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Abstract: In this theoretical work, we analyse the kinetics of charge recombination reaction after a light
excitation of the Reaction Centres extracted from the photosynthetic bacterium Rhodobacter sphaeroides
and reconstituted in small unilamellar phospholipid vesicles. Due to the compartmentalized nature
of liposomes, vesicles may exhibit a random distribution of both ubiquinone molecules and the
Reaction Centre protein complexes that can produce significant differences on the local concentrations
from the average expected values. Moreover, since the amount of reacting species is very low in
compartmentalized lipid systems the stochastic approach is more suitable to unveil deviations of the
average time behaviour of vesicles from the deterministic time evolution.
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1. Introduction

The bacterial photosynthetic Reaction Centre (RC) is a transmembrane pigment-protein
complex [1–3], that, upon photoexcitation, generates a charge-separated state among a
bacteriochlorophyll dimer: the primary donor (D) and two ubiquinone-10 complexes (Q) located in two
protein sites indicated as QA (the primary acceptor) and QB (the secondary acceptor), respectively [4].
The electron is reversibly exchanged between the two ubiquinones with a thermodynamic constant,
named LAB, whose magnitude is related to the stability of Q− in the site QB respect to the stability
in the site QA. In presence of the exogenous electron donor, a reduced cytochrome c2 molecule,
a second electron reaches the ubiquinone in the QB site, leading to its full reduction to ubiquinol,
upon the uptake of two protons from the external aqueous solution. The ubiquinol then leaves
the protein from the QB site and it is replaced by a new ubiquinone molecule of the membrane
pool [5]. Both ubiquinone and ubiquinol reversibly bind and unbind to the QB site of the protein [6],
with binding constants, named KQ and KQH2, respectively. It is worthwhile to remark, that the
ubiquinone in the QA site is more strongly bound to RC and it cannot leave this site without
inactivating the protein in the physiological conformation. In isolated RC, in absence of any exogenous
electron donor, if the charge-separated state is generated by a short saturating light irradiation,
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it is possible to follow in the dark the charge recombination (CR) reaction at 865 nm, where the
reduced D has an absorption peak that is bleached upon photo-oxidation to D+. The CR kinetics
can be used to retrieve kinetic and thermodynamic information about the energetics of the electron
acceptor complex and the ubiquinone binding. Being both RC and ubiquinone strongly hydrophobic,
the system is typically studied in detergent micelles, where one RC protein interacts with zero, one or
few ubiquinone-10 molecules [7]. This situation, however, is far from the physiological condition,
where 11 dimeric and 2 monomeric LH1-RC complexes [8] are present in the intracytoplasmic
membrane (ICM) together with a different amount of ubiquinones. An environment that better
mimics the physiological membrane is represented by liposomes whose lipid composition can be
tailored to closely resemble those of ICMs, although not all the proteins and molecules constituting the
photosynthetic apparatus of the bacterium are present [9–11]. It is important to remark that, for this
reason, in the less crowded membrane of liposomes, the ubiquinone molecular diffusion can be different
from what is observed in the bacterial ICM. In a previous work [10], RCs were reconstituted in lecithin
vesicles (mainly constituted by the zwitterionic palmitoyl-oleoyl-phosphatidylcholine-POPC) at high
Q/RC ratio. LAB and KQ were determined accounting for the ubiquinone concentration polydispersity
among different liposomes by building a ubiquinone concentration distribution function: P(NQ),
that was used to fit the experimental CR curves. In a subsequent work [11], RCs were reconstituted in
vesicles made of either POPC or the negatively charged palmitoyl-oleoyl-phosphatidylglycerol (POPG)
at variable Q/RC ratio. In this case, LAB and KQ were determined using a deterministic approach by
building a system of ordinary differential equations (ODE), describing all reactions that occur in the
system, assuming a uniform ubiquinone concentration.

In the present theoretical work, we try to overcome the limits of the deterministic kinetic description
of compartmentalized reacting systems [12] by using a stochastic approach [13–16] to take into account
and evaluate both intrinsic and extrinsic random effects. Intrinsic random effects are mainly due
to the fact that reacting molecules are not all in the same energetic conditions and this can induce
fluctuations in the occurring time of reactions. These fluctuations influence the time course of the
reaction systems the lower the number of molecules that react [16]. Therefore, systems confined in
space, such as liposomes that encapsulate enzymes [17], could be highly affected by intrinsic stochastic
effects. On the other hand, the polydispersity of a vesicle suspension, both in sizes and compositions,
is a source of the so-called extrinsic random effects [18]. Examples reported in recent literature show
how the preparation of lipid vesicles can produce a distribution of entrapped molecules that can affect
significantly the time behaviour of chemically reacting liposomes [19,20].

Following the deterministic approach and using the experimental POPC decay curves already
published by our group [11], this work focuses the attention on how stochastic effects can influence
the average time behaviour of a vesicle population determining significant displacements from the
deterministic CR time course. This will be done performing Monte Carlo simulations that allow to
calculate the CR reaction curves averaging the stochastic behaviour of a large number of single vesicles,
using a software platform [21] that implements the Gillespie’s stochastic simulation algorithm [22,23].
Different examples of Monte Carlo methods for the simulation of stochastic kinetics of chemically
reacting systems have been also reported in earlier works [24,25].

2. Methods

2.1. The Kinetic Mechanism

Figure 1 reports the assumed kinetic mechanism describing the charge recombination reaction
occurring when isolated RC is hit by a saturating excitation light radiation [6].
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Figure 1. Set of elementary reactions for the dark relaxation of photosynthetic Reaction Centres
embedded in liposome membranes. kAD and k′AD are the kinetic constants of the electron transfer from
Q−A to D+ when the QB pocket is empty or occupied, respectively. kBD is the kinetic constant of the
direct charge recombination from Q−B to D+. k∗in/k∗out and kin/kout represent the kinetic constants of
the ubiquinone association/dissociation to/from the QB site in the charge separated and neutral state,
respectively; kAB is the kinetic constant for the electron transfer reaction from Q−A to QB, while kBA is
the kinetic constant for the backward reaction.

The mechanism describes the spontaneous charge recombination processes that take place in
the dark, i.e., when the light is switched off: t = 0. All the steps reported in the mechanism are
considered elementary, i.e., single event steps. For this reason, the deterministic reaction rates can
be expressed by means of the mass action law, given by the product of the kinetic constant times
all reactant concentrations raised to a power of their own stoichiometric coefficient. In the bottom
line, the reversible ubiquinone association/dissociation to/from the QB site in the dark (neutral state)
is reported. On the other hand, the ubiquinone is assumed always present and blocked in the QA

site when the protein complex is photoactive in its physiological conformation. When the system is
hit by a suitable saturating light radiation, the species in the dark equilibrium are instantaneously
brought in the charge-separated state and all the possible electron transfer, charge recombination
and association/dissociation steps take place when the light is switched off. Indeed, the charge
separation generated by the light irradiation occurs within a picosecond range and it can be considered
instantaneous respect to all the backward reactions of the RC mechanism. Indeed, the photochemical
excitation is not explicitly studied in this work.

2.2. Experimental Outcomes and Kinetic Rate Constant Estimation

The time evolution of the CR reactions can be monitored following the different absorbance (∆A)
between neutral and charge-separated species. Therefore, the normalized absorbance change ∆A/∆A0

is proportional to the molar fraction of all the species in the charge separated state χ(D+):

χ
(
D+

)
= χ

(
D+Q−A ) + χ

(
D+Q−AQB)+χ

(
D+QAQ−B)

The experimental curves are usually fitted by a bi-exponential phenomenological decay function:

χ(D+) = AF exp(−kF t) + AS exp(−kS t) + c (1)

that is the sum of a fast decay process (AF exp(−kF t)), and a slower charge recombination path (AS exp(−kS t)),
plus a constant term c accounting for background noise (typically < 2% of the overall signal).

Indeed, if the QB pocket is empty or inhibited by herbicides, such as terbutryn, CR occurs only by
direct tunnelling from Q−A with a mono-exponential decay. In this case, the time constant kF is quite
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independent from the RC surroundings and approximates the direct charge recombination constant
(kF = kAD ≈ 10 s−1), AF ≈ 1.0 and the slow decay contribution is quite negligible AS ≈ 0.0.

On the other hand, at saturating-QB site ubiquinone concentrations, the decay is still
mono-exponential, but slower, with the slow time constant approximately equal to: kS = kAD/(1 + LAB)
(where LAB = kAB/kBA), and AS ≈ 1.0 while AF ≈ 0.0. In this condition, the kS value is influenced
by the protein solubilizing environment [26,27], since the membrane lipid composition affects the
association/dissociation processes of Q at the QB site. In fact, the mentioned retardation arises because
the direct route from D+QAQ−B is so slow that can be negligible [26] and the population of D+Q−AQB is
lowered by the fast reversible electron transfer to D+QAQ−B .

When the ubiquinone concentration is in the sub-saturating-QB site range, the CR reactions become
generally biphasic. The first exponential accounts for the direct charge recombination (fast decay)
and its time constant (kF) is independent from the occupancy of the QB-site. The time constant kS of
the second exponential (slow decay) results from a complex kinetic constant combination of electron
transfers and ubiquinone binding (k∗in, kin) and unbinding (k∗out, kout) from the QB-site [27]. Since in
these conditions the different solubilizing environment can mainly affect the ubiquinone release
kinetic constant kout, it is possible to define different ubiquinone exchange regimes: the slow one
(kout � kAD), typical of the detergent environment [28], and the fast one (kout � kAD), typical of the
reverse micelle environment [29]. When kout ≈ kAD the kinetics of CR reactions shows a simultaneous
QB-site population dependence of both AS and kS, like in the case investigated in this work [11,30].
It is important to remark that, in these experimental conditions, only the optimization of theoretical
curves obtained by numerical integrations of the complete mechanism can extract the kinetic constant
values from the mixed-order kinetics [27].

The previously described best-fit procedure has been applied to the study of CR reactions of
QB-depleted RCs reconstituted in zwitterionic (POPC) liposomes adding increasing amounts of
ubiquinone [11]. The charge recombination experimental traces were recorded at 865 nm and the
normalized absorbance decay has been fitted by using the bi-exponential function Equation (1).
According to a new method introduced [11], KQ = kin/kout (calculated considering all concentrations
referred to the bilayer phase) was found to be 1.42 × 103 M−1 for RCs embedded in POPC liposomes at
25 ◦C. This allows to estimate the upper values of kin by the equation kin = fc·ξ·4 π r·dQ·NA where fc is
the RC-Q collision frequency, ξ is the QB site entrance fraction of RC surface, r = 30 Å is the radius
of the protein, NA is the Avogadro’s number, and dQ is the ubiquinone diffusion coefficient in the
vesicle bilayer [11]. This results in kin ≤ 2.18 × 105 M−1 s−1 and kout ≤ 154 s−1 obtained from kin/KQ.
The value of kAD is fixed at those obtained for QB-depleted RCs (kF = 10 s−1) and the kBD value is fixed
at 0.06 s−1 [26]. Finally, the value of kAB for POPC at 25 ◦C is experimentally available [31], resulting
kAB = 8.15 × 103 s−1, while kBA is calculated to be 574 s−1 from the relation kAB/LAB with LAB = 14.2
obtained from the value of kS. All these values are reported in Table 1 as guess values.

Table 1. Kinetic rate constants obtained by the analysis of phenomenological bi-exponential optimized
curves (guess values) and by the optimization of the numerical solution curves (best-fit values).

Kinetic Rate Constants

Parameters Guess Values Best-Fit Values

k*in = kin ≤ 2.18 × 105 M−1 s−1 2.45 × 105 M−1 s−1

k*out ≤ 154 s−1 114 s−1

kout ≤ 154 s−1 170 s−1

kAD = k’AD 10 s−1 9.7 s−1

kBD 6.0 × 10−2 2.18 × 10−2

kAB 8.15 × 103 s−1 1.0 × 104

kBA 574 s−1 544 s−1
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2.3. The Kinetic Ordinary Differential Equation Set

The set of ordinary differential equations (ODE) associated to the mechanism of charge
recombination reported in Figure 1 is the following:

dx/dt = −(k AD+kin q)x + k∗outy
dy/dt = kinqx + kBAz − (k AD+kAB+k∗out)y

dw/dt = koutu + kADx − kinqw
dz/dt = kABy − (k BA+kBD)z

du/dt = kinqw + kADy + kBDz − koutu
dq/dt = −kinq(w + x) + k∗outy + koutu

(2)

Here , k′AD and kAD have been assumed equal because the presence of a ubiquinone in the QB site does
not perturb the charge recombination rate from QA

−. Indeed, the distance of the QB site from the QA

site is very large. The assumption k∗in = kin, instead, is only based on practical reasons. Indeed, the pairs
k∗in, k∗out and kin, kout are highly correlated, since their ratios give the values of K*Q and KQ, respectively.
Moreover, k∗in and kin exhibit the highest values being second order kinetic constants of fast processes
and this makes them less sensitive and very hard to optimize simultaneously, bringing always the
best-fit procedure towards a complete set of kinetic parameters with a physically poor meaning.
Consequently, we decided to optimize separately only kout and k∗out and use these parameters to
determine the ubiquinone exchange regime in the neutral and in the illuminated state, respectively.

The species concentrations have been made dimensionless with the following transformations:

x = [D+Q−A
]
/[RC];

y = [D+Q−AQB

]
/[RC];

z = [D+QAQ−B
]
/[RC];

w = [DQA]/[RC];
u = [DQAQB]/[RC];
q = [Q]free/[Q]T;

The concentrations reported in square brackets are calculated as local concentrations, i.e., molar
concentrations referred to the volume of the liposomal lipid membrane, for all the species involved
in the charge recombination mechanism. Indeed, the RC transmembrane proteins and ubiquinone
molecules are present only in the bilayer of liposomes, since they are highly hydrophobic species.
The local concentration [X] can be obtained dividing the average number of X molecules per liposome
NX by the Avogadro’s number NA and by the volume of the lipid membrane VMem = 4

3π
[
R3
− (R− τ)3

]
,

R being the liposome hydrodynamic radius and τ the bilayer thickness (4 nm). The average number
NX can be estimated as the ratio between the bulk concentrations cT

X divided by the concentration
of liposomes cVes that can be determined by using the bulk concentration of phospholipid cT

L and
the phospholipid polar head area αL. Therefore, local concentrations can be calculated with the
following formula:

[X] =
NX

NAVMem
=

cT
X

NAVMemcVes
=

cT
X

cT
L

8πR2

αLNAVMem
=

cT
X

cT
L

6R2

NAαL
[
R3 − (R− τ)3

] (3)

where 8 π R2 is the total area of the interphase between the bilayer membrane and the aqueous
solution. By using the hydrodynamic radius of liposomes of 55 ± 6 nm obtained by the DLS analysis,
and considering bulk concentrations cT

RC = 1.0 µM of RC and cT
L = 1.0 mM of POPC, respectively,

the local RC concentration results [RC] = 1.2 ± 0.3 mM. For each liposome, the local concentration [Q]T

of the total ubiquinone was calculated assuming that the bulk ratio Q/RC is kept the same at least on
average in each compartment at the end of the preparation procedure: cT

Q/cT
RC = [Q]T/[RC] [32].
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It is important to remind that the overall ubiquinone concentration [Q]T is given
by the sum of the free ubiquinone [Q] and of the RC with the QB site occupied:
[Q]T = [Q] + [DQAQB] + [D+Q−AQB] + [D+QAQ−B

]
, because the ubiquinone in the QA site cannot

leave the protein pocket.

2.4. Numerical Integrations

The integration of the ODE set in Equation (2) has been performed by a homemade code written
in Matlab ver.2019b by using a numerical procedure suitable for stiff problems: ode23s, based on a
modified Rosenbrock formula of order 2 [33].

The initial concentration values of the reacting species are determined by the pre-flash equilibrium
concentrations of DQA, DQAQB and Q according to the dark binding equilibrium constant KQ = kin/kout

and setting the [RC] = 1.0 × 10−3 M and [Q]T = [RC] × cT
Q/cT

RC. Moreover, light irradiation produces
the charge separated state, i.e., [D+QA

−]0 = [DQA]Eq, and [D+QA
−QB]0 = [DQAQB]Eq on a timescale

much faster than CR decay. All the other species are null. The local initial concentration values for the
species different from zero are reported in Table 2.

Table 2. Initial local concentration for the CRreagents different from zero immediately after the
light irradiation.

cT
Q/c

T
RC [D+QA−]0 = [DQA]Eq [D+QA−QB]0 = [DQAQB]Eq [Q]

0.1 9.319 × 10−4 6.809 × 10−5 3.191 × 10−5

0.3 8.055 × 10−4 1.945 × 10−4 1.055 × 10−4

0.5 6.932 × 10−4 3.068 × 10−4 1.932 × 10−4

0.7 5.960 × 10−4 4.040 × 10−4 2.960 × 10−4

1.0 4.776 × 10−4 5.224 × 10−4 4.776 × 10−4

3.0 1.677 × 10−4 8.323 × 10−4 2.168 × 10−3

Finally, the CR decay against time t is obtained from the ODE set solutions as the sum of all species
concentrations in the charge separation state divided by [RC], the local concentration of the all reaction
centres present in the vesicle membrane:

χ(D+)t = ([D+QA
−]t + [D+QA

−QB]t + [D+QAQB
−]t)/[RC].

2.5. Optimization Procedure

For data-fitting-problems, the Matlab procedure lsqcurvefit has been used by setting the
Levenberg-Marquardt algorithm [34,35]. Ad hoc Matlab codes have been developed for the optimization
of the numerical curves and the experimental data by using the Matlab’s toolboxes. In the Supplementary
Information, the code for the numerical integration is reported as an example.

2.6. Stochastic Simulations

The time evolution of a population of RC-embedding liposomes after the light radiation switched
off has been simulated by using the ENVIROMENT program: a software platform developed in the
past years to study the stochastic kinetics of compartmentalized, self-reproducing, chemically reacting
systems [21]. This platform, based on the Stochastic Simulation Algorithm introduced by Gillespie
in the seventies [22,23] and improved in following years [36], is suitable to run Monte Carlo time
simulations of a population of reacting compartments dispersed in size and composition [37–39].
According to the Gillespie algorithm, the time evolutions obtained by simulations can be considered as
sub-sample of the statistical ensemble, rigorously described by the Kinetic Master Equation [13–15].
Therefore, they can be analysed to get insights on the average time behaviour of the liposome population
along with the standard deviations, estimated as the square root of the average quadratic displacements
from the mean.
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It is worthwhile to remark that the stochastic approach is based on the Mean Field and on the
Continuous well-Stirred Tank Reactor (CSTR) assumptions. The first one considers all the reacting
molecules being in the same physical conditions at least in average. Because of this, the average
stochastic time behaviour of the reacting systems must converge to the deterministic one in the
thermodynamic limit, i.e., when the number of the reacting molecules tends to infinite [40]. In order to
satisfy this requirement, the stochastic probability coefficient pρ must be related to the deterministic
kinetic rate constant kρ of the elementary reaction ρ by the following equation [13,14,40]:

pρ =
kρ(

VρNA
)µρ−1

where µρ is the molecularity of the ρ-th elementary reaction. The CSTR states that the reacting system
is chemically homogeneous, since it is continuously stirred. For real reacting systems, this means that
the diffusion processes are much faster than chemical reactions, a requirement that is usually satisfied
in normal operative conditions, i.e., at room temperature and in aqueous solutions [41].

The stochastic simulations performed with populations of vesicles of different sizes have been
carried out always assuming perfectly spherical and monodisperse vesicle populations, i.e., with the
same hydrodynamic radius R. Therefore, the contribution to the displacements from the population
average time trends of the reacting species concentrations due to the dimensional dispersion of the
vesicles was not considered. Instead, in this work, a comparison among the average time behaviours
of different dimensional classes of spherical vesicles with different radius has been performed.

On the other hand, to evaluate the role of the extrinsic stochastic effects, the vesicle populations
have been filled at the beginning of each simulation run assuming a uniform distribution U(Nx) or a
random distribution, i.e., approximately Gaussian N(n|Nx,

√
Nx)dn and Poisson P(n|Nx) probabilities.

In the case of the uniform distribution, the local concentration [X] of each species has been converted
into an integer number of molecules NX encapsulated in the membrane volume Vmemb by the formula
NX = [X] NAVmemb, being NA the Avogadro’s number. This molecular number was set in all of the
vesicles of the population for the species X. In the case of a random distribution, fixed M as the
number of vesicles, the total number of X molecules to be entrapped in the vesicle population has been
calculated: NT

X = M[X]NAVmemb, and then these molecules have been distributed by chance among all
the M vesicles drawing pseudo-random numbers uniformly distributed in the range 1-M.

In Figure 2 a comparison between simulated distribution of the initial number of molecules
in the vesicle population and the expected theoretical probabilities is reported in the case:
[RC]= × 10−3 M and cT

Q/cT
RC = 0.1.
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Figure 2. Random distribution of the reacting molecules D+QA
−, D+QA

−QB and Q at the beginning of
a simulation run by setting [RC] = 1.0 × 10−3 M and cT

Q/cT
RC = 0.1. Comparisons between the simulate

distributions (bars) and the theoretical probabilities, Gaussian N(n|Nx,
√

Nx )dn (blue curves) for D+QA
−

and Poisson P(n|Nx) (red points and lines) for D+QA
−QB and Q, are reported.
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In the first case, all the vesicles of the considered population start from the same initial conditions
and the observed differences between the deterministic and simulated trends are due only to the
intrinsic stochastic fluctuations of the different reactive processes. In the second case, the initial
distribution of the solutes is carried out considering deviations from the average value due to
completely random fluctuations and, therefore, with a standard deviation equal to the square root
of the average number of molecules. This approach allows to consider the uncertainty of the initial
conditions of the different vesicles, i.e., the extrinsic effects, that can differentiate the deterministic
behaviour from the stochastic one.

3. Results and Discussion

According to a method introduced in a previous paper [11], the kinetic constants of the complete
mechanism were estimated from the bi-exponential best fit values obtained for different ubiquinone
concentrations. These kinetic data are reported in Table 1 as guess values, used in the present work,
as input data for the next optimization step. In this step, the numerical solutions of the complete ODE
set are used for determining all the rate constants of the mechanism in Figure 1 as optimization values.

In Figure 3, the comparison between the experimental data (black lines) and the optimized
theoretical curves (red lines) is reported, while the kinetic constant best fit values are listed in Table 1.
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Figure 3. Experimental charge recombination traces at 865 nm for POPC at 25 ◦C: normalized absorbance
χ(D+) = ∆A/∆A0 vs time (black lines) along with the optimized solutions (red lines) of the ODE set
reported in Equation (2). Q/RC ratios are: 0, 0.5, 0.8 and 20 going from the fastest decay to the slowest.
Initial concentrations have been set, as described in Numerical Integration Section. The best-fit kinetic
constants are reported in Table 1. The optimized kinetic parameters reduce the average RMSD of the
four curves of about 50%.

Although the agreement between ODE solutions and experimental data is quite satisfactory,
the residual analysis shows that statistically significant displacements between experimental data and
numerical curves are exhibited by all the four studied cases.

To account for these displacements, stochastic simulations have been then carried out. The aim
of this study is to understand in which conditions a significant difference between stochastic and
deterministic behaviour could emerge, due to intrinsic and extrinsic random effects. This can rationalize
the difference observed between the experimental data and the deterministic curves.

Simulations have been, then, performed for different POPC/RC/Q ratios and different sizes of
perfectly spherical and dimensionally monodisperse vesicle populations, by assuming both uniform
and random distribution of RC and ubiquinone molecules. The average concentration trends over time
were then calculated and compared with the deterministic numerical solutions of the ODE system
reported in Equation (2). Both stochastic simulations and deterministic curves have been determined
by using the kinetic constant best-fit values reported in Table 1.
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3.1. Stochastic Simulations of a Single Vesicle with Increasing Membrane Volume

In all the following simulations, the local concentration of QB-depleted RC has been set to
[RC] = 1 × 10−3 M, while the reaction volume and the ratio cT

Q/cT
RC have been changed, as shown below:

Analysed
systems



V40= 7.265 × 10−20dm3, × 1,× 10, × 102, × 103

cT
Q

cT
RC

= 0.1, 0.3, 0.5, 0.7, 1.0, 3.0

[RC] = 0.001M

In particular, the reactive volume starts from V40, i.e., the volume of 4.0 nm thick membrane of a
lipid vesicle with a hydrodynamic radius R = 40 nm, and increases being multiplied by the factor f
ranging from 1 to 103. Therefore, the obtained values correspond to the bilayer volumes of hypothetical
spherical vesicles of radius 40, 120, 380 and 1200 nm respectively. In the lowest V40, NRC is 44 and it
increases according to the vesicle membrane volume.

In Figure 4, the comparisons between the simulated trends and the solutions of the ODE system
for the decay of the photo excited species χ* against time are reported for different membrane volumes
and different cT

Q/cT
RC ratios.
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Figure 4. Time evolution of the photo excited species: comparisons between the single runs of stochastic
simulations (black and gray curves) and the numerical solution of the ODE set (red dashed curves).
Plots are referred to the same RC concentration: cT

RC = 1.0 × 10−3 M, but to six different values of the
ratio cT

Q/cT
RC. In each plot simulation outcomes were performed for a vesicle with the same membrane

composition, but with an increasing membrane volume, starting from the membrane volume of a
40 nm radius liposome V40 = 7.3 × 10−20 dm3, (black curve) and enlarging the membrane volume by
10 to 103 times. Legends show the RMSD values for the individual stochastic traces calculated with
Equation (4).

The figure shows that, for all the cT
Q/cT

RC ratios studied, the simulated trends converge towards the
deterministic curves as the reaction volume increases. This is confirmed by the calculated values of the
square root of the mean square displacement (RMSD) between the ODE and stochastic curves (STO):

RMSD =

√√∑
i

(
χ∗i,STO − χ

∗

i,ODE

)2

N
(4)
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In the V40 case, the stochastic trend is very strongly influenced by random fluctuations that become
almost negligible at higher volumes. These results confirm that the stochastic system behaviour tends
to the deterministic one in the thermodynamic limits, as expected. Indeed, the RMSD value drops
below 1% already for vesicles of R = 122 nm, as shown by the reported values in the legend of Figure 4
(see curves STO × 101). However, since 40 nm is around the experimental radius determined by DLS
analysis, these graphs clearly show that the time behaviour of real vesicles can be greatly influenced by
the intrinsic stochastic effects.

3.2. Stochastic Simulations of Vesicle Populations with Constant Radius and Uniform Solute Distribution

Having shown that intrinsic random fluctuations play an important role, especially for small
reaction vesicles where high displacements from the deterministic behaviour can be observed,
we investigate if the stochastic time trends tend to the deterministic curves. The simulations are carried
out over a 500-vesicle population for different cT

Q/cT
RC values, assuming a uniform solute molecules

distribution, to avoid the contribution of extrinsic stochastic effects. All the scanned conditions are
listed, as follows:

Analysed
systems



V40= 7.265 × 10−20dm3

cT
Q

cT
RC

= 0.1, 0.3, 0.5, 0.7, 1.0, 3.0

[RC] = 0.001 M

Figure 5 shows the comparisons between the stochastic average trends (black lines) and the
deterministic curves (red lines) calculated by solving the ODE set for all the ratios cT

Q/cT
RC. A 500-vesicle

population seems to be large enough to reduce RMSD, in all cases, to values lower than those observed
experimentally. Like in the case of the single vesicle simulations (Figure 4), higher displacements are
exhibited by higher cT

Q/cT
RC values.
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Figure 5. Time evolution of the photo excited species: comparisons between the averages of stochastic
simulations (black line with gray confidence bands) and the deterministic curves (red lines) for different
cT

Q/cT
RC. The averages were calculated over the stochastic simulation outcomes of a 500 monodispersed

vesicle population having a 40 nm radius and a membrane volume V40 = 7.3 × 10−20 dm3, the same
RC concentration: cT

RC = 1.0 × 10−3 M, but six different values of the ratio cT
Q/cT

RC. The RC proteins
and Q molecules were distributed uniformly over the vesicle populations.
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It is worthwhile to remark that the deterministic curves, reported in Figure 5, have been calculated
by using initial concentrations determined as simulated local concentrations: [X] = NX/(NAV40), i.e.,
taking into account the rounding effect due to integer numbers of reacting molecules per vesicle. In fact,
deterministic curves calculated using strictly the bulk initial concentrations show a worst agreement
with the stochastic averages (data not shown). This highlights how, for small reacting compartments,
the ODE system solution is very sensitive to uncertainties on the initial concentrations that, therefore,
should be determined experimentally, with high accuracy, whenever possible.

3.3. Stochastic Simulations of Vesicles Populations with Gaussian Solute Distribution

The last set of simulations is carried out on a population of 500 monodisperse, spherical vesicles
for different radius and different cT

Q/cT
RC ratios, assuming a random Gaussian solute distribution to

verify how differences on the local composition can influence the average stochastic behaviour:

Analysed
systems


R = 20, 30, 40, 50 and 200 nm

cT
Q

cT
RC

= 0.1, 0.3, 0.5, 0.7, 1.0, 3.0

[RC] = 0.001 M

Figure 6A shows the case R = 200 nm and ratio cT
Q/cT

RC = 1.0 in which there is a good agreement
between stochastic averages and deterministic curves, with RMSD less than 1% and the confidence
bands are very close to the red trace. In Figure 6B,C the cases R = 40 nm and R = 20 nm and the same
ratio cT

Q/cT
RC = 1.0 are respectively reported. In both these cases, the discrepancy between the stochastic

averages and the deterministic trends is quite evident, despite the fact that the population of vesicles
taken into consideration is statistically significant. The lower radius case (R = 20) has the highest
RMSD of 4%, a value that is found for all cT

Q/cT
RC ratios (data not shown). Furthermore, the confidence

bands became wider as R decreases, pointing out the important effect of fluctuations even for large
vesicle populations.
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Figure 6. Time evolution of the photo excited species: comparison between the averages of stochastic
simulations (black lines with grey error bands) and the deterministic curves (red lines) for a population
of 500 monodisperse vesicles of 200 nm (A), 40 nm (B), and 20 nm (C) radius, respectively, with the same
membrane composition: cT

RC = 1.0 × 10−3 M and cT
Q /cT

RC = 1. The RC proteins and Q molecules were
distributed randomly over the vesicle populations according to a Gaussian density/Poisson probability.



Data 2020, 5, 53 12 of 15

The marked difference observed between the deterministic and stochastic behaviours is essentially
due to the possibility of finding liposomes with [Q]T/[RC] local ratios significantly different from the
average value cT

Q/cT
RC. Moreover, these deviations are stronger in vesicle populations with smaller

radius. In fact, these liposomes exhibit completely different CR decays (for instance, mono- against
bi-exponential decays) that the average on the population cannot compose.

The simulations carried out have shown that in the thermodynamic limit the two approaches
return convergent trends for all the species involved in the charge recombination process of the
photo-excited reaction centres. This is the case of vesicles with R > 200 nm and of small vesicles
(R ≤ 40 nm) if a uniform distribution of reagent species is assumed. However, if a random distribution
of solutes is introduced, spherical vesicles with radius in the range of 10–100 nm can exhibit a stochastic
behaviour that differs significantly from the deterministic one. This can be explained by the presence
of vesicles with local ratios [Q]T/[RC] significantly different from the average expected value cT

Q/cT
RC.

4. Conclusions

In this article, the charge recombination kinetics of photo-excited reaction centres reconstituted in
lipid vesicles have been analysed with two complementary approaches. The first one, the deterministic
approach, is based on the numerical solution of the ODE set associated to the CR kinetic mechanism.
It has been applied to the case of RCs embedded into lipid membranes of phosphatidylcholine
liposomes to determine, as best-fit values, the kinetic constants of each reactive step in the CR
mechanism. The very good agreement, obtained between the optimized ODE solution curves and
the experimental data, has been due to the good initial kinetic parameters used by the optimization
procedure. Indeed, the starting kinetic parameters have been derived by analysing the best-fit
parameters of a bi-exponential phenomenological function and by values reported in literature [11].

Based on the set of the optimized kinetic constants, the CR time evolution of RCs embedded into
membranes of a liposome population has been simulated by a Monte Carlo program [21] based on
the Gillespie’s Stochastic Simulation Algorithm [22,23,36]. The simulation outcomes have allowed to
elucidate the influence of intrinsic and extrinsic random effects on the average time behaviour of the
liposome population, due to both the low numbers of RC proteins and Q cofactors embedded in the lipid
membranes and the polydispersity of vesicles in terms of composition and size. It is important to remark
that, since no assumption on the vesicle size distribution has been done, in this work only the influence
of the different liposome size on the random fluctuations have been shown and discussed. As expected,
we found that the simulated time evolutions tend, in average, to the deterministic solutions when a
population of larger size vesicles is considered and uniform concentrations of embedded RCs and Qs
are used. On the other hand, significant differences have been found if random solute distributions are
applied for vesicles with R < 40 nm. This can be ascribed to the fact that, in compartmentalized systems
with low number of reacting molecules, i.e., in smaller vesicles, the local ratio cT

Q/cT
RC can be, by chance,

highly different from the expected macroscopic value. Larger displacement from the average trend can
be observed for 0 < cT

Q/cT
RC < 3 and for smaller vesicles. This can drive towards a completely different

time behaviour from what is deterministically predicted in highly size polydispersevesicle suspensions.
This effect needs more investigation to be better elucidate and it will be the topic of future studies.
Moreover, this kind of studies can be better grounded if experimental data on size and composition
distributions of the reacting lipid compartments are available, but unfortunately these information are
very hard to get experimentally.

In conclusion, stochastic simulations can be suitable to get insights in the time behaviour of small
compartmentalized chemically reacting systems with a randomly disperse composition and highly
useful in the characterization of artificial lipid systems that mimic the behaviour of real cells [42,43].
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