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Featured Application: Tolerance modeling and tolerance analysis for array antenna.

Abstract: Tolerance analysis is becoming increasingly important for tolerance design and optimization.
When dealing with electromechanical products such as the array antenna, the form errors of the
assembly must be considered. Traditional tolerance analysis with form errors relies on a double
loop process, which is computationally expensive. A new tolerance analysis method is proposed
in this paper, which can be achieved by a single loop process. First, a new tolerance modeling
method considering form errors was proposed, it can represent the geometric error of a surface
feature precisely. Then an effective sampling method was developed by introducing the variance
separation method. An assembly simulation method was proposed to determine the final state of
the whole assembly. Finally, the tolerance analysis was achieved based on the sufficient sample.
The proposed analysis method was applied to an X-band spaceborne active-phased array antenna,
numerical simulation results show the effectiveness of the method.

Keywords: tolerance analysis; tolerance model; form defect; array antenna; assembly simulation;
tolerance sampling

1. Introduction

The manufacturing errors seriously restrict the performance of the products, and tolerance analysis
plays a more and more important role for precision electromechanical product [1–3]. Based on the
tolerance analysis, the effect of each tolerance variable on the product performance can be determined
and then the tolerance can be optimized.

State-of-the-art tolerance analysis methods can mainly be divided into two categories: the tolerance
analysis methods without form error and the tolerance analysis methods considering form errors.

(1) Tolerance analysis without form errors. Only translation and rotation errors are considered,
while realistic form error (such as bending deformation) is ignored. For example, T-map method
proposed by Davidson [4] maps all the possible errors of a feature to the hypothetical Euclidean volume
point space, which focuses on the boundary of the Euclidean space and does not consider the specific
form of a feature. Louhichi [5] proposed the discrete method to model the geometrical tolerances,
all the possible translation and rotation errors are sampled by the displacements of the ideal feature.
Du [6] developed the pose decoupling method for the shaft-hole fit, and studied all the possible pose
of the axis within the tolerance domain.

These methods have achieved good results when dealing with traditional mechanical products,
but encountered bottlenecks when dealing with the phased array antenna [7,8]. Taking the spaceborne
phased array antenna as an example as shown in Figure 1a. The whole array antenna comprises of
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four subarrays, the explosive view of the first subarray in the whole antenna is illustrated in Figure 1b.
The performance of the antenna is determined by the realistic position (the amplitude and phase of each
element is considered as ideal) of each element, details can be found in Appendix A. The position errors
are mainly determined by the form errors of the reflection plate and the base plate, as a consequence,
tolerance analysis without form errors cannot be applied on the antenna design. Many efficient
methods such as the matrix model [9] and vector loop method [10] face the same problem.
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Figure 1. (a) The CAD (computer aided design) model of the spaceborne phased array antenna. (b) The
explosive view of the first subarray in the whole antenna.

For the convenience of description, a linear array in the whole array antenna (shown in Figure 1a)
was analyzed. The discrete horn element was simplified as a dot and the reflection plate was simplified
as a curve, as illustrated in Figure 2a. If only the translation and rotation errors of the linear array
(purple dash line in Figure 2a) are considered in tolerance analysis, then the maximum power density
of the antenna will not change. However, when considering the form errors of the linear array (blue
curve in Figure 2a), the maximum power density of the antenna will degenerate seriously. Figure 2b
shows the relation between the maximum power density and the straightness considering form errors.
The maximum power density depends not only on the size of the tolerance zone, it is also significantly
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affected by the form error. Based on the engineering experience [3], the flatness of the reflection plate
can be roughly estimated according to the wavelength of the antenna:

F ∈
[ 1
30
λ,

1
3
λ
]
, F : f latness, λ : wavelenght

For the X band spaceborne array antenna, the frequency of the electromagnetic wave is 10 GHz,
and the wavelength is 30 mm. Supposing the flatness of the reflection plate is F = λ/30 = 1 mm, then
the tolerance zone [−0.5,+0.5] is chosen in Figure 2b.
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analysis based on the samples by applying precise tolerance model considering form errors. For 
example, Qiu [11] proposed the hybrid dimension-based modeling method to consider all the form 

Figure 2. (a) The linear array. The black square dot represents the ideal element, and the red circular dot
represents the realistic element with form error. The blue curve represents the realistic linear array while
the red dotted line represents the ideal array. The purple dash line represents the linear array when
only translation and rotation errors are considered. (b) The relation between the straightness and the
maximum power density. For each sample of realistic geometric error of the linear array, the maximum
power density was calculated based on Equation (A1), totally 10,000 samples were generated.



Appl. Sci. 2020, 10, 2840 4 of 21

(2) Tolerance analysis considering form errors. These methods can achieve precise tolerance
analysis based on the samples by applying precise tolerance model considering form errors. For example,
Qiu [11] proposed the hybrid dimension-based modeling method to consider all the form errors of a
face feature, such as the flatness, waviness, and roughness. Based on the hybrid dimension model,
sufficient samples were generated and the tolerance was analyzed. A methodology based on Bézier
curves is proposed by Zhou [12] to represent the side lines of the surface feature with flexible structural
deformations, and then the assembly variation analysis was finished. A metric modal decomposition
(MMD) method is developed by Homri [13] to model the form errors of various parts in a mechanism,
the basic modes were defined first and the non-ideal surface was defined by the weighted sum of
basic modes, then the tolerance analysis was achieved by kernel density estimation [14]. Skin model
shapes were used by Anwer [15] to represent all the geometric error of the physical interface between a
workpiece and its environment. He [16] proposed an assembly tolerance analysis and design method
based on skin model shape. This method is highly accurate [15–17] but computationally expensive [18].

When the tolerance analysis of the linear antenna in Figure 2a is performed by the above methods,
the basic process is illustrated in the left part of Figure 3. First, all the feasible values {T1, · · ·Tk, · · ·TK}

of the straightness are determined. Then the tolerance model was established and the samples
Gk =

{
Gk

1, · · ·Gk
n, · · ·Gk

N

}
of the geometric feature were generated for the specific value Tk (First loop, N

times). The performance of the antenna was calculated based on the tolerance propagation model for
all feasible values (Second loop, K times). Finally, the optimal tolerance was determined. The double
loop process needs a large number of samples and is time consuming. When dealing with the complex
antenna as shown in Figure 1a, the double loop process is difficult to apply.

A novel tolerance analysis method with single loop process was developed in this paper. First,
the tolerance model considering form errors was developed, which can represent the geometric error
of a surface feature precisely. Then the tolerance propagation was achieved efficiently based on the
novel tolerance model. By introducing the variance separation method, the tolerance analysis was
simplified to a single loop process. Finally, the tolerance analysis was implemented, as shown in the
right part of Figure 3.

The rest of this paper is organized as follows. Section 2 discusses the novel tolerance analysis
method. Section 3 discusses the numerical simulation results. Finally, Section 4 provides the
concluding remarks.
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Figure 3. The process of the tolerance analysis. The left part shows the traditional tolerance analysis
process, and the right part shows the novel tolerance analysis process.

2. Tolerance Analysis Considering Form Errors

The novel tolerance analysis method was developed based on Non-Uniform Rational B-Splines
(NURBS) surface and the variance separation method. Compared with the traditional process, the new
single loop process is much more efficient and accurate. For the convenience of description, the basic
principle of the variance separation method is briefly explained first [19–21].

2.1. Variance Separation Method

Considering a model in n-dimensional space Rn.

y = f (x) = f (x1, x2, · · · , xn) (1)
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All the input variables x1, x2, · · · , xn are independent random variables, and y is the random
output. The joint probability density function (PDF) of x can be described by fX(x) with the given
distribution parameters θ.

Now considering a special case, the distribution parameterθ contains uncertainty, and the uncertain
of θ can be described by the PDF fθ(θ), where θ =

(
θ1,θ2, · · ·θp

)
are p-dimensional independent

variables. The uncertainty of the input variable x results from two aspects, the randomness of x itself
and the uncertainty of parameter θ. Once the distribution parameter was determined, the PDF of x can
be described by the conditional PDF fX(x|θ). The family of PDFs (probability density functions) was
introduced to represent the total uncertainty of variable x, as shown in Figure 4.
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To analyze the uncertainty of y, a double-loop procedure is implemented: the sample of parameters
must be generated first, then the sample of variable x can be generated. To simplify the procedure,
Sankararaman [20] proposed the separation method based on the probability integral transformation
(PIT) to separate the uncertainties of variables and their distribution parameters.

Denoting FX(x|θ) as the cumulative distribution functions (CDF) of variable x, and supposing
u as a standard uniformly distributed random variable, u ∼ U(0, 1), then based on the PIT theory,
Equation (2) can be proved be true.

u = FX(x|θ) (2)

By applying the inverse probability integral transformation, the original variable x can be
represented as follow.

x = F−1
X (u|θ) (3)

Then the original function Equation (1) can be transformed to Equation (4), which leads to a
single-loop procedure.

y = f (x) = f
(
F−1

X (u|θ)
)

(4)

Wang [21] improved the above procedure to a generalized separation method. The corresponding
PIT can be given as:

Fω(ω) = FX(x|θ), x = F−1
X (Fω(ω,θ)) (5)

where the auxiliary variable ω is a standard random variable obeying to the same type of distribution
with the original variable x. For example, if x is distributed as normal, then the auxiliary variable ω is
distributed as standard normal.

Based on Equation (5), the original function Equation (1) can be described as follow.

y = f (x) = f
(
F−1

X (Fω(ω,θ))
)

(6)



Appl. Sci. 2020, 10, 2840 7 of 21

Equations (5) and (6) are the generalized separation model from the auxiliary variable and the
distribution parameter to the output, and it is more efficient than Equation (4).

2.2. Tolerance Modeling Considering Form Errors

To model the tolerance of a feature considering form errors, the geometric error of a feature must
be represented precisely. A novel tolerance modeling method was proposed based on NURBS surface
and the separation method. The main process of the modeling method was illustrated by taking the
reflection plate in Figure 1a as example.

NURBS surface has many excellent properties, such as the affine invariance, strong convex hull
property, local modification scheme, and differentiability [22]. Since all these properties perfectly
satisfy the needs of flatness representation, the reflection plate with form errors is represented by a
NURBS surface S(α, β) defined by Equation (7), where Nm,p(α) is the basis function in u direction and
Nn,q(β) is the basis function in the v direction, and Pm,n(xmn, ymn, zmn) is the control point.

S(α, β) =

M∑
m=0

N∑
n=0

Nm,p(α)Nn,q(β)·ωm,nPm,n(xmn, ymn, zmn)

M∑
m=0

N∑
n=0

Nm,p(α)Nn,q(β)·ωm,n

(7)

Defining a 5 × 5 grid on the NURBS surface (representing the reflection plate), each node
Akl(xkl, ykl, zkl) was determined through measurement, as shown in Figure 5. Then the control points
Pm,n(xmn, ymn, zmn) can be calculated by global interpolation [23].

global interpolation :
{
P1,1, P1,2, · · ·Pm,n

}
= }(A1,1, A1,2, · · ·Akl) (8)

For each sample of geometric error of the plate, the measurement points are well-determined,
then the NURBS surface S(α, β) representing the reflection plate was well-determined by substituting
Equation (8) into Equation (7).
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the tolerance zone of the flatness. (b) The top view of the flatness model.

Since only flatness of the reflection plate was considered, the x-directional and y-directional
coordinates are assumed ideal, all the other points on the reflection plate can be then calculated by the
point inversion algorithm based on the Newton iteration method [24]. For example, the horn elements
Ei j can be determined by Equation (9). Noticing that only the z-directional coordinate ezi j contains
geometric error.

point inversion :
(
αi j, βi j

)
=

1 
 

ƛ 
(
exi j, eyi j

)
Ei j

(
exi j, eyi j, ezi j

)
= S

(
αi j, βi j

) (9)

The z-directional coordinate of the measurement point was assumed to be a normally distributed
variable according to the manufacture.

zkl ∼ N
(
0, σ2

)
(10)

The standard deviation σ is determined by the flatness P according to the 3-sigma theory.

σ =
1
6

p (11)

To analyze the effect of different value of P on the performance of the antenna, P was assumed as
a uniformly distributed random variable.

P ∼ U(a, b) (12)

where a and b were constrained by the manufacture [25].
Ultimately, the uncertainty of the flatness was substituted equivalently by the uncertainty of

measurement point zkl and the uncertainty of the parameter σ through Equations (7)–(12).

2.3. Tolerance Sampling Method Based on Variance Separation

The main process of the sampling method was illustrated by taking the reflection plate in Figure 1a
as example as well. The performance of the antenna is determined by the position of the elements,
which is defined by Equation (13).

y = f (E) =
m∑

i=1

n∑
j=1

ai j exp
{
Jκ

(
u·exi j + v·eyi j + w·ezi j

)}
(13)
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To analyze the influence of the flatness p on the performance y, the sample of flatness p must
be generated first based on Equation (12), then the sample of measurement grid Akl(xkl, ykl, zkl) can
be generated based on Equation (10), then the sample of elements

(
exi j, eyi j, ezi j

)
can be calculated

according to Equation (9), and finally, the sample of performance y can be calculated and the analysis
can be achieved. This is a double-loop procedure. By introducing the variance separation method into
Equation (13), the original double loop process was simplified to a single loop process.

For any value p of the flatness P, the PDF of the z-directional coordinate zkl is determined by
fzkl(zkl

∣∣∣p), the corresponding CDF is defined as Fzkl(zkl
∣∣∣p). Supposing that:

ukl = Fzkl(zkl
∣∣∣p), ukl ∼ U(0, 1) (14)

Then according to Equations (2) and (3), one can derive that

zkl = F−1
zkl
(ukl, p) (15)

According to Equations (5) and (6), the z-directional coordinate zkl can be rewritten as follow.

zkl = F−1
zkl

(
Fωkl(ωkl, p)

)
(16)

where
Fωkl(ωkl) = Fzkl(zkl

∣∣∣p) (17)

Since zkl and ωkl are both normally distributed variables, then based on Equations (16) and (17)
one can derive that:

zkl =
1
6

p·ωkl (18)

For ease of expression, the calculation of the element position based on the measurement point
(Equations (7)–(9)) is abbreviated as Equation (19).

ezi j = g(z11, · · · zkl, · · · zKL) (19)

Finally, Equation (13) can be rewritten as follow.

y = f
(
ez11, · · · ezi j, · · · ezmn

)
ezi j = g

(
F−1

z11
(Fω11(ω11, p)), · · · F−1

zkl

(
Fωkl(ωkl, p)

)
, · · · F−1

zKL
(FωKL(ωKL, p))

) (20)

Based on Equation (20), the single loop sampling method is defined clearly. First, the sufficient
sample of variable ωkl and P was generated, and the size of the sample is S, then the corresponding
output y was calculated. Finally, the whole sample of output and input variables was achieved as
shown in Equation (21). 

ω1
11 · · · ω1

KL p1 y1

...
. . .

...
...

...
ωs

11 · · · ωs
KL ps ys

...
. . .

...
...

...
ωS

11 · · · ωS
KL pS yS


(21)

The single loop process is much efficient than the original double loop process. Here is the
comparison of the sample size needed in the Monte Carlo simulation by taking the reflection plate in
Figure 1a as example. Supposing the simulation precision is ε, the confidence constant is c.

(1) Double loop process: First, the sample of the flatness must be generated,
{
p1, · · · pk, · · · pK

}
,

recording the sample size as K. Then for each specific flatness pk, the realistic performance y of the
antenna is randomly distributed, supposing the conditional PDF is ψ(y

∣∣∣pk), and the corresponding
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variance is σ2
k . According to Appendix C, the sample size needed to simulate the realistic performance

y with flatness pk is:

Nk ≥
σ2

kc2

ε2 (22)

The total sample size D needed for the double loop process is:

D =
K∑

k=1

Nk ≥

K∑
k=1

σ2
kc2

ε2 (23)

(2) Single loop process: Supposing the PDF of the realistic performance y of the antenna is ψ(y)
in the whole design interval of flatness, p ∈ [a, b], and the corresponding variance is σ2

r . According to
Appendix C, the sample size needed to simulate the realistic performance y is:

S ≥
σ2

r c2

ε2 (24)

For the same simulation precision, the sample size needed in single loop process is smaller than
the sample size needed in double loop process, as shown in Equation (25).

S =
σ2

r∑K
k=1 σ

2
k

D (25)

As the flatness increases, the variance of the antenna performance increases, that is:

σ2
r ≤ max

{
σ2

k

}
⇒ S < D (26)

According to Equations (25) and (26), as the sample size K in double loop process increases, the
efficiency of the single cycle process improves significantly.

2.4. Assembly Simulation Considering Form Errors

The spaceborne phased array antenna will serve in a gravity-free environment. In order to
accurately predict the thermal deformation, the antenna is assembled with low stress. Therefore,
only the rigid geometric error was considered here and the flexible deformation error was ignored.
A simple but accurate assembly simulation method was developed in this paper to calculate the
accumulation error.

The assembly process of the frame and the base plate is similar with the assembly process of the
base plate and the reflection plate. They are all bolted and there is no interference between two parts.
Taking the assembly of the frame and the base plate as an example, the two parts are connected by
5 pairs of bolts. When there is geometric error, the rigid assembly of the frame and the base plate is
completed once 3 pairs of the 10 bolt holes contact each other.

The process of the assembly simulation method is listed as follow.
Step 1: Identifying the initial state of the frame and the base plate, the coordinates of the bolts can

be calculated by Equations (7)–(9). The five pairs of bolts are illustrated in Figure 6a, the base plate
(part B) is located directly above the frame (part A).

Step 2: Fixing the frame (part A), then move the base plate (part B) vertically downwards until
the two parts contact each other. Recording the first contact point as C1, that is the first bolts in contact.
Recording the translation matrix as T1.

T1 = [0, 0, min(Bz− Fz)]T (27)
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where Bz represents the z coordinate of the bolt holes on the base plate, and Fz represents the z
coordinate of the bolt holes on the Frame.

Step 3: Part B will drop down because of the gravity. Translating the origin of the coordinate
system to the point C1 by a matrix T2 = C1 first, then denoting the center of gravity of the part B as O1,
and the center of gravity of the part A as O2. Finally, the rotation axis is defined as line L1

L1 =

−−−−→
O1C1 ×

−−−−→
O2C1∣∣∣∣−−−−→O1C1 ×
−−−−→
O2C1

∣∣∣∣ (28)

which must past point C1, as shown in Figure 6b.
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Step 4: Rotate part B around the axis L1 until it collides with part A. Then the second contact point
C2 is determined. Recording the first rotation matrix R1. Details can be found in Appendix B.

Step 5: Setting line C1C2 as the rotation axis, as shown in Figure 6c, rotate part B until it collides
with part A, then the third contact point C3 is determined and the rigid assembly is achieved. Recording
the second rotation matrix R2.
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Step 6: Substitute the rotation matrix R1, R2 and the translation matrix T into the NURBS model,
then the final state nB of the surface is determined, as illustrated in Figure 6d.

nBT = R2R1((B− T1) − T2)
T + TT

2 (29)

The final state of all the elements can be calculated based on Equation (9), and the corresponding
performance of the antenna can be calculated by Equation (13).

2.5. Tolerance Analysis Based on Samples

Based on the sample generation method in Sections 2.2–2.4, the tolerance analysis can be achieved
efficiently. All the samples and corresponding performance can be illustrated by the parallel coordinates
plot [15] as shown in Figure 7. All the tolerances and corresponding performance are normalized
according to Equation (30) and every observation is highlighted as a connecting line; the failed
observation (cannot meet the design specifications) are marked as red and the others are marked
as blue.

Tnorm =
T − Tmin

Tmax − Tmin
(30)

where the original tolerance design interval is defined as [Tmin, Tmax], T represents a set of the sample,
and Tnorm represents the normalized tolerance variable.

Designers can intuitively analyze the impact of different tolerance value combinations on
product performance.
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3. Numerical Simulation Results

The proposed tolerance analysis method was applied to an X-band spaceborne active phased
array antenna, as shown in Figure 1. The whole array antenna comprises four subarrays. Each subarray
consists of 8× 24 elements. The base plate is affixed to the frame by 10 bolts, and the reflection plate is
affixed to the base plate by 9 bolts.

A total of 100,000 sets of samples were generated for the tolerance analysis, and one of them is
illustrated in Figure 8.



Appl. Sci. 2020, 10, 2840 14 of 21

Appl. Sci. 2020, 10, x FOR PEER REVIEW 14 of 21 

 

3. Numerical Simulation Results 

The proposed tolerance analysis method was applied to an X-band spaceborne active phased 
array antenna, as shown in Figure 1. The whole array antenna comprises four subarrays. Each 
subarray consists of 8 24×  elements. The base plate is affixed to the frame by 10 bolts, and the 
reflection plate is affixed to the base plate by 9 bolts. 

A total of 100,000 sets of samples were generated for the tolerance analysis, and one of them is 
illustrated in Figure 8. 

 
Figure 8. The final state of the whole array from a set of the samples. 

The parallel coordinates plot of the samples is illustrated in Figure 9. For the sake of clarity, only 
500 sets of results were drawn. The feasible design interval of each tolerance variable was divided 
into five intervals to analyze the failure possibility. The failure probability of the ith interval of a 
tolerance variable is defined as follow 

100%
i
red

i i
total

Nprob
N

= ×  (31)

where i
redN  represents the number of the red lines passing through the ith interval, i

totalN  and 
represents all the lines. 

Figure 8. The final state of the whole array from a set of the samples.

The parallel coordinates plot of the samples is illustrated in Figure 9. For the sake of clarity, only
500 sets of results were drawn. The feasible design interval of each tolerance variable was divided into
five intervals to analyze the failure possibility. The failure probability of the ith interval of a tolerance
variable is defined as follow

probi =
Ni

red

Ni
total

× 100% (31)

where Ni
red represents the number of the red lines passing through the ith interval, Ni

total and represents
all the lines.Appl. Sci. 2020, 10, x FOR PEER REVIEW 15 of 21 

 
Figure 9. The parallel coordinates plot of 500 sets of samples. 

The failure probability of each interval of the tolerance was illustrated in Figure 10. Results show 
that as the tolerance value increases, the probability of product failure increases. The maximum 
power density is most sensitive to the flatness of the base plate, the failure probability is 0.06% for 
Interval 1 and the failure probability increases to 3.25% rapidly for Interval 5. The maximum power 
density is not sensitive to the flatness of the frame, while the maximum power density is sensitive to 
the flatness of the reflection plates. 

  

  

0.64%

1.30% 1.16% 1.22%
1.53%

0.0%
0.4%
0.8%
1.2%
1.6%
2.0%

1 2 3 4 5Fa
ilu

re
 p

ro
ba

bi
lit

y

Flatness interval

Frame

0.06% 0.22%
0.57%

1.75%

3.25%

0.0%
1.0%
2.0%
3.0%
4.0%

1 2 3 4 5

Fa
ilu

re
 p

ro
ba

bi
lit

y

Flatness interval

Base plate

0.44%

1.05% 1.21% 1.32%
1.83%

0.0%
0.4%
0.8%
1.2%
1.6%
2.0%

1 2 3 4 5Fa
ilu

re
 p

ro
ba

bi
lit

y

Flatness interval

1st reflection plate

0.54%
1.01%

1.25% 1.52% 1.53%

0.0%
0.4%
0.8%
1.2%
1.6%
2.0%

1 2 3 4 5Fa
ilu

re
 p

ro
ba

bi
lit

y

Flatness interval

2nd reflection plate

Figure 9. The parallel coordinates plot of 500 sets of samples.



Appl. Sci. 2020, 10, 2840 15 of 21

The failure probability of each interval of the tolerance was illustrated in Figure 10. Results show
that as the tolerance value increases, the probability of product failure increases. The maximum power
density is most sensitive to the flatness of the base plate, the failure probability is 0.06% for Interval 1
and the failure probability increases to 3.25% rapidly for Interval 5. The maximum power density is
not sensitive to the flatness of the frame, while the maximum power density is sensitive to the flatness
of the reflection plates.

Appl. Sci. 2020, 10, x FOR PEER REVIEW 15 of 21 

 
Figure 9. The parallel coordinates plot of 500 sets of samples. 

The failure probability of each interval of the tolerance was illustrated in Figure 10. Results show 
that as the tolerance value increases, the probability of product failure increases. The maximum 
power density is most sensitive to the flatness of the base plate, the failure probability is 0.06% for 
Interval 1 and the failure probability increases to 3.25% rapidly for Interval 5. The maximum power 
density is not sensitive to the flatness of the frame, while the maximum power density is sensitive to 
the flatness of the reflection plates. 

  

  

0.64%

1.30% 1.16% 1.22%
1.53%

0.0%
0.4%
0.8%
1.2%
1.6%
2.0%

1 2 3 4 5Fa
ilu

re
 p

ro
ba

bi
lit

y

Flatness interval

Frame

0.06% 0.22%
0.57%

1.75%

3.25%

0.0%
1.0%
2.0%
3.0%
4.0%

1 2 3 4 5

Fa
ilu

re
 p

ro
ba

bi
lit

y

Flatness interval

Base plate

0.44%

1.05% 1.21% 1.32%
1.83%

0.0%
0.4%
0.8%
1.2%
1.6%
2.0%

1 2 3 4 5Fa
ilu

re
 p

ro
ba

bi
lit

y

Flatness interval

1st reflection plate

0.54%
1.01%

1.25% 1.52% 1.53%

0.0%
0.4%
0.8%
1.2%
1.6%
2.0%

1 2 3 4 5Fa
ilu

re
 p

ro
ba

bi
lit

y

Flatness interval

2nd reflection plate

Appl. Sci. 2020, 10, x FOR PEER REVIEW 16 of 21 

  

Figure 10. The failure probability of each interval of the tolerances. 

The failure probability 
c
ip r o b  of the combination of the six tolerance variables was calculated, 

which reflects the interactive effect of the six tolerance variables on the maximum power density. 

1 100%c blue
j j

tota

j

l

Mprob
M

= − ×  (32) 

where j
totalM  represents the total number of the set of samples passing the specific combination of 

intervals. For example, one of the combinations is illustrated in Figure 11. All the sets of samples 
passing the interval [3,1,5,2,3,2] satisfy the requirement, which means 0%c

jprob = . 

 
Figure 11. The parallel coordinates plot of all sets of samples passing the interval [3,1,5,2,3,2]. 

For cases that all the tolerances pass the strict interval, such as the interval combination 
[1,1,1,1,1,1], there is no need to perform the simulation, because it will lead to high costs. For cases 
that all the tolerances pass the loose interval, such as the interval combination [5,5,5,5,5], the failure 
probability must be high. Hence, only reasonable combinations are chosen, which are subjective 
because of the lack of accurate tolerance cost data. Finally, tolerance analysis results of three kinds of 
combinations are listed in Table 1 for the array antenna. The failure probability of these three kinds 
of combinations are very small, and the tolerances are not strict. 

Tolerance analysis can only help designers to judge whether a specific tolerance design scheme 
is feasible, it cannot determine the optimal scheme. Further works are needed to achieve the optimal 
tolerances of the spaceborne array antenna. 

0.58%
1.04% 1.04%

1.43%
1.76%

0.0%
0.4%
0.8%
1.2%
1.6%
2.0%

1 2 3 4 5Fa
ilu

re
 p

ro
ba

bi
lit

y

Flatness interval

3rd reflection plate

0.67%

1.25% 1.14% 1.28%
1.81%

0.0%
0.4%
0.8%
1.2%
1.6%
2.0%

1 2 3 4 5Fa
ilu

re
 p

ro
ba

bi
lit

y

Flatness interval

4th reflection plate

Figure 10. The failure probability of each interval of the tolerances.

The failure probability probc
i of the combination of the six tolerance variables was calculated,

which reflects the interactive effect of the six tolerance variables on the maximum power density.

probc
j = 1−

M j
blue

M j
total

× 100% (32)

where M j
total represents the total number of the set of samples passing the specific combination of

intervals. For example, one of the combinations is illustrated in Figure 11. All the sets of samples
passing the interval [3,1,5,2,3,2] satisfy the requirement, which means probc

j = 0%.
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For cases that all the tolerances pass the strict interval, such as the interval combination [1,1,1,1,1,1],
there is no need to perform the simulation, because it will lead to high costs. For cases that all the
tolerances pass the loose interval, such as the interval combination [5,5,5,5,5], the failure probability
must be high. Hence, only reasonable combinations are chosen, which are subjective because of the
lack of accurate tolerance cost data. Finally, tolerance analysis results of three kinds of combinations
are listed in Table 1 for the array antenna. The failure probability of these three kinds of combinations
are very small, and the tolerances are not strict.

Table 1. Three kinds of combinations for the array antenna.

Scheme 1 Scheme 2 Scheme 3

Frame
Interval
number

flatness
interval

Interval
number

flatness
interval

Interval
number

flatness
interval

3 [0.22, 0.31]λ 5 [0.41, 0.5]λ 4 [0.31, 0.41]λ

Base plate
Interval
number

flatness
interval

Interval
number

flatness
interval

Interval
number

flatness
interval

1 [0.03, 0.11]λ 2 [0.11, 0.18]λ 2 [0.11, 0.18]λ

1st reflection
plate

Interval
number

flatness
interval

Interval
number

flatness
interval

Interval
number

flatness
interval

5 [0.27, 0.33]λ 3 [0.15, 0.21]λ 3 [0.15, 0.21]λ

2nd
reflection

Interval
number

flatness
interval

Interval
number

flatness
interval

Interval
number

flatness
interval

2 [0.09, 0.15]λ 4 [0.21, 0.27]λ 4 [0.21, 0.27]λ

3rd
reflection

Interval
number

flatness
interval

Interval
number

flatness
interval

Interval
number

flatness
interval

3 [0.15, 0.21]λ 2 [0.09, 0.15]λ 5 [0.27, 0.33]λ

4th reflection
Interval
number

flatness
interval

Interval
number

flatness
interval

Interval
number

flatness
interval

2 [0.09, 0.15]λ 2 [0.09, 0.15]λ 4 [0.21, 0.27]λ

failure
probability 0% 0% 2.12%
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Tolerance analysis can only help designers to judge whether a specific tolerance design scheme is
feasible, it cannot determine the optimal scheme. Further works are needed to achieve the optimal
tolerances of the spaceborne array antenna.

4. Conclusions

This study proposes an effective and accurate tolerance analysis method for complex
electromechanical products. The main findings of this study are summarized as follows.

1. An accurate tolerance modelling method of surface feature was proposed, the NURBS-surface-
based tolerance model can represent the form errors precisely, which will affect the performance
of the antenna seriously.

2. The sampling method based on the novel tolerance model was developed by introducing the
variance separation method, the traditional double-loop analysis process was then simplified to a
single-loop process. This method greatly reduces the computational cost.

3. A new assembly simulation method was proposed because of the characteristics of low stress
assembly. The geometric error of the whole antenna can be determined effectively. Together with
the sampling method, the whole sample of product geometric error and performance can be
generated precisely.

4. The tolerance analysis method was validated by a X band spaceborne array antenna. Simulation
results show the effectiveness of the method.
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Appendix A

The performance of a phased array antenna is described by the far field pattern [26], which is
defined by Equation (A1).

F(θ,ϕ) =
Nx∑
i=1

Ny∑
j=1

ai j exp
{

J·
2π
λ
·

[
(u− u0)·exi j + (v− v0)·eyi j + cosθ·ezi j

]}
(A1)

where function F is the far-field pattern; coefficient ai j, the element weight (amplitude and phase);
J =
√
−1, the imaginary unit; and λ, the wavelength of the electromagnetic wave.

The position of the element with geometric error is described by coordinates exi j, eyi j, and ezi j,
and the far field point is located at (r,θ,ϕ), as shown in Figure A1. The scanning angle is set to
(θ0,ϕ0) = (0, 0), which leads to u = cosϕ sinθ, v = sinϕ sinθ, and u0 = 0, v0 = 0.
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y x z y y z x

z x y z y x z

u u u u u u u
R u u u u u u u

u u u u u u u

θ θ θ θ θ θ
θ θ θ θ θ θ
θ θ θ θ θ θ

 + − − − − +
 = − + + − − − 
 − − − + + − 

 (B1)

When plane B is rotated around the rotation axis u  with the rotation angle θ , as shown in 
Figure A2, the original point ( )1 1 1 1, ,P x y z=  on plane B will be rotated to the target point 

( )2 2 2 2, ,P x y z=  on the fixed plane A. Based on Equation (B1), we can derive that 

2 1
T TP RP=  (B2)

Now considering the specific situation, point 1P  represents a bolt hole on the base plate, and 
point 2P  represents the corresponding bolt hole on the frame. Ignoring the x and y directional error, 
the necessary and sufficient condition of the contact between part A and B is 

( ) ( ) ( )2
2 11 cos sin 1 cos sin cos 1 cos T

z x y z y x zu u u uz u u u Pθ θ θ θ θ θ − − − + + − ⋅ =  (B3)

Figure A1. The pattern of the array antenna.

The maximum power density Pmax is one of the most important performance parameters, and it is
determined by the z-directional position of the elements [27]. Here we ignored the beam direction
angle error since it is very small.

Pmax = P(0, 0) = F(0, 0)·F∗(0, 0) (A2)

F(0, 0) =
Nx∑
i=1

Ny∑
j=1

ai j exp
{

J
2π
λ
·ezi j

}
(A3)

Appendix B

Given a unit vector u =
(
ux, uy, uz

)
, where u2

x + u2
y + u2

z = 1, the matrix [28] of a rotation by an
angle of θ about an axis in the direction of u is

R =


cosθ+ u2

x(1− cosθ) uxuy(1− cosθ) − uz sinθ uxuz(1− cosθ) + uy sinθ
uyux(1− cosθ) + uz sinθ cosθ+ u2

y(1− cosθ) uyuz(1− cosθ) − ux sinθ
uzux(1− cosθ) − uy sinθ uzuy(1− cosθ) + ux sinθ cosθ+ u2

z(1− cosθ)

 (A4)

When plane B is rotated around the rotation axis u with the rotation angle θ, as shown in Figure A2,
the original point P1 = (x1, y1, z1) on plane B will be rotated to the target point P2 = (x2, y2, z2) on the
fixed plane A. Based on Equation (A4), we can derive that

P2
T = RP1

T (A5)

Now considering the specific situation, point P1 represents a bolt hole on the base plate, and point
P2 represents the corresponding bolt hole on the frame. Ignoring the x and y directional error, the
necessary and sufficient condition of the contact between part A and B is

z2 =
[

uzux(1− cosθ) − uy sinθ uzuy(1− cosθ) + ux sinθ cosθ+ u2
z(1− cosθ)

]
·P1

T (A6)

where the coordinate z2 is determined already since the frame is fixed, and the coordinate P1 is known
well in Step 1.

The rotation angle θ for assembly can be then determined by solving Equation (A6).
For each bolt hole on part B, one can calculate the corresponding rotation angle for contact, the

minimum rotation angle determines the first contact point.
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Appendix C

Given a system function,
y = f (x) = f (x1, · · · xi, · · · xn) (A7)

Supposing the joint PDF of the n-dimensional input random variables is pX(x), then the expectation
of the output y is:

Q = E(y) =
∫

f (x)pX(x)dx (A8)

By the Monte Carlo simulation, one can estimate Equation (A8) based on the samples. Supposing
totally N samples are generated: {

x1, · · · xi, · · · xN
}

(A9)

Then the expectation can be estimated by the following equation.

Q̂ = ˆE(y) =
1
N

N∑
i=1

f
(
xi
)

(A10)

Based on the mathematical definition [29], Q̂ is an unbiased estimator of the original Q. Given the
confidence level (1− α), then based on the central limit theorem:∣∣∣Q̂−Q

∣∣∣ ≤ σ
√

N
z1−α/2 (A11)

where z1−α/2 is the quantile of the standard normal distribution, if (1− α) = 0.95, then z1−α/2 = 1.96.
σ is the standard variance of the function f (x).

Set the quantile as a constant c, then the sample size for the Monte Carlo simulation is:

N ≥

 σ∣∣∣Q̂−Q
∣∣∣z1−α/2


2

=
{
σc
ε

}2
(A12)

where,
c = z1−α/2, σ = V[ f (x)], ε =

∣∣∣Q̂−Q
∣∣∣ (A13)
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Based on Equation (A12), the sample size needed in Monte Carlo simulation is determined by the
confidence level, the estimation error, and the variance of the system function. The sample size is not
determined by the variable dimension.
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