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Abstract: In this work, we effectuated the numerical simulations of the phase dynamics of an array
of Josephson junctions taking into account the capacitive coupling between the neighboring junctions
and the diffusion current in the stack. We observed that, if we increase the coupling and the dissipation
parameters, the IV characteristic changes qualitatively from the IV characteristics studied before.
For currents greater than the critical one, we obtained an additional branch in the IV characteristics.
This branch is characterized by a lower voltage than the outermost one. Moreover, we obtained
an additional charging of the superconducting layers in the IV region for currents greater than the
critical one. We studied the time evolution of this charging by the means of Fast Fourier Transform.
We proved that the charge density wave associated with this charging has a complex spectral structure.
In addition, we analyzed the behavior of the system for different boundary conditions, appropriate
to different experimental setups.
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1. Introduction

Arrays of Josephson junctions (JJs) formed by alternating superconducting and insulating layers
are known as perspective elements for superconducting electronics [2–4]. The arrays are used for
coherent THz radiation emission [5–7], quantum computing [8], spin current control [9,10] and
parametric amplification of charge traveling waves [11–13]. Artificial JJs arrays can be replaced
by thin films of layered high-Tc superconductors in technological applications [14,15].

The previous investigations of phase dynamics of arrays of intrinsic Josephson junctions
were focused in the region of McCumber-Stewart hysteresis [1,16]. The breakpoint region [17–21]
(corresponding to the transition of some junction in the array from resistive to superconducting state)
was observed in that zone. Previous research proved generation of THz radiation and charge density
waves in this region, which can play an important role in some technological applications. Particularly,
high sensitivity detectors for THz and hundreds of GHz electromagnetic waves imagining have been
designed recently [22,23].

Chaos can be associated with the breakpoint region, which was demonstrated in Reference [24].
The existence of chaos can make harder the implementation of some high precision devices. The LC
shunting of the JJ was proposed to modulate its behaviour. The shunting leads to the appearance of
an additional branch in the IV-characteristic [25]. In our study, we propose another way to realize
branching in the IV-characteristic of the JJs array, which will be described below.
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Due to the fact that the thickness of superconducting layers in the high-Tc superconductors is of the
same order as the Debye screening length, the charging appears in the superconducting layers [26–29].
The charging for currents lower than the critical one was studied previously. Dynamics of charge
oscillations are an important marker for the identification of different branches in the IV-characteristic
and have significant influence on the stacks behavior. Particularly, the resonance related hysteresis [27]
appears in the IV-characteristic due to the charge oscillations and a significant voltage step occurs in
the breakpoint region [30]. The generation of the charge traveling wave in JJ stacks was discussed in
Reference [31]. In Reference [27], Yu. M. Shukrinov and M. A. Gaafar studied the resonance related
hysteresis in a stack of Josephson junctions for small dissipation parameter values (from 0.05 to 0.3).
The resonance related hysteresis consists of the traveling wave branch and the outermost branch and
is situated in the current interval between the break point current and the critical current.

In our paper, we extended the study of the behavior of Josephson junctions arrays presented in
Reference [27] for high values of dissipation parameters. We focused on the JJs arrays’ behavior
for currents greater than the critical one, where the novel features appear. We show that for
highly dissipative systems, the charging of the superconducting layers is generated for a wide
range of currents. As a result, branching appears for overcritical currents in the IV-characteristic.
Similar branching for overcritical currents has been experimentally observed by M. Lyatti, et al.,
in ultrathin high-Tc superconducting YBCO nanowires [32] and nanobridges [33]. Our result was
derived from numerical simulations of a stack of coupled Josephson junctions in the framework of
a capacitively coupled Josephson junctions with diffusion current (CCJJ + DC) model, described in
Section 2.

2. Model and Method

We consider a system of N coupled Josephson junctions, composed of N insulating and N + 1
superconducting layers labeled from 0 to N and junctions are labeled from 1 to N. Each layer is
characterized by order parameter ∆l(t) = |∆|eiΘl(t) where Θl is the superconducting phase parameter.
The system is studied in the framework of the CCJJ + DC model [34,35], which is an efficient instrument
to investigate phase-dynamics of the arrays of JJs. A more generalized model for the prediction of
arrays of Josephson junctions behavior is presented in Reference [36]. This model provides results
which are in agreement with previous experiments [17,37]. Particularly, it derives a correct equidistant
branch structure and shows the existence of the breakpoint region.

In the CCJJ + DC model, due to the absence of complete charge screening in superconducting
layers, the generalized scalar potential appears:

Φl = φl −V0
dΘl
dt

, (1)

with φl being the scalar potential:

φl = Θl(t)−Θl−1(t)−
2e
h̄

∫ l

l−1
dzAz(z, t), (2)

where V0 =
h̄ωp
2e , plasma frequency ωp =

√
2eIc
h̄C , Ic is the critical current and C the capacitance of a

Josephson junction. In this case, the generalized Josephson equation takes the form:

h̄
2e

dφl
dt

= Vl − α(Vl+1 + Vl−1 − 2Vl), (3)

where Vl is the voltage between the lth and (l − 1)th superconducting layers. The coupling parameter
is given by the formula α = εr2

D/(dSdI) with dS the thickness of the superconducting and dI the
thickness of the insulating layers, rD being the Debay screening length and ε the electrical permittivity
of the superconductor [27,35].
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The generalized scalar potential is associated with the charge density, which appears on the layers:

Ql = −
Φl

4πr2
D

. (4)

It leads to the appearance of the diffusion current: Idi f =
Φl−Φl−1

IcR .
Therefore, the total current which passes through the system presents the sum of superconducting

(Is = Il
c sin φl), quasiparticle (Iqp = Vl

R ), displacement Idisp = C dVl
dt and diffusion currents.

Moreover, the total current after the summation has the form:

I = Il
c sin φl + C

dVl
dt

+
h̄

2eRN

dφl
dt

. (5)

In this case, the JJ array behavior is determined by the second order differential equation
generalized from Equation (2) for different boundary conditions written in dimensionless form, which
is solved numerically [20]:

∂2φl
∂t2 = ∑

l′
All′(I − sin φl′ − β

∂φl′

∂t
) (6)

where A for non-periodical boundary conditions is a matrix given by:

A =


1 + αG −α 0 . . .
−α 1 + 2α −α 0 . . .
0 −α 1 + 2α −α 0 . . .

. . . . . . . . . . . . . . . . . .

. . . 0− α 1 + αG

 (7)

The non-periodic boundary conditions correspond to the case when the structure at both ends is
connected to normal-metal electrodes [27]. For periodic boundary conditions matrix A has the form:

A =


1 + 2α −α 0 . . . −α

−α 1 + 2α −α 0 . . .
0 −α 1 + 2α −α 0 . . .

. . . . . . . . . . . . . . .
−α . . . 0 −α 1 + 2α

 (8)

Time t is normalized to ω−1
p . β is the dissipation parameter of the stack, given by the expression

β2 = h̄/(2eCR2
N Ic), where RN is the resistance of the junction in the normal state. Current I is

normalized to the critical current Ic, and G = γ + 1, with γ = dS/dS0 = dS/dSN where dS0 = dSN

the thickness of first and last superconducting layers in the stack includes boundary conditions.
We mention that the effective thickness of the boundary layers can be different due to the proximity
effect at superconductor-normal metal interface [20,27]. For superconducting electrodes periodic
boundary conditions are more suitable.

We used the method described in References [20,27] to implement simulations. To calculate the
voltages on each insulating layer, we ran the current from Imin to Imax with current steps δI up and
then down. The voltages are calculated using the 4th-order Runge-Kutta method for time interval
between Tmin and Tmax for each time step δt as:

∂φ

∂t
= ∑

l′
All′Vl′ (9)
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and then the voltage on the lth junction for a given current value is calculated using formula:

< Vl >=
1

Tmax − Tmin

∫ Tmax

Tmin

Vldt (10)

The charge density (which later in the text is referred to as charge) between two insulating layers
is given by the formula derived from Maxwell’s equation ∇ · ~E = Q/εε0:

Ql = Q0α(Vl+1 −Vl) (11)

where Q0 = εε0V0/r2
D. Numerical stability was investigated by doubling and dividing by half the step

in time, step in current, and the time interval of the simulation.
The innitial version of the simulation code for the first time was presented in Reference [38].

3. Main Results

3.1. Appearance of Branching for Overcritical Currents

IV-characteristics for one junction and for the first junction of the stack of three Josephson junctions
are presented in Figure 1. Both systems are highly dissipative (β = 0.9). The junctions are strongly
coupled (α = 1) in the array of the 3 junctions.
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N=1
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A
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C
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Figure 1. IV-characteristics for a junction for β = 0.9 with the return current Ir is shown with a dark
blue line and for the first junction in the stack of 3 junctions for β = 0.9 and α = 1 with the return
current I′r, shown with an orange line. The directions of current are shown with arrows next to the
IV-characteristics. Simulations have been done for periodic boundary conditions.

The usual picture is observed for one junction in the stack. Only one branch exists for currents
greater then the critical one. However, we can observe branching in the ABCD region (see Figure 1)
for currents greater than the critical one for an array of 3 coupled Josephson junctions. For current
value I/Ic = 1, the system switches to the resistive state. However the voltage on each junction of the
stack is smaller than for a single uncoupled junction. The current gradually increases up till point B,
shown in the picture. The spontaneous jump in voltage value, which is highlighted by an increase of
about 20%, occurs (transition from point B to point C). From that point on the voltage is monotonously
increasing with the increase of current.

For the decrease of current a new transition from point D to point A occurs with a sudden
reduction in the voltage value. From then on, the formation of a small McCumber-Stewart hysteresis
can be observed. However, a significant increase of return current can be observed due to strong
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coupling between the junctions (from Ir to I′r). We mention that the IV-characteristic has the same
behavior for all junctions in the stack. Significant voltage reduction in the stack can occur due to
the modification of charge transport mechanism to a less dissipative one. We suggest studying the
appearance of the charging of superconducting layers and generation of charge traveling waves in
order to identify it.

The existence of an additional branching for currents greater than the critical one was clearly
identified by M. Liatty et al. [32]. From Figure 4 of the mentioned article [32], it can be clearly seen that
the voltage jumps similar to the transitions BC and DA from Figure 1 of our article. Because points
A and B correspond to different currents, hysteresis appears. M Lyatty et al. observed an additional
branch on the IV characteristic of the YBCO nanowires (YBCO is characterized by the lowest distance
and the strong coupling between the superconducting lyers) and the study was implemented for higher
temperatures, which is in correspondence with high values of the dissipation parameter and is in
agreement with our hypothesis about the necessity of strong coupling and high values of the dissipation
parameter. Small differences between the form of simulated and experimental IV characteristics result
from the finite width of YBCO nanowires and its imperfect crystalline structure.

3.2. Charging of the Superconducting Layers

We study charge temporal dependence for superconducting layers in the stack in order to explain
changes in the systems’ behavior. We observed the generation of the charge traveling wave for both
the increase and the decrease of the current. The amplitude of the charge oscillations and the voltage
dependences on current are presented in Figure 2 for both the increase (a) and the decrease (b) of the
current. Both phenomena are strongly correlated.
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Figure 2. Dependences on current of voltage (dark color lines), together with minimal and maximal
values of charge (light color lines), are shown for the increase (a) and for the decrease (b) of current.
The direction of current is shown with arrows. Labels for outermost switching and the wave switching
currents are shown next to the corresponding current values.

Charge generation (disappearance) is correlated with the voltage jumps and they occur for the
same current values. Existence of two distinct branches can be observed: the traveling wave (TW)
branch and the outermost branch. The traveling wave branch is characterized by lower voltage and
significant (Q/Q0 > 0.4) amplitude of charge oscillations.

For the increase of current, the charge traveling wave appears starting with the critical current and
is generated up till the switch to the outermost branch. The switch occurs at the outermost switching
current (Io) shown in the picture. It corresponds to label B in Figure 1. For the decrease of current
(shown in Figure 2b), the transition from the outermost branch to the TW branch occurs at wave
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switching current (Iw), which corresponds to label A in Figure 1. The charge is generated up till the
return current. In this way the charging is present in the current region (Ic, Io) for the increase of
current, while for the decrease of current in the region (I′r, Iw). The charge is generated up to the
return current.

The significant voltage reduction for TW branch in comparison with the outermost branch shows
that the charge traveling wave is an efficient mechanism for charge transport. We mention that
appearance of a more efficient collective transport mechanism in presence of high dissipation was
observed for many complex and coupled systems due to self-organization [39]. The charge traveling
wave can be observed in JJs arrays with low dissipation [31]; however, in that case the difference in
voltage of TW and outermost branches is much smaller. In this way, we have found the origin of
branching in the IV-characteristics.

The charge traveling wave temporal dependences for the value of current I/Ic = 1.3 are presented
in Figure 3a,c for the increase of current and for the decrease of current correspondingly. The selected
current value from the phase dynamics is a typical point from the TW branch, and is characterized by a
slow variation of the charge oscillations amplitude and is situated far from transient regions. The Fast
Fourier Transforms (FFT) analysis was performed due to unharmonious profiles of the waves for both
cases and they are presented in Figure 3b,d. FFTs have been effectuated to characterize the frequency
of charge dynamics. The main harmonic (ω/ωp ≈ 1) can be observed along with subharmonics
(ω/ωp ≈ 2 and ω/ωp ≈ 4).
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Figure 3. Charge traveling wave for the first, second and third superconducting layers are presented
for current value of I/Ic = 1.3 for the increase (a) and the decrease (c) of current. Corresponding results
of Fast Fourier Transform (FFT) analysis are presented in (b,d).

The relation (ω/ωp ≈ 1) shows the existence of resonance between plasma and Josephson
oscillations according to Reference [27]; however, a finite ratio of main harmonic and subharmonics
amplitudes prevents a permanent increase of charge oscillations amplitude and ensures the TW
branch stability.

3.3. The Effect of Number o Junctions in the Stack

Figure 4 presents the dependence of the IV-characteristic on the number of JJs in the array. In the
system, branching appears in the overcritical currents region for a number of junctions greater or
equal to two (N ≥ 2). It consists of the traveling wave and the outermost branches. Detailed study
shows that all junctions in the stack in the novel region have the same behavior and formation of the
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hysteresis represents a collective phenomenon. The IV-characteristics are presented in Figure 4 only
for selected values of the numbers of junctions. The branching still exists even for greater values of N.
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Figure 4. The I-V characteristics for the JJs arrays with different number of junctions in the stack N
and the same dissipation of β = 0.8 and the coupling of α = 1. The branching (for arrays with N ≥ 2
junctions) is put in evidence by dashed ellipses.

3.4. Effects of Boundary Conditions

Moreover, we investigated the effect of boundary conditions on the TW and outermost branches.
Our simulation confirms that even for non-periodic boundary conditions branching exists in the
system. According to Reference [35], the case of non-periodic boundary conditions corresponds to
the situation when high-Tc layered superconductor is connected to the normal metal at both ends.
However, in this case the voltage value is smaller in comparison with the case of periodic boundary
conditions, as can be observed from Figure 5.
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Figure 5. (a) IV-characteristics for a system of 3 junctions in a stack with coupling parameter α = 1,
β = 0.9 and periodic boundary conditions (shown with a green line) and γ = 0.5 (shown with an
orange line). (b) Zoom at the IV-characteristic for the region marked by an elipse (currents from 1.36 Ic

to 1.48 Ic) for junctions 1, 2, and 3.
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Furthermore, the voltage values for different junctions are no longer the same.
The IV-characteristics for distinct junctions are shown in the inset of Figure 5. For junctions numbers 1
and 3 voltage values coincide, while for the junction number 2 voltage values are higher for the same
values of current.

We studied charging for boundary condition parameter γ = 0.5 (Figure 6), which corresponds to
the case when the thicknesses of superconducting layers are dS0 = 2dS = dSN . We can observe
that every abrupt change in the amplitude of charge oscillations leads to modifications in the
IV-characteristics. In comparison with case of periodic boundary conditions, the charge oscillations do
not vanish for greater currents.
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Figure 6. Maximal and minimal values of charge (light color lines) on the superconducting layers of
the stack for α = 1, β = 0.9 and γ = 0.5. For the increase of current (a) on the 1st superconducting layer
(c) on the 2nd superconducting layer. For the decrease of current (b) on the 1st superconducting layer
(l = 1), and (d) on the 2nd superconducting layer (l = 2). The IV-characteristics for the corresponding
direction of currents are presented with dark lines.

During the study of the system for non-periodic boundary condition and finite value of γ we
observe that the charge oscillation profile is correlated with the jumps on the IV-characteristic, similar
to periodic boundary conditions. However, the voltage steps are much smaller and the TW branch is
fragmented in some short regions. We conclude that large superconducting electrodes are important
to ensure the stability of charge oscillations and efficient collective charge transport.

In comparison with the results presented in Section 3.2, the amplitude of charge oscillations for JJs
array surrounded by a normal metal electrodes can suddenly change with small current oscillations.
Moreover, the mean value of charge on a selected superconducting layer has a nonzero value in case of
nonperiodic boundary conditions.

4. Conclusions

In summary, we have demonstrated that, for currents greater than the critical one, branching is
present in the IV-characteristic for stacks of highly dissipative coupled Josephson junctions. We have
found the traveling wave branch, which is characterized by the voltage lower than the outermost one.
If the systems follow the traveling wave branch, the charging of the superconducting layers appears.
The traveling wave branch is stable for currents from the critical current to the outermost switching
current. The stability of the traveling wave branch is ensured by the specific spectral structure of charge
oscillations and the presence of large superconducting electrodes at the edges of the JJs array associated
with periodic boundary conditions. The branching and the generation of a charge traveling wave were
observed even for non-periodic boundary conditions corresponding to a JJs array surrounded by the
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normal metal electrodes but the distance between the different branches is much smaller. We have
observed the charging for arrays with a different number of junctions (N ≥ 2), including large stacks.
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