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Abstract: Topological optimization can realize the optimization of the mass distribution in the 
whole objective domain. Compared with morphology and size optimization, it has a higher degree 
of freedom. In this work, the three-dimensional topological optimization based on piezoelectric 
materials was discussed. Using the Optimality Criteria, topology optimization was applied to the 
cantilever piezoelectric transducer. The structure optimization was realized with the voltage and 
stiffness as the multi-objective function. The corresponding codes are given to show the process of 
optimization. With 70% of the origin volume, the bi-objective optimization increases the global 
stiffness by 50.9% and the voltage by 30%. As the iteration process shows, the results of bi-objective 
optimization prove the value of additive mass at the bottom of the cantilever. This lays the 
foundation for future piezoelectric transducer structural optimization. Using only stiffness as the 
objective, the final objective increases inconspicuously. Bi-objective optimization shows its 
superiority. There are quite a few papers that research the combination of stiffness and voltage, and 
research which studies three-dimensionality is a point of innovation. Furthermore, this is also the 
first time a piezoelectric topology code has been shared. 

Keywords: piezoelectric energy harvester; topological optimization; bi-objective; three-
dimensional; compliance 

 

1. Introduction 

Fossil fuel energy reserves are declining and will fade out of human history in the near future. 
Consequently, new sustainable energy sources are becoming more and more popular for researchers. 
State-of-the-art, small-scale electronic devices have promoted the need for portable, small, efficient, 
self-powered energy generators. Such small-scale electronic devices are hard to charge considering 
their size and commonly far-away location. Therefore, the self-powering property is an intriguing 
solution to this [1,2]. Piezoelectric material can exactly fulfill these requirements. By capturing the 
pressure or movement of the natural world, a piezoelectric harvester could generate electric power. 
Moreover, it could capture outside disturbance, which could also serve as a sensor. Therefore, the 
design of the piezoelectric harvester is the key question explored here. 

The designs of piezoelectric actuators and energy harvesters are complicated [3–6]. In recent 
years, topological optimization and other systematic design methods have been successfully applied 
to solve the optimization problem, and the optimal design has been obtained. By combining the 
homogenization method with the topology optimization method, the unit cell topology could be 
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optimized. Using the Sequential Linear Programming (SLP) method, the material topology is realized 
[7,8]. The design variables describe the allocation of piezoelectric material and polarization degrees 
at each finite element unit, and this can be applied to the design of sensors, actuators, and energy 
harvesters [9,10]. The geometric design freedom and multi-material parallelism of 3D printing make 
it possible to manufacture topology-optimized flexible mechanisms. Abbas et al. researched a 2D 
piezoelectric topology problem, and discovered the best possible layout to overcome the charge 
cancellation problem [11]. Chamoin et al. researched the topology optimization problem surrounding 
hydrophones. Using the level set method, the hydrostatic charge efficiency is enhanced [12]. Creaco 
et al. propose the bi-objective optimization for the installation of pumps operating as turbines (PATs) 
in systems of transmission mains [13]. 

Cory et al. [14] used topology optimization to design piezoelectric energy harvesting systems 
based on multilayer plates and shells. They employed the finite element method in order to build a 
coupled electromechanics model of the piezoelectric harvesting structure and a lumped parameter. 
This was done to develop overarching design principles for piezoelectric energy harvesting devices. 
Martin et al. [15] studied the topology optimization of the design of piezoelectric plate and shell 
actuators. The aim of this was to achieve maximum output displacement in a given direction at a 
given point of the structure, whilst simultaneously minimizing the structural compliance. Carbonari 
et al. [16] designed piezoelectric actuators based on the flexible structure actuated by piezoceramics. 
A simultaneous search was conducted in order to discover the position of the piezoceramic in the 
design domain and the optimal rotation angles of piezoceramic material axes that maximize output 
displacements or output forces. Ha et al. [17] et al. developed the design sensitivity analysis and 
topology design optimization methods for piezoelectric resonators, and computed the necessary 
design gradients for eigenvalue problems. Kiyono et al. [18] studied the laminated piezo composite 
shell structures using topology optimization, with the polarization distributions of the piezoelectric 
material and the fiber angle of the composite orthotropic layers as the objective. Sivapuram et al. [19] 
introduced a new method to optimize structure and material simultaneously, by linearizing and 
formulating in order to solve the macro and microscale design problems, and to gain an overall 
optimum solution. Ivan et al. proved that a topology problem could be reformed into an image 
segmentation task, and that this could then be solved using a deep neural network [20]. Zhu et al. 
proposed a review that shows the wide usage of the topology method utilized on aircraft designs. 
The problems of stiffness ribs design, multi-component design, and multi-fasteners design could be 
solved using the topology method [21]. Sigmund et al. presented a 2D topology code using the 
Optimality Criteria (OC) method [22]. Liu et al. extended the topology research into the 3D situation 
and provided relevant codes [23]. 

At present, piezoelectric topology focuses on improving the electromechanical conversion 
coefficient and reducing material flexibility, however there is little multi-objective research exploring 
binding power output and natural frequency. This is because of the low manufacturability after 
topology design, and the emergence of 3D printing solves this problem. In recent years, the study of 
topology optimization has been developed rapidly. 

In this work, the three-dimensional topological optimization based on piezoelectric materials 
has been discussed. Using the Optimality Criteria, topology optimization is applied to the cantilever 
piezoelectric transducer. The structure optimization was realized with the voltage and stiffness as the 
objective function. The corresponding codes are given to show the process of optimization. This bi-
objective optimization shows an obvious increase in both stiffness and voltage output. As the 
iteration process shows, the results of bi-objective optimization prove the value of additive mass at 
the bottom of the cantilever. This lays the foundation for future piezoelectric transducer structural 
optimization. Using only stiffness as the objective, the objective increases inconspicuously. Bi-
objective optimization shows its superiority. As far as the author knows, relevant research that 
focuses on stiffness and voltage is limited, and even fewer papers extend it to the 3D situation. 
Existing papers [24,25] have conducted research based on the 2D situation for simplicity, and some 
of them used a truss structure. Their research results focus on amplifying displacement and 
enhancing electromechanical conversion efficiency. Therefore, this research, which focuses on 
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enhancing the voltage and stiffness of the piezoelectric energy harvester based on the 3D situation, is 
innovative. Additionally, this is also the first time a piezoelectric topology code has been shared. 

2. Topology Optimization Problem 

Topology optimization is one aspect among various optimization problems. Its core theory is to 
adjust and optimize the mass distribution variable, ‘x’, which is the percentage of the mass 
distribution for each unit, leading to the optimal mass distribution of the overall structure and the 
minimum of the objective function value. Hence, in this work, topology optimization can be written 
as 𝑓(𝑥), and the equation is shown as Equation (1)  

min : ( ) *f x SE g MSE= −  (1) 

1
= ( )

n
T p T e

e e uu e
i

SE U KU x u k u
=

=  (2) 

1
= ( )
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T p T e

e e uu e
i

MSE V KU x v k u
=

=   (3) 

The objective function consists of SE (strain energy) and MSE (mutual strain energy). SE refers 
to compliance, and the overall stiffness of the structure can be enhanced by minimizing SE. MSE 
refers to the compliance of a certain point, and the voltage output can be enlarged by maximizing 
MSE. It is expected that the piezoelectric transducer possesses a larger overall stiffness and a larger 
displacement of the top point, so as to achieve a larger electrical output. The step to solve MSE 
involves replacing the originally applied force with the unit force at the required point [26]. 

Where the constraints of equality and inequality are presented as Equations (4)–(6). 

0
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𝑈 , 𝐹 , 𝑄,  and Φ are global displacement, load, potential, and the global charge matrix, 
respectively. Correspondingly, 𝑘 , 𝑘  and 𝑘  are overall stiffness matrix, piezoelectric matrix, 
and dielectric matrix, respectively. Meanwhile, 𝑘 , 𝑘  and 𝑘  are that of a single element, 
respectively. n  is the number of all elements. If we assume that 𝑛𝑒𝑙𝑥, 𝑛𝑒𝑙𝑦, and 𝑛𝑒𝑙𝑧 are the cuboid 
dimensions in three directions, then it is obvious that 𝑛 = 𝑛𝑒𝑙𝑥 ∗ 𝑛𝑒𝑙𝑦 ∗ 𝑛𝑒𝑙𝑧. ‘x’ is the variable in the 
topology optimization process, whose numerical value is between 0 and 1. If ‘x’ of a single element 
is 0, we consider that the element does not exist. On the other hand, when an element’s ‘x’ is 1, then 
it exists completely. Furthermore, if the ‘x’ is neither 0 nor 1, it is in a semi-existence state. Generally, 
a threshold is set artificially to judge the specific state of a certain unit. For example, when the 
threshold is set to be 0.5, and if the value of ‘x’ is less than 0.5, then that element can be ignored. 
Otherwise, it should be taken into consideration. Finally, the importance of certain areas can be 
judged by the distribution of the ‘x’ value overall, which contributes to the further shape design 
according to manufacturability and connection requirements, such as hinge boundary and so on. 
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Given the singularity during the calculation process, the minimum of ‘x’ is usually set to be a minimal 
value [22], such as 0.001, rather than 0 directly. p is the penalty coefficient, which is used to limit the 
speed and direction of iterations. Generally, p is much more appropriate to be set as 3 according to 
engineering experience. f is volume fraction, and the destination of topology optimization is to obtain 
the best mass distribution (the distribution of ‘x’) under the given volume fraction. The value of ‘f’ is 
also between 0 and 1. Additionally, the variable ‘g’ is the correlation coefficient which can adjust the 
relative values between MSE and SE, and can also adjust the iteration process and convergence speed. 

3. Construction of 3D Piezo Finite Element Model 

(1) Piezoelectric equation 
The coupling of the mechanical and electrical properties of linear piezoelectric materials could 

be characterized by the following formula (Equations (7) and (8)), and the heat effect could be 
ignored.  

ET c S eE= −  (7) 

SD eS Eε= +  (8) 

where 𝑇 is stress, 𝑐  is the elastic matrix under constant strain, 𝑆 is the strain, 𝑒 is piezoelectric 
constant, 𝐸 is electric field intensity, 𝐷 is electric displacement, 𝜀  is dielectric constant under the 
constant electric field. 

(2) Material property 
Material PZT-4 of the IEEE standard was selected [27], and the parameters were as shown in 

Equations (9)–(11). 
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=  
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6.45 0 0
0 6.45 0
0 0 5.62

Sε
 
 =  
  

 (11) 

(3) Element Stiffness matrix 
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The hexahedron element, shown in Figure 1, was chosen for the element type of the structure. 
The displacement field could be expressed by the interpolation function N and its coordinates, as 
indicated in Equation (12). 

1 1 2 2 3 3 4 4

1 1 2 2 3 3 4 4

1 1 2 2 3 3 4 4

x x N x N x N x N
y y N y N y N y N
z z N z N z N z N

= + + +
= + + +
= + + +

 (12) 

 

Figure 1. 3D hexahedron element and its coordinate system. 

The interpolation function (or so-called shape function) N was given by Equation (13) [23]. 

1 2 3

1 2 3

1 2 3

1 2 3

1 2 3

1 2 3

1 2 3
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(1 )(1 )(1 )
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x x x
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x x x

N
x x x
x x x
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x x x

− − − 
 + − − 
 + + −
 − + − =  − − +
 

+ − + 
 + + +
 

− + +  

 (13) 

The deduction of the equations of displacement and potential in terms of FEM was discussed. 
Here, the relationship between E and 𝜙 is shown in Equation (14) [28]. 

1 2[ ... ]e e e
mE grad grad N grad N grad Nφ

→ → → →
= − = −  (14) 

This could be rewritten as Equations (15)–(17). 

[ ]e eE Bφ= − Φ  (15) 

1 2[ ] [ ...... ]e e e e
mB B B Bφ φ φ φ=  (16) 
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where 𝛷  is the potential of the point and 𝐵  is the derivative of the vector of shape function N. 
Similarly, as for the displacement field, we used Equations (18)–(20). 
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Applying the Lagrange’s equation [29,30], the matrix form of the equilibrium equation was 
obtained as Equation (21). 
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The coefficients of the element stiffness matrix were as Equation (22). 
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where [𝑘 ], [𝑘 ], [𝑘 ] refer to element elastic matrix, nodal matrix, and piezoelectric matrix, 
respectively. Since the element type was a hexahedron element, the field of integration could be 
explicitly rewritten as . In the context of the multi-node interpolation element, Gaussian 
interpolation was generally applied to accelerate the computing process [31]. The element equation 
was in a simple form, and therefore complete integration could be executed when going through the 
computing process. 

The definition of shape function N and the derivative of 𝐵  and 𝐵  are shown in 
Supplementary CODE. 1. 

The code referred to the assembly of matrix B and the assignment of the piezoelectric matrix. 
The integration procedure was realized, and the variable type was converted from “syms” to 
“double” for the later calculation steps (Supplementary CODE. 2). Finally, the data were stored in 
three-element matrices, which would be used in every iteration. 

Sigmund [22] presented a topological optimization method and gave out a code in terms of 2D 
isotropic materials. In this work, the multi-objective optimization of voltage and stiffness was 
conducted by generalizing Sigmund’s method and code to 3-dimensional situations, as well as 
piezoelectric FEM calculation cases. 

Based on Sigmund’s code, which proposed an assembly method under the two-dimensional 
method, this study extended the three-dimensional case. The coordinate system is shown in Figure 
2. To facilitate analysis, a cuboid was selected as the model. The red dotted box indicates the original 
shape, and the black box shows the deformation result after stretching. The applied load of 20 N was 
set at 4,3,2 along the Z direction. This visual code was written by the author (the finite element model 
calculation part referred to the code of Liu [22] et al.), as shown in Supplementary CODE. 3. 

 
Figure 2. The model and its deformation diagram. 

The encoding of every node starts from (0, 0, 0); first along y, then along x, and finally along z, 
after finishing the encoding of the entire surface. To facilitate distinction, the colors of the surfaces 
with different z values have been distinguished. A unit was extracted separately, and its coding was 
studied, as shown in Figure 3. It could be seen that if the sequence numbers in the 𝑥, 𝑦, 𝑧 directions 
were 𝑒𝑙𝑥, 𝑒𝑙𝑦, 𝑒𝑙𝑧, the total length in the three directions were 𝑛𝑒𝑙𝑥, 𝑛𝑒𝑙𝑦, 𝑛𝑒𝑙𝑧, and the code numbers 
of the four points at the top of each unit could be represented by 𝑛 , 𝑛 , 𝑛 , 𝑛  in Supplementary 
CODE. 4. Figure 4 shows the code values of eight points of a unit. After the code was expressed, the 
code value could then be used to express the degrees of freedom in the three directions of 𝑥𝑦𝑧. The 
degree of freedom could be used to extract the displacement value and the potential value at the 
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corresponding position of 𝑈  and 𝜙 , as shown in Supplementary CODE. 5. Liu [22] introduced 
another way of expressing three-dimensional units, however the method in this study was more 
readable and easier to understand, and so this method was used in this work. 

 
Figure 3. Model coding schematic diagram. 

 
Figure 4. Individual units and their numbers. 

(4) Global stiffness matrix assembly 
In this section, the global stiffness matrix was assembled by filling the corresponding element 

stiffness matrix in the corresponding position. The code representation is shown in Supplementary 
CODE. 6. 

4. Optimizer Based on Optimal Criterion Method 

The Optimality Criteria method, proposed by Sigmund, (also known as the OC method) is used. 
Then, the Lagrange multiplier method is used to derive the expression of the OC method as shown 
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in Equation (23). For the sake of simplicity, since the expressions of MSE and SE are similar, MSE is 
omitted here. 

1
( ) ( ) ([ ]{ } { })

n
T

j j j
j

L C x V x V K U Fλ
=

= + ∧ − + −  (23) 

Among them, 𝐶(𝑥 )  is the cost function, also called the objective function. ∧  and 𝜆  are 
Lagrange multipliers. 

First, the objective function is derived as in Equation (24). 
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j j j j

C U K UK U U U U K
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∂ ∂ ∂ ∂= + +
∂ ∂ ∂ ∂
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Furthermore, the equation mentioned above is substituted into the Lagrange function as shown 
in Equation (25). 
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   ∂ ∂ ∂ ∂ ∂ ∂= + + + ∧ + +      ∂ ∂ ∂ ∂ ∂ ∂   

 
(25) 

The last term rewrites the derivative of F. Since F had nothing to do with the independent 
variable, the last term was equal to 0. This deforms the piezoelectric constitutive equation to get the 
Equations (26)–(29). 

KU F∂ = ∂（ ）  (26) 

( )TU K F∂ = ∂  (27) 
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U KK U
x x

∂ ∂+ =
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 (29) 

For the above formula, we multiplied U on the right side to eliminate the first two terms, 
multiplied U on the left side to eliminate the third term, and then moved the term to simplify and get 
formula Equation (30). 

[ ]{ } { }T
j

j j

L KU U V
x x

∂ ∂= − + ∧
∂ ∂

 (30) 

According to the nature of the optimization problem, the formula (30) could be set to 0 further 
to obtain Equation (31). 

[ ]{ } { }T
j

j

KU U V
x

∂ = ∧
∂

 (31) 

That was according to the fact shown in Equation (32) [32,33]: 
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j j j j
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V

− Δ
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A more general case was given by a NASA work [34], which defined a special case of the 
multiplier, 𝐷, as shown in Equation (33). 
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D
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 (33) 

𝛻𝑓  is the derivation of the objective function in Equation (33), and ∑ 𝜆 (𝛻 𝑔 )  is the 
accumulation of the Lagrangian multiplier and the corresponding product term. By setting 𝑥 /𝑥  
to 1, stepwise iteration could be achieved to obtain the first derivative of 0, as shown in Equation (34): 
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The paper by Andreassen [35] pointed out that since the element was assumed to be a regular 
hexahedral with a constant volume when the finite element model was established, then the 
denominator term of the formula was always 1, and can be ignored. 

Therefore, a heuristic update method could be obtained [22]. The upper and lower limits were 
added outside the formula, and some penalty factors were introduced to adjust the iteration speed 
(Equation (35)). 
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Among which, Equation (36) could be acquired. 

( )
e

e

C x
xB

λ

∂−
∂=  

(36) 

Compared with the dichotomy in Sigmund’s OC method to find the lower limit of the iteration 
end of 𝜆, the displacement of PZT-4 and the corresponding derivative value obtained in this study 
are both orders of smaller magnitude, so it was appropriate to reduce the lower limit and use 10 , 
etc. 

5. Size-Independent Filter 

In the process of using the above method to calculate, it was found that as the grid size changed, 
the result of topology optimization changed. This was called grid dependence. One possible way was 
to use filters to filter the independent variables [22]. 

The expression of the filter was as Equations (37) and (38). 



Appl. Sci. 2020, 10, 6772 11 of 16 

 

1

1

1 n

f fn
fe f

e f
f

C CH x
x xx H =

=

∂ ∂=
∂ ∂


 

(37) 
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Among them, 𝑟  is the preset minimum filter radius, and the cells within this circle are filtered 
and set at 3 generally; 𝑑𝑖𝑠𝑡(𝑒, 𝑓) is the distance between the center point and the filtered point. 

6. Convergence Condition 

There were three common convergence conditions [32,33]: (1) when the difference between the 
two objective functions is sufficiently small in two iterations, (2) when the difference between two 
iterations of the independent variable is sufficiently small, and (3) when the decrement of the 
function’s gradient between two iterations is sufficiently small. The above convergence termination 
conditions could be freely combined according to requirements, and the first two were used in this 
study. 

7. Analysis of Topology Optimization 

Solid-surface support, a volume fraction of 0.7, and an external load of 100 N were applied at 
the edge point of the cantilever beam, which was positive and upwards along the Y-axis. The 
structure of the facility is shown in Figure 5. The left surface is fixed, and the bottom is connected to 
the ground. The output voltage is measured through the top point.  

 
Figure 5. 3D model of the piezoelectric harvester. 
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Figure 6 shows the MSE–SE multi-objective optimization iteration diagram and model shape 
change diagram. Figure 6a shows the multi-objective value, Figure 6b shows the voltage, Figure 6c 
shows the SE value, and Figure 6d shows the MSE value. Topological optimization achieved the goal 
that the objective value could be reduced, and that the value of SE and MSE could be reduced and 
increased, respectively. Furthermore, the voltage was tested and the result showed that the voltage 
value was raised successfully. The value of MSE increased by 23.6%, the SE value decreased by 50.9%, 
and the voltage value increased by 30%. The bottom part of the diagram shows the corresponding 
structure diagram in each iteration state. It could be seen that the conclusion conformed to the 
expectation. The weakening connection between the structure and the base would help to improve 
the flexibility, thus increasing the voltage output. In addition, the x value at all points in the 
initialization was reduced to 70% of the original value. Therefore, the SE decline does not mean that 
the optimized structure was more robust (less compliant) than the original fully existing state with 
an initial x of 1, but rather, that the structure was adjusted to a better state under a fixed volume 
fraction of 0.7. Additionally, it can synchronously work as a sensor with a higher voltage output. 

 
Figure 6. Multi-objective optimization iteration diagram and model shape change diagram of mutual 
strain energy (MSE)–strain energy (SE). (a) Multi-objective figure. (b) Voltage output (c) SE value (d) 
MSE value. 

Figure 7 shows the optimization results with SE as the only objective value. The SE objective 
value and the voltage value are shown in Figure 7a,b, respectively, and the corresponding model 
diagram is shown below. Compared to Figure 6, the above conclusions were confirmed. Namely, that 
the growing connection to the base increases the structural stiffness (and reduces compliance), and 
that the corresponding design of piezoelectric transducers supports the conclusion that adding a 
mass block at the end of the cantilever increases the voltage output. The decreasing voltage in Figure 
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7 confirms the effectiveness and necessity of MSE as the objective. With a higher voltage output, the 
piezoelectric harvester could work more efficiently. 

 

Figure 7. Optimization iteration diagram and structure diagram with SE as the objective only. (a) 
Voltage output (b) objective value. 

8. Conclusions 

In this work, the three-dimensional topological optimization based on the piezoelectric 
transducer model of the cantilever was investigated. Using the Optimality Criteria, the structure 
optimization was realized with the voltage and stiffness as the multi-objective function. The 
calculations show that the voltage value was increased, and the global stiffness of the structure was 
also increased. Topological optimization achieved the goal of reducing the objective value. 
Furthermore, the voltage was tested, and the results demonstrate that the voltage value was raised 
successfully. With 70% of the origin volume, this bi-objective optimization increases the global 
stiffness by 50.9% and the voltage by 30%. As the iteration process shows, the increasing connection 
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to the base increases the structural stiffness, and the corresponding design of piezoelectric 
transducers supports the conclusion that adding a mass block at the end of the cantilever can increase 
the voltage output. The comparison proves the superiority of bi-objective topology optimization. This 
lays the foundation for future piezoelectric transducer structural optimization. Moreover, this is also 
the first time a piezoelectric topology code has been shared. 

Supplementary Materials: The following are available online at www.mdpi.com/2076-3417/10/19/6772/s1, 
CODE1 to CODE 7. 
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Nomenclature 

SE  
Strain energy, the overall stiffness of the structure can be enhanced by 
minimizing SE  

MSE  
Mutual strain energy, the voltage output can be enlarged by maximizing 
MSE  

g  Correlation coefficient between MSE  and SE  
U  Global displacement matrix 
K  Global stiffness matrix 
V  Global displacement matrix under unit force 

, , ,T T T TU V u v  Transposition of , , ,U V u v  

ex  Element volume fraction 

minx  Lower limit of x, commonly set as 0.001 
p  Penalty fraction 

eu  Element displacement under normal force 

ev  Element displacement under unit force 

uuk  Global stiffness matrix  

uk φ  Global dielectric matrix 

kφφ  Global piezoelectric matrix 

, ,e e e
uu uk k kφ φφ  Element matrix of , ,uu uk k kφφ φ  

( )V x  Current total volume 

0V  Origin volume 

f  Global volume fraction 
Φ  Global potential matrix 
Q  Global charge matrix 
F  Force 

, ,nelx nely nelz  The x, y, z dimension of the cantilever 
T  Stress 
Ec  Elastic matrix under constant strain 
S  Strain 
e  Piezoelectric constant 
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E  Electric field intensity 
D  Electric displacement 
Sε  Dielectric constant under constant electric field 
e
iBφ  Derivative of vector of shape function N 

L  Lagrange function 
( )C x  Cost function 

minr  Preset minimum filter radius  

, ,nelx nely nelz  Cuboid dimension of x, y, z axis 
n  Accumulative account 
N  Interpolation function 

,λ∧  Lagrange multiplier 
D  Auxiliary multiplier 

,mη  Auxiliary parameter, for adjusting the speed and degree of iteration 
( , )dist e f  Distance between the center point and the filtered point 
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