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Abstract: This paper presents the dynamic analysis of a permanent magnet DC motor using a buck
converter controlled by zero average dynamics (ZADs) and fixed-point inducting control (FPIC).
Initially, the steady-state behavior of the closed-loop system was observed and then transient behavior
analyzed while maintaining a fixed ZAD control parameter and changing the FPIC parameter.
Other behaviors were studied when the value of the ZAD control parameter changed and the
FPIC parameter was maintained at the initial value. Besides, bifurcation diagrams were built with
one and two delay periods by changing the control parameter of the FPIC and maintaining fixed
ZAD parameters while some disturbances were carried out in the electric source. The results show
that the ZAD-FPIC controller allowed good regulation of the speed for different reference values.
The ZAD-FPIC control technique is effective for controlling the buck converter with the motor,
even with two delay periods. The robustness of the system was checked by changing the voltage of
the source. It was shown that the system used a fixed switching frequency because the duty cycle
was not saturated for certain ranges of the control parameters shown in the research. This technique
can be used for higher order systems with experimental phenomena such as quantization effects,
time delays, and variations in the input signal.

Keywords: buck converter; DC motor; bifurcations in control parameter; sliding control; zero average
dynamics; fixed-point inducting control

1. Introduction

Electric motors are designed to perform tasks with high accuracy when completing repetitive
tasks [1]. The speed control helps maintain the frequency close to the reference value and allows the
motor to offer continuous stability. Recent advances in materials for permanent magnets mean they
are now lighter, less expensive, and easier to control at low speed, thus expanding their domestic and
industrial applications [2]. Currently in the industry, digital signal processing (DSP) offers the following
characteristics: greater versatility compared with analog designs [3]; ease of implementation for
nonlinear controllers and advanced control techniques; low-power consumption; reduction of external
passive components; low sensitivity to parameter variation; applications of high-frequency switching
controllers; and others that have been described in References [4–8]. However, dynamic analyses must
be performed to understand the optimal functioning of the controller with loads and the different
actions to apply.
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The control of motors have been studied previously using zero average dynamics (ZADs)
and fixed-point induced control (FPIC) [8]. The FPIC control technique has been used to control
chaotic systems applied to DC–DC and DC–AC converters. The time-delay autosynchronization
(TDAS) control strategy has shown better convergence results and easy implementation of the digital
modulation of centered pulse width (DPWMC). As an alternative, a sliding surface has been used to
apply the ZAD control technique in a quasi-sliding manner [9]. Besides, ZAD was used to implement
a buck inverter in a field-programmable gate array (FPGA), verifying that the ZAD technique with
pulse next meets the requirements of a fixed switching frequency [10,11]. Other studies using the ZAD
control strategy have considered the transition from periodic bands to chaotic bands in a buck DC–DC
converter. This is useful to identify bifurcations by double period and by corner impact, known as
“corner collision bifurcations”, as well as chaotic phenomena, chaotic bands, and doubling of these
bands [12–14].

The existence of bifurcations and chaos bands for a buck converter operated with DPWMC with
and without a delay period controlled with ZAD was analyzed numerically [15]. The dynamic behavior
of these systems has been also extensively studied through mathematical, numerical, and experimental
analyses [16–18]. In Reference [19], the simulation of a buck converter configured as an inverter was
carried out by using the Powersim (PSIM) simulation software professional version 6.1.3 and applying
the ZAD technique with PWMC and FPIC. The reference signals to be followed were triangular
and sinusoidal, and it was tested for various types of load (i.e., resistive, time-variable, nonlinear,
and open-circuit operation).

In Reference [20], a quasi-sliding algorithm based on ZAD was proposed for the modular control
of the DC–AC conversion system by connecting m single-phase inverters in parallel to feed the
same load. In Reference [21], numerical and experimental results were obtained by applying digital
control implemented in a DSP using the ZAD-FPIC control technique to a DC–DC and a DC–AC
converter. It was shown that the bifurcation diagrams, calculated numerically in the design stage,
agree quantitatively with those obtained in the experimental stage.

The integration of ZAD with an FPIC controller has been shown to work well for the buck
converter, regulating resistive and motor loads [8]. However, the dynamics of the control connected
to the motors must be studied. Therefore, this paper focuses on the dynamic analysis of a buck
converter that uses the combined ZAD-FPIC control technique to control the speed of an electric
motor. The system involves a buck power converter, a permanent magnet DC motor, and a dSPACE
platform [22]. The load torque and the friction torque were considered as known. The ZAD-FPIC
scheme was formulated and experimentally tested. Bifurcation diagrams were developed for the
adaptive ZAD-FPIC control system for different values of the controller parameters. The tests
performed in the research show how the numerical and experimental diagrams match for the initial
conditions and the changes carried out in the study. The main differences of the present paper with
respect to closely related papers on ZAD-FPIC [23,24] are the following: the ZAD-FPIC technique
was proven for the first time in a higher order system (a permanent magnet DC motor). In previous
works, the ZAD-FPIC technique was only applied to second-order systems and no analysis related to
bifurcation for the FPIC technique has been performed [8]. In this work, some disturbance in the input
voltage and the control with one and two delay periods have been applied, achieving effectiveness in
speed control. It was proved that the FPIC technique is useful to control the chaos and to follow the
speed to a reference given by the user.

This paper is organized as follows. Section 2 presents the materials and methods used in the
research and the mathematics required to perform the simulation and experimental tests. Section 3
includes the results and analysis of the different simulation and experimental tests performed with
the proposed changes in the control parameters and the reference source. Section 4 presents the
conclusions of the work.



Energies 2018, 11, 3388 3 of 20

2. Materials and Methods

Figure 1 shows the block diagram of the system under study that considers a motor connected
to a buck converter and controlled by the ZAD-FPIC technique, and referred to in this research as
the “buck-motor system”. Some sensors are used to measure the voltage, current, and speed of the
buck-motor system. The controller considers these signals, and with the reference speed, takes actions
on the buck converter to regulate the speed of the DC motor. In this research, the speed reference
and the control parameters are varied in order to identify how the controller regulates the speed of
the motor.
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Figure 1. Buck converter connected to an electric DC motor and controlled by zero average
dynamics-fixed-point induced control (ZAD-FPIC).

The system presented in Figure 1 considers a permanent magnet motor with the following
characteristics as presented in Table 1.

Table 1. Rated values of the DC motor.

.

Parameter Description Value

Pr Rated power 250 W
Vr Rated voltage 42 VDC
Ir Rated current 6 A

Wr Rated speed 4000 RPM

The speed of the motor is measured by using an encoder of 1000 pulses per revolution. The state
variables, established as the output voltage υc, the inductor current iL, and armature current ia,
are measured with an accurate resistance. The digital communication was performed by using a board
with DS1104 of dSPACE, where the techniques of ZAD-FPIC are implemented. The output PWM is
calculated by a DS1104 that sends the digital signal. The connection of the control system with the
power system is performed with opto-couplers with fast response, such as HCPL-J312, which protect
and isolate the digital circuit from possible currents and voltages generated in the power circuit.
The state variables, υc, iL, and ia, reach the controller based on the input ADC of 12 bits. The controlled
variable Wm is measured by an encoder of 28 bits at sample frequencies of 6 kHz.

The parameters related to the DC electric motor parameters, buck converter, and law of ZAD-FPIC
control are defined in the control blocks. The last parameters are related to the time constants and the
dynamics of the error that is to be imposed in the control system, for example, KS1, KS2, and KS3. At each
sampling period, the microprocessor of the DS1104 calculates, with a resolution of 10 bits, the duty
cycle d and its equivalent to the PWMC to control the solid-state switch S (metal-oxide-semiconductor
field-effect transistor or MOSFET).
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2.1. Model of the Buck Motor System

Equations (1) and (2) represent the DC motor and the mechanical load. This model considers
a second order, where the state variables are the speed of the motor Wm (rad/s) and the armature
current ia (A). The term ke represents the constant of the output voltage in the motor (V/rad/s), La is
the armature inductance (mH), Ra is the armature resistance (Ω), Va = υc is the voltage in the motor
(V), B is the viscosity friction coefficient (N·m/rad/s), Jeq is the inertia moment (kg·m2), kt is the torque
constant of the motor (N·m/A), Tf ric is the friction torque (N·m), TL is the load torque (N·m), and JL is
the moment of inertia of the load (kg·m2):

dWm(t)
dt

=
−BWm(t)

Jeq
+

ktia(t)
Jeq

+
−Tf ric

Jeq
+
−TL
Jeq

, (1)

dia(t)
dt

=
−ke

La
Wm(t) +

−Ra

La
ia(t) +

υc

La
. (2)

To model the buck-motor system and obtain a representation in state variables, the system of
Figure 2 is analyzed. This figure shows that the equivalent diagram depends on the state of the switch
S. For this system, the speed of the motor can be changed by manipulating the switch ON and OFF by
changing the model as described next. The parameters of the buck-motor system are shown in Table 2.
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Figure 2. Diagram of the buck converter connected to a DC motor.

Table 2. Parameters of the buck-motor system.

Parameter Description Value

rs Internal resistance of the source 0.84 Ω
Vin Input voltage 40.086 V
Vf d Diode forward voltage 1.1 V
L Inductance 2.473 mH
rL Internal resistance of the inductor 1.695 Ω
C Capacitance 46.27 µF
Ra Armature resistance 2.7289 Ω
La Armature inductance 1.17 mH
B Viscosity friction coefficient 0.000138 (N·m/rad/s)
Jeq Inertia moment 0.000115 (kg·m2)
kt Motor torque constant 0.0663 (N·m/A)
ke Voltage constant 0.0663 (V/rad/s)

Tf ric Friction torque 0.0284 (N·m)
TL Load torque Variable (N·m)

Wm Speed of the motor [rad/s] 28 bits
ia Armature current [A] 12 bits
υc Voltage of the motor [V] 12 bits
iL Current in the inductor [A] 12 bits
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Figure 3 illustrates the operation in continuous driving mode with the switch closed (S = ON) and
the diode in cut (inactive). This circuit considers the main source E, the parasite resistance rs = rs1 + rM
as the sum of the internal resistance of the source rs1 and the parasite resistance of the MOSFET rM,
the inductance L, and the capacitance C. The load is a DC motor that considers the armature resistance
Ra and armature inductance La.
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Applying the Kirchhoff laws to the circuit in Figure 3, the mathematical model of this new
equivalent circuit can be represented as in Equation (3). In a simple form, this expression can be
presented as

.
x = A1x + B1, where x1 = Wm, x2 = ia, x3 = υc, and x4 = iL:

.
Wm

ia
.

υc

iL

 =


−B
Jeq

kt
Jeq

0 0
−ke
La

−Ra
La

1
La

0
0 −1

C 0 1
C

0 0 −1
L

−(rL+rs)
L




Wm

ia

υc

iL

+


−(Tf ric+TL

Jeq

0
0

Vin
L

. (3)

On the other hand, Figure 4 shows the diagram of the circuit with the diode in conduction mode
and the switch open (S = OFF). Thus, the initial circuit is reduced to an equivalent circuit as that
presented in Figure 4.
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In this case, the mathematical model of this new equivalent circuit can be represented as
Equation (4), what in a simple form can be presented as

.
x = A2x + B2. The state variables are

Wm, ia, υc, and iL, and the parameters C and L are the capacitance and inductance of the converter,
respectively. The parasite resistance rs = rs1 + rM is equal to the sum of the internal resistance of the
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source and the parasite resistance of the MOSFET. The resistance rL = rL1 + rMed is equal to the sum
of the resistances of the winding and the current measurement, and Vf d is the voltage in the direct
conduction diode. The source that feeds the buck-motor system is represented by the input voltage Vin
and depends on the switch S controlled by the pulses of the PWMC; that is, the system feeds with Vin
when S is active, or with −Vf d when S is inactive:


.

Wm

ia
.

υc

iL

 =


−B
Jeq

kt
Jeq

0 0
−ke
La

−Ra
La

1
La

0
0 −1

C 0 1
C

0 0 −1
L

−(rL)
L




Wm

ia

υc

iL

+


−(Tf ric+TL

Jeq

0
0
−Vf d

L

. (4)

The buck-motor system can present a discontinuous conduction mode (DCM) when the switch
is open and the currents in the inductor are zero. In this case, the diode stops conducting and the
circuit can be represented as shown in Figure 5, with the differential equations shown in Equation (5).
This last equation can be rewritten as

.
x = ADCMx + BDCM.


.

Wm

ia
.

υc

iL

 =


−B
Jeq

kt
Jeq

0 0
−ke
La

−Ra
La

1
La

0
0 −1

C 0 0
0 0 0 0




Wm

ia

υc

iL

+


−(Tf ric+TL)

Jeq

0
0
0

. (5)
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Assuming that the PWM signal is configured with the pulse to the center and the buck-motor
system works in continuous conduction mode (CCM), the dynamics of the system in a complete period
are described by Equation (1) and can be written as:

.
x =


A1x + B1 if kT ≤ t ≤ kT + dT/2
A2x + B2 if kT + dT/2 < t < kT + T − dT/2
A1x + B1 if kT + T − dT/2 < t < kT + T

. (6)

The term k represents the k-th iteration of the system with one sample period T or commutation
period. The derivate of the state is defined as

.
x and can be calculated as shown in Equation (7):

.
x =

[ .
x1,

.
x2,

.
x3,

.
x4
]T ≡

[
dx1

dt
,

dx2

dt
,

dx3

dt
,

dx4

dt

]T
≡
[

dWm

dt
,

dia

dt
,

dυc

dt
,

diL
dt

]T
. (7)
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2.2. Analytical Solution of the Buck-Motor System

In this work, the system is assumed to operate in the CCM. The solution of the system equations
presented in Equation (6) is obtained as shown in Equation (8):

x(t) =


eA1t M1 −V1 if kT ≤ t ≤ (k + d/2)T
eA2t M2 −V2 if (k + d/2)T < t < (k + 1− d/2 )T
eA1t M3 −V1 if (k + 1− d/2 )T ≤ t ≤ (k + 1)T

, (8)

where
M1 = x(0) + V1

M2 = Q12M1 − ∆Ve−A2T d
2

M3 = Q21M2 + ∆Ve−A1T(1− d
2 )

Q12 = e(A1−A2)T( d
2 )

Q21 = e(A2−A1)T(1− d
2 )

V1 = A−1
1 B1

V2 = A−1
2 B2

∆V = V1 −V2

The solution when the system operates in DCM is given by Equation (9) and is presented when
the current in the inductor is zero:

x(t) = eADCMt
[

x(0) + A−1
DCMBDCM

]
− A−1

DCMBDCM. (9)

Starting from the solution in Equation (8) and discretizing the output signals for each sampling
period T, we have the expression in discrete time given by Equation (10), which is the solution in CCM
for the buck-motor system:

x((k + 1)T) = eA1TQx(kT) + eA1TQV1 −Q12eA2T(1− d
2 )∆V + eA1T d

2 ∆V −V1. (10)

The term Q is obtained with Equation (11) and the expressions are defined in Equations (5) and (6):

Q = e(A2−A1)Te(A1−A2)Td. (11)

The solution of the system operating in DCM is given in Equation (12):

x((k + 1)T) = eADCMT
[

x(kT) + A−1
DCMBDCM

]
− A−1

DCMBDCM. (12)

2.3. Strategies to Control the Speed of the DC Motor

The speed Wm of the DC motor must follow a reference speed Wmre f . Thus, for the sampling
period kT, the tracking error is defined as presented in Equation (13):

e(kT) = Wm(kT)−Wmre f (kT). (13)

Besides, considering the system in fourth-order, the sliding surface is defined as s(kT) [20],
describing a third-order dynamic in the error variable (e(kT)), which is given by Equation (14):

s(kT) = e(kT) + ks1
de(kT)
d(kT)

+ ks2
d2e(kT)
d(kT)2 + ks3

d3e(kT)
d(kT)3 . (14)

The constants ks1 = KS1
√

LC, ks2 = KS2LC, and ks3 = KS3LC
√

LC are parameterized in function
of the constants applied (KS1, KS2, and KS3). The constants KS1, KS2, and KS3 are the parameters of
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the ZAD and can be calibrated to impose a dynamic behavior in the closed-loop system. In addition,
such parameters can be considered to construct dimensional bifurcation diagrams. When the reference
signal Wmre f is established as a constant value, Equation (14) can be written as in Equation (15) and the
first derivate as in Equation (16):

s(kT) = Wm(kT)−Wmre f (kT) + ks1
dWm(kT)

d(kT) + ks2
d2Wm(kT)

d(kT)2 + ks3
d3Wm(kT)

d(kT)3 , (15)

.
s(kT) =

dWm(kT)
d(kT)

+ ks1
d2Wm(kT)

d(kT)2 + ks2
d3Wm(kT)

d(kT)3 + ks3
d4Wm(kT)

d(kT)4 . (16)

The duty cycle can be calculated as shown in Equation (17):

dk(kT) =
2s(kT) + T

.
s−(kT)

T
( .
s−(kT)− .

s+(kT)
) , is (17)

where s(kT) is calculated as shown in Equation (15) at the beginning of each commutation period for
the system in Equation (3). Thus, s(kT) = s(kT)| S=ON ;

.
s+(kT) is calculated as in Equation (16) for the

system described in Equation (3) as
.
s+(kT) =

.
s(kT)| S=ON [8].

Next, the necessary steps to calculate the variables are: the first derivatives taken from the system
are obtained from Equation (3), which occurs when S = ON. To obtain

.
s−(kT), the first, second, third,

and fourth derivates are calculated for the system and
.
s−(kT) =

.
s(kT)| S=OFF . With the delay period

in the control action, the new duty cycle is calculated as in Equation (18):

dk(kT) =
2s((k− 1)T) + T

.
s−((k− 1)T)

T
( .
s−((k− 1)T)− .

s+((k− 1)T)
) . (18)

With the ZAD-FPIC strategy, the new duty cycle is calculated to ensure that the load and the
motor rotate at the desired speed Wmre f , leading to the expression shown in Equation (19):

dZAD−FPIC(kT) =
dk(kT) + Nd∗

N + 1
. (19)

Combining Equations (18) and (19), the control for the ZAD-FPIC is defined as in Equation (20):

dZAD−FPIC(kT) =

(
2s((k− 1)T) + T

.
s−((k− 1)T)

T
( .
s−((k− 1)T)− .

s+((k− 1)T)
) + Nd∗

)
(N + 1)−1. (20)

where d∗ is calculated at the beginning of the period with

d∗ = dk(kT)| stable state . (21)

Therefore, Equation (20) combines ZAD and FPIC techniques, and a saturation function must
be applied to consider the actual physical limits of the duty cycle between 0 and 1. Such a saturation
function is described in Equation (22):

d =


dZAD−FPIC(kT) if 0 < dZAD−FPIC(kT) < 1

1 if 1 ≤ dZAD−FPIC(kT)
0 if dZAD−FPIC(kT) ≤ 0

. (22)

3. Results and Analysis

This section presents the results obtained from the dynamic analysis of a DC motor using a buck
converter controlled by ZAD-FPIC. The quantization effects considered in the tests are: 28 bits of speed,
12 bits in the system variables (υc, ia, and iL), and 10 bits for the duty cycle. MATLAB®/Simulink
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software was used for the simulation, and the simulation blocks that represent the system with
ZAD-FPIC controller are shown in Figure 6. For the experimental test, the ZAD-FPIC technique
is implemented in the rapid control prototyping card dSPACE DS1104; in this case, the card is
programmed with MATLAB®/Simulink and then downloaded to the DSP. This platform has a
graphical display interface called ControlDesk. In order to overlap the numerical with the experimental
results, the experimental data were stored in matrices using the ControlDesk program and then read
to perform calculations in MATLAB. Finally, the simulation is run and both the numerical and
experimental results plotted.
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3.1. Parameters of the Controller

Table 3 shows the parameters of the ZAD-FPIC controller used in the simulation and
experimental tests.

Table 3. Parameters of the ZAD-FPIC controller.

Parameter Description Value

Vin Input voltage 40.086 V
Wmre f Reference speed Variable (rad/s)

N Control parameter of FPIC 1
Fc Commutation frequency 6 kHz
Fs Sample frequency 6 kHz

1T_p 1 delay period 166.6 µs
KS1, KS2, KS3 Bifurcation parameter Variables

d Duty cycle 10 bits

3.2. Behavior of the Buck-Motor System in Closed Loops

Figure 7 shows the dynamic behavior of the mechanical speed and the error of the signals when
the electric circuit works in closed loops. The speed is determined for both simulation and experimental
tests following a change in the reference signal Wmre f . Figure 7a,b show the mechanical speed and
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the error over time, respectively, when the circuit works in a closed loop. In this case, the system is
working in a closed loop when the reference signal is Wmre f = 400 rad/s at t = 1 s, KS1 = 2, KS2 = 2,
KS3 = 30, and N = 1 with one delay period.
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Figure 7. Numerical and experimental results for the system in closed loops: (a) mechanical speed Wm

and Wmre f in closed loop and (b) error of Wm in closed loop.

Figure 7a shows that the impulse is very small for the simulation and experimental tests; the
settling time of Wm is ts = 0.1473 s in the simulation test and ts = 0.1859 s in the experimental test.
Finally, Figure 7b shows that the steady-state error in the simulation test is −0.1645% and for the
experimental test it is 0.4245%.

Table 4 summarizes the simulated and experimental results for the closed-loop systems shown
in Figure 7.

Table 4. Transient responses of the buck-motor system in closed-loop with ZAD-FPIC.

Controller Mp (%) ts (s) Error (%)

Closed-loop system in the simulation test 0.5715 0.1473 −0.1645
Closed-loop system in the experimental test Overdamped 0.1859 0.4245

Figure 8 shows the behavior of the system working closed loops for the simulation and
experimental test when the reference signal Wmre f changes from 100 to 400 rad/s in intervals of
4 s. In the experimental test, the closed-loop system did not present an impulse, whereas for the
simulation test, some small impulses are presented for the closed-loop system. The signals (Wm)
present a settling time of ts ∼= 0.15 s. The steady-state error for the closed-loop system is less than 2%.
There is a high coincidence between the numerical and experimental results. From the results shown
in Figure 8a,b, the ZAD-FPIC controller is robust to the variations created in the reference signal.
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Figure 8. Numerical and experimental results in closed loops: (a) mechanical speed Wm and reference
speed Wmre f in a closed-loop system and (b) error of Wm in a closed-loop system.

3.3. Transient Response Changing the Control Parameter N with Parameter KS3 = 35

Figure 9 shows the behavior of the buck-motor system controlled by ZAD-FPIC. In this case, the
control parameter is fixed as KS3 = 35, the reference signal is defined as Wmre f = 400 rad/s, and some
variations are made through the control parameter N in values 1, 3, 5, 7, and 9.
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Figure 9. Behavior of the buck-motor system in closed-loop while changing N with KS3 = 35: (a) output
Wm for the simulation; (b) d for the simulation; (c) output Wm for the experiment; and (d) d for
the experiment.

Tables 5 and 6 summarize the results shown in Figure 9. Both the simulation and experimental
test show that the steady-state error is less than 1% for the different values of the parameter N. If the
value of N is increased or decreased, then it does not greatly affect the dynamics in the transient
state. However, for small values of N, some small oscillations are presented and they will increase in
amplitude if N is reduced below 1.
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Table 5. Transient results obtained from the simulation in a closed loop with ZAD-FPIC.

Parameter Mp (%) ts (s) Error (%)

(N = 1) 0.5717 0.1701 −0.0173
(N = 3) Overdamped 0.1701 −0.0173
(N = 5) Overdamped 0.1711 −0.0173
(N = 7) Overdamped 0.1737 −0.1473
(N = 9) Overdamped 0.1802 −0.0173

Table 6. Transient results for the experimental test when the system works in closed loop
with ZAD-FPIC.

Parameter Mp (%) ts (s) Error (%)

(N = 1) Overdamped 0.2311 0.2775
(N = 3) Overdamped 0.2381 0.2772
(N = 5) Overdamped 0.2414 −0.3118
(N = 7) Overdamped 0.2455 −0.3118
(N = 9) Overdamped 0.2505 −0.4590

Because the model is not exact, for all values of N, the system responds faster in the simulation
than in the experimental test. Regarding the duty cycle, Figure 9b,d show the saturation at the
beginning; however, during the steady-state the duty cycle is not saturated for any value of N,
which leads to a fixed commutation frequency that reduces the electrical and audible noises in the
experimental test. Figure 9d shows electronic noise present in the measured signals. In general, for all
values of N, the simulation and experimental tests show similar results.

3.4. Variation of the Parameter KS3

Figures 10 and 11 show the bifurcation parameters of Wm and d for the experimental test when
the parameter KS3 is changed. Figures 10 and 11–d show the behavior of Wm and d over time for the
experimental test for KS3 = 40, KS3 = 20, and KS3 = 5, when the values of KS1 = KS2 = 2, and N = 1.
The results show that for the value of KS3 = 40, some 4T periodic orbits are presented, which is the
behavior clearly represented in Figure 10b. For the value of KS3 = 20, Figure 10a shows 6T periodic
orbits, which can be represented in Figure 10c. For the value of KS3 = 5, Figure 10a shows 8T periodic
orbits, which is easily represented as Figure 10d. For the duty cycle d in both diagrams, some chaotic
and quasi-periodic behaviors are presented for different values of KS3 as shown in Figure 11.
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Figure 10. Bifurcation diagram of the variable 𝑊  when the parameter 𝐾  is changed (𝐾 = 40, 𝐾 = 20, and 𝐾 = 5) and the values of 𝐾 = 𝐾 = 2, and 𝑁 = 1 are kept constant: (a) bifurcation 
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Figure 10. Bifurcation diagram of the variable Wm when the parameter KS3 is changed (KS3 = 40,
KS3 = 20, and KS3 = 5) and the values of KS1 = KS2 = 2, and N = 1 are kept constant: (a) bifurcation
diagram Wm vs. KS3 for the experimental test; (b) Wm in the experimental test when KS3 = 40; (c) Wm

in the experimental test when KS3 = 20; and (d) Wm in the experimental test when KS3 = 5.
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Figure 11. Bifurcation diagram of d vs. KS3 and behavior of KS3 = 40, KS3 = 20, and KS3 = 5 when
the values of KS1 = KS2 = 2 and N = 1: (a) bifurcation diagram of d vs. KS3 in the experimental
test; (b) behavior of d when KS3 = 40 in the experimental test; (c) behavior of d when KS3 = 20 in the
experimental test; and (d) behavior of d when KS3 = 5 in the experimental test.
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3.5. Behavior of the System When the Control Parameter N of the FPIC Is Changed

Figures 12 and 13 show the behavior of the buck-motor system controlled by ZAD when the
parameter KS3 = 35 and the parameters KS1 and KS2 are equal to two. In this case, some bifurcations
were created with the change of parameter N for the system with one delay period. The results show
that the critical N in the simulation test was presented when N ∼= 0.7875 and in the experimental
test when N ∼= 0.5. For values of N greater than the bifurcation point, the stability of the system was
presented and the regulated variable (Wm) tends to the fixed point. Therefore, with values of N = 1 and
KS3 = 35, there was good regulation as observed in Figure 12a,b. In the simulation test, with values of
N ≤ 0.7875, the system presents chaos and quasi-periodicity behaviors, whereas in the experimental
test they occur for N ≤ 0.5.

In the simulation test, stability was presented for values of N ≥ 0.7875, whereas in the
experimental test it was presented for values of N ≥ 0.5. For these same values of N, a quasi-periodicity
behavior occurs in the duty cycle, but a fixed switching frequency was achieved. Regarding the
steady-state error, a value lower than 1% in the entire range of N was presented. In general, both the
numerical and experimental diagrams were similar, thus validating the use of the model and the
implemented circuit. Therefore, the ZAD-FPIC technique presented good performance to control the
Wm and the FPIC technique demonstrated effectiveness to control chaos of the electric circuit.
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Figure 12. Bifurcation diagrams for the simulation and experimental test of the system with ZAD
(KS3 = 35) and FPIC, changing the parameter N and maintaining fixed values of KS1 = KS2 = 2:
(a) Wm vs. N for the simulation test; (b) Wm vs. N for the experimental test; (c) error vs. N for the
simulation test; and (d) error vs. N for the experimental test.
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Figure 13. Bifurcation diagrams for the simulation and experimental test of the system with ZAD
(KS3 = 35) and FPIC, changing the parameter N and maintaining fixed values of KS1 = KS2 = 2: (a) d
vs. N for the simulation test; (b) d vs. N for the experimental test; (c) υc vs. N for the simulation test;
and (d) υc vs. N for the experimental test.

Figures 14 and 15 show the behavior of the buck-motor system controlled with ZAD-FPIC with
two delay periods. In this case, the equilibrium point has shifted slightly to the right when the
critical N is approximately N = 2.2 in the experimental test and N = 2.24 in the simulation. Figures 14
and 15 show that the signals in both the numerical and experimental tests have similar behavior,
validating that the circuits modeled and built for the tests are correct.
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Figure 14. Bifurcation diagrams for the simulation and experimental test of the system with ZAD
(KS3 = 35) and FPIC, changing the parameter N with KS1 = KS2 = 2 and a 2T delay period: (a) Wm vs.
N for the simulation test; (b) Wm vs. N for the experimental test; (c) error vs. N for the simulation test;
and (d) error vs. N for the experimental test.
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was configured by the trigger signal at a frequency Fs. For these tests, the parameters of Table 3 were 
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parameters of Table 3. Figure 16a shows the behavior of the system when instantaneous perturbations 
are created in 𝑉  as performed for the experimental test. Figure 16b shows the effect in the regulated 
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Figure 15. Bifurcation diagrams for the simulation and experimental test of the system with ZAD
(KS3 = 35) and FPIC, changing the parameter N with KS1 = KS2 = 2 and a 2T delay period: (a) d vs.
N for the simulation test; (b) d vs. N for the experimental test; (c) υc vs. N for the simulation test;
and (d) υc vs. N for the experimental test.

3.6. Perturbation at the Input Voltage

This section shows the behavior of the system when Vin is changed. To carry out these experiments,
the signal Vin was measured and registered with the DS1104MUXADC block, which was configured by
the trigger signal at a frequency Fs. For these tests, the parameters of Table 3 were considered: N = 1,
KS1 = KS2 = 2, and KS3 = 35.

Figure 16 shows the behavior of the buck-motor system described in Figure 2 and with the
parameters of Table 3. Figure 16a shows the behavior of the system when instantaneous perturbations
are created in Vin as performed for the experimental test. Figure 16b shows the effect in the
regulated signal Wm by changing Vin and maintaining a value of Wm = 198 rad/s and reference
signal Wmre f = 200 rad/s. Figure 16c shows that the regulation error was maintained at the value of
−1%. Figure 16d shows a phase diagram between the regulation error and Vin in which it is observed
that the error was maintained at the value of −1%.



Energies 2018, 11, 3388 17 of 20
Energies 2018, 11, x FOR PEER REVIEW  17 of 20 

 

  
(a) (b) 

  
(c) (d) 

Figure 16. Behavior of the buck-motor system when perturbations in 𝑉  are presented for the 
experimental test with 𝐾 = 40 , 𝐾 = 𝐾 = 2 , and 𝑁  = 1: (a) variation of 𝑉  over time; (b) 
regulated signal 𝑊  over time; (c) error in the controlled variable; and (d) phase diagram of the error 
vs. 𝑉 . 
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input, Figure 17b presents the results of the error vs. 𝑉 , where the ZAD-FPIC controls the output 
signal with an error lower than −2%. For the second test, 𝑉  was initially increased and then further 
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Figure 16. Behavior of the buck-motor system when perturbations in Vin are presented for the
experimental test with KS3 = 40, KS1 = KS2 = 2, and N = 1: (a) variation of Vin over time; (b) regulated
signal Wm over time; (c) error in the controlled variable; and (d) phase diagram of the error vs. Vin.

Figures 17 and 18 show the behavior of the regulation error in the experimental test when Vin
was disturbed irregularly. In the first test, Vin was increased as shown in Figure 17a, and for this input,
Figure 17b presents the results of the error vs. Vin, where the ZAD-FPIC controls the output signal with
an error lower than −2%. For the second test, Vin was initially increased and then further decreased as
shown in Figure 18a, and the error of the control variable vs. Vin does not exceed −2% as shown in
Figure 18b.
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Figure 17. Experimental behavior of the buck-motor system after perturbations in Vin when KS3 = 40,
KS1 = KS2 = 2, and N = 1: (a) variation in Vin over time and (b) phase diagram of error vs. Vin.
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4. Conclusions 

This paper presented the dynamic behavior of a buck-motor system controlled with ZAD-FPIC. 
The results show that the control regulates very well the speed at the output 𝑊  for different values 
of the reference signal (𝑊 ). When 𝐾 = 35  and increasing the value of 𝑁 > 1, the dynamic 
response of the system was very similar for different values of 𝑁. The ZAD-FPIC control technique 
was effective to control the buck-motor system even for two delay periods and the robustness of the 
system was checked by making variations in 𝑉 . When the control parameter of the ZAD was a fixed 
value and the FPIC control parameter changed, the transient behavior showed that neither the 
transient nor stationary regime changed with the change of N. Numerically and experimentally, 
orbits of periods 6𝑇, 8𝑇, and chaos were shown, which were plotted in the bifurcation diagrams 
against time. For the case where there were two periods of delay, the controller with ZAD-FPIC was 
able to regulate the output speed with low steady-state error. 

Previous works have shown that the duty cycle is normally saturated and the electrical and 
audible noises increase. With the ZAD-FPIC control technique, greater stability and noise reduction 
were obtained in the controlled variable and in the voltage feeding the motor due to the fixed 
frequency switching implemented in the control technique. Some clear advantages of this controller 
were obtained when the control parameters had higher values because the system was more stable 
and did not present chaos; besides, the controller presented a low steady-state error in the controlled 
variable. However, when using the ZAD-FPIC control technique, the system became less robust to 
real-time variations of the system parameters because the duty cycle depended directly on these 
parameters. Furthermore, the controller depended on all the variables of the system, increasing the 
time for digital processing and real-time calculation of the duty cycle, requiring more powerful 
processors. 
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KS1 = KS2 = 2, and N = 1: (a) variation of Vin over time and (b) phase diagram of the error vs. Vin.

4. Conclusions

This paper presented the dynamic behavior of a buck-motor system controlled with ZAD-FPIC.
The results show that the control regulates very well the speed at the output Wm for different values of
the reference signal (Wmre f ). When KS3 = 35 and increasing the value of N > 1, the dynamic response
of the system was very similar for different values of N. The ZAD-FPIC control technique was effective
to control the buck-motor system even for two delay periods and the robustness of the system was
checked by making variations in Vin. When the control parameter of the ZAD was a fixed value and
the FPIC control parameter changed, the transient behavior showed that neither the transient nor
stationary regime changed with the change of N. Numerically and experimentally, orbits of periods
6T, 8T, and chaos were shown, which were plotted in the bifurcation diagrams against time. For the
case where there were two periods of delay, the controller with ZAD-FPIC was able to regulate the
output speed with low steady-state error.

Previous works have shown that the duty cycle is normally saturated and the electrical and
audible noises increase. With the ZAD-FPIC control technique, greater stability and noise reduction
were obtained in the controlled variable and in the voltage feeding the motor due to the fixed frequency
switching implemented in the control technique. Some clear advantages of this controller were obtained
when the control parameters had higher values because the system was more stable and did not present
chaos; besides, the controller presented a low steady-state error in the controlled variable. However,
when using the ZAD-FPIC control technique, the system became less robust to real-time variations of
the system parameters because the duty cycle depended directly on these parameters. Furthermore,
the controller depended on all the variables of the system, increasing the time for digital processing
and real-time calculation of the duty cycle, requiring more powerful processors.
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