indicated that the proposed framework not only minimized the fuel consumption,
but also maintained vehicle performance.

Compared with the CD–CS strategy, the engine operating points of the NN-DP strategy are mostly
concentrated on the region with the lower fuel consumption, which can greatly decrease the total cost
and can be regarded as an approximated global optimal energy management strategy. Due to the
fact that the optimal control sequences are based on the DP results obtained from a set of standard
driving cycles, which is an approximate nonlinear relationship based on statistical data to some extent,
it cannot guarantee the optimality of energy management when the real driving conditions differ from
the training samples.

3.3.2. Reinforcement Learning

As a new research hotspot in the field of machine learning and artificial intelligence (AI),
reinforcement learning (RL) [97] is the system learning from environment to behavior mapping to
maximize the value of the enhanced/reward signal. In recent years, the RL-based energy management
strategy has been applied to achieve optimal fuel economy of HEVs in real-time. The schematic
diagram of the RL-based strategy is shown in Figure 10.Appl. Sci. 2019, 9, 2026 24 of 38 
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Q learning, as a famous RL algorithm, can achieve satisfactory control performance that does
not require an environmental model to strengthen learning. The environment can be regarded as a
discrete Markov process with a finite state. The agent can select an action a within the finite action set
at each step, and then the environment accepts the action to transfer the state and give the reward
rt. The task of the agent is to determine an optimal strategy to maximize the expected value of the
total discount reward signal. The idea of Q learning is to directly optimize the Q function to find a
strategy that maximizes the sum of expected discount rewards. The Q function is defined as a discount
cumulative enhancement value when the action a is performed in the state s under the optimal action
sequence, that is,

Qt+1(st, at) = rt + βmax
at

{
Q(st+1, at)

}
(21)

where β is the discount factor.
In energy management based on Q learning, vehicle speed, battery SOC, or engine speed can

be selected as the state variables, and the torque-split ratio between engine and motor, engine torque
or motor torque can be selected as the control variables. The objective is to minimize the sum of fuel
consumption at each moment; therefore, the reciprocal of fuel consumption at each time step can be
defined as the immediate reward. The neural network can be used to approximate Q function, and
outputs the corresponding action of Q learning. The process of Q learning is as follows:

a. Initialize the Q network, including selecting the number of neurons in each layer, initializing
network connection weights, etc.;

b. Obtain the state st at the moment t and calculate the Q function of each action Q(st, ai);
c. Select an action ai and obtain the next state st+1 and the enhanced signal rt;
d. Calculate Q′t = rt + βmax

at

{
Q(st+1, at)

}
, and then adjust the network weights to minimize the error

∆Qi until the error satisfies ∆Qi ≤ δ, where ∆Qi is defined as ∆Q j = Q′ −Qi (i = j). The weight
vectors of the Q network can be regulated based on the gradient-based adaptation algorithm.

In [97], a Q learning-based EMS was proposed for PHEVs to optimize the power-split control
in real time, which would address the trade-off between real-time performance and optimal energy
savings. The simulation of a real-world commute trip shows that about a 12% fuel savings can be
achieved without taking charging opportunities into account.

However, the Q learning-based strategy would lead to a sharply increasing computational burden
and bad convergence ability during the training process due to the “curse of dimensionality”, which
makes the Q-learning strategy difficult in practical application for the energy management of HEVs.
To solve the above problem, the deep Q learning (DQL) algorithm with deep neural network (DNN)
was developed. Unlike Q learning, a deep neural network (DNN) is employed, and is well trained to
approximate the action value function (Q function). Common deep learning networks generally include
convolutional neural networks and recurrent neural networks. As for the convolutional neural network,
it can handle high-dimensional data well, and weight sharing can reduce the complexity of the network.
Additionally, it can avoid the gradient loss being too fast during the back propagation in the BP neural
network. By maximizing the accumulated reward value obtained by the agent from the environment,
DQL-based energy management for both minimizing the fuel consumption and keeping the battery
SOC stable over a specific time horizon can be developed. A DQL-based energy management strategy
for a power split hybrid electric bus (HEB) was proposed in [98]. An experience pool in the form of a
quadruplet was defined to store the data needed by the neural network. Furthermore, the optimality
and adaptability of the DQL-based strategy on the different driving cycles were verified by comparison
with the DP-based strategy. Compared with the Q learning strategy with the same model, the strategy
with DQL had a better performance in terms of training difficulty and the influence of different state
variables on the action value function.

Based on the DQL method and considered as a breakthrough in the field of reinforcement learning,
a deep reinforcement learning (DRL) framework for optimizing the fuel economy of HEVs was put
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forward in [99], which is approximately optimal, model-free, and has no need to have any prior
knowledge of the driving cycle. The DRL technique consists of an offline deep neural network and an
online deep Q-learning network, and can handle the high dimensional state and action space.

To achieve practical application, the required power can be modeled as a stationary Markov
model, and the power transition probability matrix can be calculated by the nearest neighborhood
method using the RL-based offline strategy. Ref. [100] proposed a RL-based power management control
strategy for PHEV, taking optimal fuel economy, battery life, real-time application, and adaptivity in
different conditions into account. This strategy can have a good performance in limiting the maximum
discharge current and optimizing the system efficiency. To seek the optimal control, different forgetting
factors and Kullback-Leibler (KL) [97,99,101] divergence rates, which decide whether to update the
power management strategy, were discussed.

Simultaneously, minimizing the tradeoff between fuel consumption and computational efficiency
for HEVs can be achieved with respect to two different aspects. On the one hand, the dimension of
action variable can be decreased by setting the engine to operate in a specified area, which contributes
to decreasing the training difficulty of the deep neural network. On the other hand, a predictive
energy management strategy via a synergy of velocity prediction and RL can be developed. In [102],
the nearest neighbor and fuzzy encoding with two transformations (an M-dimensional possibility
vector and the proportional possibility-to-probability) was employed to achieve velocity prediction.
Furthermore, the transition probability of the vehicle velocity was estimated using the maximum
likelihood estimator. The results of an HIL experiment verified that the predictive controller was
implementable in real time and had lower fuel consumption than the rule-based strategy.

3.3.3. Adaptive Dynamic Programming (ADP)

With the increased dimensions of the state variables x and the control variables u, the computation
and storage capacity of the traditional dynamic programming increase significantly, often leading
to the phenomenon of “dimensional disasters”. In addition, the nonlinear optimal control needs to
solve the nonlinear Hamilton-Jacobi-Bellman (HJB) equation; however, this involves solving nonlinear
partial difference equations, which are difficult to work out. With the development of artificial
neural networks characterized by their strong abilities for self-learning and adaptivity, adaptive
dynamic programming (ADP) as an approximate solution to DP has been applied in effectively
solving the dynamic programming problem of nonlinear discrete-time systems with strong coupling,
strong nonlinearity and high complexity. This method has been put into practical application in
transportation, power systems, industrial production, and other aspects. The core idea of adaptive
dynamic programming is to approximate the performance index function and control strategy in
the dynamic programming equation by using the function approximation structure to satisfy the
optimality principle and obtain the optimal control sequence. The performance index function can be
expressed as:

J(xt) =
N−1∑
t=0

βtU(xt, ut) = U(xt, ut) + βJ(xt+1) (22)

where U is the utility function, J is the performance index function (cost function), and β is the
discount factor.

ADP consists of three parts, each of which can be replaced by a neural network with the simplest
neural network-BP, as shown in Figure 11. The model network (MNN) is used to approximate the
dynamic system to estimate the state at the next moment, the action network (ANN) is used to
approximate the optimal control law by mapping the relationship between state and control variables,
and the critic network (CNN) is used to estimate the optimal performance index function.
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According to the different input and output of the critic network (CNN), the adaptive dynamic
programming (ADP) can be roughly subdivided into six categories. Among them, heuristic dynamic
programming (HDP) [103] is the most basic and widely used structure among ADP algorithms, CNN
output of which is the cost function. When the output of CNN is the partial derivative of the cost function,
the structure turns into dual heuristic programming (DHP) [104]. To improve calculation accuracy and
efficiency, researchers have developed two improved structures: action-dependent heuristic dynamic
programming (ADHDP) and action-dependent dual heuristic programming (ADDHP) [105], whose
inputs of CNN are the state and control variables. Based on the above two structures, globalized dual
heuristic programming (GDHP) [106] and action-dependent globalized dual heuristic programming
(ADGDHP) have been developed to further improve the computational accuracy.

For the optimal control of nonlinear discrete-time systems, there are several recent theoretical
developments related to ADP. The multi-step heuristic dynamic programming [107] method has been
developed to solve the optimal control problem, and it can speed up value iteration and avoid the
requirement of initial admissible control policy in policy iteration at the same time. The iterative GDHP
algorithm is implemented by constructing three neural networks to approximate the error system
dynamics, the cost function with its derivative, and the control policy in each iteration, respectively.

The energy management systems (EMS) of HEVs belong to a class of nonlinear systems that
is complicated, multivariable and difficult to control. How to effectively allocate the ratio between
fuel and electricity from a global perspective and achieve real-time/online control through updating
operating conditions based on data is the focus for researchers. Traditional optimization control is not
fully able to meet these requirements; meanwhile, with the rapid development of the ADP algorithm
and artificial neural networks, data-driven ADP algorithms for hybrid powertrain systems can be
utilized to achieve the largest energy-saving potential, reduce the computational burden and achieve
practical application in HEVs. In recent years, various organizations have carried out related studies in
ADP-based energy management control strategies.

When ADP is applied in the energy management of HEVs, the optimal control sequence based on
DP needs to be obtained in advance, and is then used as the training sample data to compare with DP
results to verify the similarity of the ADP-based strategy to the DP-based strategy. The vehicle speed
and battery SOC can be selected as state variables, while the engine speed, engine torque, motor speed
and motor torque can be selected as control variables.

The focus of the ADP algorithm is to determine the structure of ADP, the form of the utility
function, the error definition, and the weight updating method of each network, and the training
procedure of ADP. Therefore, the main steps of ADP-based strategy to achieve energy management for
HEVs are shown in Figure 12, and the main procedures of algorithm design are as follows:

Step1: Normalize the state variables and optimal control variables, which are obtained by the
DP method.

Step2: Structure selection of ADP. If the dynamic system of vehicle is unknown, the model network
is used to approximate the nonlinear system; therefore, HDP-based strategies would be
developed. In contrast, if we have knowledge of the dynamic system of vehicle, there is no
need to use MNN to estimate the next state.
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Step3: Determine the utility function. Generally speaking, the utility function U(x, u, k) can be chosen
as the quadratic form of the states and the control variables:

U(x, u, k) = xk·A·xT
k + uk·B·uT

k (23)

where A and B are symmetric positive definite matrices with appropriate dimensions. If there
is a particular constraint on SOC value, the square of the error between SOC and the standard
value can be added to the utility function.

Step4: Design the ADP algorithm. The error definition and weight update are the focal points in it.
Step5: Design the algorithm procedure of ADP. The key procedure is to train ANN and CNN until

the stopping rule is satisfied;
Step6: Analyze the convergence and stability of the algorithm, which includes theoretical proof and

analysis of the simulation results. The uniform ultimate boundedness (UUB) of the associated
weight estimation errors is proved using a (positive) Lyapunov approach [108].
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In the implementation of HDP, the ADP structure consists of an action neural network (ANN), a
critic neural network (CNN) and a model neural network (MNN), which are established by a three-layer
neural network (BP-NN) and all contain forward calculation and backward error back propagation to
update weight. To identify the system dynamics based on the input–output data, the model neural
network is trained in advance to obtain the next state, which takes the current state and control inputs
as the inputs of MNN. The forward calculation of can be expressed as: inputM =

[
uT

t , xT
t

]T

x̂t+1 = WT
m2(t)·ϕm

(
WT

m1(t)·inputM(t) + ξm1
)
+ ξm2

(24)

where Wm1 is the input-to-hidden weight vector of MNN, Wm2 is hidden-to-output weight vector of
MNN, ξm1 is the threshold of the hidden layer of MNN, ξm2 is the threshold of the output layer of
MNN, x̂t+1 is the next system state vector, and ϕm(·) is the activation function, which can be selected
as ϕm(·) =

1−e−ax

1+e−ax .
The identification error of MNN is defined as em = xt+1 − x̂t+1, where xt+1 is the expected value.

The quadratic form of the identification error is denoted as the model network error: Em = 1
2 eT

mem.
The gradient-based descent approach is used for weight updating during the back-propagation

process, which is:

Wm(t + 1) = Wm(t) − ηm·
∂Em

∂em

∂em

∂x̂t+1

∂x̂t+1

∂Wm
(25)



Appl. Sci. 2019, 9, 2026 28 of 38

The critic network is used to approximate the iterative cost function, and there are two critic
networks in each iteration, which have the same input-to-hidden vector Vc1 and hidden-to-output
weight vector Vc2. In the forward calculation of CNN, the first critic network (CNN1) takes current
state xt as the input and outputs the cost function of the current moment Ĵ(xt), while the second critic
network (CNN2) outputs the cost function of the next moment Ĵ(xt+1) and takes the next state x̂t+1 as
the input, which is the output of MNN. The cost function is formulated as:

Ĵ(xt) = VT
c2ϕc

(
VT

c1xt + ξc1
)
+ ξc2 (26)

where ξc1 is the threshold of the hidden layer of CNN1, ξc2 is the threshold of the output layer, and
ϕc(·) is the activation function, which can be selected as ϕc(·) =

1−e−ax

1+e−ax .
The quadratic form of the error between the estimated cost function and the expected value is

defined as the critic network error. The expected cost function in each iteration is denoted as:

J(xt) =
(
xt·A·xT

t + ut·A·uT
t + β Ĵ(xt+1)

)
(27)

Similarly, the weight vectors are regulated based on the gradient-based adaptation algorithm [109].

Wc(t + 1) = Wc(t) − ηc·
∂Ec

∂ec

∂ec

∂ Ĵt

∂ Ĵt

∂Wc
(28)

The action network with three-layer neural network is constructed to approach the iterative
control law. In the forward calculation, ANN takes the current state as the input and outputs the
estimated control law ût:

ût = WT
a2(t)·ϕa

(
WT

a1(t)·xt + ξa1
)
+ ξa2 (29)

where Wa1 is the input-to-hidden weight vector of ANN, Wa2 is the hidden-to-output weight vector of
ANN, ξa1 is the threshold of the hidden layer, ξa2 is the threshold of the output layer of MNN, and
ϕa(·) is the activation function, which can be selected as ϕa(·) =

1−e−ax

1+e−ax .
Similarly, the action network error is defined as the quadratic form of the error between the

estimated control and the expected value, which is obtained when the partial derivative of the cost
function to the control variable is equal to 0, that is,

∂J(xt)

∂ut
= 2B·v̂t + β

∂ Ĵ(x̂t+1)

∂x̂t+1

∂x̂t+1

∂ût
= 0 (30)

The gradient-based descent approach is used for weight updating during the back-propagation
process, which is:

Wm(t + 1) = Wm(t) − ηm·
∂Em

∂em

∂em

∂x̂t+1

∂x̂t+1

∂Wm
(31)

When the cost function error of the adjacent iteration is extremely small, the iteration stops, and
the optimal control sequence and optimal performance index function are obtained [110]. Based on the
above analysis, the training process of HDP can be briefly summarized as in Algorithm 1. (Imax is the
maximum number of iterations for ADP, Ncrit is the maximum number of iterations for CNN training,
and Nact is the maximum number of iterations for ANN training).
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Algorithm 1. The training process of HDP.

1. For k = 1: Time
2. While (abs(J(k, i) − J(k, i− 1)) > ε) and (i < Imax) do

2.1. xk→ANN→v̂(i)k

2.2. xk, v̂(i)k →system/MNN→x̂(i)k+1

2.3. x̂(i)k+1→CNN2→ Ĵ(i)k+1

2.4. Û(i)
k = x̂k·A·x̂T

k + v̂(i)k ·B·v̂
(i)T
k

2.5. i = i + 1;

2.6. xk, v̂(i)k →CNN1→ Ĵ(i)k

2.7. J(k, i) = β Ĵ(i−1)
k+1 + Û(i−1)

k

2.8. While (E(i)
c (k) > Tc) and (cyc < Ncrit) do

2.8.1. Update Wc1, Wc2

2.8.2. xk→CNN1→ Ĵ(i)k

2.8.3. e(i)c (k) = Ĵ(i)k − J(k, i)→ E(i)
c (k) = 1

2 e2
c (k)

2.9. Copy CNN1 to CNN2

2.10. v(i−1)
target(k) = −

1
2 ·β·B

−1
·
∂ Ĵ(i−1)

k+1

∂v̂(i−1)
k+1

2.11. While (E(i−1)
a (k) > Tc) and (clc < Nact) do

2.11.1. Update Wa1, Wa2

2.11.2. xk→ANN→v̂(i−1)
k

2.11.3. xk, v̂(i−1)
k →

system
MNN → x̂(i−1)

k+1

2.11.4. e(i−1)
a (k) = v̂(i−1)

k − v(i−1)
target(k)→E(i−1)

a (k) = 1
2 e2

a(k)

3. Output: x∗k, u∗k, J∗k, x∗k+1

4. End

To achieve more effective approximation of nonlinear systems, the multi-resolution wavelet neural
network (MRWNN) based on multi-resolution theory, Meyer scaling, and wavelet functions can be
introduced to construct the critic network, whose activation function is orthogonal in order to achieve
faster convergence and higher approximate accuracy. A conventional wavelet neural network (CWNN)
using a wavelet function as the activation function in the hidden layer does not need clustering
preprocessing on the input data, which can be utilized to construct the action network. Similar to
BP-NN or RBF-NN, the adaptation of weights and parameters of both networks can be achieved by
error back propagation and a gradient descent algorithm. A neuro-dynamic programming (NDP)
method using MRWNN as the critic network and the CWNN as the action network was detailed
in [111], and it was able to optimize fuel economy for online application and optimize SOC without
previewing future traffic information. In addition, a correction model for the output of the action
network was used to discretize the continuous gear ratio to the real vehicle gear ratio of the vehicle.

For multi-source hybrid electric vehicles (HEVs), the novel concepts of adaptive dynamic
programming (ADP) and the progressive optimal search (POS) were proposed in [112]. From the
perspectives of trip cost minimization, charge sustenance, and real-time applicability, the advantages of
each method were compared with previously developed methods of rule-based strategy and adaptive
rule-based strategy. In [113], real-time optimal control of multisource HEVs by ADP was proposed,
which was based on drive state recognition according to physics-based parameters. This included the
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implementation of ADP to obtain optimal EMS and the optimization of vehicle operating conditions
for each state, which is optimized offline using the NSGA-II optimization tool. As a consequence, the
total cost function decreases in terms of fuel consumption and on-board charge sustaining.

Since the ADP algorithm is still being developed, the ADP-based energy management strategy is
currently in a stage of development and practical application. Some organizations have realized its
experimental application based on a hardware-in-the-loop (HIL) test-rig, and the next step is to realize
application in real vehicles. Therefore, the method of the ADP-based strategy for energy management
in HEVs has been a research hot spot in universities and the automotive industry. With the rapid
development of big data technology, artificial intelligence algorithms and the parallel computing
technology of supercomputers, the data-driven energy management control strategy is able to be
realized in real-vehicle applications to achieve the lowest fuel consumption in a global scope.

4. Algorithm Analysis

4.1. Complexity Analysis of Algorithms

The complexity of the various algorithms refers to the time resources and memory resources
required by the algorithm once it has been written into an executable program. Therefore, the
algorithm’s complexity is analyzed based on time complexity and space complexity. The time
complexity of an algorithm refers to the computational burden required to execute the algorithm, which
is measured by the number of executions of the statement in the algorithm, namely, T(n). The common
order of magnitude is: O(1) < O(logn) < O(n) < O(nlogn) < O

(
n2

)
< O

(
n3

)
< O(2n) < O(n!) < O(nn).

There are several rules in calculating the time complexity of an algorithm:

1. For some simple input and output statements or assignment statements, the order of magnitude
is considered to be O(1).

2. For the sequential structure, the time required to execute a series of statements in turn can use the
“summation rule”.

3. For the selection structure, the required time mainly considers the time to execute the “then” or
“else” statement.

4. For the loop structure, the required time is mainly reflected in the time required to execute
the loop body and check the loop condition in multiple iterations, which usually uses the
“multiplication rule”.

5. For a complex algorithm, it can be divided into several easy-to-estimate parts, and then use the
summation rule and multiplication law to calculate the time complexity of the algorithm.

The time complexity of common algorithms is detailed in Table 1.

Table 1. Time complexity of common algorithms.

Orders (n1) Affordable Scale Common Algorithms

O(1) ∀ directly output results
O(logn) ∀ binary search
O
(
n1

)
Millions greedy, scanning, traversing

O(nlogn) Hundreds of thousands division algorithm (dichotomy)
O
(
n2

)
thousands enumeration, DP

O
(
n3

)
Less than two hundred dynamic programming

O(2n) 24 searching
O(n!) 10 Full array
O(nn) 8 violence law to crack passwords

1 n represents the scale of the problem; ∀ represents any situation.

The space complexity is a measure of the amount of storage space temporarily occupied by an
algorithm during its operation. The storage space occupied by the algorithm includes the storage
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space occupied by the algorithm itself, the storage space occupied by the input and output data of the
algorithm, and the storage space temporarily occupied by the algorithm during the running process.
The storage space occupied by the algorithm itself is proportional to the length of the algorithm
statement. The storage space occupied by the input and output data of the algorithm is determined by
the problem to be solved, which is transmitted through the parameter table, and it does not change
with the algorithm. Generally, the number of temporary working units that the algorithm needs to
occupy is related to the magnitude of the problem, which increases as n increases.

Based on the above analysis, we can calculate the complexity of the above-mentioned algorithms,
as shown in Table 2:

Table 2. The complexity of the above-mentioned algorithms.

Algorithm Time Complexity (n1) Space Complexity

RB O(1) = O(1) + O(1) m·O(n)
ECMS O(n) m·O

(
n2

)
MPC O

(
n3

)
∼ DP or O

(
n2

)
∼ GA/SA O

(
n2

)
PMP O

(
n2

)
m·O

(
n3

)
DDP O

(
n3

)
= O(n(n + 1)(n− 1)/6) m·O

(
n3

)
SDP O

(
n3

)
= O

(
n3

)
+ O

(
n2

)
O
(
n3

)
NN-DP O

(
n2

)
= O

(
m·n2

)
m·O

(
n2

)
∼ train

RL O
(
n2

)
m·O

(
n2

)
∼ train

ADP O
(
n2

)
= O

(
m·n2

)
O
(
n2

)
1 n represents the scale of the problem, which can be regarded as the dimension of input vector; m represents the
number of samples.

4.2. Comprehensive Performance Analysis of the Strategies

The performance of energy management control strategies can be analyzed with respect to the
following aspects: fuel economy, real-time performance, computational time, computational burden,
and degree of realization at present.

According to the space complexity of the algorithm, the computational burden of various strategies
can be calculated, while computational time corresponds to the time complexity of the algorithms.
Simultaneously, the complexity of an algorithm can be analyzed by combining the time complexity
with the space complexity. According to Table 2, the computational time of the various strategies sorted
from low to high is as follows: RB < ECMS < ADP/PMP < NN-DP/RL < MPC/SDP < DDP. Similarly,
the computational burden of the various strategies, sorted from lowest to highest, is as follows: RB <
ADP/MPC < RL/ECMS/NN-DP < SDP < PMP/DDP.

For a given driving cycle, the fuel economy of the various strategies can be compared according
to the simulation results under the same vehicle configuration and the same driving cycle. The
DP-based strategy is able to obtain a theoretical global optimal fuel economy for HEVs, which provides
a benchmark for assessing the optimality of other energy management strategies, despite the off-line
optimization. If the performance of the minimum fuel consumption of the various strategies is
divided into five levels from high to low, the DP-based strategy can be regarded as the first level,
while the rule-based strategy can be regarded as the last level, due to the fact that it cannot obtain
optimal fuel economy. The PMP-based strategy can obtain the global optimum solution by using
the minimum principle when the obtained local optimal trajectory is a unique trajectory. Similarly,
the ADP-based strategy (RL as a special structure of ADP) can obtain the approximation results for
DP by approximating the performance index function and control strategy based on the function
approximation structure to satisfy the optimality principle. The accuracy of the velocity prediction will
influence the optimal results of the MPC-based strategy and the SDP-based strategy, and robustness
and accuracy cannot be guaranteed when the actual driving cycle is quite different from the training
driving cycle. The results of ECMS are very sensitive to the equivalent factor, while the results of the
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NN-DP strategy are influenced by the comprehensiveness of the training samples. According to the
approximate degree between the results of each control strategy and the DP results, the fuel economy
of the various strategies, sorted from lowest to highest, is as follows: RB < ECMS/NN-DP < SDP/MPC
< ADP/RL < PMP/DDP.

Similarly, if the real-time performance of the EMS in HEVs is divided into five levels from
high to low, the rule-based strategy can be regarded as the first level, due to its convenience in
adjusting parameters, its simplicity, and its practicality, while the DP-based strategy can be regarded
as the last level, due to its being time consuming and requiring a tremendous amount of memory.
ECMS and the MPC-based strategy, as instantaneous strategies, can be considered as the second
level. Meanwhile, the ADP-based strategy (containing the RL-based strategy and the NDP-based
strategy) can be implemented based on updating data, and can therefore be regarded as the second
level. The SDP-based strategy can be regarded as the third level, while the PMP-based strategy can be
considered as the fourth level due to the difficulty it has in solving the Hamiltonian function.

Based on the above analysis, we can obtain the Figure 13. The axis represents the level of
performance. The larger the value, the better the performance.
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5. Conclusions and Suggestions

Control strategies are keys to the energy management system for HEVs, and can effectively
distribute the power between the engine and the motors to improve fuel economy as much as possible.
This review introduces the main research ideas, strengths and weaknesses of all of the existing control
strategies in the available literature, categorizing them as rule-based strategies and optimization-based
strategies. Rule-based control strategies, as the most basic strategies, have been widely used due
to their simplicity and practical application. However, they tend to fall into local optimal solutions.
Meanwhile, optimization-based control strategies are able to obtain global optimal or near-optimal
solutions, and include instantaneous optimization, global information-driven optimization, and
data-driven strategies.

Regarding each optimization strategy, the research focus and future research hotspots are as
follows. The focus of ECMS is to determine the optimal equivalent factor, and the adaptive-ECMS with
velocity prediction is the new research direction to adaptively adjust the equivalence factor in real time.
As for the PMP-based strategy, the keys include the solution to the boundary value problem and the
determination of the covariant variable. To implement online control, developing an approximate PMP
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is necessary for enhancing computational efficiency and reducing computational burden. Deterministic
dynamic programming (DDP) in EMS of HEVs provides a benchmark for assessing the optimality
of other energy management strategies despite the off-line optimization. The MPC-based strategy
includes velocity prediction within a prediction horizon, and the optimization of the short-term horizon
based on PMP, DP, or intelligent algorithm. Based on the existing standard driving cycles or historical
driving data, the SDP-based strategy establishes a statistical model of driver demand, and then uses
dynamic programming to solve the energy management problem. For the above two control strategies,
the key points are to improve the accuracy of speed prediction and to guarantee the robustness when
the actual driving cycle is quite different from the training driving cycle.

Based on the DP results, the neural network is utilized to construct a prediction model of the
road environment and driving conditions in the NN-DP strategy; however, it cannot guarantee
robustness. Reinforcement learning, as a new research hotspot, uses neural networks to approximate
the Q function. To solve the issue of the “curse of dimensionality”, the deep reinforcement learning
(DRL/DQL) algorithm is a breakthrough, and is the research hotspot for achieving practical application
and handling high-dimensional data well. The ADP-based strategy can be implemented in real time
based on updating the driving conditions, which is the next step to overcome in EMS for HEVs. With
the rapid development of artificial intelligence algorithms and large data processing technology, an
optimal control strategy based on data-driven strategies will be the most promising research direction
due to high computing efficiency and global optimality, especially the DNN-based and ADP-based
strategies. It is worth deeply considering how to effectively combine intelligent network technology
with energy management systems and make full use of the collected geographic information based on
the technology of ITSs, GISs or GPSs in order to globally optimize energy consumption.
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