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Abstract: Many of the works conducted on algorithm selection strategies—methods that choose a
suitable solving method for a particular problem—start from scratch since only a few investigations
on reusable components of such methods are found in the literature. Additionally, researchers
might unintentionally omit some implementation details when documenting the algorithm selection
strategy. This makes it difficult for others to reproduce the behavior obtained by such an approach.
To address these problems, we propose to rely on existing techniques from the Machine Learning
realm to speed-up the generation of algorithm selection strategies while improving the modularity
and reproducibility of the research. The proposed solution model is implemented on a domain-
independent Machine Learning module that executes the core mechanism of the algorithm selection
task. The algorithm selection strategies produced in this work are implemented and tested rapidly
compared against the time it would take to build a similar approach from scratch. We produce four
novel algorithm selectors based on Machine Learning for constraint satisfaction problems to verify
our approach. Our data suggest that these algorithms outperform the best performing algorithm
on a set of test instances. For example, the algorithm selectors Multiclass Neural Network (MNN)
and Multiclass Logistic Regression (MLR), powered by a neural network and linear regression,
respectively, reduced the search cost (in terms of consistency checks) of the best performing heuristic
(KAPPA), on average, by 49% for the instances considered for this work.

Keywords: algorithm selection; machine learning; constraint satisfaction; heuristic

1. Introduction

There is no single strategy that can adequately solve all instances from a particular
problem domain. This statement is, give or take a few words, the “No Free Lunch The-
orem” coined by Wolpert and Macready [1]. Hence, a common practice today is to use
strategies that automatically decide which technique to apply for each specific situation.
Unfortunately, this selection is not straightforward, since it requires, for instance, mapping
the problem’s characterization to one or more suitable solution methods.

The literature commonly refers to the scenario described above as the algorithm-
selection problem [2]. Examples of some ideas developed for addressing such a problem
include algorithm portfolios [3–7], selection hyper-heuristics [8–12], and Instance-Specific
Algorithm Configuration (ISAC) [13,14]. In general, these methods manage a set of algo-
rithms and apply the most suitable to the current problem state for improving the overall
performance. Some examples of developments related to algorithm selection include,
but are not limited to, ASlib [15], which proposes a format for representing algorithm
selection scenarios; HyFlex [16], which provides a framework for constructing hyper-
heuristics for different problem domains by hiding the details of particular heuristics;
and SATzilla [17], which is a portfolio-based algorithm selection for boolean satisfiability
problems. Algorithm selectors can be implemented through different techniques, but it
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is common to use metaheuristics. Once produced, algorithm selectors tend to be generic
since they can control heuristics, solvers, parameters, or any other aspect of the solving
process. However, there are many names used to indicate these methods. To unify terms,
we refer to them as algorithm selectors or algorithm-selection strategies. Before moving
further, it is important to stress the difference between heuristics and metaheuristics in the
context of this investigation. Heuristics refer to a set of low-level strategies that guide the
search towards promising search areas. Heuristics are usually easy to implement but are
problem-dependent. Their inspiration is usually common sense or expertise in the problem
domain. Conversely, metaheuristics refer to problem-independent strategies, some of
which have existed for more than 30 years, such as Genetic Algorithms [18] and Simulated
Annealing [19]. The inspiration for such approaches is usually a natural process, such as
the natural evolution or the reorganization of crystalline structures, as is the case in our
previous examples. Metaheuristics can be applied to many different domains with few or
no adaptations at all.

Algorithm-selection strategies have successfully tackled different hard-to-solve op-
timization problems [20,21], which include boolean satisfiability [17], bin packing [22],
traveling salesman [23,24], and vehicle routing [25]. Particularly, these strategies have been
extensively implemented on the Constraint Satisfaction Problem (CSP), which can be found
in diverse practical applications in operations research and artificial intelligence [26–28].
A crucial component in the algorithm selectors is the one that adequately discriminates
between instances to recommend a suitable algorithm to solve them. Thus, having tools
for quickly assessing a given selector is paramount. Moreover, several ideas for improving
algorithm selectors can be generated with relative ease. Implementing and testing such
ideas are usually more complex tasks. The lack of a common framework is, perhaps, one of
the main reasons for this situation since each algorithm must be implemented from scratch
for each new idea. Adding to this is the accompanying development time required to
properly test and debug said implementation. Therefore, having a third-party application,
which handles some of the core mechanics that a researcher wishes to try out, may save
valuable time resources. Relying on reusable and domain-independent components from
the Machine Learning realm allows for rapid prototyping and, so, a researcher can focus
on polishing an idea instead of worrying about its implementation.

Machine Learning (ML) has been used in the process of solving a wide range of
combinatorial optimization problems, such as the Quadratic Assignment Problem (QAP),
Bin Packing Problem (BPP), Vehicle Routing Problem (VRP), and Supply Chain (SC) [29–32].
With the extraction of essential information from data using ML tools, we can obtain useful
descriptions of optimization instances and, more importantly, we can select competent
solvers from a particular instance. In this paper, we propose using ML classifiers for
solver selection to improve the results obtained by traditional approaches that rely on
metaheuristics. With these tools, we can reduce the implementation as well as the running
time of such selectors, as we show in the experiments. To test our idea, we chose four
well-known classifiers: neural network [33], logistic regression [34], decision forests [35],
and decision jungles [36]. However, any other classifiers could be incorporated with ease
and based on user preference.

The solution approach described in this document provides two main advantages
concerning other existing approaches for developing algorithm selection strategies. First,
our solution approach speeds up the development phase of the methods, as it reuses
existing ML algorithms available from a third-party provider. The developer does not need
to worry about the actual implementation of these algorithms or how to integrate them into
the algorithm selection module. One direct benefit of reusing already existing modules is
that the developer can try out different Machine Learning algorithms (already implemented
and tested) and compare their results before deciding which model to implement for the
production phase. The second advantage is that our solution approach encourages repro-
ducibility of the research, as the data (as well as any preprocessing steps), ML algorithms,
and output details are available online (since, in our case, the provider is a cloud-based ser-
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vice). Thus, by looking at one single Uniform Resource Locator (URL), anyone can analyze
and verify the whole process conducted to achieve a particular algorithm selection strategy,
which provides an additional layer of transparency to the research. To the best of the
authors’ knowledge, this is the first time the algorithm-selection problem is addressed from
this perspective. To verify this proposal, we implement it to solve constraint satisfaction
problems, but it can be extended to other problem domains with ease.

The outline of this document is as follows. Section 2 presents the related background,
which includes a description of the CSP as well as the features that characterize the
instances, the heuristics considered for solving the problem, and some algorithm-selection
approaches related to this research. Section 3 provides the insights of the proposed solution
approach. In Section 4, we describe the experiments conducted as well as the results
obtained with their corresponding analysis. Finally, Section 5 summarizes the conclusion
and some future trends derived from this work.

2. Background

Algorithm-selection strategies strive to exploit patterns in a broad spectrum of problem
instances to better deal with them. They solve problems indirectly by determining the
proper technique for each situation rather than by tackling the problem directly [10,37,38].
The selected algorithm is then applied to solve the instance. In this research as well as
in previous studies, an algorithm-selection method defines a mechanism that controls
how and when to use specific algorithms throughout the search [37]. Before applying
any algorithm-selection approach, the task is to identify the strengths and weaknesses of
the available algorithms. Algorithms are chosen based on the current problem state and,
ideally, must relate to the best available alternative.

In general, frameworks to generate and deploy algorithm selection strategies should
follow a layered architecture. The data flow through these layers in order to generate an
algorithm selector and then use it to solve unseen instances. In this architecture, some of
the layers may be generic while others may be domain-dependent. The implementations
of algorithm selectors available in the literature lack a standardized architecture since each
implementation is different from the rest. For this work, we suggest that the algorithm
selection process follows a three-layer architecture:

1. The first layer contains the domain-related aspects such as the instances, their charac-
terization, and the available algorithms to choose from.

2. The second layer “learns” which algorithm to apply given the features of the problem
at hand.

3. The third layer applies the selected algorithm to solve unseen instances.

In this work, we focus on the second layer, which is the one where the algorithm selec-
tion strategies are produced. This layer is domain-independent (if properly implemented).
In the past, researchers have relied on different techniques to learn which algorithm to ap-
ply given the features of the problem at hand: neural networks [39], genetic algorithms [40],
ant-based search [41], principal component and landscape analysis [42,43], among others.

As stated before, most of the research on algorithm selection strategies lack a layered-
architecture, making it difficult to change one part of the algorithm selection process
without affecting the others. Thus, researchers need to work on many different parts of
their model to find whether a change improves the performance of the algorithm selector.
Should the performance sit below expectations, more changes must be introduced and
tested to improve the algorithm selection strategy. In this work, we propose an alternative
where changes to the components of one layer only affect said layer within the algorithm
selector. This makes it easier to debug and maintain the algorithm selector.

2.1. Constraint Satisfaction Problems

The definition of CSP comprises a set of variables X, each one taking a value from a
specific domain, subject to a set of constraints C. Solving a CSP requires assigning a valid
value to each variable while satisfying all the existing constraints. Backtracking-based
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algorithms start the search with an empty variable assignment and extend it until they
either obtain a complete assignment where all constraints are satisfied or prove that such
an assignment does not exist [44]. When assigning a variable fails to satisfy one or more
constraints, another value is chosen for the variable. When any variable runs out of values,
a previously assigned variable must change its value, and the process is repeated from
that point onward. Every time a variable is checked to verify that it does not violate a
constraint, a consistency check occurs. In general, the fewer the number of consistency
checks, the better the search.

The way the former solving strategy explores the search space relies on the assignment
ordering of the variables. In this way, poor variable orderings might result in lots of
unnecessary operations that would increase the cost of the search. Various heuristics have
been proposed to deal with the variable ordering problem in CSPs. However, none of them
works well in all instances. Thus, selecting a suitable heuristic based on the features of the
instance to be solved may reduce the cost of the search.

The idea of systematically mapping CSP instances to solve algorithms based on the
features of such instances dates back to 1995 [45]. In that seminal study, Tsang et al.
established a relation between formulation of the CSP and one suitable solving method [45].
After that work, their idea has been implemented through various algorithm-selection
approaches. For example, Petrovic and Epstein studied the idea of combining various
heuristics to produce ensembles that work well on some sets of CSP instances [46]. Their
algorithm-selection model is based on random sets of performance-based weighted criteria,
on which different ordering heuristics rely to make their decisions. Other investigations
have explored symbolic cognitive architectures to produce small “chunks” of code that
serve as components for rules that decide when to apply some variable ordering heuristics
for map coloring and job shop scheduling problems represented as CSPs [47]. Autonomous
search was applied to rank the ordering heuristics according to their quality to exclude
those that exhibit a low performance and to replace them with more promising ones as
the search takes place, producing competent variable ordering strategies for CSPs [48,49].
Other works in the field have explored different topologies of neural networks as algorithm
selectors for applying heuristics on different sets of CSP instances [39]. More recently, Ortiz-
Bayliss et al. described a Genetic Algorithm that discovers rules for applying ordering
heuristics to reduce the overall cost of the search [40].

Variable Ordering Heuristics

This study considers three commonly used variable ordering heuristics for CSPs.
Although some of them were first described more than two decades ago, they remain
useful and competitive nowadays for various benchmark instances [50]. All the heuristics
used in this investigation are dynamic: they order the variables as the search takes place
and take into consideration the changes made to the instance as the result of previously
assigned variables. When a tie is present, the heuristics use the lexical order of the names
of the variables to decide which one to assign. The three variable ordering heuristics
considered for this work are described as follows:

• Domain (DOM) selects the variable with the smallest number of available values in
its domain. The idea consists in taking the most restricted variable from those that
have not been instantiated yet and, in doing so, reduces the branching factor of the
search [50].

• Kappa (KAPPA) selects the variable in such a way that the resulting subproblem
minimizes the value of the κ parameter of the instance [51]. With this heuristic,
the search branches on the variable that is estimated to be the most constrained,
yielding the least constrained subproblem—the one with the smallest κ. For an
instance, κ is calculated as

κ = −∑c∈C log2(1− pc)

∑x∈X log2(mx)
,
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where pc is the fraction of forbidden pairs of values in constraint c and mx is the
domain of variable x ∈ X.

• Weighted Degree (WDEG) captures previous states of the search that have already
been exploited [52]. To do so, WDEG attaches a weight to every constraint in the
instance. The weights are updated whenever a deadend occurs (no more values
are available for the current variable). This heuristic first examines the locally in-
consistent, or hard, parts of the instance by prioritizing variables with the largest
weighted degrees.

Once the process selects a variable, the Min-conflicts heuristic determines the value
assigned to such a variable. Min-conflicts prefer the value involved with the fewest
conflicts [53]. This heuristic tries to leave the maximum flexibility for subsequent variable
assignments. In case of ties, Min-conflicts will favor the first available value.

2.2. Instance Characterization

In this investigation, we characterize the instances by using seven simple yet useful
binary CSP features. Before describing them, we must introduce three concepts: the
constraint density, the constraint tightness, and the clustering coefficient. To help clarify
these concepts and features, we use the example CSP instance depicted in Figure 1.

Figure 1. An example of a Constraint Satisfaction Problem (CSP) instance.

The constraint density of a variable is the number of constraints where it is involved
divided by the maximum number of possible constraints for such a variable. In the case of
binary constraints, a variable can participate in, at most, |X| − 1 constraints (which would
mean that such a variable is fully connected to the remaining variables in the instance).
In our example, variable x3 participates in three out of four possible constraints. Then, its
constraint density is 0.75.

The constraint tightness, on the other hand, applies to constraints, not to variables.
The constraint tightness is the fraction of forbidden pairs of values between two variables
given a constraint. It estimates how difficult it is to satisfy a constraint. In our example, each
variable can take one out of five available values. Then, there are 25 possible combinations
of value assignments for each constraint. The constraint between variables x1 and x2
forbids 20 out of those 25 possible assignments. In other words, such a constraint forbids
80% of the possible assignments, which is why tightness of this constraint is 0.8. The lower
the tightness of a constraint, the easier it is to satisfy it.

The clustering coefficient is somehow similar to the constraint density, but it takes the
analysis a little further. It measures how close the neighbors of one particular variable are
to being fully connected. For example, variable x2 is connected to two variables, x1 and x3.
Then, its constraint density is 0.5 (it participates in two out of four possible constraints).
By considering a subgraph containing only these three variables (x2 and its two neighbors
x1 and x3), we can have, at most, three constraints (assuming a fully connected graph).
Since there are two out of three possible constraints in such a subgraph, the clustering
coefficient of variable x2 is 0.66.

Now, by using these three concepts, we can define the features used to characterize
the instances in this work:
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1. Average constraint density is the average of the constraint densities of all the variables
within the instance. The constraint density in our example CSP is calculated as(

1
4
+

2
4
+

3
4
+

1
4
+

1
4

)
× 1

5
= 0.4.

2. Average constraint tightness is the average of the constraint tightnesses of all the con-
straints within the instance. In our example, the constraint tightness is calculated as

0.8 + 0.2 + 0.48 + 0.88
4

= 0.59.

3. Average clustering coefficient is the average of the clustering coefficients of all the
variables within the instance. The average clustering coefficient of our example CSP
is calculated as (

1 +
2
3
+

3
6
+ 1 + 1

)
× 1

5
= 0.83.

4. Lower quartile of the constraint density is the middle number between the smallest
number and the median of the constraint densities of all the variables within the
instance. First, we need to sort the constraint densities in our example CSP: 0.25,
0.25, 0.25, 0.5, and 0.75. Based on these values, the median is 0.25 and, in this case,
the lower quartile is also 0.25.

5. Upper quartile of the constraint density is the middle number between the median
and the largest of the constraint densities of all the variables within the instance.
Based on the constraint densities sorted in the previous feature, the upper quartile
is 0.50.

6. Lower quartile of the constraint tightness is the middle number between the smallest
number and the median of the constraint tightnesses of all the constraints within the
instance. After we sort the constraint tightnesses in our example CSP, we obtain 0.20,
0.48, 0.80, and 0.88. Based on these values, the median is 0.64 and the lower quartile
is 0.34.

7. Upper quartile of the constraint tightness is the middle number between the median
and the largest of the constraint tightnesses of all the constraints within the instance.
Based on the constraint tightnesses sorted in the previous feature, the upper quartile
is 0.84.

2.3. Benchmark Instances

For this investigation, we considered a total of 400 binary CSP instances—each con-
straint involves no more than two variables—split into four sets as follows. Sets BQWH15
and BQWH18 contain 200 satisfiable (there is, at least, one solution) balanced quasi-group
instances with holes. Set EHI85 contains 100 unsatisfiable (we can confirm that there is no
solution at all) 3-SAT instances that have been converted into CSP instances using the dual
method as described in [54]. The last set, GEOM, contains 100 kind-of-random instances in
which a constraint between two variables can only exist if the distance between the two
variables involved is less than

√
2. The GEOM generation model assumes that random

coordinates are assigned to the variables in order to estimate the distance. GEOM contains
both satisfiable and unsatisfiable instances with 50 variables each and a uniform domain
size of 20. At this point, we must highlight that there are other instances available at the
repository but that these ones were selected because they comprise a variety of representa-
tive patterned, quasi-random, and structured CSP instances that are publicly available at
http://www.cril.univ-artois.fr/~lecoutre/benchmarks (accessed on 16 March 2021).

To deepen the characterization of these instances, we provide an overview of the
distribution of the features described in Section 2.2 for all 400 CSP instances considered for
this work, grouped by set. We can observe from Figure 2 that, in general, these features
produce a very narrow range of values inside each set. This suggests that the instances

http://www.cril.univ-artois.fr/~lecoutre/benchmarks
http://www.cril.univ-artois.fr/~lecoutre/benchmarks
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in each set are similar to each other when analyzing each feature in isolation. However,
the values for these features vary from set to set, which allows the ML methods to grasp
some information to discriminate among instances and to associate them to a suitable
solving method.

Figure 2. Distribution of the values of the seven features that characterize the CSP instances, grouped
by set.

2.4. Machine Learning Techniques

Throughout this research, we produced four Machine-Learning-based algorithm
selection strategies. These algorithm selectors are based on four different classifiers avail-
able in Microsoft Azure ML. In all cases, we used the default configuration of each of
these techniques as provided by the platform. The four Machine Learning techniques
used are briefly described below. For specific details on the implementation of such
methods, the reader is welcome to consult Microsoft Azure ML technical documentation
(https://docs.microsoft.com/en-us/azure/machine-learning/ accessed on 16 March 2021).

• Multiclass Logistic Regression (MLR) is a well-known method used to predict the prob-
ability of an outcome and is particularly famous for classification tasks. The algorithm
predicts the probability of occurrence of an event by fitting data to a logistic function.

• Multiclass Neural Network (MNN) is a set of interconnected layers in which the
inputs lead to outputs using a series of weighted edges and nodes. A training process
takes place to adjust the weights of the edges based on the input data and the expected
outputs. The information within the graph flows from inputs to outputs, passing
through one or more hidden layers. All the nodes in the graph are connected by the
weighted edges to nodes in the next layer.

• Multiclass Decision Forest (MDF) is an ensemble learning method for classification.
The algorithm works by building multiple decision trees and then by voting on the
most popular output class. Voting is a form of aggregation, in which each tree outputs
a non-normalized frequency histogram of labels. The aggregation process sums these
histograms and normalizes the result to get the “probabilities” for each label. The trees
that have high prediction confidence have a greater weight in the final decision of
the ensemble.

• Multiclass Decision Jungle (MDJ) is an extension of decision forests. A decision jungle
consists of an ensemble of decision Directed Acyclic Graphs (DAGs). By allowing tree
branches to merge, a decision DAG typically has a better generalization performance
than a single decision tree, albeit at the cost of a somewhat higher training time. DAGs
have the advantage of performing integrated feature selection and classification and
are resilient in the presence of noisy features.

It is essential to highlight that, although we used Microsoft Azure ML for this work,
the rationale is to separate the Machine Learning algorithms from the rest of the components
of the algorithm-selection process. Then, any other application such as IBM Watson
Machine Learning Service, Google Cloud Machine Learning, or Weka could be used for this
purpose. In our particular case, it was a personal preference, given our previous experience
with the platform.

https://docs.microsoft.com/en-us/azure/machine-learning/
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3. Solution Model

The solution model proposed in this document follows the three-layer architecture
described in Figure 3. This solution model is similar to others described in the literature
related to algorithm-selection strategies. However, the main difference relies on how the
algorithm selection module is implemented, which provides a higher level of independence
and flexibility. In our solution approach, the layer where the algorithm selector is produced
is clearly apart from the remaining domain-dependent layers. Since this layer is domain-
independent, we have great flexibility for using any tool we decide to produce the algorithm
selectors. In this particular case, we used some Machine Learning algorithms provided by
Microsoft Azure ML. This simple yet important change in the solution model allows us to
speed up the process of generating and testing different algorithm selection approaches
with no changes to the rest of the modules in the system.

Moreover, each layer of the proposed model in Figure 3 contains specific steps that
were implemented as follows.

Figure 3. A graphical description of the proposed solution model.

1. Data collection and preparation. The first step of the process involves gathering and
solving the CSP instances in such a way that we can construct the tables for training
and testing. These tables must contain the characterization of each instance as well
as the cost of using the heuristics on such instances. Additionally, in our case, a
column with a label for the best choice of heuristic is required since we considered
supervised Machine Learning methods. However, this column may not be necessary
if the methods are unsupervised. The data collection and preparation step is divided
into three tasks that are applied sequentially.

(a) Instance collection. The first step of the solution model consists of gathering a
set of instances where the methods are trained and tested. It is advisable that
these instances contain categories or classes, such that some patterns can be
extracted from the instances. For this research, we collected 400 CSP instances,
classified into four categories (see Section 2.3 for more details).

(b) Instance characterization. Once the instances have been collected, the model
requires characterizing those instances based on the values of some specific fea-
tures. This characterization allows the algorithm selector to identify patterns
that minimize the cost of solving unseen instances. In this work, we considered
seven features for characterizing CSPs (see Section 2.2 for more details).

(c) Instance solving. Once the instances have been characterized, the next step con-
sists of solving those instances with each available heuristic
(see Section 2.1 for more details). The process requires preserving the re-
sult of each heuristic and labelling the best performing one for each individual
instance. This information will be used later on to produce the algorithm selec-
tor. We estimate heuristic performance by counting the number of consistency
checks required to solve each instance.
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2. Algorithm selector training. This step generates the mapping from a problem state
(defined by the values of the features of the instance) to one suitable algorithm. Once
the instances have been solved, the next step is to split the instances (with their
corresponding results) into training and test sets. To produce the algorithm selectors
described in this work, we first shuffled the instances in each one of the sets described
in Section 2.3. Then, we took the first 60% of the instances in each set and merged
them into a single training set (the same training set was used for the four algorithm
selectors). To avoid biasing the results, we kept the remaining 40% of the instances
exclusively for testing purposes. By using the information from the instances and their
best performers, we trained four algorithm selectors by using the Machine Learning
techniques described in Section 2.4. The result of this process was four mechanisms for
discriminating among heuristics for CSPs, based on their problem features. Since we
claim that our approach favors the transparency of the research and its reproducibility,
we invite the reader to consult the complete process for creating these algorithm
selectors. This information is publicly available at https://bit.ly/3hvzwlY (accessed
on 16 March 2021).

3. Algorithm selector testing. We used the data from the test set to evaluate the perfor-
mance of the algorithm selectors (see Section 4 for more details).

4. Experiments and Results

As described in Section 3, we produced four algorithm selectors based on four Ma-
chine Learning methods: Multiclass Logistic Regression (MLR), Multiclass Neural Net-
works (MNN), Multiclass Decision Forest (MDF), and Multiclass Decision Jungle (MDJ).
We compared the performance of the Machine-Learning-based algorithm selectors against
the one of the variable ordering heuristics applied in isolation as well as two metaheuristic-
based algorithm selectors taken from the literature. Later, we tested the performance of the
algorithm selectors against the performance of the best possible result from the heuristics:
the Oracle—an unrealistic method that would achieve 100% accuracy on the test set.

4.1. Challenging the Heuristics

We compared the performance of the four Machine-Learning-based algorithm selectors
against the performance of the individual heuristics and two algorithm selectors from the
literature, and we obtained exciting data. The algorithm selectors taken from the literature
rely on a Genetic Algorithm (GA) [40] and Simulated Annealing (SA) [11] to produce
algorithm selectors for Combinatorial Optimization Problems, including CSPs. In both
cases, we used the configurations suggested by their authors:

• GA uses a steady-state genetic algorithm to produce algorithm selectors [40]. The evolu-
tionary process starts with 25 randomly initialized individuals and runs for 150 cycles.
The crossover and mutation rates are 1.0 and 0.1, respectively. The crossover and
mutation operators are tailored for the task. For selecting the individuals for mating,
a tournament selection of size two was used.

• SA relies on simulated annealing to generate an algorithm selector [11]. This selector
was originally proposed for solving job-shop scheduling problems, but we adapted it
for CSPs. The initial temperature is set to 100 with a cooling schedule defined by

ti+1 = 0.99× ti.

The maximum number of iterations of the process is set to 200. The solution represen-
tation as well as the mutation operators were taken from [40].

It is important to stress that, contrary to what happens with our Machine-Learning-
based algorithm selectors, both GA and SA may select a different heuristic at different
steps of the search process, even for the same instance. This behavior is defined within the
solution model, and then, we decided not to change it for this work.

https://bit.ly/3hvzwlY
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We summarized the data obtained in Table 1. As expected, no heuristic performs best
over all instances. DOM performs best on set EHI85, while KAPPA performs best on sets
BQWH15, BQWH18, and GEOM. Interestingly, WDEG performed poorly (on average) on
the four test subsets, being unable to outperform DOM and KAPPA. A careful revision of
the results shows that, for some instances, WDEG can be the right choice. However, none of
the Machine-Learning-based algorithm selectors were able to perceive this fact and to use it
to their advantage. The graphical analysis of the results through boxplots (Figure 4) shows
a huge dispersion of the results obtained by some methods. The larger the dispersion of
the consistency checks per set of instances, the less certainty we have on the performance
of the method. Based on these results, we can observe some methods that exhibit similar
behaviors for some sets—for example, KAPPA, GA, MLR, and MNN in GEOM. The similar
performance of different methods is not new, but it confirms the benefit of our approach in
our context. In the four cases, the distribution of the results obtained by MLR and MNN
is similar to that of the best performing heuristic in each set. Then, two of the ML-based
algorithm selectors can replicate the behavior of the best heuristic for each particular set.

Figure 4. Boxplots of the consistency checks required by each method on the test set.

Table 1. Average number of consistency checks for all heuristics and algorithm selectors, operating
on the four test subsets of the benchmark instances (the best results are highlighted in bold).

Method BQWH15 BQWH18 EHI85 GEOM All Sets

DOM 3,454,102.95 50,005,020.88 50,618.45 6,840,338.70 15,087,520.24
KAPPA 267,675.63 7,917,330.05 12,943,721.48 4,887,645.25 6,504,093.10
WDEG 15,950,318.70 87,374,458.50 1,637,849.73 10,807,434.65 28,942,515.39

GA 267,675.63 6,580,857.28 10,101,026.05 5,880,428.30 5,707,496.81
SA 969,515.73 15,215,961.18 8,765,488.58 6,420,713.60 7,842,919.77

MLR 267,675.63 7,917,330.05 50,618.45 4,887,645.25 3,280,817.34
MNN 267,675.63 7,917,330.05 50,618.45 4,887,645.25 3,280,817.34
MDF 853,809.85 10,148,086.18 50,618.45 5,897,675.00 4,237,547.37
MDJ 267,675.63 10,787,268.33 50,618.45 5,338,607.935 4,111,042.58

It is interesting to note that all the Machine-Learning-based algorithm selectors prop-
erly learned to differentiate between heuristics. The ability to differentiate seems to increase
when the ratio between weak and best-performing approaches is very high (for example,
for the instances in set EHI85). Although MLR and MNN obtained the best results for most
of the subsets, there is no significant difference in terms of the performance between the
Machine-Learning-based algorithm selectors studied in this work (when considering all
the instances in the test set). Even in the worst case, the four Machine-Learning-based
algorithm selectors improved the individual results of the heuristics when considering the
whole instances in the test set.

By using the Machine-Learning-based algorithm selectors, we achieved critical savings
in terms of consistency checks. These savings are the result of selecting the best performing
heuristic for each set, as MLR and MNN do. This drastically reduces the overall number of
consistency checks with respect to the heuristics applied in isolation. When all instances in
the test set are considered, the four Machine-Learning-based algorithm selectors overcome
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the heuristics as well as the two metaheuristic-based algorithm selectors taken from the
literature. Among all the methods, the performances of MLR and MNN are outstanding.
These methods solved the test set by using approximately half of the consistency checks
required by KAPPA, the best overall performing heuristic.

4.2. Challenging the Oracle

In a more challenging analysis, we compared the Machine-Learning-based algorithm
selectors against the Oracle (a method that always chooses the best among the three
heuristics for each instance). The average number of consistency checks per instance
required by the Oracle is 2,996,917.37, which is still lower than any of the studied methods.
In fact, both MRL and MNN require around 9% additional consistency checks compared to
the Oracle to solve the whole test set. This means that, although the Machine-Learning-
based algorithm selectors are capable solvers, there is still room for improvement. Since the
Oracle is a method that would achieve a 100% accuracy on the test set, it seems reasonable
to analyze the accuracy of the Machine-Learning-based algorithm selectors as a way to
estimate how close such methods are to the best possible decision. Table 2 shows the
accuracy of all the methods under analysis on the test set. Although heuristics always
apply the same criteria and no selection process is involved, the accuracy reflects the
fraction of instances where each heuristic is the best choice. Additionally, it is important to
remark that we do not present the accuracy of GA and SA since their application model
does not allow us to calculate it properly. GA and SA are allowed to dynamically change
the heuristic as the search takes place. Then, such methods do not rely on the accuracy
but on their capacity to modify the search so it reduces its cost.

As expected, the good performance of the Machine-Learning-based algorithm selec-
tors, in terms of consistency checks, is supported by a large accuracy of their corresponding
classifiers. It is interesting to observe that, a small difference in the accuracy can translate
into a huge change in the number of consistency checks required to solve the set. For ex-
ample, The difference in the accuracies of MNN and MDJ is only 1.875%. However, this
represents around 25% additional consistency checks when solving the test set. This finding
suggests that, a few poor decisions can tremendously impact the overall performance of
the algorithm selectors.

Table 2. Accuracy of the different methods.

Method Accuracy (%) p-Value

DOM 27.500 4.809×10−7

KAPPA 57.500 9.370×10−4

WDEG 15.000 7.283×10−13

GA N/A 3.176×10−7

SA N/A 2.679×10−9

MLR 76.875 0.771068
MNN 76.875 0.771068
MDF 71.875 0.269258
MDJ 75.000 0.345435

Additional to the accuracy of the methods, in Table 2, we included the p-value of a
paired two-sided t-test that compares each method against the Oracle, based on the number
of consistency checks per instance. By using 5% significance, the statistical evidence does
not allow us to state that any of the generated Machine-Learning-based algorithm selectors
is different in performance to the Oracle. However, the statistical evidence suggests that
DOM, KAPPA, WDEG, GA, and SA are not equal to the Oracle in performance. Thus,
we can conclude that all the Machine-Learning-based algorithm selectors produced as
part of this work are statistically equivalent to the Oracle for the instances in the test set.
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Additionally, we found that there is an improvement concerning individual use of the
heuristics and two metaheuristic-based algorithm selectors.

4.3. A Glance at the Classifiers

So far, we analyzed the performance of the Machine-Learning-based algorithm selec-
tors by considering only the number of consistency checks required to solve the instances
in the test set. However, we did not dive into the classifiers within them. For this reason,
in this section, we analyze the confusion matrices of those classifiers.

The confusion matrices (Figure 5) show that both MLR and MNN never recommend
using WDEG. Instead, they classify all those cases as KAPPA. Although MLR and MNN
ignore one of the classes, it seems to be a good strategy since the algorithm selectors
based on such techniques obtained the best results on the test set. Conversely, MLR and
MNN accurately recommend DOM and KAPPA for most instances, which means that the
classifiers properly learned to discriminate among those heuristics given the features that
describe the instances.

MDF and MDJ make some important mistakes when trying to classify KAPPA, since
in 6.6% of the cases, they classify those cases as WDEG. These mistakes affect the overall
performance, which is observable in Table 1.

Figure 5. Confusion matrices for the classifiers within the Machine-Learning-based algorithm
selectors on the test set.

4.4. Discussion

At this point, we briefly discuss the training time of the algorithm selectors. Based
on our experience, it is usually difficult to justify the extra effort of training an algorithm
selector when the results are not considered to “be worth the effort”. In this work, the data
suggest that we can cut off the cost of solving the testing set to around a half with respect
to the best-performing heuristic on the whole set (which we cannot know in advance).
As discussed before, the layered architecture in our model allowed us to execute different
parts of the experimental process on different platforms:

Data collection and preparation. We solved the instances on a Linux Mint 19 PC
with 12 GB of RAM, giving the solvers a time-out of 60 s as stopping criterion for
each instance. When the time-out was reached, the search stopped and the current
consistency checks were reported. The time needed to solve the instances in both
the training and testing sets using the three heuristics was 242 min. This information
was later used to train the classifiers. We also used this platform to produce the
algorithm selectors used for comparison purposes. GA and SA required 485 and
1270 min, respectively, to generate their corresponding algorithm selectors.

Training and Testing. Training and testing of the classifiers were executed directly
on the Microsoft Azure ML platform (free account). With the data gathered from
the previous layer, training and testing the four Machine-Learning-based algorithm
selectors took less than four minutes. When we compare this time against those of
the metaheuristic-based algorithm selectors, we observe a significant difference in
the time required to produce such algorithm selectors, and their overall performance
was below the ones of the Machine-Learning-based algorithm selectors.
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As a final remark, we identified at least two issues representing critiques of our tests.
The first issue is the lack of real-world instances. This situation was derived from the fact
that only a few binary CSP instances defined in extension are provided for real-world
instances in the public repository where the instances were taken. The features used to
characterize the instances in this work are limited to binary constraints. Although we
can convert any n-ary CSP (where n > 2) to an equivalent binary CSP [55], the conver-
sion is usually avoided, as we have also done in this case. Moreover, the fact that the
instances are defined in extension is related to the solver’s technical limitations in this
work. The second issue is related to the solvers considered for this work. Many other
heuristics or solvers could have been considered, such as impact or activity-based strate-
gies [56,57]. Although including real-world instances and other heuristics would certainly
strengthen the results reported in this investigation, at this point, the goal was to present
a clear and straightforward approach of how to combine different solvers by using ML
and the three-layer architecture proposed. Our results have confirmed not only that the
proposed approach works as expected—allowing the execution of different components of
the algorithm selection process on its own layer and platform—but also that the approach
is faster and obtains better results than the two other metaheuristic-based approaches taken
from the literature (GA and SA).

5. Conclusions and Future Work

This paper introduced a procedure to facilitate the task of devising algorithm selection
strategies. One of the most remarkable features of this procedure is its reduced training
time, which is a bottleneck of these methods. Additionally, the effort needed to collect all
the training examples remains the same for both traditional algorithm selection methods
and those produced with our approach. The difference lies in the way such instances are
used to produce an algorithm selector. We noticed that Machine Learning techniques are
a suitable option for this purpose. As a general conclusion, in this work, the proposed
approach reduced the time needed to produce algorithm selectors and outperformed other
metaheuristic-based approaches taken from the literature (GA and SA).

Our proposed model helps in lightening the load of building a critical element of
algorithm selection methods for CSPs: the learning component that maps instances to
heuristics. Addditionally, our implementation of the model increases the credibility of the
research, since all elements related to the inner selection algorithm are publicly available.

At this point, we consider the importance of highlighting the flexibility of the proposed
approach. In this work, we used a few ML methods to implement algorithm selectors
for CSP. However, using the layered-architecture proposed, we could easily change the
problem domain and maintain the same ML methods. Such a change would allow us
to address a different problem domain easily. Conversely, we could modify the layer
related to the algorithm selection process, where the ML methods are, and then provide
different capabilities to the algorithm selectors. The idea of splitting the logic of the
algorithm selection process by layers represents an improvement regarding generality of
the algorithm selection process.

We identified two exciting paths for future work. The first one is how the Machine-
Learning-based algorithm selectors may deal with making decisions as the search pro-
gresses. All the algorithm selectors generated in this work make a decision about which
heuristic to use only when the search starts and keeps that decision until the instance is
solved, it is proven unsatisfiable, or the process stops due to a time-out. Other methods
from the literature are allowed to choose a different heuristic while solving an instance—
and not only at the beginning of the search. Some examples include algorithm selectors
based on genetic algorithms and simulated annealing. Even so, these methods were,
in overall terms, outperformed by those we developed in this work. Nonetheless, the algo-
rithm selector obtained through genetic algorithms showed an outstanding performance
for set BQWH18, where it even surpassed the Oracle. Hence, it would be interesting to
study options for Machine-Learning-based algorithms selectors to explode this capability
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while maintaining the already observed benefits. Some ideas for achieving this goal might
involve hybrid methods that lie on the intersection of Machine Learning and metaheuris-
tics [58,59]. Another critical path for research might focus on extending the proposed model
to cover algorithm generation. In this work, we explored Machine Learning techniques
that produce algorithm selectors. However, the community shows a growing interest in
methods that automatically generate new solving strategies, such as heuristics [10,38].
In this regard, we find that extending our model to also consider algorithm generation is
an exciting idea to explore as part of future work.
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