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Featured Application: The described numerical model is intended for analyses of stress states
and deformations of precast reinforced lintels made of autoclaved aerated concrete (AAC) bonded
with AAC masonry and reinforced concrete confining elements.

Abstract: This paper describes results of numerical analyses of reinforced lintels made of
autoclaved aerated concrete built into unconfined walls and walls confined with reinforced concrete.
The combination of the Menétrey–Willam elastic-plastic failure criterion (M-W-3) and the Rankine
criterion was used for numerical analysis of masonry. The parameters were determined by laboratory
tests. Rebars were modelled using the Huber–Mises–Hencky yield criterion. The numerical model
included interface elements att the interface between masonry units, at interfaces between reinforced
concrete and masonry, and at interfaces between elements of test stands with a model using the
Coulomb–Mohr (C-M) criterion. The majority of parameters of interface elements were assumed
from laboratory tests. Results of numerical analysis were compared with laboratory tests. Results
of numerical analysis and experiments were compatible in the range of load-carrying capacity of
models and the failure method.

Keywords: numerical modelling; autoclaved aerated concrete (AAC); concrete confining elements;
precast lintels; interaction between lintel; reinforced concrete tie beam

1. Introduction

Numerical analyses using the finite element method (FEM) present a wide range of possibilities for
analysing structures composed of various materials, e.g., reinforced concrete or masonry [1–3]. Analyses
often include load-carrying capacities of structures and their damage [4–7], stresses and deformations
in zones of concentrated stresses [8–10], adhesive strength and anchorage of reinforcement [11–13],
behaviour of superficial strengthening [14,15], effects of contraction deformations and creeping [16],
effects of temperature on ageing mass concrete constructions [17], flows of heat and moisture flux [18,19],
and new structural and material solutions [20]. Despite the significant progress in knowledge and
continuously increasing processing power of computers, it is still impossible to build a numerical
model for the global analysis of all physical effects taking place in built, ageing, and used constructions.
For that reason, some simplifications are introduced to the models by adjusting them according to
the planned computational objectives, the available information on the modelled material, and the
processing powers of the software applied in the calculations.
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The detailed numerical analysis of multi-material constructions is complex, because it requires
the determination of many material parameters. Determination of the failure surface requires many
tests under uniaxial or complex load states [21–25]. Apart from preparing the material model of
failure, many parameters are required to describe effects observed at the interface of bonded materials,
e.g., reinforcement and concrete and masonry units and mortar. Appropriate modelling requires
specific contact elements, of which the parameters are taken from laboratory tests [8,22,26].

The aim of the tests performed in this study was to determine the interaction of autoclaved
aerated concrete (AAC) lintels with brickwork above them, as well as the effect of confinement on
the behaviour of walls under axial compression. The main purpose of numerical calculations was to
diagnose the stress state in the masonry wall, comparing relationships between load and displacement,
and those between crack morphology in the masonry and the lintel, using the masonry micro-model
with advanced non-linear material models implemented into ATENA software.

This paper describes results from numerical calculations for reinforced lintels made of autoclaved
aerated concrete, bonded with the masonry wall made of autoclaved aerated concrete, reinforced
concrete tie beams and cores. The used material models of concrete, autoclaved aerated concrete,
reinforcement and contact elements were based on material tests. Results from numerical calculations
were compared with laboratory tests conducted on parts of walls containing the lintel and the tie beam,
as well as full-scale walls.

2. Laboratory Tests

Laboratory tests were performed on compressed parts of walls containing reinforced lintels made
of autoclaved aerated concrete (14 models with varied quantity of masonry layers above the lintel)
and six full-scale walls under compression—two unconfined models. Two peripheral confining models
and two models with inner peripheral confinement at the opening were used. Test procedures and
results are described in detail in [27–29]. The research programme is presented in Tables 1 and 2.

Table 1. Research programme for parts of walls with lintels (dimensions in cm).

Element Name Model Drawing Model
during Tests Number of Models

1 2 3 4

N1

Appl. Sci. 2020, 10, x FOR PEER REVIEW 4 of 32 

 

Table 1. Research programme for parts of walls with lintels (dimensions in cm). 

Element 
Name 

Model Drawing 
Model 

during Tests 
Number of 

Models 
1 2 3 4 

N1 

 
 

4 

N2 

  

4 

N3 

  

6 

Appl. Sci. 2020, 10, x FOR PEER REVIEW 4 of 32 

 

Table 1. Research programme for parts of walls with lintels (dimensions in cm). 

Element 
Name 

Model Drawing 
Model 

during Tests 
Number of 

Models 
1 2 3 4 

N1 

 
 

4 

N2 

  

4 

N3 

  

6 

4

N2

Appl. Sci. 2020, 10, x FOR PEER REVIEW 4 of 32 

 

Table 1. Research programme for parts of walls with lintels (dimensions in cm). 

Element 
Name 

Model Drawing 
Model 

during Tests 
Number of 

Models 
1 2 3 4 

N1 

 
 

4 

N2 

  

4 

N3 

  

6 

Appl. Sci. 2020, 10, x FOR PEER REVIEW 4 of 32 

 

Table 1. Research programme for parts of walls with lintels (dimensions in cm). 

Element 
Name 

Model Drawing 
Model 

during Tests 
Number of 

Models 
1 2 3 4 

N1 

 
 

4 

N2 

  

4 

N3 

  

6 

4

N3

Appl. Sci. 2020, 10, x FOR PEER REVIEW 4 of 32 

 

Table 1. Research programme for parts of walls with lintels (dimensions in cm). 

Element 
Name 

Model Drawing 
Model 

during Tests 
Number of 

Models 
1 2 3 4 

N1 

 
 

4 

N2 

  

4 

N3 

  

6 

Appl. Sci. 2020, 10, x FOR PEER REVIEW 4 of 32 

 

Table 1. Research programme for parts of walls with lintels (dimensions in cm). 

Element 
Name 

Model Drawing 
Model 

during Tests 
Number of 

Models 
1 2 3 4 

N1 

 
 

4 

N2 

  

4 

N3 

  

6 6



Appl. Sci. 2020, 10, 5446 3 of 28

Table 2. Research programme for full-scale walls (dimensions in cm).

Element Name Model Drawing Model
during Tests Number of Models

1 2 3 4

MNSO
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micro-structure, which includes non-linear relations between mean stresses and 
mean deformations of the element, composed of masonry units and mortar 
layers equivalent to a given medium (of the same dimensions). Its basic element 
(representative volume element [35]) contains the required geometrical and 
physical information about any type of component for the masonry elements 
[36,37]; 
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Models were prepared of autoclaved aerated concrete blocks with strength f b equal to 4.04 N/mm2,
thin-layer mortar with compressive f m equal to 6.1 N/mm2, and concrete, to obtain confined elements
with mean compressive strength fc,cyl = 25.5 N/mm2. The tie beam reinforcement was composed of four
steel rebars with a diameter of 10 mm, a material yield strength of 500 N/mm2, and the ductility class
C. Stirrups of rebars of 6 mm in diameter, made of the same steel, were at a spacing of 200 mm. Precast
lintels were made of autoclaved aerated concrete with a strength f c equal to 3.71 N/mm2. They were
reinforced with U-shaped meshes composed of rebars having a diameter of 8 mm, made of steel with
a yield strength of 500 N/mm2 and ductility of class A. The lower layer of the precast reinforcement
was made of three rebars, and transverse reinforcement was at a spacing of 150 mm. The models
were loaded by actuators with the operating range of 1000 kN (reading accuracy ± 1%) through steel
spreader beams. The tendon system for loading was additionally used for the wall models. During
the tests, applied load and displacements of the models were recorded by linear variable differential
transducers (LVDT, reading accuracy ± 0.002 mm) and the non-contact optical system (DIC) using the
ARAMIS 6M system by GOM company (the class of reading accuracy for displacements was ± 1%) [30].

3. Material and Numerical Models

3.1. General Comments and Strategy Employed for Masonry Modelling

Numerical analysis by FEM is used to observe the behaviour of the structure in the linear stage,
through cracking until complete loss of strength [31]. Non-linear material models are mainly used
in numerical analyses. Models based on empirical observations differ in constitutive laws. Strength
parameters can be defined for components of the masonry or the equivalent material by averaging
properties. Hence, a few modelling methods can be identified for the numerical analysis of masonry
structures by FEM. They are:

(a) The macro-model, which treats the masonry structure as a material having identical mechanical
parameters. Such a model is applied in practical computations for large masonry structures (finite
elements can include two or more masonry units) [31–34];

(b) The mezzo-model—a variant of the macro-model that is similar to the periodic micro-structure,
which includes non-linear relations between mean stresses and mean deformations of the
element, composed of masonry units and mortar layers equivalent to a given medium
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(of the same dimensions). Its basic element (representative volume element [35]) contains
the required geometrical and physical information about any type of component for the masonry
elements [36,37];

(c) The micro-model, which identifies the masonry structure as a heterogeneous material.
Classification into finite elements is made for each material (mortar, masonry unit). Different
non-linear behaviour is assumed for bricks and mortar, including potential interaction forces
between them. This type of model is usually used to analyse small constructions or to perform
in-depth analysis. Its description requires information about the characteristics of components
and the contact between them [22,32–36,38–40].

Taking into account the purpose of this paper—that is, observation of conditions in the masonry
and the lintel and their interactions—the masonry wall (Figure 1a) was replaced by the masonry
micro-model. In this case, there were a few methods of modelling. Alfaiate et al. [41] demonstrated that
micro-models of walls can be prepared using 3D (Figure 1b) and 2D techniques for analysis of plane
stress (e.g., plane deformations; connections between walls are less frequently used), as illustrated
in Figure 1c–f. The main principle of micro-models, as illustrated in Figure 1d–f, is adding contact
(interface) elements, which represent delamination at the interface between masonry units and mortar,
to bed joints. We assumed that this type of modelling was the most adequate for the effects observed
in our studies. Micro-modelling by the 3D technique was abandoned due the size of tested elements
(Figure 1b). The second aspect taken into account when choosing the technique of micro-modelling was
a series of cracks that developed in the masonry units during the tests, and the non-linear relationship
between stress and deformation. Therefore, the authors decided not to use the model with linear
and elastic masonry units (Figure 1d). The 2D micro-model, shown in Figure 1f [40], was chosen.
Its masonry units took the mean mechanical parameters of the wall, then contact elements representing
the behaviour of bed and head joints were placed at the interface of masonry units. All elements were
modelled under conditions of plane stress. The reinforcement micro-model was also used for AAC
lintels. Rebars were modelled as elements of non-linear parameters. Rebars were bonded with the
surrounding AAC material, neglecting adhesion aspects.

1 
 

 
Figure 1. Adopting various strategies for developing the micro-model of the wall with thin-layer 
joints with unfilled head joints on the basis of [32–34,41,42]: (a) real structure of modelled masonry, 
(b) spatial micro-model of the wall (3D-F), (c) two-dimensional micro-model of the wall (2D-C), (d) 
two-dimensional micro-model of the wall (2D-D), (e) two-dimensional micro-model of the wall (2D-
CD), (f) two-dimensional micro-model of the wall (2D-M) with masonry units having the equivalent 
non-linear parameters of the masonry; 1—masonry unit, 2—mortar in bed joints, 3—masonry unit of 
linear or non-linear parameters, 4 – contact element of perpend joints, 5—mortar in bed joints of linear 
or non-linear parameter, 6—masonry unit of linear or non-linear parameters, 7—mortar in bed joints 
of linear or non-linear parameters, 8—masonry unit of linear parameters, 9—contact element of bed 
joints of non-linear parameters, 10—contact element of bed joints of non-linear parameters, 11—
masonry unit of non-linear parameters 12—masonry unit of equivalent non-linear parameters of the 
wall. 
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joints with unfilled head joints on the basis of [32–34,41,42]: (a) real structure of modelled masonry,
(b) spatial micro-model of the wall (3D-F), (c) two-dimensional micro-model of the wall (2D-C),
(d) two-dimensional micro-model of the wall (2D-D), (e) two-dimensional micro-model of the wall
(2D-CD), (f) two-dimensional micro-model of the wall (2D-M) with masonry units having the equivalent
non-linear parameters of the masonry; 1—masonry unit, 2—mortar in bed joints, 3—masonry unit of
linear or non-linear parameters, 4—contact element of perpend joints, 5—mortar in bed joints of linear
or non-linear parameter, 6—masonry unit of linear or non-linear parameters, 7—mortar in bed joints of
linear or non-linear parameters, 8—masonry unit of linear parameters, 9—contact element of bed joints
of non-linear parameters, 10—contact element of bed joints of non-linear parameters, 11—masonry
unit of non-linear parameters 12—masonry unit of equivalent non-linear parameters of the wall.

3.2. Material Models

Material models were used in calculations to analyse the plane and spatial stress states:
the elastic-based degradation model (the SBeta Material model) for concrete in confining elements,
and the elastic-plastic based degradation model (the 3D Non-Linear Cementitious 2 model)
for modelling the wall and the lintels [43]. Both models are usually used for brittle materials, and their
boundary surface depends on mean hydrostatic stresses. The following material parameters were
included in those models:

• Non-linear behaviour under compression, including hardening and softening
• Material cracking resulting from tension, based on non-linear mechanics of cracking
• Defined failure criterion for the material exposed to biaxial compression
• Softening of the material due to tension
• Reduced stiffness of the wall after cracking
• Possible modelling of cracks with set or changeable direction

3.2.1. Model of Concrete in Confining Elements—Elastic-Based Degradation Model

Principles of the continuum damage-based method were used to describe the development of
damage in the discussed model. Effective stress expressed the non-linear behaviour of the material
σef

c . Effective stress should be understood as stress under which deformations of the undamaged
body are equal to deformations of the body damaged by true stress, described as equivalent strain εeq,
calculated from the following relation [42]:

εeq =
σci
Eci

(1)

Effective uniaxial strain is regarded as deformation caused by stress σci and modulus of elasticity
Eci in the i-direction, represented by damage and caused by stress related to stress direction σci [40].
A diagram of relationships between equivalent uniaxial stress and strain is shown in Figure 2 [41].
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In a tensile state before cracking (range 1; Figure 2), material exhibited linear-elastic behaviour.
Elasticity modulus Ec is the initial modulus of material elasticity, and effective tensile strength f ′t

ef was
determined on the basis of the criterion of material behaviour under biaxial stress state. The general
stress is expressed by the following relationship:

σef
c = Ecε

eq, 0 ≤ σc ≤ f ′t
ef. (2)

In the post-cracking phase (range 2; Figure 2), the material’s behaviour was described in two ways:

• The model of fictitious cracks resulting from the cracking mechanics and the accepted rule for
crack width,

• The model of local deformations of a material point.

In the model of fictitious cracks, an exponential relationship was applied, as shown in Figure 3,
on the basis of [43].
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In a compression state (range 3; Figure 2), the stress–strain relationship was adopted from the FIB
(Fédération internationale du béton) Model Code [44] in the following form:

σef
c = f ′t

ef kx− x2

1 + (k− 2)x
, (3)

where x = ε/εc, k = Eo/Ec, σef
c represents normal compressive stress in the material, f ′t

ef represents
the effective compressive strength of concrete, x signifies normalised strains, ε signifies strains,
εc signifies strains corresponding to effective compressive strength f , ef

c , k is the shape coefficient (k = 1
representing a linear function, and k = 2 representing a parabola), Eo signifies initial modulus of
elasticity, and Ec = f ′t

ef/εc is the secant modulus of elasticity. The shape of the function expressing the
stress–strain relationship in a compressive state is presented in Figure 4.
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The adopted non-linear stress–strain relationship took into account the material damage developed
before maximum stress was reached (as opposed to the material with visible cracks). The linear
stress–strain relationships (range 4; Figure 2) referred to the state after achieving maximum compressive
stress f ′t

ef. Displacements after reaching the maximum compressive strength f , ef
c were only observed

in the load plane. Displacement was assumed to occur regardless of the specimen size. Such a
hypothesis was verified for concrete. The criterion, adjusted according to the results of concrete testing
by Kupfer [45], was applied under biaxial compressive state conditions (Figure 5). The equivalent
compressive strength was expressed with the following equation:

f ′t
ef =

1 + 3.65a

(1 + a)2 f ′c , (4)

where a = σc1/σc2, σc1 and σc2 are main compressive stresses, and f ′c is material strength under a
uniaxial compressive state.
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Figure 5. Failure criterion for material under biaxial stress state on the basis of [46].

Under biaxial tensile stress, tensile strength was constant and equal to material strength and
uniaxial tensile force f ′t . For elastic material with degradation, the model of smeared cracks developing
in a uniform direction was applied. The crack was assumed to develop towards main strains ε1,
with ε1 = εt corresponding to tensile strength. The direction of crack development did not change
during further loading. Table 3 presents material parameters for concrete in confining elements and tie
beams, used for numerical calculations.
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Table 3. Parameters of the elastic-based degradation model used in calculations.

Parameter Test Formula or Results Concrete in Confining Elements and Tie Beams

Uniaxial compressive strength f ′c = fc,cyl, N/mm2
Obtained from tests on cylindrical specimens ø150 × 300 mm

25.5

Deformations corresponding to uniaxial compressive strength of concrete εc 1.682 × 10−3

Uniaxial tensile strength f ′t , N/mm2 Obtained from “Brasilian Test” for cylindrical specimens ø 150 × 300 mm 2.32

Initial modulus of elasticity Ec, N/mm2
Obtained from tests on cylindrical specimens ø 150 × 300 mm

3032

Poisson’s ratio ν 0.2

Fracture energy Gf, MN/m Calculated from the relationship G f = 0.000025 f ′t 5.793 × 10−5

Weakening function at tension Assumed softening described by the exponential function exponential

Displacement wc under tension, m Displacements were calculated from the equation wc = 5.14
G f

f ′t
−5.0 × 10−4

Model of cracks developing in uniform directions fixed

Weakening under compression wd Assumed default value of displacement wd 0.05 mm

Reduced compressive strength in the direction parallel to cracks Assumed default value of coefficient c 0.8
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3.2.2. Model of the Wall and Lintels—Elastic–Plastic-Based Degradation Model

The degradation model of elastic–plastic material (3D Non Linear Cementitious 2) was a
combination of the elastic–plastic and elastic–brittle models. The boundary surface model of
Menétrey–Willam [46] is a modified version of the empirical model developed by Hoek and Brown [47]
(used for rock description) changed by Weihe [48], who introduced the elliptic function of eccentricity
e depending on the Lode angle Θ. The final form of a criterion used in that model was elaborated by
Menétrey and Willam [46] who expressed a three-parameter yield surface M-W-3 as follows:

f p(ξ,ρ, Θ) =

(
√

1.5
ρ

k(κ) fc

)2

+ m

 ρ
√

6k(κ) fc
r(Θ, e) +

ξ
√

3k(κ) fc

− c(κ) = 0. (5)

where

m = 3
(k(κ) fc)

2
− (λt ft)

2

k(κ) fcλt ft
e

e + 1
(6)

r(Θ, e) =
4
(
1− e2

)
cos2 Θ + (2e− 1)2

2(1− e2) cos Θ + (2e− 1)
√

4(1− e2) cos2 Θ + 5e2 − 4e
(7)

where e represents the eccentricity of the elliptical function (Figure 6), assuming values from the range
e ∈ (0.5; 1.0 ); f c and f t signifiy uniaxial compressive and tensile strength, respectively; and λt ≥ 1 is
the scaling parameter for the M-W-3 surface.

Appl. Sci. 2020, 10, x FOR PEER REVIEW 12 of 32 

 

tensile strength, respectively; and λt ≥ 1 is the scaling parameter for the M-W-3 
surface. 

 
Figure 6. Elliptical curve shape ( ) 1.00.5 ≥≥ eΘ,r . 

The boundary surface M-W-3 in the deviatoric section is composed of three 
tangential curves along compressive meridians (Figure 7), of which the shape is 
affected by the assumed eccentricity e of the elliptical function (Figure 6). When 
eccentricity e is 0.5, the deviatoric section of the failure surface is in the shape of an 
equilateral triangle. For e = 1.0, curves forming the deviatoric section take on the 
shape of circle. A curve, whose shape is similar to an ellipse, in the zone of biaxial 
compression values σ1 − σ2, σ3 = 0, is a track of boundary surface in the plane of 
principal stresses. In the hydrostatic cross-section, the surface is formed by parabolic 
meridians intersecting at the tension point corresponding to triaxial tension. The 
ellipse extreme corresponds to material strength to biaxial compression fbc. Concrete 
strength to biaxial stress was empirically determined as fbc = 1.14fc, and the 
corresponding eccentricity of the elliptical function was e = 0.52. For masonry units, 
the majority of tests covered solid brick [24,49]. The obtained values of solid brick 
strength to biaxial compression fbc were within the range 1.02–1.14 fc, and the 
corresponding eccentricity values were e = 0.501–0.511. In tests [40,42] conducted by 
the authors on silicate and AAC masonry units, the following e values were 
obtained: e = 0.504 (Ca-Si masonry units) and e = 0.52 AAC masonry units. 
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The boundary surface M-W-3 in the deviatoric section is composed of three tangential curves
along compressive meridians (Figure 7), of which the shape is affected by the assumed eccentricity
e of the elliptical function (Figure 6). When eccentricity e is 0.5, the deviatoric section of the failure
surface is in the shape of an equilateral triangle. For e = 1.0, curves forming the deviatoric section
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take on the shape of circle. A curve, whose shape is similar to an ellipse, in the zone of biaxial
compression values σ1 − σ2, σ3 = 0, is a track of boundary surface in the plane of principal stresses.
In the hydrostatic cross-section, the surface is formed by parabolic meridians intersecting at the tension
point corresponding to triaxial tension. The ellipse extreme corresponds to material strength to biaxial
compression f bc. Concrete strength to biaxial stress was empirically determined as f bc = 1.14f c, and the
corresponding eccentricity of the elliptical function was e = 0.52. For masonry units, the majority of
tests covered solid brick [24,49]. The obtained values of solid brick strength to biaxial compression f bc

were within the range 1.02–1.14 f c, and the corresponding eccentricity values were e = 0.501–0.511.
In tests [40,42] conducted by the authors on silicate and AAC masonry units, the following e values
were obtained: e = 0.504 (Ca-Si masonry units) and e = 0.52 AAC masonry units.Appl. Sci. 2020, 10, x FOR PEER REVIEW 13 of 32 
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The behaviour of the material under tension was described using the Rankine criterion, the model
of rotating smeared cracks or cracks developing in uniform directions, and the exponential function
of softening. The Rankine surface is pyramidal (Figure 8) due to intersecting planes expressing the
condition σk ≤ ft, which in Haigh–Westergaard coordinates has the following form:

f f = ξ−
√

2ρ cos Θ −
√

3 ft ≤ 0. (8)
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Figure 8. The Rankine criterion in Haigh–Westergaard space: (a) the space of principal stresses,
(b) axiatoric section, (c) deviatoric section.

The parameter of surface adjustment λt > 1 determined the position of M-W-3 surfaces to
the Rankine failure surface. At λt = 1, the plasticity surface of M-W-3 was always within the
Rankine pyramid, and at λt = 2 the surfaces intersected at the plane of hydrostatic tension and
minor compression. Figure 9 illustrates the relative location of boundary surfaces used in the
elastic–plastic-based degradation model.
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Figure 9. The relative position of the Rankine and M-W-3 surfaces at λt = 2: (a) view of surfaces in
principal stress space, (b) axiatoric sections, (c) deviatoric sections; 1—Rankine surface, 2—M-W-3
surface at k = 1 (yield strength), 3—M-W-3 surface at k = ko (end of elastic stage).

The required material parameters were obtained from the laboratory tests and validation of the
model described in the paper [42]. Table 4 presents material parameters for the wall and lintels used in
numerical calculations.
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Table 4. Parameters of the plastic and elastic model used in calculations.

Parameter Test Formula or Results Masonry Lintel

Uniaxial compressive strength f b, N/mm2 Assumed from the tests 4.04 3.71
Plastic strain under compression εcp Assumed from the tests 3.33 × 10−4 3.771
Uniaxial tensile strength fbt, N/mm2 Assumed from the tests 0.61 0.61

Initial modulus of elasticity Ec, N/mm2 Assumed from the tests 2204 2198
Poisson’s ratio ν Assumed from the tests 0.200 0.179

Fracture energy Gf, MN/m Assumed from the tests 1.07 × 10−5 1.602 × 10−5

Weakening function at tension Assumed softening described by the exponential function – –

Displacement wc under tension [m] Displacements were calculated from the equation wc = 5.14
G f

ftb
4.36 × 10−4 –

Crack spacing smax [m] Assumed constant value 0.5 0.5
Coefficient of tensile strength reduction at the softening phase cts Assumed constant value for unreinforced material 0 0

Model of cracks developing in uniform directions – –
Critical displacement under compression, m −5.0 × 10−4

−5.0 × 10−4

Reduction of compressive strength caused by cracking fc-lim 0.8 0.8
Compressive stiffness of cracks sF 20.0 20.0

Size of aggregate particles [m] Determined on the basis of macroscopic observations of the masonry units 0.02 0.02
Eccentricity of elliptical function e Determined from the tests 0.5 0.5

Direction of plastic flow Assumed as for incompressible material β = 0 β = 0
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Therefore, the stress state corresponding to tension and slight compression was expressed by the
Rankine failure surface. The failure surface at higher compressive values of hydrostatic stresses was
described by the M-W-3 surface. Displacement of the M-W-3 surface along the hydrostatic axis was
caused by changes in the parameter λt. The surface could expand, simulating the stages of hardening
or softening, depending on the parameter κ, related to dilatational, non-dilatational or plastic strains:

dκ = dεp
v = dεp

1 + dεp
2 + dεp

3. (9)

A temporary shape and location of the M-W-3 surface at the hardening phase was defined by the
hardening function (κ), which depended on the hardening/softening parameters [50,51]. The hardening
function was directly included in the M-W-3 failure surface as a scaling factor of material compressive
strength (f c) and had the following elliptic form [43]:

k(κ) = k
(
ε

p
v

)
= ko + (1− ko)

√√√√
1−

εp
v,t − ε

p
v

ε
p
v,t


2

, (10)

where εp
v,t is the plastic dilatational strain obtained from uniaxial compression test (the onset of

softening), and ko is the value defining the initial surface of plasticity that reduces the elastic state
(the onset of plasticity), where εp

v,t is the plastic dilatational strain obtained from the uniaxial compression
(the onset of softening), and ko is the value defining the initial surface of plasticity that reduces the
elastic state (the onset of plasticity). At the end of the process, the function of reinforcement maintained
a constant value, and the material came to the softening phase controlled by the softening function c,
which simulated decohesion by shifting the yield surface towards the negative part of the hydrostatic
axis. For the uniaxial compression, that function had the following form [43]:

c(κ) = c
(
ε

p
v

)
=

(
1/

[
1 +

(n1 − 1
n2 − 1

)2])2

, (11)

where n1 = ε
p
v/εp

v,t and n2 =
(
ε

p
v,t + t

)
ε

p
v,t.

Parameter t, describing the volumetric strain, controlled the slope of the softening function.
The value of the softening function c made the value equal to 1 at the phase of reinforcement and
equal to 0 at the complete softening phase of the material with decohesion. Changes in functions of
strengthening k and softening c are shown schematically in Figure 10.Appl. Sci. 2020, 10, x FOR PEER REVIEW 16 of 32 
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3.2.3. Model of Contact (Interface) Elements

Contact elements were used in the numerical models. They provided more accurate representations
of the model behaviour and the accuracy of obtained results. The contact elements were applied at the
interface between the masonry units in head joints, between the masonry units with mortar in bed joints,
and between the masonry units and reinforced concrete and steel elements. The initial shear stiffness
Ktt and the initial normal stiffness Knn were decisive parameters for the contact elements. Constitutive
relations for the flat state, regarding horizontal and standard displacements, were expressed in the
following way: [

τ
σ

]
=

[
Ktt 0
0 Knn

][
∆u
∆v

]
, (12)

where τ = shear stress, and σ = normal stress.
The failure surface was expressed using the Mohr–Coulomb criterion (Figure 11) for normal

compressive stresses (13) and elliptical cap at the side subjected to tension (14), in the following form:

|τ| ≤ fvo − tgασ, when σ ≤ 0, (13)

τ = τo

√
1− (σ−σc)

2

( ft−σc)
2 , τo =

1√
1−

σ2
c

( ft−σc)2

, σc =
− f 2

t tgα
fvo−2 fttgα

when, 0 < σ ≤ ft.

(14)

Appl. Sci. 2020, 10, x FOR PEER REVIEW 17 of 32 

 

For shear stresses greater than limit values described by relationships (13) and 
(14), the boundary surface was reduced to the residual surface, corresponding to the 
dry friction surface described by the following equations: 

| | αστ tg≤  when 0≤σ , (16) 

0=τ  when tf>σ . (17) 

A cap material was used in the interval of tensile stresses with the Mohr–
Coulomb criterion replacing straight lines and with the ellipse intersecting the axis 
of normal stresses at the point corresponding to tensile strength ft. The intersection 
point between the ellipse and the axis of shear stresses τ corresponded to cohesion 
c, and was tangential at that point to the Mohr–Coulomb line (Figure 11). Therefore, 
parameters of interface elements had to meet the following conditions: 

α
f

<ft tg
vo , vof<ft , (18) 

0>c , 0>ft , 0tg >α . (19) 

 

Figure 11. Failure criterion taken for contact elements: 1—boundary surface, 2—residual surface. 

The relationships of shear stress–displacement, and normal stress–displacement 
until achieving the failure surface by shear stress were linear, defined by the initial 
shear stiffness Ktt and the initial normal stiffness Knn (Figure 12). Due to there being 
zero thickness of the contact elements, stiffness values should be greater than those 
of adjacent finite elements, but at the same time low enough to avoid numerical 
instability. 

 

Figure 11. Failure criterion taken for contact elements: 1—boundary surface, 2—residual surface.

For normal stress greater than tensile strength, the criterion was expressed as

τ = 0, when σ > ft. (15)

For shear stresses greater than limit values described by relationships (13) and (14), the boundary
surface was reduced to the residual surface, corresponding to the dry friction surface described by the
following equations:

|τ| ≤ tgασ when σ ≤ 0, (16)

τ = 0 when σ > ft. (17)
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A cap material was used in the interval of tensile stresses with the Mohr–Coulomb criterion
replacing straight lines and with the ellipse intersecting the axis of normal stresses at the point
corresponding to tensile strength f t. The intersection point between the ellipse and the axis of shear
stresses τ corresponded to cohesion c, and was tangential at that point to the Mohr–Coulomb line
(Figure 11). Therefore, parameters of interface elements had to meet the following conditions:

ft <
fvo

tgα
, ft < fvo, (18)

c > 0, ft > 0, tgα > 0. (19)

The relationships of shear stress–displacement, and normal stress–displacement until achieving
the failure surface by shear stress were linear, defined by the initial shear stiffness Ktt and the initial
normal stiffness Knn (Figure 12). Due to there being zero thickness of the contact elements, stiffness
values should be greater than those of adjacent finite elements, but at the same time low enough to
avoid numerical instability.Appl. Sci. 2020, 10, x FOR PEER REVIEW 18 of 32 
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Additionally, stiffness values Ktt,min and Knn,min were required to obtain numerical solutions for
the softening phase. Values were chosen iteratively, decreasing initial stiffness values Ktt and Knn.
Multi-section relationships could be defined to describe the behaviour of the contact element subjected
to tension and shearing. Two-section softening laws, shown in Figure 13, were the simplest solutions.
Characteristic breaking points of curves were defined according to [52], from the following equations:

s1 =
ft
4

, ∆u1c = 0.75
GII

f

ft
. (20)
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Apart from fracture energy GI
f determined under the axial tension and GII

f at shearing, the softening
laws depended on equivalent displacement, and were defined in the following way:

ueq
f =

√
∆u2

f + ∆v2
f , (21)

where ∆u f = ∆u − ∆ue signifies non-elastic horizontal displacement, calculated as the difference
between total ∆u and elastic displacements ∆ue, and ∆v f = ∆v − ∆ve signifies non-elastic vertical
displacement, calculated as the difference between total ∆v and elastic displacements ∆ve.

That solution caused the cohesion degradation to have an impact on tensile strength, and vice
versa. For example, when the bond was damaged by compression, tensile strength was also reduced.
A typical behaviour of the contact elements in elastic and post-elastic phases caused by shearing and
tensions is shown in Figure 12. The default behaviour of the contact elements was brittle (straight
line) when the softening laws were not defined. In addition, default breaking of the curve and shear
stress values reduced to the value of dry friction at shearing. Material parameters are presented
in Tables 5 and 6.
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Table 5. Parameters of contact elements taken for modelling autoclaved aerated concrete (AAC) walls.

Parameter Test Formula or Results Bed Joint Head Joint

1 2 3 4

Normal stiffness Knn, MN/m
Calculated from the equation: Knn = E

a 10
E—the greater of the elasticity moduli of adjacent materials;

a—dimension of finite element Knn = E
a 10

1.02 × 106 1.02 × 106

Shear stiffness Ktt, MN/m
Calculated from the equation: Ktt =

G
a 10

E—the greater of the shear moduli of adjacent materials;
a—dimension of finite element

4.51 × 105 4.51 × 105

Tensile strength f bt, N/mm2 Determined from tests 0.29 0
Cohesion f v0 Determined from tests 0.31 –

Friction coefficient tgα Determined from tests 0.626 0.92
Normal stiffness Knn,min, MN/m Calculated as 0.01 Knn 1.02 × 104 1.02 × 104

Shear stiffness Ktt,min, MN/m Calculated as 0.01 Ktt 4.51 × 103 4.51 × 103

Fracture energy under shearing GII
f , MN/m Determined from tests 2.37 × 104 –

Displacement u1c, mm Calculated from the equation:∆u1c = 0.75GII
f / ft −6.13 × 104 –

Equivalent displacement u f
eq, mm Calculated from the equation: u f

eq =
4
(
2GII

f − ftu1c

)
ft

4.09 × 104 –

Weakening function at tension – Assumed default relationship acc. to Figure 3b

Softening function at tension Assumed as for incompressible material Assumed two-section
relationship acc. to Figure 3a

Assumed default relationship
acc. to Figure 3b

Table 6. Parameters of interface elements at the interface of the wall and reinforced concrete elements.

Parameter Test Formula or Results Bed Joint Head Joint

1 2 3 4

Normal stiffness Knn, MN/m Calculated from the equation: Knn = E
a 10 3.92 × 106 1.02 × 106

Shear stiffness Ktt, MN/m Calculated from the equation: Ktt =
G
a 10 1.67 × 105 4.51 × 105

Tensile strength f bt, N/mm2

Assumed value as for the wall
1.5 1.5

Cohesion f v0 ∞ ∞

Friction coefficient tgα ∞ ∞

Normal stiffness Knn,min, MN/m Calculated as 0.01 Knn 3.92 × 104 1.02 × 104

Shear stiffness Ktt,min, MN/m Calculated as 0.01 Ktt 1.67 × 103 4.51 × 103
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3.2.4. Model of Reinforcement

The steel reinforcement was modelled with the Huber–Mises–Hencky yield surface, illustrated by
Haigh–Westergaard coordinates as an infinitely long cylindrical surface (Figure 14) expressed by the
following equation:

F(ρ) = ρ−

√
2
3

ft, (22)

where ft is the yield strength of steel.
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The criterion, based on a bilinear relationship between stress and deformation, was used with the
associated flow law and kinematic hardening law (Figure 14) that is usually adequate for metals and is
known as the Prandtl-Reuss model (Figure 15). The applied law of kinematic hardening takes into
account the change in orientation of the yield surface under compression due to tensile yield strength,
that is, the Baushinger effect. Parameters of concrete steel in lintels, confining elements and tie beams
are shown in Table 7.Appl. Sci. 2020, 10, x FOR PEER REVIEW 21 of 32 
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Table 7. Mechanical parameters of concrete steel used in the numerical model.

Type of Reinforcement
and Dimensions of Rebar

Cross-Section, mm

Parameter
Es

N/mm2 ν
Rp0,2

N/mm2
ET

N/mm2
Rt

N/mm2
εlim
%

Longitudinal reinforcement in lintels
(round rebars with a diameter of 8 mm) 198,000

0.3

520 245 544 9.9

Transverse reinforcement in lintels
(round rebars with a diameter of 4.5 mm) 201,000 479 233 501 9.6

Longitudinal reinforcement in confining
elements and tie beams

(round rebars with a diameter of 12 mm)
179,330 616 242 644 11.9

Transverse reinforcement in lintels
(round rebars with a diameter of 10 mm) 178,500 685 261 716 12.3

The models of materials and contact elements used were calibrated and verified by conducting
numerical analysis of the wall models to determine the wall strength. The obtained results are described
in [9,53–55]. The results, in the form of the relationship between the normal stress σy and horizontal εx

and vertical deformations εx, were compared with experimental results. Initially assumed parameters
of materials indicated that the results for maximum compressive stress were lower by 30% than the
test results, and that the moduli of longitudinal elasticity were consistent. Such a big discrepancy
in the failure stress led us to assume some material parameters corresponding to masonry units and
replacement of bed joints with the contact elements. The calibration of material parameters consisted in
using the reduction coefficient, equal to the ratio of the compressive strength of wall to the compressive
strength of the masonry unit. For compressive strength values obtained from the tests, the reduction
coefficient was equal to f cm/f b = 2.83/4.04 = 0.70. The results of the numerical calculations based on the
corrected material parameters differed by no more than 2% from the experimental results. The wall
analysis, with reference to deformability and crack morphology, also provided satisfactory results.
The calibrated elastic–plastic model of the material with the failure surface was used for analysis in the
subsequent phase.

3.2.5. Numerical Models of Whole Walls and Their Parts

Numerical models were developed for each test model of the parts of full-scale walls using ATENA
software [50]. The symmetry of the test models was used to model a half of the test model with steel
elements of the test stand. The elastic–plastic model of the M-W-3 materials was assigned to masonry
units and AAC lintels. Material parameters are shown in Table 4 (Section 3.2.2). The contact elements,
with parameters shown in Table 5 (Section 3.2.3), were used in the bed and head joints, and between
the wall and the tie beam. The elastic-based degradation material, with parameters specified in Table 2
(Section 3.2.1), was used for reinforced concrete elements. The Huber–Mises–Hencky (H-M-H) models,
with parameters shown in Table 7 (Section 3.2.4), was used for steel reinforcement placed in the lintel.
Four-node finite elements, with two degrees of freedom for each node and the plane stress state,
were used to model the wall and the lintels. The side of each finite element had a maximum length
of 20 mm. Reinforcement in AAC lintels, confining elements and tie beams was modelled using
bar finite elements with one degree of freedom for each node. Total adhesion of reinforcement to
adjacent concrete was applied. The models of wall parts were loaded in sequences during three phases
corresponding to loading phases of the laboratory models. The load applied in phase I resulted from
the self-weight of the model and elements of the test stand. The first loading stage was realized in the
subsequent stage, that is, horizontal loads were transmitted through the prestressing tendon system
on the models of wall parts, or vertical load was transmitted to the full-scale walls through tendons.
In phase III, the models were loaded, that is, load from the spreader beams was applied. Loading was
divided into steps in each phase: three steps in phase I, ten steps in phase II and an increase in the load
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by 1 kN until the complete loss of strength was brought about in the final phase. The numerical models
of wall parts are shown in Figure 16, whereas the models of full-scale walls are illustrated in Figure 17.
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parts of the walls obtained with the non-contact optical system during the laboratory 

Figure 16. Numerical models of wall parts used in finite element method (FEM) calculations for the
following series: (a) model of elements of the numeral model I (NI) series, (b) model of elements
of the NII series, (c) model of elements of the NIII series: 1—masonry units with the elastic-plastic
based M-W-3 model, 2—reinforced concrete elements with the brittle model, 3—contact elements in
bed joints, 4—contact elements in head joints, 5—finite elements representing reinforcement with the
Huber–Mises–Hencky (H-M-H) model.
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Figure 17. Numerical models of walls used in FEM calculations for the following series: (a) model of
MNSO wall, (b) model of MSO wall, (c) model of M2SO wall: 1—masonry units with the elastic-plastic
based M-W-3 model, 2—reinforced concrete elements with the elastic-brittle based model, 3—contact
elements in bed joints, 4—contact elements in head joints, 5—finite elements representing reinforcement
with the H-M-H model.
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4. Results of Numerical Analysis

4.1. Parts of Walls

Results of numerical analysis and experiments were compatible in the range of the load-carrying
capacity of models and the failure method. Images of damaged parts of the walls obtained with the
non-contact optical system during the laboratory tests and the results of the numerical model at the
failure phase are compared in Figure 18.Appl. Sci. 2020, 10, x FOR PEER REVIEW 25 of 32 
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Figure 18. Damage recorded by the optical system compared with the damage to the numerical model
for the elements of the following series: (a) NI, (b) NII, (c) NIII.

The maximum load of 444 kN and the corresponding deflection of 2.89 mm were reached in the
first numerical model, NI. Destructive force at the level of 93% and lintel deflection at the level of
129% (2.9 mm) were obtained by comparing values from numerical calculations and mean values for
the models of the NI series. First cracks were found at the lintel, above the support edge, under a
load of 384 kN and a lintel deflection of 0.6 mm, which was 50% of the deflection and 94% of the load
in the NI-1 and NI-2 test models. The lower convergence of results was found when those values
were compared with models NI-3 I NI-4, for which the cracks were observed using the optical system.
The calculated deflection and loading were respectively 333–375% and 392–469% of the values recorded
during the tests.

For another numerical model, NII, the maximum load was 420 kN, and the deflection at failure
was equal to 11.2 mm, which constituted 85% and 220% of mean values obtained from the tests.
The first cracks in the numerical model developed at the support edge of the lintel, as in the case of the
model with five layers of brickwork. The obtained cracking force was 312 kN and the corresponding
deflection was 0.6 mm. When those results were compared with the mean values obtained for the tested
models of the NII series subjected to optical analysis, the cracking force and deflection constituted
238% and 167% of the experimental values.

The smallest numerical model, NIII, was destroyed under a load of 376 kN and a deflection of
5.37, which constituted 85% of the loading force and 70% of the mean values from the tests. Cracking
of the model developed simultaneously between the masonry units and at the support edge of the
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lintel. The force was 220 kN, which constituted 247% of the cracking force, and deflection was equal to
0.45 mm, which constituted 98% of the deflection determined by the tests. Figure 19 illustrates the
relationship between loading and displacement of laboratory and numerical models.
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By comparing the relationship between force-deflection, illustrated in Figure 19, deflection of
the lintel obtained from the numerical model was found to be smaller than in the laboratory models.
This was caused by difficulties in proper modelling of cracks. Cracks that appeared in the laboratory
models became wider under an increase in loading, and consequently deflection increased. It is difficult
to reproduce this effect using the numerical model.

4.2. Full-Scale Walls

As for wall parts in the models of full-scale walls, the results of the numerical analysis were
compatible with the experimental results regarding both the load-carrying capacity and the way they
are damaged. The image of damaged parts of the walls obtained with the non-contact optical system
during the laboratory tests and the numerical model at the failure phase are compared in Figure 20.Appl. Sci. 2020, 10, x FOR PEER REVIEW 27 of 32 
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Results of the numerical analysis were compared with mean values of destructive force and
deflection obtained for each series of the tested models. For the model MNSO, the maximum destructive
force acting on the lintel was 210 kN, and the deflection was 11.7 mm. The obtained destructive force
was greater by 9% than the force obtained during the tests, and the value of deflection constituted 36%
of the experimentally obtained deflection. For the numerical model MSO, the obtained destructive
force of 215 kN was equal to the test force, and the deflection of 24.1 mm was greater by 84% than
the corresponding deflection obtained during the laboratory tests. Similar discrepancies between
the results from the numerical analysis and laboratory tests were observed for the model M2SO.
The destructive force of 255 kN was smaller by 4%, and the deflection of 23.4 mm was greater by 200%
than the corresponding destructive force and deflection obtained during the laboratory tests. Figure 21



Appl. Sci. 2020, 10, 5446 24 of 28

presents the relationship between the load and the displacement of the numerical models and the tests
models of confined walls.
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Figure 21. Compared relationship between the load and the displacement of the lintel, determined
experimentally and from numerical calculations for the models of the following series: (a) MNSO,
(b) MSO, (c) M2SO.

A few operating phases of the lintel/masonry/reinforced concrete elements could be distinguished
in all tested models of walls. The elastic phase in the test and numerical models began from the
moment of loading until the formation of the first cracks in the lintel induced by its deflection or a
crack in the bed joint over the lintel (crack opening in the interface elements in the numerical model).
Then, there was a post-elastic phase lasting from the moment of the lintel cracking (crack opening
in the interface elements) to the moment of reaching the destructive force. After reaching the value
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of the ultimate force Fu, the model entered into the softening phase, during which a further increase
in the lintel deflection occurred and was disproportional to the change in the loading force exerted
on the research model. In that phase, cracks were significantly wider. Moreover, spalling of masonry
units and loosening of the concrete cover were observed. The softening phase in the numerical
model was not apparent, despite using the contact elements and the elastic–plastic model of the
material. Further development of the applied model is required to include that phase in the numerical
calculations. However, it is a difficult task, as the models behaved differently in the final phase after
reaching the destructive force value. In the models with inner peripheral confinement (M2SO series),
there was a rapid decrease in the load, whereas vertical displacements of the lintels were greater. In the
non-confined MNOS models and the MSO models confined along their perimeter, the softening phase
was mild. The destructive force obtained for non-confined walls was kept constant while deflection of
the lintel was increasing. For the most confined walls (M2SO models), when the ultimate force was
reached, there was an increase in deflection of the lintel and a simultaneous slight increase of the load.

The sequence of damage was similar in laboratory tests and numerical analyses. In the non-confined
walls of the MNSO series, cracking was at first noticed in the lintel over supports at a deflection of ca.
0.8 mm obtained during the tests. Crack opening in the interface elements of the numerical model was
observed later, at a deflection equal to 10 mm. In the next step, diagonal cracks were formed in the
bottom part of the lintel, at the supports. In the final phase, numerous vertical cracks developed in the
lintel supports.

The first cracks in the MSO models, confined along their perimeters, were induced by bending
during displacement on the order of 0.5 mm. Later, loss of mortar adhesion to masonry units in the
joint between the lintel and the masonry occurred. Crack opening in the interface elements occurred at
a deflection equal to 0.7 mm. Furthermore, diagonal cracks developed and ran from the top edge of the
lintel to the support, and then other diagonal cracks in the support zone were observed. The greatest
cracks in the reinforced concrete spandrel beam were formed at the midspan of an opening, which was
not surprising.

In the models with inner peripheral confinement (test and numerical M2SO models), the final
arrangement of cracks was similar to the one in the models of the MSO series (the wall confined along
the perimeter); however, the sequence of their formation was different. At first, the bed joint above the
lintel was cracked at a displacement of 0.5 mm. Crack opening in the interface elements occurred at
a deflection equal to 0.7 mm. Then, the cracks induced by bending developed at the midspan with
simultaneous cracking at the junction with the reinforced concrete core. The post-elastic phase of the
masonry/lintel/reinforced concrete layout was completed when the first diagonal cracks propagated
from the bottom to the central area, and other cracks were running towards the support edge; however,
they never reached the edge, unlike in the models of the MSO series. Failure of the tie beam occurred
as a result of shearing. Analysing the course of crack development in lintels and reinforced concrete
elements, as well as the results of the numerical analysis, it can be stated that the cores confining walls
had an impact on the tie performance and the deformation level of walls.

As was observed in smaller models, there were some differences in deflections of the lintel
obtained from the laboratory tests and the numerical model. The biggest difference was found for the
unconfined model. Differences resulted from crack width in the laboratory models. Local crushing of
the material was also observed in the real models, as opposed to the numerical model.

5. Conclusions

This paper described the procedure of modelling masonry constructions made of autoclaved
aerated concrete. The strategy used for numerical modelling was presented. We proposed our own
approach to homogenisation of the masonry units and the interface elements using the standard
models. The applied material models, the structure of numerical models of wall parts and full-scale
walls were discussed. The calculated results were shown using ATENA 2D software.
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The conducted numerical analyses indicated that the comparison of the strength criterion and the
elastic–plastic M-W-3 model, as well as the interface elements, can be used to track the morphology
of cracks and the method of the model failure. The obtained results are satisfactory regarding the
relationship of load-deflection at the elastic and hardening phases. The largest discrepancy between
results from the calculations and the tests was found at the softening phase when the maximum load
was reached. The method of plane modelling (2D) instead of real spatial conditions and the possible
spread of material parameters for the masonry units and the wall in the post-failure phase had the
greatest impact on the observed discrepancies. Further analyses will be performed on the modelling of
walls using homogeneous models under spatial stress using 3D models.
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