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Featured Application: Tensegrity systems offer many advantages over conventional structural
systems. The complete analysis of tensegrity structures is a two-stage process. A quantitative
analysis is the second step, which allows for the control of static and dynamic parameters. In
the case of the structures featured by infinitesimal mechanisms, the stiffness depends not only
on the geometry and material properties, but also on the prestress level and external load. The
obtained results can be used in the design process of standard tensegrity building structures, i.e.,
plates, and non-standard applications.

Abstract: The study includes a parametric analysis of a group of tensegrity plate-like structures
built with modified Quartex modules. The quantitative assessment, including the calculation of the
structure’s response to constant loads, was carried out. A static parametric analysis was performed,
with particular emphasis on the influence of the initial prestress level on the displacements, the effort,
and the stiffness of the structure. A geometrical non-linear model was used in the analysis. A reliable
assessment required introducing a parameter for determining the influence of the initial prestress
level on the overall stiffness of the structure at a given load. The stiffness of the structure was found
to depend not only on the geometry and material properties, but also on the initial prestress level
and external load. The results show that the effect of the initial prestress on the overall stiffness
of the structure is greater with less load and that the effect of load is most significant with low
pre-stressing forces. The analysis demonstrates that the control of static parameters is possible only
when infinitesimal mechanisms occur in the structure.

Keywords: tensegrity; self-stress state; infinitesimal mechanism; modified Quartex; geometrical
non-linear model; Total Lagrangian

1. Introduction

Tensegrity system consists of separated compressed elements (struts) inside a continu-
ous net of tensioned elements (cables). The most important feature of tensegrity structures
is the occurrence of infinitesimal mechanisms equilibrated by self-stress states. The level of
the initial prestress, which depends on the self-stress state, affects the stiffness of the struc-
ture. That vital feature distinguishes tensegrities from conventional cable-strut frameworks.
However, most of the literature focuses on the form-finding of tensegrity structures. This is
the most dominant subject, starting from the beginning of idea of tensegrity to the present
day. The most popular form-finding approaches are analytical methods [1], force density
method [2,3], non-linear programming [3], dynamic relaxation [4,5], neural networks [5],
and numerical methods [6–10], out of which the most interesting ones use genetic algo-
rithm [10]. Another, most explored subject is control of the shape of the structure under the
external, static or dynamic, load. For example, in [11–17], the active control of tensegrity
models is considered. Such structures, called “smart” ones, are equipped with sensors
that can detect changes in the behaviour of the structure, and actuators that can counteract
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those changes. In turn, in papers [18–22], dynamic behaviour of tensegrity structures
was considered. Other widely investigated areas are possible applications of tensegrity
structures, i.e., in space engineering [11,23], in civil engineering [16,24,25], in mechanical
engineering [26,27], or as a new material called metamaterial [19,28–32]. In comparison,
the parametric analysis, which defines the influence of the initial prestress on the static
parameters, is the subject of few works. Hanaor [33,34] considered double layer tensegrity
grids and compared results obtained according to a linear and non-linear approach with
the real static response of an experimental model, varying the level of the initial prestress.
Murakami [35,36] studied the influence of the infinitesimal mechanism mode and the
level of the initial prestress on static and dynamic response of cyclic cylindrical tensegrity
modules. Fu [37] performed non-linear structural analysis of tensegrity domes, taking into
account a varying level of the initial prestress. Angellier et al. [38] compared the theoretical
nodal displacements of the tensegrity plate-like structure built with 2V expander with the
real measurements obtained by a tachometer, taking into account different static loads and
applying different levels of the initial prestress. Gilewski and Al Sabouni-Zawadzka [32]
considered how a single pre-stressed modified Simplex module influences the displace-
ments of the whole tensegrity plate-like structure. Additionally, Gilewski with team carried
out parametric analyses of the impact of the level of the initial prestress on the static and
dynamic response of the single tensegrity modules, tensegrity towers, tensegrity plate-like
structures [39,40], and real tensegrity structures [41], using the second and third order
theory. Non-linear parametric analyses were carried out also by Obara. In papers [42,43],
the static analysis of orthotropic tensegrity plate-like structures was considered, whereas
the monograph [44] included a broad static and dynamic parametric analysis of a group of
flat and spatial tensegrity structures.

In this paper, the quantitative analyses of tensegrity plate-like structures built with
modified Quartex modules are conducted. The plates for which qualitative analysis was
performed in Part 1 [45] are considered. This paper, with the previous part, provides
the complete procedure that investigates the behaviour of the tensegrity structure under
external actions. In [45], the qualitative analysis, whose aim is to identify the self-stress
states and the infinitesimal mechanisms, was carried out, whereas in this paper, the impact
of the level of self-stress state (the initial prestress) on the behaviour of tensegrity structures
under static load is analyzed. The analysis contains:

• determination of the minimum and maximum initial prestress levels,
• assessment of the influence of the initial prestress on the structural displacements,
• assessment of the influence of the initial prestress on the effort of the structure, and
• assessment of the influence of the initial prestress on the rigidity of the structure.

The description presented in the work is sufficient for quantitative analysis of planar
and spatial lattice structures, including tensegrity structures, in the geometrically non-linear
and physically linear setting.

2. Mathematical Description

In the case of classical lattice structures, quantitative analysis can be carried out
assuming small displacements, i.e., a linear geometric model. However, in the case of
tensegrity, this approach is inappropriate. The quasi-linear model (second order theory) is
also inadequate. Both approaches do not consider the important feature of the tensegrity
structure, which is related to the stiffening of the structure under the influence of external
load. In tensegrity structures, the load, causing the displacements in accordance with the
form of the infinitesimal mechanism, causes an additional prestress of the structure—tensile
forces generate additional tensile forces in the cables and compressive forces in the struts.
In the case of such regimes, the initial response cannot be used to determine the behaviour
of the structure. Therefore, the analysis should be carried out assuming the hypothesis of
large displacements (third order theory).

Tensegrity systems are spatial lattice systems in a self-stress state. These structures
consist of tensed cables (which do not have compression rigidity) and struts. All members
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are rectilinear and of comparable length. The specificity of tensegrity lies in the fact that
the self-stress states stabilize the existing infinitesimal mechanisms. The second important
feature of these systems is the size of the displacements, which can be large even if the
deformations are small. To describe the behaviour of tensegrity structures, a geometrically
non-linear model was adopted. That model features large gradients of displacements and
small strain gradients. Due to the presence of the self-stress state in tensegrity structures,
the additional condition of the initial stresses [46] was considered [7,44,47–50]. As a basis
for formulating the tensegrity lattice equations, the partially non-linear theory of elasticity
in Total Lagrangian—TL (Lagrange’s stationary description) approach was adopted.

2.1. Geometrical Non-Linear Model of Tensegrity Element

The space finite tensegrity element in an undeformed configuration (initial) 0C and
deformed configurations (actual) tC and t+∆tC (Figure 1) are considered. In the initial
configuration, the cross-sectional area and the length are relatively A0 and l0, whereas in
the actual configuration, they are A and l.
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The static equilibrium equation in the incremental version is formulated in the actual
configuration at the moment +∆t

(t+∆tC
)
. The tensegrity element is described by the

vector of nodal coordinates and corresponding to it the vector of nodal forces:

t+∆tqe
. = t

. q
e
. + ∆qe, t+∆tQe

. = t
. Q

e
. + ∆Qe, (1)

where
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tively the vector of nodal coordinates and the vector of nodal forces in the actual configura-
tion at the moment t

(tC
)
, whereas ∆qe =

[
∆q1

1 ∆q1
2 ∆q1
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3
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the vector of nodal forces increments.

The variational formulation of the virtual work principle, between two infinitely close
times t and t + ∆t, leads to the incremental static equilibrium equation:

Ke
T(q

e) ∆qe = Re + ∆Qe; Re = t
. Q

e − Fe, (2)

where Ke
T(q

e) is the tangential stiffness matrix and Re is the residual force vector.
The tangential stiffness matrix:

Ke
T(q

e) = Ke
L + Ke

G(S + N) + Ke
NL(q

e); Ke
NL(q

e) = (Ke
u1 + Ke

u2) (3)

consists of the linear Ke
L, the non-linear part Ke

NL(q
e), and additionally includes the influ-

ence of axial forces Ke
G(S + N). The last part is called the geometric stiffness matrix and

depends on the self-stress state S, which results from the initial stresses σ0 (S = A0 σ0),
and on axial forces N, which results from external loads. All parts of the stiffness matrix
can be expressed as follows:
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Ke
L = EA0

l0

[
I0 −I0
−I0 I0

]
, Ke

G(S + N) = S+N
l0

[
I −I
−I I

]
; Ke

u1 = EA0
l2
0

[
I1 −I1
−I1 I1

]
,Ke

u2 = EA0
l3
0

[
I2 −I2
−I2 I2

]
(4)

where:

I =

 1 0 0
0 1 0
0 0 1

, I0 =

 1 0 0
0 0 0
0 0 0

, I1 =

 2∆u1 ∆u2 ∆u3

∆u2 0 0
∆u3 0 0

, I2 =

 (∆u1)
2 ∆u1 ∆u2 ∆u1 ∆u3

∆u1 ∆u2 (∆u2)
2 ∆u2 ∆u3

∆u1 ∆u3 ∆u2 ∆u3 (∆u3)
2

 (5)

where ∆ui = q2
i − q1

i for i = 1, 2, 3.
The residual force vector Re depends on the inertial force vector:

Fe = (S + N)

[
−IF1
IF1

]
; IF1 =


1 +

∆u1
l0

∆u2
l0

∆u3
l0

, (6)

Because the initial configuration is not deformed, the axial force N is not a real force.
It is the component of the second symmetrical Pioli–Kirchhoff stress tensor, whereas the
real force is defined on the basis of the Cauchy tensor and it is:

N′ = N
l
l0

. (7)

2.2. Model of Tensegrity Structure

The subject of consideration is a n-element space truss (e = 1, 2, . . . , n), with m de-
grees of freedom q

(
∈ Rm×1):

q = [ q1 q2 . . . qm ]
T . (8)

The incremental static equilibrium equation for the structure takes the form:

KT(q)∆q = ∆P + R, (9)

where KT(q)(∈ Rm×m) is the tangent stiffness matrix of a structure:

KT(q) = KL + KG(S + N) + KNL(q); KNL(q) = Ku1 + Ku2, (10)

where KG(S + N) is the geometric stiffness matrix and KNL(q) is the non-linear displace-
ment stiffness matrix.

The residual force vector R
(
∈ Rm×1) in (9) results from the aggregation. In equilib-

rium, it is equal to zero (R = 0), whereas in a process of iteration, a norm ‖R‖ is the
“distance” from the equilibrium state. The iterative process converges if ‖R‖ → 0 .

To solve the system of non-linear Equation (9), numerical iterative or incremental-
iterative techniques [51–55] should be used. In this paper, the Newton–Raphson method [55]
was applied.

3. Influence of the Initial Prestress Level on Static Properties of Tensegrity Structures
(Quantitative Analysis)

The quantitative analysis, in the case of tensegrity structures, is a parametric analysis
leading to the determination of the impact of the initial prestress level S on the behaviour
of the structure. The first and crucial aspect of the parametric analyses is the determination
of the prestress range, which is an individual feature of the structure. The value of the
minimum prestress level Smin depends on the proper distribution of normal forces in the
structure’s elements, i.e., tensile forces must be present in cables and compressive forces
must be present in struts. In some cases, the external load causes a different distribution
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of normal forces, which can be corrected only by introducing an appropriate level of the
initial prestress. In turn, the value of the maximum prestress level Smax depends on the
load-bearing capacity of the most stressed elements.

The static parametric analysis contains assessment of the impact of the initial prestress
level on the displacements of the structure q and the effort of the structure:

Wmax = Nmax/NRd, (11)

where Nmax is the maximal normal force, and NRd is the load-bearing capacity. Normal
forces N are determined as a function of the initial prestress forces S:

N = yiS, (12)

where yi is the normalised vector of self-stress state determined in the qualitative analysis,
which was performed in Part 1 [45].

Due to the fact that the assessment of the behaviour of the displacements is not suffi-
cient for determination of structural rigidity, it seems reasonable to introduce a parameter
that will determine the impact of self-stress state on the total rigidity of the structure at a
given load. In the literature on tensegrity structures, however, any parameter characteriz-
ing the change in rigidity has not been found, so the so-called global stiffness parameter
(GSP) is proposed in this paper. The GSP parameter expresses the ratio of two strain
energies, measured at the minimum and at the i-th level of prestress forces:

GSP =
[q(Smin)]

TKS(Smin)q(Smin)

[q(Si)]
TKS(Si)q(Si)

, (13)

where KS(Smin) and q(Smin) are a secant stiffness matrix and a design displacement vec-
tor with a minimum initial prestress level, and KS(Si) and q(Si)—are those at i–th pre-
stress level.

4. Examples

In this paper, the quantitative analysis of tensegrity plate-like structures is conducted.
The plates built with modified Quartex modules for which qualitative analysis were
performed in Part 1 [45] are considered. The coordinates of the structure nodes are the same
ones as were used in [45] (the considered single module’s dimensions allow it to fit into a
unit cube). The qualitative analysis, which leads to identifying the characteristic features
of tensegrity structures, does not depend on geometrical and mechanical characteristics,
whereas the quantitative analysis does. Therefore, it was assumed that the structures are
made of steel with the Young modulus E = 210 GPa and density ρ = 7860 kg/m3.
Halfen DETAN Rod System is used, and the following material and geometrical constants
are assumed:

• for cables (S460N): diameter φ = 20 mm, moment of inertia I = 7.85·10−9 m4,
cross-sectional area A = 3.14·10−4 m2, load-bearing capacity (calculated with taking
into account partial factor for structural resistance): NRd = 110.2 kN; the maximum
value of the tensile force Nc,max depends on the self-stress state,

• for struts (made of hot-finished circular hollow section, steel S355J2): diameter:
φ = 76.1 mm, thickness: t = 2.9 mm, moment of inertia: I = 4.47·10−7 m4,
cross-sectional area: A = 6.88·10−4 m2, load-bearing capacity: NRd = 193.9 kN; the
maximum value of the compressed force is equal to Nz,max = −1·S (S—the initial
prestress force).

The influence of initial prestress level S on the displacements of the structure q (the
displacements are calculated using the second (II) and third (III) order theory) on the effort
of the structure Wmax and on the global stiffness parameter GSP is considered. Starting
from a single-module structure, more complex cases are sequentially analyzed. For all cases
the self-stress state y16 received in [45] for the single modified Quartex module is used.
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When applying the initial prestressing forces, the maximum effort of structures fluctuates
between 0.86 and 0.96.

The calculations were carried out using the original program. The procedure was
written in the Mathematica environment, owing to which operations were simplified by
using functions and commands implemented there. The calculation module is based on
the finite element method. Defined in this work, the initially prestressed tensegrity element
was used. The algebraic system of non-linear equations is solved by the Newton–Raphson
method, implemented by the authors in the Mathematica environment. Firstly, the program
finds the vector of nodal displacements using the second order theory. At this point, only
the linear system of equations needs to be solved (in this case, the existing Mathematica
toolbox was used). Next, the obtained vector of nodal displacements is used in the first
iteration in order to find the results according to the third order theory. The program
iterates as long as given precision is achieved (and solution is found) or the number of
iterations is exceeded. If the solution is not found, the user must increase the number of
iterations or change the initial vector of displacement, for example by changing the level of
self-stress.

The calculation procedure includes the analysis of geometrically non-linear rod sys-
tems and allows for the full analysis at any level of self-stress. The program makes it
possible to freely define the geometry of the structure, material parameters, and loads, and
then identify the self-stress state and track the behaviour of selected static and geometric
parameters in the function of this state.

4.1. Single Modified Quartex Module

The first considered structure is a single modified Quartex module (Figure 2a). This
module is classified as the ideal tensegrity with one mechanism x16 and one self-stress
state y16 (Figure 2b) [45]. The minimum prestress level is assumed as Smin = 0.01 kN,
whereas the maximum—Smax = 110 kN. The module is loaded with a z-directional force
applied to 8th node. Three cases of a load value P1

24 = −10 kN, P2
24 = −15 kN, and

P3
24 = −20 kN are considered. The influence of the initial prestress level S on the non-zero

displacements of the eighth node (q22, q24), the global stiffness parameter (GSP), and the
effort (Wmax) is illustrated in Figure 3. Additionally, in Table 1, values of analyzed static
parameters for the minimum and maximum prestress level are shown.
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Figure 2. The single modified Quartex module: (a) geometry, (b) normalised self-stress state y16.

The values of the displacements obtained from the static analysis correspond to the
values of the displacement of the mechanism (x22, x24) identified in [45]. The x-directional
displacement (q22) is two times bigger than the z-directional one (q24), and that tendency is
preserved for all levels of the external load (Figure 3a,b). The differences between values of
the displacements obtained using the second (II) and third (III) order theory are significant
when the prestress level is low. As the values of prestressing forces increase, the differences
between the calculations made according to the second and third order theory are becoming
smaller. This means that the effect of non-linearity is most significant at low values of the
initial prestress forces. The differences between theories are also more significant for higher
external load. For example, for the minimum prestress level Smin and the smallest values
of external load (P1

24 = −10 kN) relative error (which is a relative difference between the
displacements in reference the third order theory) is equal to 2.9·105% (q22) and 2.8·105%
(q24), whereas for the largest values of external load (P3

24 = −20 kN) relative error is equal
to 4.5·105% (q22) and 4.3·105% (q24). With the increase of the prestress level, differences
become less significant. For the maximum prestress level Smax and P1

24 = −10 kN, relative
error is equal to 0.71% (q22) and 0.22% (q24), whereas for P3

24 = −20 kN, 4.45% (q22) and
3.34% (q24). This means that the effect of non-linearity is the most significant at low values
of the initial prestress forces.

Table 1. Load-bearing characteristics of the single modified Quartex module.

S
[kN]

Type of
Element

P1
24=−10 kN P2

24=−15 kN P3
24=−20 kN

Nmax
[kN]

Wmax
[−]

GPS
[−]

Nmax
[kN]

Wmax
[−]

GPS
[−]

Nmax
[kN]

Wmax
[−]

GPS
[−]

0.01
cables 26.5 0.241

1.0
35.7 0.324

1.0
44.1 0.400

1.0
struts −35.6 0.184 −47.8 0.246 59.1 0.305

110
cables 87.3 0.792

3.7
91.1 0.826

2.9
95.3 0.865

2.5
struts −117.2 0.604 −122.2 0.630 −128.0 0.660
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At the same time, with smaller loads, the initial prestress forces have a greater influence
on the total rigidity of the structure (Figure 3c). The biggest increase of stiffness is observed
for the smallest external load. The increase of the prestress level by 1 kN causes that GSP
increases on average by 0.025 for P1

24 = −10 kN, 0.0173 for P2
24 = −15 kN, and 0.0132 for

P3
24 = −20 kN. It means the rigidity of the structure depends not only on the geometrical

and material properties, but also on the level of the initial prestress forces S and on the
level of external load Pi

24.
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In the case of the effort of the structure, higher values are obtained for cables (Figure 3d).
The differences between the effort of cables and struts increase with the increment of the
prestress level and the level of external load. For Smin, the difference between the ef-
forts of struts and cables is equal to 5.7 percentage points for P1

24 = −10 kN and 9.5
percentage points for P3

24 = −20 kN, whereas for Smax it is, respectively, 18.8 and 20.5
percentage points.

4.2. Four-Module Tensegrity Plate-Like Structures

The structure built with the four modified Quartex modules (Figure 4a) is considered
in succession. Ten models (models: P4-1–P4-10) with different ways of support were
considered in Part 1 [45]. The quantitative analysis shows that the initial prestress level S
influences on static parameters only when infinitesimal mechanisms occur in the structure.
It means that the control of static parameters is possible only if the structure is the ideal
tensegrity, “pure” tensegrity, or the structure with tensegrity features of class 1. Five out of
ten considered models feature the presence of the mechanisms (structures with tensegrity
features of class 1), i.e., the models: P4-1–P4-5 (Figure 4b), so the results for these models are
shown in this paper. For comparison, the results for the structure with tensegrity features
of class 2 (in this structure mechanism does not occur)—the model P4-10 (Figure 4c)—are
also presented. The minimum prestress level depends on way of support, whereas the
maximum is assumed as Smax = 60 kN.
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Figure 4. Four-module tensegrity plate-like structure: (a) geometry, (b) models of structures with tensegrity features of class
1, and (c) model of structure with tensegrity features of class 2.

The models P4-1–P4-3 are loaded by uniformly distributed load q = −10 kN/m2

applied on the top surface of the structure, whereas the models P4-4 and P4-5 are loaded
by two concentrated z-directional forces P = −5 kN applied to the top nodes on the free
edge. For the model P4-4, forces were applied to the 18th and 19th nodes (P54 = P57 = P),
and for the model P4-5, to the 20th and 21st nodes (P60 = P63 = P). For the models
P4-1–P4-3, the influence of the initial prestress level S on some displacements are illustrated
in Figure 5, whereas the influence on the effort (Wmax) and the global stiffness parameter
(GSP) are shown in Figure 6. Additionally, the values of the analyzed static parameters for
the minimum and maximum prestress level are shown in Table 2. The results of analysis
for the models P4-4 and P4-5 are presented in Figure 7 and in Table 3.
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Table 2. Load-bearing characteristics of the models P4-1–P4-3.

S
[kN]

Type of
Element

Model P4-1 (Smin = 1.15 kN) Model P4-2 (Smin = 0.01 kN) Model P4-3 (Smin = 1.4 kN)

Nmax
[kN]

Wmax
[−]

GPS
[−]

Nmax
[kN]

Wmax
[−]

GPS
[−]

Nmax
[kN]

Wmax
[−]

GPS
[−]

Smin
cables 49.54 0.450

1.0
48.8 0.443

1.0
54.4 0.493

1.0
struts −37.0 0.191 −36.6 0.189 −41.0 0.211

60
cables 100.5 0.912

2.1
101.5 0.921

2.4
105.6 0.958

1.9
struts −71.2 0.367 −71.93 0.371 −75.4 0.389
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In the case of the models P4-1–P4-3, the lowest minimum level of the initial prestress
is observed for the model P4-2, whereas the highest is the model P4-3. The minimum
level of the initial prestress for these models are, respectively, Smin = 0.01 kN and
Smin = 1.4 kN. For the model P4-1, the minimum level of the initial prestress is equal
to Smin = 1.15 kN. Similarly to the single module, there is significant difference in
the values of the displacements obtained from the analysis using the second (II) and
third (III) order theory (Figure 5). For instance, for Smin relative error in the case of the
displacement q39 for the analyzed models is, respectively, equal to 1988%, 2.44·105%, and
2917%, whereas for Smax, relative error is smaller and equal to 5.81%, 0.13%, and 10.32%,
respectively. Analogous to the single module, the displacement in the x direction is two
times higher than the displacement in the z direction. According to the second order
theory, the displacement q15 is not dependant on the level of the initial prestress and
equal to almost zero (for all models this displacement in mechanisms is equal to zero).
However, calculations performed according to the third order theory show that in fact that
displacement is correlated with the level of the initial prestress. The displacement is not
equal to zero, but still remains small.

Based on Figure 6a and Table 2, it can be concluded that the model P4-2 is the stiffest
one. On average, the increase of the level of the initial prestress by 1 kN causes the increase
of GSP by 0.024. For the model P4-1, the same increase in the level of the initial prestress
causes the increase of GSP by 0.019, whereas for model P4-3 it increases by 0.015. The
model P4-3 is significantly less stiff than the models P4-1 and P4-2. Comparing the direction
of supports, all models supported along the x direction are more rigid.

The values of the effort of the structure, these obtained for the models P4-1 and P4-2,
are comparable, whereas those for the model P4-3 are higher (Figure 6b). For example, the
difference in values of the effort for Smin between the models P4-2 and P4-3 is equal to 5.1
percentage points for cables and 2.3 for struts, whereas for Smax it is, respectively, 3.7 and
1.8 percentage points. Analogous to the single module, for all models, the effort of cables is
higher than of struts, and the difference increases with the increment of the prestress level.
For example, for the model P4-3, the effort of cables is 57.4% higher than of struts for Smin
and 59.7% for Smax.
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Table 3. Load-bearing characteristics of the models P4-4 and P4-5.

S
[kN]

Type of
Element

Model P4-4 (Smin = 34 kN) Model P4-5 (Smin = 0.55 kN)

Nmax
[kN]

Wmax
[−]

GPS
[−]

Nmax
[kN]

Wmax
[−]

GPS
[−]

Smin
cables 57.7 0.524

1.0
54.1 0.491

1.0
struts −46.3 0.239 −50.1 0.258

60
cables 93.2 0.846

1.4
105.2 0.954

1.9
struts −73.1 0.376 −77.0 0.397
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Figure 7. Impact of the initial prestress level S on the: (a) bottom nodes’ displacements, (b) top nodes’ displacements, (c)
global stiffness parameter GSP, (d) effort of structure Wmax.

In the case of the models P4-4 and P4-5, the minimum prestress level are assumed,
respectively, as Smin = 34 kN and Smin = 0.55 kN. For these models, the displacements
of the corresponding bottom (q18 for the model P4-4 and q24 for the model P4-5) and top
(q57 for the model P4-4 and q60 for the model P4-5) nodes on free edge are compared
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(Figure 7a,b). Generally, the displacements of the top nodes are higher than the displace-
ment of the bottom ones. The effect of non-linearity is more significant for the model P4-5
than for the model P4-4. It is related to the low values of the initial prestress forces. In
the case of the model P4-5, for the lower levels of the initial prestress, there are significant
differences in the results obtained according to the second (II) and the third (III) order
theory. Taking into consideration the displacements of top nodes, relative error for Smin is
equal to 6.5·105% and for Smax—16.64%. In the case of the model P4-4, the second order
theory is sufficient for the purpose of analysis.

Based on Figure 7a and Table 3, it can be concluded that the model P4-5 is the stiffest
one. The increase of the level of the initial prestress by 1 kN for the model P4-4 causes the
increase of the GSP by 0.023, whereas for the model P4-5—by 0.015.

In both models, the difference between the maximum effort of the structure Wmax for
elements in tension and elements in compression raises with the increment of the level of
the initial prestress, and the effort of cables is higher than that of struts (Figure 7d). For the
model P4-4, the effort of cables is 54.4% higher than of struts for Smin and 55.5% for Smax.
For the model P4-5, differences are higher, as the differences between Smin and Smax are
also higher, and the effort of cables is 47.4% higher than that of struts for Smin and 58.4%
for Smax.

All analyzed models (Figure 4b) are featured by the infinitesimal mechanism. In these
cases, the initial prestress level S influences static parameters. For comparison, the results
for the model P4-10 (Figure 4c) without mechanism are presented. The model was loaded
by uniformly distributed load q = −10 kN/m2 applied on the top surface of the structure.
Comparing the behaviour of the model P4-10 with the model P4-1, it can be seen the first
model is stiffer than the other one—all displacements are almost equal to 0 (Figure 8).
Additionally, for the model P4-10, the initial prestress level S does not influence on the
global stiffness parameter—GSP is equal to 1 (Figure 9a), and the maximum effort of the
structure Wmax varies linearly (Figure 9b). It means that in this case, the level of prestress
force S does not influence the behaviour of structures. Only the effort of the structure is
changing, because the prestress level causes additional forces in elements. For the model
P4-10, the second order theory is sufficient for the purpose of analysis (the results obtained
from the second and the third order theory are convergent).
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4.3. Sixteen-Module Tensegrity Plate-Like Structures and Plate Strips

The plate consisting of the sixteen modified Quartex modules (Figure 10a) is taken
into account as the next. Six models (models: P16-1–P16-6) with different ways of support
were considered in Part 1 [45]. One of them, i.e., the model P16-1 (Figure 10b), is the
structure with tensegrity features of class 1. The quantitative analysis is carried for this
model and, for comparison, for the structure with tensegrity features of class 2—the model
P16-2 (Figure 10c). The minimum prestress level depends on the way of support, whereas
the maximum is assumed as Smax = 60 kN.
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Figure 10. Sixteen-module tensegrity plate-like structure: (a) top view, (b) model of structures with tensegrity features of
class 1, (c) model of structures with tensegrity features of class 2.

Simultaneously, plate strips built with four modified Quartex modules are analyzed.
The qualitative analysis [45] showed an analogy between the corresponding models of
sixteen-module plates and plate strips (i.e., P16-1 and PS-1, P16-2 and PS-2, etc.). Therefore,
simply supported and cantilever plate strips are analyzed for comparison. The support
along the x and y axes is considered, it means four models, i.e., PS-1x, PS-1y and PS-2x,
PS-2y (Figure 11) are compared.
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Figure 11. Models of the tensegrity plate strips.

The simply supported models (P16-1, PS-1x, PS-1y) are loaded by uniformly dis-
tributed load q = −10 kN/m2 applied on the top surface of the structure, whereas the
cantilever models (P16-2, PS-2x, PS-2y)—by z-directional forces Pz = −5 kN applied
to the top nodes on the free edge. The influence of the initial prestress level S on some
displacements is showed in Table 4.

Based on Table 4, it can be noticed that there is no significant difference in the results,
thus the use of the simplified plate strip models instead plate is legitimate. In the case of
the simply supported models, which are featured by the presence of the mechanisms, the
initial prestress level S influences on the displacements. Additionally, for the lower levels of
the initial prestress, there are significant differences in the results obtained according to the
second (II) and the third (III) order theory. For example, relative errors for the displacement
q39 for Smin is equal 1258% and for Smax—1.19%. In the case of the cantilever models
(without mechanisms) the initial prestress level S does not influence on the displacements,
and the second order theory is sufficient for the purpose of analysis.
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Table 4. Comparison of the displacements for four-module plate strips and the sixteen-module plates.

Simply Supported Cantilever

Second Order Theory Third Order Theory Second Order Theory

S
Plate
Strip
PS-1x

Plate
Model
P16-1

Relative
Error

Plate
Strip
PS-1x

Plate
Model
P16-1

Relative
Error

Plate
Strip
PS-2x

Plate
Model
P16-2

Relative
Error

q39 [mm] q120 [mm] ∆q [%] q39 [mm] q120 [mm] ∆q [%] q54 [mm] q99 [mm] ∆q [%]

3 −156.339 −156.342 0.00 −17.056 −17.605 −3.11 − − −
10 −46.965 −46.967 −0.01 −15.672 −16.131 −2.85 − − −
21 −23.527 −23.530 −0.01 −13.751 −14.091 −2.41 −0.737 −0.793 −7.08

30 −15.715 −15.717 −0.02 −11.954 −12.193 −1.95 −0.736 −0.793 −7.08

40 −11.808 −11.811 −0.02 −10.345 −10.505 −1.52 −0.736 −0.792 −7.07

50 −9.465 −9.467 −0.03 −8.962 −9.066 −1.15 −0.736 −0.792 −7.07

60 −7.902 −7.905 −0.03 −7.810 −7.878 −0.86 −0.735 −0.791 −7.08

In qualitative analysis [45], the direction of support does not matter, as the number of
mechanisms and self-stress states is the same. In this paper, a support along the x and y
axes in plate strips is considered. For example, in Table 5, the load-bearing characteristics
of the models PS-1x and PS-1y are presented. It can be seen that also in the quantitative
analysis, the direction of the support of four-module plate practically does not influence
the results.

Table 5. Load-bearing characteristics of the models PS-1.

S
[kN]

Type of
Element

Model PS-1x (Smin=1.5 kN) Model PS-1y (Smin=2 kN)

Nmax
[kN]

Wmax
[−]

GSP
[−]

Nmax
[kN]

Wmax
[−]

GSP
[−]

Smin
cables 54.1 0.491

1.0
52.7 0.478

1.0
struts −40.2 0.207 −39.2 0.202

60
cables 103.3 0.937

2.2
102.6 0.931

2.2
struts −73.0 0.377 −72.5 0.374

At the end, the influence on the initial prestress level S on the global stiffness parameter
GSP (Figure 12a) and the effort of the structure Wmax (Figure 12b) are presented. The results
confirm previous conclusions. In the case of the models with mechanisms, i.e., PS-1x and
PS-1y, the initial prestress level S influences the global stiffness parameter. The increase
of the level of the initial prestress by 1 kN causes that GSP increases by 0.20. Like in the
previous examples, the effort of cables in plates is higher, and the difference between the
efforts of cables and struts increases with the increment of the level of the initial prestress—
the effort of cables is 57.7% higher than that of struts for Smin and 59.8% for Smax. In the
models without mechanisms, i.e., PS-2x and PS-2y, the initial prestress level S does not
influence on the global stiffness parameter—GSP is equal to 1, and the maximum effort of
the structure Wmax varies linearly. The effort of cables in the model PS-2 is 57.4% higher for
Smin and 60.2% for Smax.
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4.4. Sixty-Four-Module Tensegrity Plate-Like Structures

The last taken into account structure consists of sixty four modified Quartex modules
(Figure 13a). Three models (models: P16-1–P16-3) with different way of support were
considered in Part 1 [45]. All analyzed models (Figure 13b) are structures with tensegrity
features of 1 class and the quantitative analysis is carried for these models. The minimum
prestress level depends on the way of support. This level there is much higher than that
obtained for the previous models and for three analysed models, i.e., P64-1, P64-2, and
P64-3 equals, respectively, Smin = 16 kN, Smin = 45 kN and Smin = 38 kN. The
maximum prestress level is like in previous plates—Smax = 60 kN.
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The models were loaded by uniformly distributed load q = −1.5 kN/m2 applied
on the top surface of the structure. The influence of the initial prestress level S on the
non-zero displacements of 117th node (q350, q351), the global stiffness parameter (GSP),
and the effort (Wmax) are illustrated in Figure 14. Additionally, in Table 6 values of analyzed
static parameters for the minimum and maximum prestress level are shown. Due to the
quite high value of the minimum prestress level, the effect of non-linearity is not very
significant. For example, in the case of the model P64-3, the relative error between the
second (II) and third (III) order theory is equal to 19.8% for q351 and 28.3% for q350 for Smin
and, respectively, 8.92% and 18.7% for Smax (Figure 14a,b). Additionally, it can be observed
that for the models P64-2 and P64-3, the direction of supports is not as significant as in the
case of analogically supported plates built with four modules (models P4-2 and P4-3).
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Table 6. Load-bearing characteristics of the models P64-1–P64-3.

S
[kN]

Type of
Element

Model P64-1 (Smin=16 kN) Model P64-2 (Smin=45 kN) Model P64-3 (Smin=38 kN)

Nmax
[kN]

Wmax
[−]

GPS
[−]

Nmax
[kN]

Wmax
[−]

GPS
[−]

Nmax
[kN]

Wmax
[−]

GPS
[−]

Smin
cables 28.9 0.262

1.0
72.5 0.658

1.0
64.8 0.588

1.0
struts −23.7 0.123 −63.0 0.324 −58.4 0.301

60
cables 91.1 0.827

3.3
94.4 0.857

1.2
97.0 0.880

1.3
struts −64.6 0.333 −77.9 0.402 79.9 0.412

The insignificant effect of non-linearity is also noticeable in the case of the global
stiffness parameter (Figure 14c) and the effort (Figure 14d). The dependences on the initial
prestress level S are almost linear, especially for the models P64-2–P64-3. Like in the
previous plates, the effort of cables is higher than that of struts. For example, for the model
P64-1, the effort of cables is 53.2% higher than of struts for Smin and 59.7%. for Smax.

5. Summary and Conclusions

The quantitative evaluation of truss structures presented in this paper was used
for the assessment of the behaviour of tensegrity plate-like structures. The complete
analysis of tensegrity structures is a two-stage process. The quantitative analysis carried
out in this paper is the second stage and completes the qualitative analysis [45], which
is the first stage. Defined in [45], the unique properties and the proposed classification
of tensegrity structures (tensegrities were divided into four classes) are important due
to the different behaviours of the structure under external actions. In this paper, it is
proved that the stiffness of ideal and “pure” tensegrity structures and structures with
tensegrity features of class 1 (structures in which mechanisms are identified) depends
not only on the geometry and material properties, but also on the prestress level and
external loads. However, it should be emphasized that the influence of self-equilibrium
force system on the stabilization of the structure can be demonstrated only at the load that
causes the displacements consistent with the infinitesimal mechanism. In other cases, the
displacements are insensitive to changes of the prestress level. The existence of a state of
self-stress in structures with tensegrity features of class 2 (structures in which mechanisms
are not identified) allows for prestressing them, but they are insensitive to changes in the
force level.

In this paper, a static parametric analysis of plates built with modified Quartex mod-
ules was carried out. Starting from a single-module structure, more complex cases were
sequentially analyzed. The influence of the initial prestress level on the displacements, the
effort and the stiffness of the structure was studied. For the determination of the structural
stiffness, the global stiffness parameter (GSP) was proposed. This parameter determines
the impact of self-stress state on the total rigidity of the structure at a given load. The
calculation procedure, including the analysis of geometrically non-linear rod systems,
was written in the Mathematica environment. The program makes it possible to freely
define the geometry of the structure, material parameters, and loads, and then identify the
self-stress state and track the behaviour of selected static and geometric parameters in the
function of this state.

Before proceeding with the quantitative analysis of the tensegrity structure, a qualita-
tive assessment is required. It leads to the classification of tensegrity structures. Stiffness
control is possible only in structures characterized by the presence of an infinitesimal
mechanism, which is the case of ideal or “pure” tensegrities and structures with tensegrity
features of class 1. The stiffness of these structures depends not only on the geometry
and material properties, but also on the prestress level (which stabilizes the infinitesimal
mechanisms that occur) and the level of external load. External load induces additional
stress in the system, and the impact of the load is most significant for the low values of
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the initial prestress forces. As the level of prestress increases, the effect of the external
load decreases. Moreover, the initial prestress forces have a greater influence on the total
stiffness of the structure with smaller external loads. Similarly, like for stiffness of tensegrity
structures, in the case of effort, the influence of self-stress state decreases with increasing
loads. The effort of cables is higher than that of struts and the difference between them
increases with the increment of the prestress level.

The crucial aspect of the quantitative analyses is the determination of a prestress range,
which is an individual feature of a tensegrity structure. The value of the minimum prestress
level depends on the proper distribution of normal forces in the structure’s elements, i.e.,
tensile forces must be present in cables and compressive forces must be present in struts.
In some cases, the external load causes a different distribution of normal forces, which can
be corrected only by introducing an appropriate level of the initial prestress level. In turn,
the value of the maximum prestress level depends on the load-bearing capacity of the most
stressed elements.

The conducted analyses show that the effect of non-linearity is more significant
for the low values of the initial prestress forces. The differences between values of the
displacements obtained using the second and third order theory are significant when the
prestress level is low. As the values of prestressing forces increase, the differences between
the calculations performed according to the second and third order theory are becoming
smaller. The differences between theories are also more significant for higher external load.
The greatest impact of non-linearity occurs in the case of structures with a small value
of the minimum prestress level (single-module structure and models: P4-1, P4-2, P4-3,
P4-5, PS-1, P16-1). With increasing values of the minimum prestress level (models: P4-4,
P64-1, P64-2, P64-3), the effect of non-linearity becomes smaller. Additionally, in the case of
four-module plates, the direction of supports influences the displacements, whereas for
strips and sixty-four-module plates does not.

For structure with tensegrity features of class 2 (without mechanisms), the global
stiffness parameter is equal to 1 (GSP = 1) and the effect of non-linearity is insignificant.
The second order theory is sufficient for the purpose of analysis for such structures (the
results obtained from the second and the third order theory are convergent).

The description presented in this paper is sufficient for quantitative analysis of planar
and spatial lattice structures, including tensegrity structures, in the geometrically non-
linear and physically linear setting. The proposed tensegrity plate-like structures can
be used in the design process of standard tensegrity building structures, i.e., plates and
non-standard applications.
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