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Abstract: We propose a general analytical way to describe the fluorescence peculiarities in photonic
liquid crystals (revealing themselves as an optical analog of the X-ray Kossel lines in conventional
crystals) based at the localized optical edge modes existing in perfect photonic liquid crystal layers.
The proposed approach allows us to predict theoretically the properties of optical Kossel lines in
photonic liquid crystal (fluorescence polarization, spectral and angular fluorescence distribution,
influence of the light absorption in liquid crystal, and, in particular, existing the optical Borrmann
effect if the absorption in liquid crystal is locally anisotropic). Comparison of the theoretical results
and the known experimental data shows that the theory reproduces sufficiently well the observation
results on the fluorescence in photonic liquid crystals. For confirming a direct connection of the
optical Kossel lines to the localized optical edge modes in perfect photonic liquid crystal, we propose
the application of time-delayed techniques in studying the optical Kossel lines.
Keywords: optical Kossel lines in photonic liquid-crystal; localized conical modes in photonic
liquid-crystal; two-wave dynamical diffraction theory; conical modes of high diffraction orders

1. Introduction
Recently, there have been proposals to describe the X-ray Kossel lines [1–3], existing in X-ray
diffraction at perfect single crystals and revealing themselves in the angular redistribution of X-ray
emission exiting crystal close to the definite emission directions, in the framework of the theory of
localized X-ray modes [4]. Similar lines, existing in electron diffraction at perfect single crystals, were
observed by Kikuchi [5] and were called Kikuchi lines. Because the X-ray optics and the visible light
optics of periodic media (called photonics) have much in common, the Kossel lines should also exist in
the optical wave-length range in photonic crystals, so it is reasonable to apply the same approach in
the case of photonic crystals as in the X-ray case. Below, we study the fluorescence peculiarities in
photonic crystals influenced by their periodic structure. To be specific, the study will be carried out
with a well-known example of photonic crystals, photonic liquid crystals.
The physics of the Kossel lines is, in general, understood (however, there has been no clear
theoretical description of this phenomenon [2,3]). The lines are due to the emission of radiation by
individual atoms located in a periodic medium [2,3] and result in an essential angular redistribution
of the radiation emitted from a sample for the emission directions close to the ones satisfying the
Bragg condition.
The above explanation equally relates to X-ray and visible light, although, for their observations,
the periods of the corresponding media should be essentially different, with X-ray being order of the
X-ray wave-length, i.e., being smaller than optical wave-length.
As in the case of the X-Ray Kossel lines, in the case of the optical Kossel lines, different processes
result in the appearance of the Kossel lines. However, the most famous process is the fluorescence
in photonic crystals produced as an incoherent process in the course of a sample illumination.
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So, the fluorescence in photonic liquid crystals will be theoretically considered below in terms of the
optical localized modes, and more specifically with the help of the localized edge modes (EMs).
There are a number of experimental papers that study fluorescence in photonic crystals, namely
cholesteric liquid crystals (CLCs) [6–11]. All cited papers reported on a spectral fluorescence
redistribution with a strong suppression of the emission in some frequency interval and an enhancement
of the emission at the edges of the mentioned interval for the fluorescence emission along the CLC
helical axis for light with one circular polarization and very weak fluorescence changes for light with
the opposite circular polarization. The papers [7,10] report also on similar spectral changes of the
fluorescence emission in the directions differing from the helical axis direction however the emission
suppression occurs for light with the polarization differing from the circular one. As will be shown
below, all main observed features of the fluorescence in photonic liquid crystals can be described in
terms of localized edge modes.
In what follows below, the results of the theory of optical edge modes in the CLC [12], mainly
in the framework of the dynamical two-wave approximation, are shortly presented and we discuss
applications of the theory to the optical Kossel lines, including different ranges of the CLC sample
parameters: non-absorbing CLCs, CLCs with an isotropic absorption, and CLCs with a locally
anisotropic absorption revealing the Borrmann effect.
2. Eigen Waves in CLC
As is well known (see, for example, [12]) the optical Eigen waves in a CLC under the diffraction
conditions are linear superpositions of two plane waves presented by the following expression
E(r, t) = e−iωt [E+ σ+ exp(iK+ z) + E− σ− exp(iK− z)]exp(ikt r),

K+ − K− = τ, K j + = τ/2 ± q±

(1)

where q± are the additions to the wave vectors due to the diffraction, σ+ , and σ− are the unit vectors
of elliptical polarizations (and the deviation of these elliptical polarizations from the circular ones
are growing with growth of the angular deviations of the wave vectors K± from the CLC axis [13]),
the wave vectors K± are related by the Bragg condition via τ, the CLC reciprocal lattice vector (τ = 4π/p,
where p is the CLC pitch), and z is the coordinate along the CLC helical axis. In the case of light
propagating along the CLC helical axis, the expression (1) is an exact one [12] and the polarization
vectors σ+ , and σ− correspond to left and right circular polarization, respectively. In the case of light
propagating at an angle to the CLC helical axis, the expression (1) is an approximate one. This does
not take into account the Bloch waves with small amplitudes, keeping only two waves with the
largest amplitudes. The accuracy of this approach (called two-wave dynamical diffraction theory, see,
for example, [12]) for light propagating at an angle to the CLC helical axis is determined by the CLC
dielectric anisotropy δ, where δ = (ε1 − ε2 )/(ε1 + ε2 ) (with ε1 and ε2 being the principal values of CLC
1
dielectric tensor), ε0 = (ε1 + ε2 )/2, the wave vector out of the CLC sample κ = ωε0 2 /c, where c is the
speed of light, and kt is the wave vector tangential component, kt = κ cosθ, where 2θ is the scattering
angle (see below in more detail).
For light propagating along the CLC helical axis an exact solution of the Maxwell equations is
known (see, for example [12]). For light propagating at an angle to the CLC helical axis, the values
entering in (1) are determined in the two-wave dynamical diffraction approximation by the following
system of linear equations
(ε0 − K+2 /κ2 )E+ + P(ετ) E− = 0,

P(ε−τ) E+ + (ε0 − K−2 /κ2 )E− = 0,

(2)

where E+ and E− are the vector electric field amplitudes in the linear superposition of two plane waves
(1) forming the Eigen wave, ε0 and ετ , are the amplitudes in the Fourier expansion of the CLC dielectric
tensor. For different orders of diffraction the explicit expressions for the factor P(ετ) are different for
different diffraction geometries. For example, for the first diffraction order P(ετ) = (δ/2)(1 + sinθ),
where 2θ is the scattering angle (see below in more detail).
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The solution of the system (2) shows [12,13] that for a non-collinear geometry (light propagating
at an angle to the CLC helical axis) the Eigen waves polarization vectors change slightly inside the stop
band (at variations of the wavelength or the propagation direction). As an approximation for the Eigen
waves polarization vectors (neglecting their changes inside the stop band) a kinematic expression may
be taken into account for the Eigen polarizations (see [12,13]). As a result of the solution of the system
(2) one finds for each Eigen polarization two Eigen waves with different diffraction additions to the
wave vectors q± which are strongly dependent on the deviation of the wave vectors (or the frequency)
from the exact Bragg condition. We shell use below an explicit expression for the Eigen waves for
the collinear geometry (see, for example [12]) and an approximate expression for the Eigen waves
for the non-collinear geometry [13]. Note that, for the non-collinear geometry, the Eigen waves are
dependent on the parameter α determining the deviation from the Bragg condition (α = τ(τ + 2k)/k2 ).
Note that the general expression for the parameter reduces to α = 2(∆ω/ωB )sinθB for a changing the
frequency by ∆ω at the fixed incidence angle and to α = 2∆θsinθB for a changing the the incidence
angle2020,
by ∆θ
the PEER
fixedREVIEW
frequency, where ωB and θB are the Bragg frequency and the Bragg angle
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Figure 1. Schematic of a boundary problem for the localized conical edge mode (CEM).

Figure 1. Schematic of a boundary problem for the localized conical edge mode (CEM).
For finding the localized edge mode we have to solve a boundary problem for a CLC layer.
case of
a collinear
4.The
Conical
Edge
Modes geometry corresponding to the edge mode (EM) is well known [12]), so, in the
next section, we discuss the case of a non-collinear geometry corresponding to the conical edge mode
There is a complete analogy between the case of a collinear geometry and the case of a non(CEM).
collinear geometry. Thus, similarly to the well-known CLC localized edge modes (EM) existing at
3. Boundary
Problem
discrete
frequencies
outside the optical stop band, in the case of a non-collinear geometry, the
localized conical edge mode (CEM) should also exist at discrete frequencies outside the stop band. In
Begin by considering the boundary problem in the formulation which assumes that a plane
both cases, collinear and non-collinear geometry, the localized mode frequency is found from the
optical wave with diffracting polarization is obliquely incident at the planar CLC layer (see Figure 1).
resolvability condition of similar systems of +two equations,
so there is a qualitative similarity of the
The amplitudes of the two Eigen waves E± and E± − excited in the CLC layer by the incident wave
results with some quantitative difference.
(with the amplitude of incident wave equal to unity and the propagation direction close to the one
Similar to the case of collinear geometry studied in [12], the dispersion equation for CEM can be
given by the Bragg condition) are determined by the following equations
obtained as a condition of resolvability of the homogeneous equation obtained from Equation (3).
+
Note that, as follows from the solution E
of+ +the
equation, the CEM is a linear
+ Ehomogeneous
− =1
(3)
t−
t−
+
+
t−
+The resolvability condition
superposition of two Eigen
waves
with
the
amplitude
ratio
E
-+/E++ =
−1.
exp[i K + K + L]ξ E+ + exp[iK − L]ξ− E
− = 0,
demands a zero value of the Equation (3) determinant and results in the following dispersion
equation
where Lfor
is CEM:
the layer thickness and Kt− + and Kt− − are the normal (along the reciprocal vector τ)
1
components of the wave vectors, and ξ± = (E− /E+ ) = P(ετ) /(α ± [α2 − (P(ετ) )2 ] 2 ).
tg(qL) = −4i(q/τ)/α.
(6)
In a general case the solution of Equation (6) determining the CEM frequencies (ωCEM) can be
found only numerically. The CEM frequencies ωCEM occur to be complex quantities which may be
presented as ωCEM = ω0CEM(1 + i), where in real situations is a small parameter. So, the CEMs are
weakly decaying in time, i.e., they are quasi-stationary modes. Luckily, an analytic solution may be
found for some limiting cases, namely, for a sufficiently small ensuring the condition (qL)Im(q/τ) <<
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The amplitude reflection Ra and transmission Ta coefficients for light of diffracting polarization
take the form:
Ra = -iP(ετ) sinqL/[(4q/τ)cosqL − iαsinqL]
(4)
Ta = (4q/τ)exp[iτL/2]/[(4q/τ)cosqL - iαsinqL],
where for the first diffraction order
1

q = (τ/4)[(α)2 − ((δ/2)(1 + sinθ))2 ] 2 .

(5)

The intensity reflection R = Ra 2 and transmission T = Ta 2 coefficients experience oscillations
versus the frequency outside the stop band. In non-absorbing layers the relation R +T = 1 holds for all
frequencies. At q = nπ/L, where n is an integer number, R = 0 and T = 1.
4. Conical Edge Modes
There is a complete analogy between the case of a collinear geometry and the case of a non-collinear
geometry. Thus, similarly to the well-known CLC localized edge modes (EM) existing at discrete
frequencies outside the optical stop band, in the case of a non-collinear geometry, the localized conical
edge mode (CEM) should also exist at discrete frequencies outside the stop band. In both cases,
collinear and non-collinear geometry, the localized mode frequency is found from the resolvability
condition of similar systems of two equations, so there is a qualitative similarity of the results with
some quantitative difference.
Similar to the case of collinear geometry studied in [12], the dispersion equation for CEM can be
obtained as a condition of resolvability of the homogeneous equation obtained from Equation (3). Note
that, as follows from the solution of the homogeneous equation, the CEM is a linear superposition of
two Eigen waves with the amplitude ratio E− + /E+ + = −1. The resolvability condition demands a zero
value of the Equation (3) determinant and results in the following dispersion equation for CEM:
tg(qL) = −4i(q/τ)/α.

(6)

In a general case the solution of Equation (6) determining the CEM frequencies (ωCEM ) can be
found only numerically. The CEM frequencies ωCEM occur to be complex quantities which may be
presented as ωCEM = ω0 CEM (1 + i∆), where ∆ in real situations is a small parameter. So, the CEMs are
weakly decaying in time, i.e., they are quasi-stationary modes. Luckily, an analytic solution may be
found for some limiting cases, namely, for a sufficiently small ensuring the condition (qL)Im(q/τ) << 1.
In this case the values of a real part of ωCEM , i.e., ω0 CEM , are coinciding with the frequencies of zero
values of reflection coefficient R for a non-absorbing CLC layer and the complex CEM frequencies are
determined by the relations:
(Lq) = nπ, ∆ = −(1/2)P(ετ) (nπ)2 /[(P(ετ) Lτ/4]3

(7)

where n is an integer number numerating the CEMs.
The CEM lifetime in this limiting case is proportional to the third power of the sample thickness L,
and for the first diffraction order CEM is given by the expression
1

τCEM ≈ (Lε0 2 /c)[(δ/2)(1+sinθ)Lτ/πn]2

(8)

where c is the speed of light.
The CEM properties are similar to the ones of EM, and their detail description may be found
in [13], so below will be mentioned main CEM properties without their detail derivation. The CEM are
numerated by an integer number n (n =1 corresponds to the CEM whose frequency is the closest to the
stop band edge), the electromagnetic field of CEM is localized in the layer and is modulated in the
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space at the layer thickness with the number of modulation periods coinciding with the CEM number
n. In a non-absorbing CLC layer, a finite CEM lifetime is due to the radiation leakage through the layer
surfaces, so the CEM lifetime increases with the increasing of the layer thickness L as a third power of
L according to (8), and resulting in an infinite CEM lifetime for the infinite L.
5. Spectral (Angular) Distribution in Kossel Line
Similarly to the X-ray case, the optical Kossel lines are due to the emission of radiation by
individual atoms located in a periodic medium (CLC in our case) resulting in an essential angular
redistribution of the fluorescence radiation emitted from a sample for the emission directions close
to the ones satisfying the Bragg condition. In the case of a planar CLC layer these directions form a
circular cone around the normal to the CLC layer surface. There are two typical ways of observing
peculiarities of the fluorescence in CLC. One approach consists in measuring the fluorescence spectrum
at a fixed emission angle and the other in the measuring of the fluorescence angular distribution
close to the Bragg direction at a fixed emission frequency. The experimental curves of angular and
frequency dependencies obtained in both approaches are very similar. So, to be specific, we shall
discuss below the first option, spectral measurements at a fixed observation angle, keeping in mind that
the theoretical description for the second option may be easily obtained by a simple redefinition of the
parameters entering in the formulas of the first approach. The experimentally observed peculiarities of
the fluorescence in CLC happen for the mentioned above emission directions constituting a circle cone
with its axis along the CLC spiral axis (in the case of a planar CLC layer this direction coincides with
the direction of the normal to a CLC layer surface). Some fine structures of the intensity distribution
for a definitely polarized fluorescence (in the case of the first order of diffraction for the elliptically
polarized fluorescence) are observed at this cone.
Beginning by considering the characteristics of the exiting from the sample light (in our case the
fluorescence optical Kossel lines (KL)), we note that the emission in a sample radiation propagates
according to the rules for the Eigen waves propagation in the sample. This is why the characteristics of
exiting from the sample radiation (including the optical KL) are dependent on the properties of the
Eigen waves of the sample. One easily finds that in the case of the optical KLs relevant Eigen modes
are the CEMs.
In the optical problems corresponding to the boundary problem schematically shown in Figure 1
(just to which relates the considered below problem of light emission by a point source placed in a
perfect CLC layer) an equation of the following form should be studied.
RotRot E − c−2 ε(r)∂2 E/∂t2 = F(r,t),

(9)

in (9), E is the electric field vector, ε(r) is the dielectric tensor of the CLC layer in Figure 1, and F(r,t) is
the vector function whose specific form is determined by the studied physics process. This may be a
problem of nonlinear frequency conversion or a problem of emission by a moving charged particle,
etc., [12]. A common result of the mentioned specific cases is finding of the Eigen wave amplitudes
excited in the layer due to the inhomogeneity F(r) in (9). In the present case, the optical KLs are
similar to the ones for X-rays [1–3] (light emission by a point source placed in a perfect CLC layer) as
an inhomogeneity in (9) should be used the function F(r) corresponding to a point emission source
(individual atom) differing from zero only inside the layer. Naturally, in a direct analogy with the
X-ray case, the influence on the emission of a periodical medium (CLC) reveals itself in the suppression
of the emission in directions corresponding to the stop band (in the case of fixed light frequency) and
an essential redistribution in the angular distribution of light close to the directions of the stop band
edges (just this redistribution creates the Kossel lines). For the emission angles far from the stop-band
directions, the CLC periodicity does not practically influence the light emission. So, there is a fine
angular structure of the light emission close to the directions of the stop band edges. Along with the
emission suppression for the directions corresponding to the stop band, emission maxima arise at the

Crystals2020,
2020,10,
10,541
x FOR PEER REVIEW
Crystals

of16
17
66of

angular structure of the light emission close to the directions of the stop band edges. Along with the
directions
corresponding
the
CEMs ofcorresponding
the different numbers
n out
of the
stop band
directions.
This
emission suppression
forto
the
directions
to the stop
band,
emission
maxima
arise at
the
is
nevertheless
close
to
the
directions
corresponding
to
the
stop
band
edges.
directions corresponding to the CEMs of the different numbers n out of the stop band directions. This
If we first neglect
in the CLC, theto
CEM
for a different n may be found
is nevertheless
close tolight
the absorption
directions corresponding
the amplitudes
stop band edges.
from If
thewe
solution
of the light
system
(3). As was
in [12,13]
at the
CEM frequencies,
determined
first neglect
absorption
in shown
the CLC,
the CEM
amplitudes
for a different
n may by
be
the
relations
found from the solution of the system (3). As was shown in [12,13] at the CEM frequencies,
1
determined by the relations (Lq) = nπ, with q = (τ/2)[(αp )2 − (P(ετ ))2 ] 2 ,
(10)
2] ½,
= nπ,
= (τ/2)[(α
p)2 − (P(ετ))coincide
(10)
the found from the solution of(Lq)
system
(3)with
E+ +qand
E− + practically
with the corresponding
amplitudes
of nththe
CEM
excitedofinsystem
a sample.
the found from
solution
(3) E++ and E-+ practically coincide with the corresponding
For
a
first
diffraction
order,
an
explicit
expression in the two-wave dynamical diffraction
th
amplitudes of n CEM excited in a sample.
approximation
for
the
frequencies
of
CEM
with
differentin number
n following
from diffraction
(10), and
For a first diffraction order, an explicit expression
the two-wave
dynamical
correspondingly
the frequency
positions
maxima
KL spectrum
are determined
the expression
approximation for
the frequencies
of of
CEM
withindifferent
number
n followingbyfrom
(10), and

correspondingly the frequency positions of maxima in KL spectrum1are determined by the expression
(11)
± (ω − ωB )/ωB = (1/2)[(1 + sinθ)22 (δ/2)22 + (np/L)22 ]½2 , n = 1, 2, 3......
± (ω − ωB)/ωB = (1/2)[(1 + sinθ) (δ/2) + (np/L) ] , n = 1, 2, 3......
(11)
1

where
(cτ/2ε00½2)/sinθ.
)/sinθ.
= (cτ/2ε
wherethe
theBragg
Braggfrequency
frequencyω
ωBB =
So, there is a fine structure of emission lines determined by the difference in the frequencies of the
there is a fine
by the difference
in the
the squared
frequencies
of
CEM So,
corresponding
to structure
a differingofn.emission
Figures 2lines
anddetermined
3 present calculation
results for
CEM
the
CEM
corresponding
to
a
differing
n.
Figure
2
and
Figure
3
present
calculation
results
for
the
amplitudes for several first CEMs (n = ±1, ±2, ±3) carried out with help of the system (3). One sees
firsttoCEMs
(nband
= ±1,if ±2,
±3) carried
out with help
of the
squared
CEM
amplitudes
for several
that
the KL
spectrum
is symmetric
relative
the stop
a sample
is non-absorbing
(Figures
2
system
(3).
One
sees
that
the
KL
spectrum
is
symmetric
relative
and 3 show that the spectral location of the CEM amplitude maxima coincide with the locations of the
zero values of the reflection coefficient).

(a)
Figure 2. Cont.

Crystals 2020, 10, 541

7 of 16

Crystals 2020, 10, x FOR PEER REVIEW

7 of 17

CEM squared ampl. a .u.



4

3

2

1

0.02

0.04

0.06

0.08

0.10

FREQUENCY

(b)

(c)
Figure2.2.Calculated
Calculated
versus
frequency
reflection
coefficient
(a) for non-absorbing
and
Figure
versus
frequency
reflection
coefficient
(a) for non-absorbing
and isotropically
isotropically
layer= [(1
+ sinθ)/2 =in0.05,
thickness
N =0.006
100,
absorbing
CLCabsorbing
layer [δ(1 CLC
+ sinθ)/2
0.05, thickness
period
numberin
N period
= 100, γnumber
= 0, 0.003,
(shown
at decreasing
line thickness)],
and squared
CEM amplitude
for a non-absorbing
CLC at
the
γ = 0, 0.003,
0.006 (shown
at decreasing
line thickness)],
and squared
CEM amplitude
for
a
high
frequency (b)
andat
low
frequency
(c) stop band
edge low
for three
first CEMs
(n = ±1,
±2, edge
±3); here
non-absorbing
CLC
the
high frequency
(b) and
frequency
(c) stop
band
for
and
at first
all figures
the±2,
dimensionless
frequency
ωd = δ(1
+ sinθ)/2[2(ω
− ωB )/ωB δ(1
+ sinθ)/2
three
CEMsbelow
(n = ±1,
±3); here and
at all figures
below
the dimensionless
frequency
1

ωd1)],
= where
δ(1 + sinθ)/2[2(ω
− 0ω2 Bis
)/ω
Bδ(1
sinθ)/2 − 1)],
where
B = cτ/2sinθε
01/2 is used
−
ωB = cτ/2sinθε
used
(i.e.,+normalized
by the
Braggωfrequency
the difference
of(i.e.
the
frequency
andby
thethe
stop
bandfrequency
edge frequency).
normalized
Bragg
the difference of the frequency and the stop band edge
frequency).

Crystals 2020, 10, 541
Crystals 2020, 10, x FOR PEER REVIEW

8 of 16
8 of 17

(a)
7

CEM squared ampl. a .u.



6
5
4
3
2
1
0.02

0.04

0.06

0.08

0.10

FREQUENCY

(b)

(c)
Figure
sameasasFigure
Figure
2 for
CLC
layer
thickness
in period
number
Figure3.3.(a–c)
(a–c) The
The same
2 for
thethe
CLC
layer
thickness
in period
number
N = 150.N = 150.
Figures
2 and
3 demonstrate
also a strongalso
dependence
the spectral of
positions
and intensities
Figure
2 and
Figure 3 demonstrate
a strongofdependence
the spectral
positionsofand
theintensities
Kossel lines
sample
thickness.
of on
thethe
Kossel
lines
on the sample thickness.

6. Absorbing CLCs

Crystals 2020, 10, 541

9 of 16

6. Absorbing CLCs
Crystals
10, x FOR PEER spectral
REVIEW distribution of the Kossel lines with neglecting of the light absorption
9 of 17
The 2020,
above-discussed

has a limited application for describing a real experiment. It may be relevant to very thin samples,
The above-discussed spectral distribution of the Kossel lines with neglecting of the light
while, as a rule, the absorption determines the essential features of the experiment. This is why we will
absorption has a limited application for describing a real experiment. It may be relevant to very thin
also consider the light absorption in the study of the previous section beginning from the case of an
samples, while, as a rule, the absorption determines the essential features of the experiment. This is
isotropic light absorption. The isotropic absorption may be taken into account by introducing a small
why we will also consider the light absorption in the study of the previous section beginning from
imaginary
the homogeneous
part ε0The
of the
CLC dielectric
i.e.,
assuming
ε =ε0 (1+iγ)
the case part
of aninisotropic
light absorption.
isotropic
absorptiontensor,
may be
taken
into account
by
where
γ
is
a
small
positive
parameter.
Figure
4
presents
the
calculation
results
of
the
same
quantities
introducing a small imaginary part in the homogeneous
as in Figures 2 and 3 but for the isotropically absorbing sample.

CEM squared ampl. a .u.



4

3

2

1

0
0.02

0.04

0.06

0.08

0.10

FREQUENCY

(a)

(b)
Figure
4. Calculated
CEM amplitude
for non-absorbing
isotropically
Figure
4. Calculated
squaredsquared
CEM amplitude
for non-absorbing
and isotropicallyand
absorbing
CLC layer
absorbing
CLC
[δ(1 +insinθ)/2
0.05, thickness
number
N = 100,
γ = 0, 0.003,
[δ(1
+ sinθ)/2 =
0.05,layer
thickness
period =number
N = 100, in
γ =period
0, 0.003,
0.006 (shown
at decreasing
line
0.006 (shown
decreasing
thickness)],
at the (b)
high
frequency
(a)for
and
low
frequency
thickness)],
at theat
high
frequencyline
(a) and
low frequency
stop
band edge
three
first
CEMs (n(b)
= ±1,
±2,stop
±3).band edge for three first CEMs (n = ±1, ±2, ±3).
Figure2–4
2–4 show
show that
does
notnot
change
the Kossel
lines spectral
shape and
Figures
thatan
anisotropic
isotropicabsorption
absorption
does
change
the Kossel
lines spectral
shape
conserves,
in
particular,
the
spectrum
symmetry
relative
to
the
stop
band.
However,
an
isotropic
and conserves, in particular, the spectrum symmetry relative to the stop band. However, an isotropic
absorption
decreases
the amplitudes
EM amplitudes
for all numbers
n. Sometimes,
the corresponding
amplitudes
absorption
decreases
the EM
for all numbers
n. Sometimes,
the amplitudes
to larger
the higher
are amplitudes
larger than the
amplitudes corresponding
to lower
Figure that
4
to corresponding
the higher n are
thannthe
corresponding
to lower n (see
Figuren4(see
showing
showing
that
the
largest
amplitude
corresponds
n
equal
1
or
2
for
different
strength
of
the
the largest amplitude corresponds n equal 1 or 2 for different strength of the absorption). This is
absorption). This is a manifestation of the anomalously strong absorption effect [12]. Note that for
a manifestation of the anomalously strong absorption effect [12]. Note that for absorbing samples
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in contrast to non-absorbing ones, the reflection coefficient R in its frequency beats does not reach
does not reach zero value at its minima (see Figure 2a, Figure 3a). In the case of an isotropically
absorbing CLC, the intensity of the emitted from a sample radiation, related to one event of the
emission, is reduced compared to the case of the non-absorbing CLC. Dependence of the Kossel lines
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zero value at its minima (see Figure 2a and Figure 3a). In the case of an isotropically absorbing
CLC, the intensity of the emitted from a sample radiation, related to one event of the emission, is
reduced compared to the case of the non-absorbing CLC. Dependence of the Kossel lines spectrum
on the layer thickness can be seen from a comparison of Figures 2 and 4 with Figure 3 for a changed
sample thickness.
7. KL Spectrum Influenced by the Borrmann Effect
It is known that, in perfect absorbing CLC layers the diffraction process may be strongly influenced
by the Borrmann effect. The Borrmann effect was firstly discovered in the X-ray diffraction and later
was observed in the photonic liquid crystals (see, for example, [12]). The Borrmann effect in CLC
is due to the local absorption anisotropy of CLC and under the diffraction conditions results in an
enhancement of the light beam for some its propagation direction close to the one stop band edge.
In contrast, the other propagation direction close to the other stop band edge results in a suppression
of the beam in a narrow angular range. In other words, the Borrmann effect reveals itself by decreasing
or increasing of the light absorption in perfect absorbing CLC samples. Naturally, the Borrmann effect
influences the Kossel line spectra in the X-ray case [2,3] so for the fluorescence in CLCs it should be
present in an optical wave-length range. As will be shown below, the influence of the Borrmann effect
on the Kossel line spectra in CLC is naturally described in the frame work of the approach proposed in
the present paper for the optical Kossel lines.
The Borrmann effect in CLCs, as was mentioned above, is due to the existing of a local
absorption anisotropy in CLCs and was observed in optical reflection and transmission spectra
(see, for example [12,14]), meanwhile, as will be shown below, it reveals itself also in the fluorescence
spectra of perfect photonic liquid crystals. Currently, there are number of papers where peculiarities of
the fluorescence in CLCs were studied (for example [5–11]). In the cited papers, peculiarities of the
fluorescence spectra, angular distribution and polarization properties were observed for the definite
directions of the fluorescence emission in CLCs.
We shall illustrate below the manifestation of the Borrmann effect for a collinear diffraction
geometry because most experimental studies of the Borrmann effect were performed just for this
geometry. In this case, the Kossel cone degenerates in one point (one direction) and correspondingly
the CEM converts in its limiting case, the EM, and the Borrmann effect exists for a diffracting circular
polarization, right or left, in accordance with the CLC spirality.
The frequencies of EM with different number n, and correspondingly the frequency positions of
maxima in KL spectrum for a collinear geometry are determined by the expression (see [12]) similar
to (11):
±(ω − ωB )/ωB = (δ/2)[1 + (np/δL)2 /2], n = 1, 2, 3 . . . . . .
(12)
1

where the Bragg frequency ωB = cτ/2ε0 2 .
As previously shown [12], the Borrmann effect in photonic liquid crystals is strongly influenced
by the temperature. This temperature influence reveals itself via the order parameter S of the dye
molecules. For S = 1 this influence, resulting in a Kossel spectrum asymmetry, is strongest and becomes
weaker with the decreasing of S, and at S = 0 the Borrmann effect disappears while a restoration of the
Kossel spectrum symmetry happens.
As an illustration of the absorption spectrum asymmetry due to the Borrmann effect and its
dependence on the order parameter S, the calculation results are presented in Figures 5 and 6.

Crystals 2020,Crystals
10, x FOR
PEER REVIEW
2020, 10, 541

11 of
of 16
16
11

Crystals 2020, 10, x FOR PEER REVIEW

11 of 16

Figure 5. Absorption of light with diffracting circular polarization for a CLC layer with local
anisotropy of absorption versus the frequency for S = 0, 0.3, 0.5, 1 (the curve thickness is growing with
an increase in S) at Im[ϵ1]/Re[ϵ0] = 0.03, δ = 0.05, N = 50.
Figure 5. Absorption of light with diffracting circular polarization for a CLC layer with local anisotropy
of
absorption
versus
the
frequency
S = 0, 0.3,
1 (the curve
thickness
growing
an increase
6 presents
fluorescence
spectra
of0.5,
a perfect
CLCpolarization
layer for is
light
with
diffracting
circular
Figure 5. Figure
Absorption
ofKL
light
withfordiffracting
circular
for with
a CLC
layer
with
in S) at Im[
= 0.03,of
δ =the
0.05,
N = parameter
50.
polarization
at various
order
S.
1 ]/Re[0 ]values

local
anisotropy of absorption versus the frequency for S = 0, 0.3, 0.5, 1 (the curve thickness is growing with
an increase in S) at Im[ϵ1]/Re[ϵ0] = 0.03, δ = 0.05, N = 50.

Figure 6 presents KL fluorescence spectra of a perfect CLC layer for light with diffracting circular
polarization at various values of the order parameter S.
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properties of the fluorescence spectra. In this case, peculiarities of the fluorescence are revealed by light
with elliptical polarization which deviation from the circular one becomes larger with the increasing of
the deviation of light propagation direction from the CLC helical axis (see [13]).
For an analytic theoretical description, due to the higher diffraction orders (in reality, the second
one is most essential) the case of KLs is simpler and is presented in the next section.
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polarizations related to the corresponding propagation direction).
Obtaining the Eigen waves and solving of the boundary problem for the second diffraction order
in the two-waves dynamical diffraction approximation are very similar to the first diffraction order
Obtaining the Eigen waves and solving of the boundary problem for the second diffraction order
case studied above. Luckily, the corresponding equations in the case of the second diffraction order are
in the two-waves dynamical diffraction approximation are very similar to the first diffraction order
simpler [15]. In Equation (1) for the Eigen waves the polarization vectors σ+ and σ− correspond to
case studied above. Luckily, the corresponding equations in the case of the second
diffraction order
the linear π- and σ- polarizations (the conventional definition assumes that the linear π- polarization
are simpler [15]. In Equation (1) for the Eigen waves the polarization vectors σ+ and σ- correspond to
lies in the scattering plane and the linear σ- polarization is perpendicular to the scattering plane).
the linear π- and σ- polarizations (the conventional definition assumes that the linear π- polarization
The systems of two equations for the vector amplitudes (2) and (3) in the case of the second diffraction
lies in the scattering plane and the linear σ- polarization is perpendicular to the scattering plane). The
order are reducible to four independent pairs of equations for scalar amplitudes corresponding to the
systems of two equations for the vector amplitudes (2) and (3) in the case of the second diffraction
four combinations of the linear π- and σ- polarizations shown in Figure 7. The corresponding pairs of
order are reducible to four independent pairs of equations for scalar amplitudes corresponding to the
equations differ only in the explicit expressions for the P(ετ) and P(ε-τ) entering in (2) [15] which are
four combinations of the linear π- and σ- polarizations shown
in Figure 7. The corresponding pairs
given by the following relations (different from the ones for the first diffraction order)
of equations differ only in the explicit expressions for the P(ετ ) and P(ε-τ ) entering in (2) [15] which
are given by the following relations
(different from the ones for the first diffraction order)
κq = (ω/c)(εq )1/2, επ = ε0 [1 − δ(cosθ)/2], εσ = ε0 [1 + δ(cosθ)/2]
(13)
2
1/2 , =
Fππ ε=σ δ=2ε(cos
Fσσ = δ2 (ctg2 θ)/4
κq = F
(ω/c)(ε
q)σπ
επδ=2 (cos
ε0 [12 θ)/4sinθ;
− δ(cosθ)/2],
0 [1 +θ)/4,
δ(cosθ)/2]
πσ = F
(13)
2(cos2θ)/4sinθ;
2θ)/4
So, the fluorescence
in F
the
neighboring
changes
between linear π− and σ−
Fπσ = Fσπ = δpolarization
ππ =
δ2(cos2θ)/4,KL
Fσσcones
= δ2(ctg
polarizations corresponding to the linear π− polarizations for the cone with smallest apex angle.
So, the fluorescence polarization in the neighboring KL cones changes between linear π− and σ−
The frequency intervals between the neighboring fluorescence intensity maxima (differing by one
polarizations corresponding to the linear π− polarizations for the cone with smallest apex angle.
in the number n) in an individual KL cone are much larger than in the case of the first diffraction order
The frequency intervals between the neighboring fluorescence intensity maxima (differing by
because, in the case of the second diffraction order, a small parameter of the theory is proportional to
one2 in the number n) in an individual KL cone are much larger than in the case of the first diffraction
δ (see (13)) while for the first diffraction order it is proportional to δ. For the same reason (smaller
order because, in the case of the second diffraction order, a small parameter of the theory is
value of the small parameter), for a distinct observation of the KL cones of the second diffraction order
proportional to δ2 (see (13)) while for the first diffraction order it is proportional to δ. For the same
one needs to have thicker perfect CLC layers than in the case of the first diffraction order. Layers
reason (smaller value of the small parameter), for a distinct observation of the KL cones of the second
diffraction order one needs to have thicker perfect CLC layers than in the case of the first diffraction
order. Layers which are sufficiently thick for the first diffraction order might be insufficiently thick
for the second diffraction order for demonstrating in an optimal regime the influence of diffraction
on the fluorescence. For example, Figure 8 shows that for the same as for the first diffraction order
CLC layer thickness the frequency intervals between the consequent CEM frequencies are larger than
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Figure 8. Calculated fluorescence Kossel line spectrum of the second order diffraction at θ = 60 and
Figure 8. Calculated fluorescence Kossel line spectrum of the second order diffraction at θ =
δ =° 0.058 for the cone with π− (π−) linear polarizations of light (non-absorbing sample, N = 100,
60 and δ = 0.058 for the cone with π− (π−) linear polarizations of light (non-absorbing
the accepted in Figures 2–4 [δ(1 + sinθ)/2 = 0.05 in the second diffraction order. existing at θ = 60o ,
sample, N = 100, the accepted in Figure 2–4 [δ(1 + sinθ)/2 = 0.05 in the second diffraction
results in δ = 0.058).

order. existing at θ = 60o, results in δ = 0.058).
9. Discussion
The frequency intervals between the neighboring fluorescence intensity maxima (differing by
The study carried out above of the peculiarities of fluorescence in CLC due to light diffraction at
one in the number n) in an individual KL cone are much larger than in the case of the first diffraction
the CLC periodic structure allows us to describe in a single approach (optical localized edge modes)
order because, in the case of the second diffraction order, a small parameter of the theory is
all experimentally2 observed features of the fluorescence in CLCs and gives an analytic method to
proportional to δ (see (13)) while for the first diffraction order it is proportional to δ. For the same
calculate the measurements results, related to the mentioned fluorescence peculiarities (optical Kossel
reason (smaller value of the small parameter), for a distinct observation of the KL cones of the second
lines) for any specific experiment. The proposed approach describes the fluorescence peculiarities in
diffraction order one needs to have thicker perfect CLC layers than in the case of the first diffraction
CLC, related to the angular, spectral fluorescence distribution, its unusual polarization properties,
order. Layers which are sufficiently thick for the first diffraction order might be insufficiently thick
related to the influence on the fluorescence of the light absorption in CLCs, and to the Borrmann
for the second diffraction order for demonstrating in an optimal regime the influence of diffraction
effect manifestation in fluorescence. However, there is an item which is out of the performed study
on the fluorescence. For example, Figure 8 shows that for the same as for the first diffraction order
scope. This is a calculation of the absolute intensity of the fluorescence exiting a CLC layer at KLs.
CLC layer thickness the frequency intervals between the consequent CEM frequencies are larger than
In an experiment, the observed fluorescence intensity is a result of incoherent summation of many
the frequency width of the second diffraction order stop band. The last statement means that that the
atomic emission acts happening at different locations in a CLC layer. Above, we studied the emission
second order diffraction effects for a CLC layer of a such thickness would be weak.
of CEM existing in a CLC layer. In our approach, the fluorescence KL in a CLC layer originates as a
result
of the CEM decay (emission). It is evident that to calculate an absolute intensity one needs to
9. Discussion
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Note that the KL spectra are calculated in the assumption that the Eigen fluorescence spectra
(spectra in a homogeneous liquid) are flat. Taking into account of the Eigen fluorescence frequency
dependence has to change slightly the curves presented in some figures. A way to exclude the Eigen
fluorescence frequency dependence was applied in paper [6]. It was reached by dividing the observed
fluorescence intensity with diffracting polarization at the fluorescence intensity with non-diffracting
polarization. The spectral curves obtained by this method in [6] fit very well our calculations (see
Figure 6) which assume that the Eigen fluorescence spectra are flat. In particular, this is true for the flat
parts of the curves inside the stop band obtained in [6] by the above-mentioned procedure.
Concerning the experimental studies of fluorescence for the directions differing from the direction
of the CLC helix, they are presented in papers [7,10]. In both cited papers it was observed that the
fluorescence polarization forming KL (experiencing diffraction influence) differs from the circular one.
The authors of [10] also reported on the observation of the Borrmann effect. Namely, an asymmetry of
KL spectra relative to the stop band was observed for the dissolved in CLC dye molecules with the
order parameter S > 0 while for S = 0 the observed spectra were symmetric, which also follows from
our calculation results presented above in Figure 6. Another example of an agreement of the theory
and the experiment is given by the observation in [7] of the second diffraction order fluorescence KL.
The measurements performed in [7] show that the fluorescence polarizations in a second diffraction
order KL cones are linear ones and are mutually orthogonal for the neighboring KL cones, which is in
complete agreement with the study of the second diffraction order KL presented above in Section 8.
However, in [7] only three fluorescence second diffraction order KL cones were resolved instead the
four ones predicted by the theory. This may be due to a high level of noise in the corresponding
measurements mentioned by the authors of paper [7].
10. Conclusions
As a result of the present study one has a clear physical picture of the fluorescence peculiarities
in CLC which are due to the CEMs existing in perfect CLC layers. Concerning the fluorescence
polarization properties in KLs, they are determined by the CEMs polarization properties and the
fluorescence intensity maxima positions in KL spectra coincide with the consequent CEMs frequencies
for different n numerating the CEMs. At a negligible small absorption in a CLC layer the KL spectra
are symmetric relative the stop band edges while at a sufficiently strong absorption this symmetry
might be broken due to the Borrmann effect. As a result of the performed study the following general,
not evident, statement may be formulated. The Kossel lines intensity in an absorbing CLC for an
individual emission event decreases with the sample thickness increase; however, this decrease can be
absent (or reduced) at the fluorescence frequency subject to realization of the Borrmann effect.
Note that a direct connection of the KLs with the CEMs might be proved by means of a time-delayed
technique. If after light emission by an individual atom a formation of the fluorescence KLs proceeds
via a CEM excitation, the emission of a fluorescence photon from a CLC layer will be delayed relative
to the time of an individual atom emission act by a time interval determined by the CEM lifetime
(see (8)). For a sufficiently thick and perfect CLC layer, the corresponding time delay might exceed the
time of a fluorescence photon emission by an individual atom. So, the observation of a time delay in
the fluorescence KLs might be regarded as a direct prove of the physical mechanism of the fluorescence
in KLs origin as the one proceeding via CEM excitation.
Note also that the influence of a CLC periodic structure on the Cherenkov radiation in a CLC is
similar to the one in the case of fluorescence in a CLC and, compared to the case of a homogeneous
liquid, the additional diffraction Cherenkov cone in CLC (see Chpt.9 in [12]) is very similar to the
fluorescence KLs studied above. Finally, it should be mentioned that the fluorescence KLs structure in
Blue Phases (BPs) is very similar to the X-rays KLs because in the BP case the fluorescence KL cones
are formed around different directions, as it happens in conventional crystals in the X-ray case (it was
experimentally observed for BPs, see, for example [16–18]), in contrast to the CLC case, where all
fluorescence KL cones are formed around the CLC spiral axis.
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