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Abstract: Due to the unbalanced three-phase loads, the single-phase distributed photovoltaic (PV)
integration, the long feeders, and the heavy loads in a three-phase four-wire low voltage distribution
network (LVDN), the voltage unbalance factor (VUF), the network loss and the voltage deviation
are relatively high. Considering the uncertain fluctuation of the PV output and the load power,
a robust optimal allocation of decentralized reactive power compensation (RPC) devices model for
a three-phase four-wire LVDN is proposed. In this model, the uncertain variables are described as
box uncertain sets, the three-phase simultaneous switching capacity and single-phase independent
switching capacity of the RPC devices are taken as decision variables, and the objective is to minimize
the total power loss of the LVDN under the extreme scenarios of uncertain variables. The bi-level
optimization method is used to transform the robust optimization model with uncertain variables
into bi-level deterministic optimization models, which could be solved alternately. The nonlinear
programming solver IPOPT in the mature commercial software GAMS is adopted to solve the
upper and lower deterministic optimization models to obtain a robust optimal allocation scheme of
decentralized RPC devices. Finally, the simulation results for an actual LVDN show that the obtained
decentralized RPC scheme can ensure that the voltage deviation and the VUF of each bus satisfied
the secure operation requirement no matter how the PV output and load power changed within their
own uncertain sets, and the network loss could be effectively reduced.

Keywords: three-phase four-wire; low-voltage distribution network; uncertainty; distributed
photovoltaics; reactive power optimization; robust optimization

1. Introduction

To ensure the easy integration of three-phase loads and single-phase loads, low-voltage distribution
networks (LVDNs) in China generally use the three-phase four-wire wiring mode. In this mode,
there are four low-voltage distribution lines, including three A/B/C phase lines and one neutral line.
The three-phase loads are integrated into the three phase lines directly, and the single-phase loads are
integrated into one phase line and one neutral line. In the operation of the LVDNs, a large number of
single-phase loads and three-phase loads consume power at the same time. Therefore, LVDNs have
the characteristics of unbalanced loads and asymmetric feeder line parameters. Moreover, with the
rapid development of emerging photovoltaic (PV) technologies [1–4], a large amount of distributed PV
generation connected to the LVDNs, the integration of single-phase distributed PV generation further
aggravates the three-phase unbalanced operation of LVDNs. The three-phase unbalanced operating
state of the LVDNs will lead to a large number of negative sequence components in the bus voltage,
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which is harmful to the secure operation of the transformers, generators, and so on. Furthermore,
the transmission of a three-phase unbalanced current on the neutral line will also increase the active
power loss of LVDNs [5]. Therefore, to ensure that the voltage deviation and the VUF of each bus in
a LVDN can satisfy the secure operation requirements and decrease the active power loss of the LVDN,
it is necessary to propose the corresponding solutions for optimizing the installation position, as well as
the three-phase simultaneous switching capacity and the single-phase independent switching capacity
of the reactive power compensation (RPC) device in a LVDN [6,7].

At present, the reactive power optimization in distribution networks with integrated PVs has
garnered wide attention [8–14]. In [8], a comprehensive optimization model, including reactive
power optimization and network reconfiguration, was proposed to reduce the network loss and
to eliminate the voltage deviation. Jabr [9] aimed to minimize the network loss and proposed a
coordinated optimization method for network reconfiguration, capacitor switching settings, and a PV
inverter’s reactive power output in the distribution network. Based on consideration of the uncertainty
of the PV output and the harmonic factors, He et al. established a reactive power optimization
model for a distribution network to minimize the sum of the expected values of the network loss,
the penalty term of the bus voltages, and the penalty term of the total voltage harmonic distortions [10].
Farivar et al. [11] studied the reactive power optimization problem in a distribution network with
integrated PVs based on the branch flow model and verified that the reactive power control of the PV
inverter could effectively smooth the voltage fluctuations. Li et al. [12] established a reactive power
optimization model including the PV station and the static VAR compensator, which could effectively
reduce the grid loss and harmonic pollution. However, the above references only considered the
case of the three-phase balanced operation of the distribution network. In reference [13], a reactive
power optimization model of the three-phase unbalanced distribution network was proposed with
the objective of minimizing the three-phase current imbalance and the total network loss. This model
considered factors such as the shunt capacitor switching and the transformer tap position. Hu et al. [14]
studied the effects of three-phase on-load tap-changers and PV inverters on the coordinated voltage
control in a distribution network. The simulation results showed that the on-load tap-changer control
and the reactive power control of the PV inverter could significantly improve the voltage quality.
Although the above references all involve reactive power optimization control in a distribution network
with PV integration, they are all based on three-phase three-wire medium voltage distribution networks,
whose structures are essentially different from three-phase four-wire LVDNs.

In the study of three-phase four-wire LVDNs, Chen and Yang [15] examined the inherent
characteristics of an unbalanced multi-grounded three-phase four-wire distribution system and
analyzed the influence of the neutral point and system grounding on the operating characteristics of a
multi-ground four-wire distribution system. In [16], with consideration of the influence of an earth
conductor as well as a neutral line and neutral line repeated grounding, a power flow calculation
model including the branch voltage equation and the bus injection current equation was established,
and a general power flow calculation algorithm for a three-phase four-wire distribution network
based on the backward-forward technique was proposed. In [17], a three-phase power flow approach
for an integrated three-wire medium voltage and four-wire multi-ground low-voltage distribution
networks with rooftop solar PVs was proposed. Based on this, the impact of a single-phase rooftop
PV on different phases and different positions was analyzed. Although the above references all
analyzed the operation of three-phase four-wire LVDNs, they did not conduct research in the field of
reactive power optimization. Alam et al. [18] proposed a comprehensive reactive power optimization
control strategy for PV inverters in unbalanced three-phase four-wire LVDNs. Zeraati et al. [19]
used the regulation of single-phase PV inverters with arbitrary connections between different phases
to achieve reactive power compensation for unbalanced three-phase four-wire LVDNs. Although
references [18,19] dealt with the reactive power optimization problem of three-phase four-wire LVDNs
with PV integration, the uncertainties of the load power and the PV output were not considered.
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Due to the unbalanced three-phase loads of users in LVDNs, the increasing penetration of
a single-phase rooftop PV, and the power fluctuation of loads and distributed generations, the voltage
quality problem in LVDNs are becoming more and more serious. With the development of RPC device
technology, the RPC device applied in LVDNs can not only achieve three-phase simultaneous switching
but also achieve single-phase switching. In addition to reducing the bus voltage deviation, it can
effectively reduce the three-phase imbalance operation of LVDNs. Based on this process, this study
analyzes the robust optimal allocation problem of decentralized RPC devices for a three-phase four-wire
LVDN, considering the uncertainty of the PV output and the load power. The main contributions of
this paper are twofold: (1) A robust optimization model is established for the decentralized allocation
of RPC devices in a three-phase four-wire LVDN considering the uncertainty of the PV output and load
power. This model can simultaneously optimize the installation position, three-phase simultaneous
switching capacity, and single-phase independent switching capacity of RPC devices. (2) The bi-level
optimization method is used to transform a robust optimization model with uncertain variables into
bi-level deterministic optimization models, which are solved alternately. The obtained robust optimal
allocation scheme for the decentralized RPC devices can satisfy the LVDN’s secure operation in the
given fluctuation range of the PV output and load power.

The rest of this study is organized as follows: Section 2 introduces the model of the network
elements in three-phase four-wire LVDNs. Section 3 introduces the robust optimal allocation model of
decentralized RPC devices considering the uncertainty of the PV output and the load power. Section 4
introduces the bi-level optimization algorithm for solving the robust optimal allocation model of
decentralized RPC devices. Section 5 verifies the correctness of the proposed model and algorithm
with an actual 20-bus LVDN. Section 6 provides the conclusions.

2. Model of Network Elements in Three-Phase Four-Wire LVDNs

2.1. Model of PV Output

The power output of PV cells is closely related to meteorological factors such as temperature
and light intensity. Compared with traditional hydroelectric or thermal power generators, the power
output of PV generation has greater uncertainty. When the maximum power point tracking (MPPT)
control strategy is used, the active power output of the PV array in the standard state is calculated,
as shown in Equation (1):

Pm = UmIm. (1)

where Um, Im, and Pm represent the voltage, current, and active power output of the maximum power
point in the standard state, respectively, and Um and Im are the component parameters given by the PV
cell manufacturer. Coelho et al. [20] give a mathematical model of PV cells for engineering applications
and a modified formula for PV cell power output under different temperatures and light intensities,
as shown in Equation (2): 

I′m = ImS̃/Sref[1 + a(T̃ − Tref)]

V′m = Vm[1 + b(S̃/Sref − 1)][1− c(T̃ − Tref)]

P′m = V′mI′m

(2)

where Sref and Tref represent the reference values of light intensity and temperature under standard
conditions, respectively, which are taken as 1000 MW/m2 and 25 ◦C. And the standard air-mass is 1.5.
S̃ and T̃ represent the actual light intensity and temperature of the PV cell, respectively. The typical
values of the correction coefficient are a = 0.0025/◦C, b = 0.5, c = 0.00288/◦C. V′m, I′m, and P′m represent
the correction value of voltage, current, and power output, respectively, at the maximum power point
of the PV cell at the actual light intensity and temperature. Therefore, the power output of the PV array
at any actual temperature and the light intensity values when using the MPPT control strategy can be
obtained from Equation (2).
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The PV array was connected to the grid by inverters, and it was assumed that its reactive power
output was controlled by the mode of optimal inverter dispatch with a lower bound on the power
factor (OID-F) [21], as shown in Figure 1.
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Figure 1. PV inverter operating mode of OID-F.

Therefore, the reactive power provided by the PV generation to the grid was limited by its rated
capacity and its active power, and the reactive power output could be written as Equation (3):{

P′2m + Q′2m ≤ S2
N

−P′m tanφ ≤ Q′m ≤ P′m tanφ
(3)

where Q′m represents the reactive power output of the PV, SN represents the rated capacity of the
inverter, and φ represents the power factor angle of the PV.

2.2. Model of the Reactive Power Compensation Device

Capacitors are used as the RPC devices in LVDNs. The connection mode of these capacitors is
shown in Figure 2. It includes the three-phase simultaneous switching capacity and the single-phase
independent switching capacity. Because the RPC device contains single-phase independent switching
capacity, it can improve the voltage quality problems under the three-phase unbalanced operation
of LVDN. Two decision variables Qci,3 and Qci,ω are used to represent the three-phase simultaneous
switching capacity and the single-phase independent switching capacity in the RPC device located in
i-th bus, respectively.
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2.3. Model of Feeder Line 

Figure 2. Structure of the reactive power compensation device.

2.3. Model of Feeder Line

LVDNs usually adopt a three-phase four-wire radial network structure and form a return path
through the neutral line. At the same time, in order to reduce the power loss and ground voltage
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when equipment fails, repetitive grounding of the neutral line is often used in LVDNs. Therefore,
the equivalent circuit of a feeder line in a 380/220 V LVDN is shown in Figure 3. For ease of calculation,
the mutual impedance and the ground branch admittance of the feeder lines are neglected, and the
loads are connected between phases A/B/C and phase 0.
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According to Kirchhoff’s Current Law, for the i-th bus, the power balance equation of phases
A/B/C and the current balance equation of phase 0 flowing into the ground can be deduced, as shown
in Equation (4):


P̃li,ω − Ppvi,ω + j(P̃li,ω tanϕli,ω −Qci,ω −Qci,3/3−Qpvi,ω) = (

.
Ui,ω −

.
Ui,0)

∑
k∈i

( .
Uk,ω−

.
Ui,ω

Zki,ω

)∗
,ω = A, B, C

.
Ui,0
Zg,i

=
∑

ω=A,B,C,0

∑
k∈i

.
Uk,ω−

.
Ui,ω

Zki,ω

(4)

where subscript ω denotes phases A, B, and C, P̃li,ω and ϕli,ω represent the active power load and the
power factor angle of phase ω of bus i, respectively, and Ppvi,ω and Qpvi,ω represent the active power
and the reactive power of the PV generation of phase ω of bus i, respectively, that is, P′m and Q′m in
Equation (3). Qci,ω denotes the single-phase independent switching capacity of the RPC device in
phase ω of bus i, which is a discrete variable, Qci,3 represents the three-phase simultaneous switching
capacity of the RPC device in bus i, which is also a discrete variable,

.
Ui,ω represents the voltage of

phase ω of bus i, k∈i represents all buses k connected with bus i, and
.

Ui,0 represents the voltage of
phase 0 of bus i. Zki,ω denotes the impedance of phase ω of the line between bus k and bus i, and Zg,i
denotes the grounding impedance of bus i.

2.4. Model of Distribution Transformer

Since the actual three-phase four-wire LVDNs were usually in the asymmetry operation state,
in order to obtain the operation state accurately, it was necessary to establish a detailed model of
10/0.4 kV three-phase distribution transformers. In reference [22], a three-phase transformer model
based on the phase components method was proposed. The actual transformer was replaced by two
ideal transformers that had high calculation accuracy, as shown in Figure 4.
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where α and β represent the tap coefficients of the primary and secondary sides of the actual 
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Table 1. Transformer winding connection matrix.

Clock c11 c12 c13 c21 c22 c23 c31 c32 c33

0 1 0 0 0 1 0 0 0 1
1 S 0 –S –S S 0 0 –S S
2 0 0 –1 –1 0 0 0 –1 0
3 0 S –S –S 0 S S –S 0
4 0 1 0 0 0 1 1 0 0
5 –S S 0 0 –S S S 0 –S
6 –1 0 0 0 –1 0 0 0 –1
7 –S 0 S S –S 0 0 S –S
8 0 0 1 1 0 0 0 1 0
9 0 –S S S 0 –S –S S 0

10 0 –1 0 0 0 –1 –1 0 0
11 S –S 0 0 S –S –S 0 S

3. Robust Optimal Allocation Model for Decentralized RPC Devices

In the robust optimization problem, uncertain variables are described as the uncertain set. The
optimization results of the decision variables can satisfy all the constraints when the uncertain variables
are given as arbitrary values within their uncertain sets [23]. Robust optimization problems with
uncertain variables can be described as shown in Equation (8):

min
x

sup
ζ

f (x,ζ)

s.t. G(x,ζ) ≤ 0 ∀ζ ∈ R, x ∈ X
(8)

where x represents the decision variables, ζ represents the uncertain variables, X is a set of decision
variables, R is a bounded set of uncertain variables, and sup (•) is an upper bound.

The optimal allocation of decentralized RPC devices for a three-phase four-wire LVDN takes into
account the uncertainty of the PV output and the load power. The PV output is determined by the
light intensity and temperature, so the uncertain variables include the load active power P̃li,ω, the light
intensity S̃, and the temperature T̃. Using the box uncertain set, the uncertain variables P̃li,ω, S̃ and T̃
are expressed as the expected value and the disturbance, as P̃li,ω = Pli,ω+ ζPli,ω , S̃ = S+ ζS, T̃ = T + ζT.
Based on the historical data of loads and the meteorological information of the area where the PV
station is located, the expected values of the load power, the light intensity, the temperature, and their
disturbance ranges can be determined. Then the upper and lower bounds of the variation range of
the uncertain variables can be obtained. Therefore, the set of uncertain variables can be expressed as
shown in Equation (9):

C =
{
( P̃li,ω, S̃, T̃)

∣∣∣∣ Pli,ω ≤ P̃li.ω ≤ Pli.ω, S ≤ S̃ ≤ S, T ≤ T̃ ≤ T
}

(9)

where C is the set of uncertain variables. Pli,ω/Pli.ω is the lower/upper bound of P̃li,ω, S/S is the

lower/upper bound of S̃, and T/T is the lower/upper bound of T̃.

3.1. Objective Function

To minimize the total active power loss of a LVDN, the objective function of the decentralized
RPC optimal allocation model in a LVDN considering the uncertain fluctuation of the PV output and
the load power is as follows:

min
Qci,ω,Qci,3

sup
S̃,T̃,P̃li,ω

f (U,θ, Qci,ω, Qci,3, C) = min
Qci,ω,Qci,3

sup
S̃,T̃,P̃li,ω

∑
ω=A,B,C

(Ps,ω +
npv∑
i=1

Ppvi,ω(S̃, T̃) −
nl∑

i=1
P̃li,ω) (10)
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where Ps,ω represents the injected active power of phase ω on the high-voltage side of the distribution
transformer in the LVDN, U andθ represent the bus voltage amplitude and the phase angle, respectively,
which are state variables. Qci,ω and Qci,3 are both the decision variables, npv represents the total number
of PV generation buses, and nl represents the total number of load buses. The total network loss is
equal to the sum of the injected active power on the high-voltage side of the distribution transformer
and the total PV power outputs minus the total active power loads.

3.2. Constraints

(1) Power balance equation

The power balance equation of a three-phase four-wire LVDN with distributed PV integration
includes the power balance equation of each bus in the feeders and the equation of the relationship
between the voltage and the current of the distribution transformer, as shown in Equations (4) and (5).

(2) Voltage deviation limit constraints

To ensure that the users are supplied with qualified electric energy, the optimal RPC allocation
should ensure that the voltage deviation of each bus in the LVDN does not exceed the security limit no
matter how the light intensity, temperature, and load power change in their own fluctuation interval,
as shown in Equation (11):

Ui,ω ≤ Ui,ω(Qci,ω, Qci,3, C) ≤ Ui,ω (11)

where Ui,ω and Ui,ω represent the lower and upper limits of the voltage amplitude of phase ω in bus
i, respectively.

(3) Voltage unbalance factor limit constraints

The degree of unbalance of the three-phase voltage is an important index of voltage quality in
the LVDN. Excessive three-phase unbalance of the voltage will be harmful to the normal operation
of power equipment such as transformers. Therefore, the three-phase unbalance constraints of the
bus voltage should be considered in the RPC optimal allocation problem of the LVDN to keep it
within the secure operation range. In this paper, the VUF defined by the International Electrotechnical
Commission (IEC) is used to describe the unbalance degree of the three-phase voltage of each bus,
as shown in Equation (12). In accordance with the IEC 61000-3-13 standard, the maximum VUF during
normal operation in power systems must not exceed 2% [24]:

εi =

∣∣∣U−i ∣∣∣∣∣∣U+
i

∣∣∣ × 100% ≤ εmax (12)

where εi represents the VUF of bus i and εmax represents the maximum VUF during normal operation,
with a value of 2%. U−i and U+

i represent the root mean square (RMS) value of the negative sequence
component and the RMS value of the positive sequence component of the three-phase voltage of bus i,
respectively, which can be computed by the symmetric components method, as shown in Equation (13):

.
U

+

i = (
.

Ui,A + a
.

Ui,B + a2
.

Ui,C)/3
.

U
−

i = (
.

Ui,A + a2
.

Ui,B + a
.

Ui,C)/3
(13)

where the constant complex number a=e j120◦ .

(4) Reactive Power Output of the PV Constraints P2
pvi,ω + Q2

pvi,ω ≤ S2
pvi,ωN

Ppvi,ω tanφpvi,ω ≤ Qpvi,ω ≤ Ppvi,ω tanφpvi,ω
(14)
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where Spvi,ωN and φpvi,ω represent the rated capacity and the power factor angle of the PV generation
in phase ω of bus i.

(5) Switching capacity of the constraints of RPC devices

Because capacitors in the RPC devices are switched on or off in groups, their switching capacities are
discrete variables. The constraints of Qci,3 and Qci,ωare shown in Equations (15) and (16), respectively:

Qci,3 =
Nτ∑
τ=1

qcτσi,τ

σi,τ ∈ {0, 1}
Nτ∑
τ=1

σi,τ = 1

(15)


Qci,ω =

Nπ∑
π=1

qcπσi,ω,π

σi,ω,π ∈ {0, 1}
Nπ∑
π=1

σi,ω,π = 1

(16)

where Nτ and Nπ represent the total number of integer values of Qci,3 and Qci,ω, respectively. qcτ and
qcπ represent the τ-th and π-th integer values of Qci,3 and Qci,ω, respectively. σi,τ and σi,ω,π represent
the switching states of the τ-th and π-th group capacitors in the i-th RPC device, respectively. They are
discrete decision variables that only take the values of 0 or 1. When the value is 0, it denotes that the
integer value qcτ /qcπ is not selected, and when the value is 1, it denotes that the integer value qcτ /qcπ is
selected. It can be seen that Qci,3 can be expressed as the linear combination of its Nτ integer values,
and Qci,ω can be expressed as the linear combination of its Nπ integer values.

4. Solution of Robust RPC Optimization Model

The robust optimal allocation model of decentralized RPC devices in a three-phase four-wire
LVDN that is composed of formulas (10)−(16) is a nonlinear programming problem with discrete
variables and uncertain variables. Determining how to deal with the discrete variables and the
uncertain variables is the key problem in solving the optimization model.

4.1. Addressing the Discrete Variables Problem

The convex relaxation and introducing penalty function methods are used to deal with the discrete
variables [25]. First, σi,τ and σi,ω,π are relaxed to be continuous variables whose values are between 0
and 1, that is, the second formulas in Equations (15) and (16) are relaxed into Equations (17) and (18),
respectively. The penalty functions are added to the original objective function to force σi,τ and σi,ω,π
to be near the integer values. The objective function after adding the penalty functions is shown in
Equation (19):

0 ≤ σi,τ ≤ 1 (17)

0 ≤ σi,ω,π ≤ 1 (18)

F = f (•) + ρ
R∑

i=1

[

Nτ∑
τ=1

σi,τ(1− σi,τ) +
∑

ω=A,B,C

Nπ∑
π=1

σi,ω,π(1− σi,ω,π)] (19)

where f (•) represents the original objective function, ρ is the penalty factor of the penalty functions,
and R is the total number of candidate installation buses for the RPC devices. It can be seen that when
the values of σi,τ and σi,ω,π are 0 or 1, F in Equation (19) is equal to the original objective function f.
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4.2. Bi-Level Optimization Method

The robust optimization theory is a powerful tool for solving optimization problems with uncertain
variables. It obtains the optimal scheme that can satisfy all the constraints under all the scenarios of the
uncertain variables that vary in their fluctuation range. Simply by solving the optimization model
under the extreme scenarios, the obtained optimal scheme can satisfy all the constraints under any
scenario of uncertain variables in their uncertain sets. Therefore, the key problems for solving the
above robust optimal allocation model of decentralized RPC devices in a LVDN are as follows:

• Determining how to search two scenarios of uncertain variables in their uncertain sets, which
correspond to the highest and lowest bus voltage level in the operation of the LVDN;

• Determining how to search the decision variables in the feasible region of the robust optimization
model that can satisfy all the constraints in the above two extreme scenarios.

To solve these key problems accurately and effectively, the above robust optimization model can
be transformed into bi-level deterministic optimization models [26]:

(1) Upper-level optimization model

The upper level optimization model is designed to accurately determine the decision variables
in the feasible region that can minimize the objective function under the premise of satisfying all the
constraints in the two extreme scenarios of uncertain variables, as shown in Equation (20):

min
σi,τ,σi,ω,π

ξH f (UH,θH, σi,τ, σi,ω,π, CH) + ξL f (UL,θL, σi,τ, σi,ω,π, CL) + ρ
R∑

i=1
[

Nτ∑
τ=1

σi,τ(1− σi,τ) +
∑

ω=A,B,C

Nπ∑
π=1

σi,ω,π(1− σi,ω,π)]

s.t. hH(UH,θH, CH, Qci,3, Qci,ω) = 0
hL(UL,θL, CL, Qci,3, Qci,ω) = 0

Qci,3 =
Nτ∑
τ=1

qcτσi,τ

0 ≤ σi,τ ≤ 1
Nτ∑
τ=1

σi,τ = 1

Qci,ω =
Nπ∑
π=1

qcπσi,ω,π

0 ≤ σi,ω,π ≤ 1
Nπ∑
π=1

σi,ω,π = 1

P2
pvi,ω + Q2

pvi,ω ≤ S2
pvi,ωN

−Ppvi,ω tanφi ≤ Qpvi,ω ≤ Ppvi,ω tanφi∣∣∣∣U−H,i

∣∣∣∣∣∣∣∣U+
H,i

∣∣∣∣ × 100∣∣∣∣U−L,i

∣∣∣∣∣∣∣∣U+
L,i

∣∣∣∣ × 100

U
− i,ω
≤ UH,i,ω ≤ Ui,ω,

U
− i,ω
≤ UL,i,ω ≤ Ui,ω

UH,n,ω = UL,n,ω

(20)

where the indicators H and L represent the variables that correspond to extreme scenarios of the highest
and lowest bus voltages, respectively. ξH and ξL represent the probability of the highest voltage
extreme scenario and the lowest voltage extreme scenario, respectively, and the values of both are 1/2.
Equations hH(•) and hL(•) represent the power balance equations of each bus that correspond to the
highest and lowest bus voltage extreme scenarios, respectively. CH represents the values of uncertain
variables in the extreme scenario of the highest bus voltage level, CL represents the values of uncertain
variables in the extreme scenario of the lowest bus voltage level, and the equation UH,n,ω=UL,n,ω
represents the fact that the voltage of the slack bus remains equal in the two extreme scenarios.

By solving the deterministic upper level optimization model (20), the decision variables σi,τ and
σi,ω,π that can satisfy all the constraints in the two extreme scenarios of the uncertain variables can be
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obtained. Then the decision variables Qci,3 and Qci,ω can also be obtained according to Equations (15)
and (16).

(2) Lower-level optimization model

To search the uncertain variables CH and CL that correspond to the two extreme scenarios, two
deterministic lower level optimization models are established, and the objective functions are the sum
of the phase A/B/C voltages of the bus corresponding to the highest and lowest voltage in the LVDN.
Assuming that the voltage of bus t is the highest in the LVDN, the lower level optimization model
for determining the uncertain variables CH that correspond to the extreme scenario with the highest
voltage level is shown in Equation (21):

max
T̃H,S̃H,P̃li,ω,H

UH,t,A + UH,t,B + UH,t,C

s.t. h H(UH,θH, CH, Qci,3, Qci,ω) = 0
T ≤ T̃H ≤ T
S ≤ S̃H ≤ S
Pli,ω ≤ P̃li,ω,H ≤ Pli,ω , ω = A, B, C∣∣∣∣U−H,i

∣∣∣∣∣∣∣∣U+
H,i

∣∣∣∣ × 100% ≤ εmax

(21)

where UH,t,ω represents the highest voltage level in phase ω of bus t.
Similarly, assuming that the voltage of bus u is the lowest in the LVDN, the lower level optimization

model for determining the uncertain variables CL that correspond to the extreme scenario with the
lowest voltage level is solved as shown in Equation (22):

min
T̃L,S̃L,P̃li,ω,L

UL,u,A + UL,u,B + UL,u,C

s.t. h L(UL,θL, CL, Qci,3, Qci,ω) = 0
T ≤ T̃L ≤ T
S ≤ S̃L ≤ S
Pli,ω ≤ P̃li,ω,L ≤ Pli,ω , ω = A, B, C∣∣∣∣U−L,i

∣∣∣∣∣∣∣∣U+
L,i

∣∣∣∣ × 100% ≤ εmax

(22)

where UL,u,ω represents the lowest voltage level in phase ω of bus u.
When the decentralized RPC scheme Qci,3 and Qci,ω is determined, the uncertain variables CH

that correspond to the extreme scenarios with the highest voltage level can be obtained by solving the
deterministic lower level optimization model (21), and the uncertain variables CL that correspond to
the extreme scenarios with the lowest voltage level can also be obtained by solving the deterministic
lower level optimization model (22).

By solving the upper level optimization model (20) and the two lower level optimization models
(21) and (22) iteratively, the robust optimal allocation scheme of the decentralized RPC devices that
can satisfy all the constraints under any scenario of uncertain variables in their uncertain sets can be
obtained. The bus voltage level and the other operation parameters in the two extreme scenarios can
also be obtained.

4.3. Calculation Steps

The flowchart of the bi-level optimization method for solving the robust optimal allocation model
of decentralized RPC devices in a three-phase four-wire LVDN is shown in Figure 5.
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The solution steps are as follows:

• Give the system parameters and initialize the variables. Assume that the initial values of the
uncertain variables in the two extreme scenarios CH and CL are both equal to the expected values
T0, S0 and Pl0;

• By solving the upper level optimization model (20), the decision variables Qci,3 and Qci,ω and the
state variables UH, θH and UL, θL are obtained;

• Determine the highest voltage UH,t and the corresponding bus number t in the voltage vector UH.
Solve the lower level optimization model (21) to obtain the uncertain variables CH of the highest
voltage scenario in the fluctuation range of uncertain variables;

• Determine the lowest voltage UL,u and the corresponding bus number u in the voltage vector UL.
Solve the lower level optimization model (22) to obtain the uncertain variables CL of the lowest
voltage scenario in the fluctuation range of uncertain variables;

• Determine whether the bus voltage UH,t,ω in the highest voltage scenario is higher than the upper
limit Ui,ω. At the same time, determine whether the bus voltage UL,u,ω in the lowest voltage
scenario is lower than the lower limit Ui,ω;

If all the bus voltages do not exceed the security limits, the output result of Qci,3 and Qci,ω is
obtained. If there is a bus voltage that exceeds the security limit, add the uncertain variables CH and
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CL that correspond to the two extreme scenarios obtained from Steps (3) and (4) to the upper level
optimization model, and return to Step (2).

5. Case Study

5.1. Parameters of the LVDN and the Power Flow Calculation Result

To verify the correctness of the robust optimal allocation method of decentralized RPC devices in
a three-phase four-wire LVDN, an actual three-phase four-wire LVDN was taken as a test example.
The network topology diagram of the LVDN is shown in Figure 6. The distribution transformer was a
S11-500 type and its rated capacity was 500 kVA. The connection group number of the three-phase
transformer was Dyn11, and the ratio was 10/0.4 kV. The singe phase parameters of each branch in the
LVDN are shown in Table 2.

Energies 2019, 12, x FOR PEER REVIEW 13 of 20 

 

• Determine whether the bus voltage UH,t,ω in the highest voltage scenario is higher than the upper 

limit 𝑈𝑖,𝜔 . At the same time, determine whether the bus voltage UL,u,ω in the lowest voltage 

scenario is lower than the lower limit 𝑈𝑖,𝜔; 

If all the bus voltages do not exceed the security limits, the output result of Qci,3 and Qci,ω is 

obtained. If there is a bus voltage that exceeds the security limit, add the uncertain variables CH and 

CL that correspond to the two extreme scenarios obtained from Steps (3) and (4) to the upper level 

optimization model, and return to Step (2). 

5. Case Study 

5.1. Parameters of the LVDN and the Power Flow Calculation Result 

To verify the correctness of the robust optimal allocation method of decentralized RPC devices 

in a three-phase four-wire LVDN, an actual three-phase four-wire LVDN was taken as a test example. 

The network topology diagram of the LVDN is shown in Figure 6. The distribution transformer was 

a S11-500 type and its rated capacity was 500 kVA. The connection group number of the three-phase 

transformer was Dyn11, and the ratio was 10/0.4 kV. The singe phase parameters of each branch in 

the LVDN are shown in Table 2.  

S11-500kVA

10/0.4kV

Feeder 1
BVV-4*35/410

A1 A2 A3 A4 A5

1 2 3 4 5

BVV-4*35/31 BVV-4*35/54 BVV-4*35/100 BVV-4*35/20

BVV-4*35/468 BVV-4*35/72 BVV-4*35/148 BVV-4*35/253

B1 B2 B3 B4

6 7 8 9

BVV-4*35/13 BVV-4*35/102 BVV-4*10/207

C3C2C1

10 11 12

E6E5E4E3E2E1

BVV-120/124

13 14 15 16 17 18

BVV-120/124

+BVV-70/142 BVV-70/97 BVV-70/76

BVV-70/66

+BVV-16/57 BVV*-16/51

1920

Feeder 3

Feeder 4

Feeder 2

 

Figure 6. Structure of an actual LVDN. 

Table 2. Singe phase parameters of branches. 

Branch number Node i Node j Resistance/Ω Reactance/Ω 

1 19 1 0.2202 0.1705 

2 1 2 0.0167 0.0129 

3 2 3 0.0290 0.0225 

4 3 4 0.0537 0.0416 

5 4 5 0.0107 0.0083 

6 19 6 0.2514 0.1946 

7 6 7 0.0387 0.0299 

8 7 8 0.0795 0.0615 

9 8 9 0.1359 0.1052 

10 19 10 0.0070 0.0054 

11 10 11 0.0548 0.0424 

12 11 12 0.3623 0.0942 

13 19 13 0.0194 0.0247 

14 13 14 0.0576 0.0469 

15 14 15 0.0261 0.0382 

16 15 16 0.0204 0.0300 

17 16 17 0.0547 0.0260 

18 17 18 0.0599 0.0225 

Figure 6. Structure of an actual LVDN.

Table 2. Singe phase parameters of branches.

Branch Number Node i Node j Resistance/Ω Reactance/Ω

1 19 1 0.2202 0.1705
2 1 2 0.0167 0.0129
3 2 3 0.0290 0.0225
4 3 4 0.0537 0.0416
5 4 5 0.0107 0.0083
6 19 6 0.2514 0.1946
7 6 7 0.0387 0.0299
8 7 8 0.0795 0.0615
9 8 9 0.1359 0.1052

10 19 10 0.0070 0.0054
11 10 11 0.0548 0.0424
12 11 12 0.3623 0.0942
13 19 13 0.0194 0.0247
14 13 14 0.0576 0.0469
15 14 15 0.0261 0.0382
16 15 16 0.0204 0.0300
17 16 17 0.0547 0.0260
18 17 18 0.0599 0.0225

The resistance and reactance of each phase in a branch are the same. A three-phase grid-connected
PV station was connected to bus 3 with a rated capacity of 10 kVA, and a single-phase grid-connected
PV station was connected to bus 7 with rated capacity of 4 kVA. The predicted power of each phase of
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the load is shown in Table 3. It was assumed that the relative prediction error of the active power load
in each bus was –10% ~ +10%, and the power factor remained unchanged. According to the historical
short-term light intensity and the temperature changing curve of the region, it was also assumed that
the fluctuation range of temperature was 20◦C ~ 30◦C, and the fluctuation range of light intensity
was 900 W/m2 ~ 1100 W/m2. The upper and lower bounds of the voltage amplitudes of the A/B/C
phases were –10% and +7% of the rated voltage, respectively. The deterministic upper and lower
level optimization models were solved by the nonlinear programming solver IPOPT in the mature
commercial software GAMS [27].

Table 3. Power value of each phase of the load buses (kW, kvar).

Bus
Number

Active Load
of Phase A

Active Load
of Phase B

Active Load
of Phase C

Reactive
Load of
Phase A

Reactive
Load of
Phase B

Reactive
Load of
Phase C

1 4.5917 4.5917 4.5917 1.3936 1.3936 1.3936
2 1.7396 1.7396 1.7396 5.1867 5.1867 5.1867
3 0.5076 0.5076 0.5076 0.2168 0.2168 0.2168
4 10.356 10.356 10.356 9.7421 9.7421 9.7421
5 0.7597 0.7597 0.7597 0.5091 0.6091 3.9091
6 1.6836 1.6836 1.6836 1.2621 1.2621 1.2621
7 4.6889 4.6889 4.6889 7.8754 7.8754 7.8754
8 4.2573 4.2573 4.2573 2.8349 2.8349 2.8349
9 1.8264 2.4264 2.4264 0.9239 1.6239 3.6239

10 0.9733 0.9733 0.9733 0.3028 0.3028 0.3028
11 4.2111 4.2111 4.2111 1.9423 1.9423 1.9423
12 2.7965 2.7965 2.7965 2.2384 2.2384 2.2384
13 5.1896 5.1896 5.1896 4.5825 4.5825 4.5825
14 0.0694 0.0694 0.0694 0.0430 0.0430 0.0430
15 20.417 20.417 20.417 13.582 13.582 13.582
16 4.2604 4.2604 4.2604 3.0535 3.0535 3.0535
17 7.5417 7.5417 7.5417 5.8360 5.8360 5.8360
18 2.6333 2.6333 2.6333 1.7115 1.7115 1.7115

Bus 20 was selected as the slack bus whose line voltage amplitude was 10.3 kV, and the voltage
angles of the A/B/C phases were given as 0, –120◦, and 120◦, respectively. It was assumed that the
expected value of the local light intensity was S = 1000 W/m2, the expected value of the temperature
was T = 25◦C, and the expected value of the load power is shown in Table 3. The results of the power
flow calculation in the LVDN under the expected scenario of the uncertain variables are shown in
Table 4.

Table 4. Node voltage (V) and the VUF.

Bus Number Phase A Phase B Phase C Phase 0 The VUF

1 194.725 201.546 186.099 0.172 1.44%
2 192.435 199.354 183.399 0.169 1.55%
3 189.314 196.374 179.612 0.655 1.73%
4 183.729 191.041 172.812 1.667 2.08%
5 183.661 190.973 172.573 1.883 2.12%
6 202.925 207.336 194.579 0.686 1.12%
7 199.048 203.314 189.887 0.409 1.30%
8 195.379 199.273 184.765 0.776 1.61%
9 193.591 196.753 180.780 2.097 2.06%
10 231.109 236.412 228.293 4.129 0.15%
11 228.642 233.959 225.793 3.365 0.16%
12 223.147 228.551 220.262 1.735 0.19%
13 223.993 229.412 221.004 3.530 0.21%
14 208.009 213.720 204.654 2.104 0.37%
15 198.689 204.563 195.084 1.567 0.48%
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Table 4. Cont.

Bus Number Phase A Phase B Phase C Phase 0 The VUF

16 195.528 201.467 191.837 1.335 0.52%
17 191.606 197.633 187.826 1.013 0.57%
18 190.580 196.630 186.776 0.868 0.59%
19 231.460 236.761 228.648 4.304 0.15%

From Table 4, it can be seen that the voltage deviation of many buses at the end of the feeders in
the LVDN (e.g., buses 4, 5, 8, 9, 17, and 18) exceeded –10% (the voltage was lower than 198 V), and the
VUF of buses 4, 5 and 9 exceeded 2%. Therefore, for the LVDN, the three-phase unbalance degree was
relatively high, and there were serious low-voltage problems, which would affect the normal power
consumption of users. The total network loss was 44.159 kW, accounting for 18.66% of the total load of
the LVDN, which was relatively large.

5.2. Robust Optimal Allocation of Decentralized RPC Devices

In the optimal allocation model of decentralized RPC devices, the lower and upper bounds of the
voltage of each bus in the LVDN were set, as shown in Table 5. The set parameters of the capacities of
the decentralized RPC devices are shown in Table 6. When the uncertainty of the PV output and the
load power were not considered, for example, when the light intensity, temperature, and load of each
bus were the expected values and all the load buses were taken as the candidate decentralized RPC
positions, after solving the deterministic optimal allocation model of decentralized RPC devices, the
obtained decentralized RPC capacity is shown in Table 7. It can be seen from Table 7 that bus 10 needed
to have a single-phase independent switching RPC device installed whose capacities in phases B and C
were both 20 kvar. Buses 5, 9, and 18 needed to have three-phase simultaneous switching RPC devices
with the capacities of 30 kvar, 10 kvar, and 10 kvar installed, respectively (the RPC capacities in the
other load buses were all 0, which is not listed in Table 7). In addition, the values in the parentheses
are the optimal calculation results of solving the optimization model with relaxation of the discrete
variables to the continual variables. It can be seen that the optimal calculation results of the discrete
variables were near their integer values. Therefore, the proposed methods of convex relaxation and
introducing penalty function that were used to address the discrete variables problem were effective.

After the installation and operation of the decentralized RPC devices corresponding to the
deterministic optimization, and under the expected value of uncertain variables, the voltage deviation
and the VUF of each bus in the LVDN were all within the security operation limit, which significantly
improved the voltage quality. The total network loss of the LVDN was 30.597 kW, which accounted
for 12.93% of the total load. Hence, the total network loss was obviously reduced. However, for the
situation when the actual load of each bus was 10% larger than the expected value, the light intensity
was 900 W/m2, and the temperature was 30◦C, the voltage of each bus under the deterministic
decentralized RPC scheme is shown in Figure 7. It can be seen that the voltage amplitudes of the B
phases of buses 8 and 9 are 194.754 V and 193.428 V, respectively, which are clearly lower than the
lower bound of the secure operation limit (198 V). Moreover, the voltage amplitudes of the A/B/C
phases of buses 17 and 18, and the voltage amplitudes of phases A/B of bus 16 were also lower than the
lower bound of the secure operation limit (198 V). These low-voltage buses would affect the secure
operation of the power equipment and the secure power consumption of users integrated in the buses.
Therefore, although the deterministic decentralized RPC scheme could improve the voltage quality, its
robustness was poor. When the load power and the PV output fluctuated, some bus voltages would
exceed the secure operation limit.



Energies 2019, 12, 2479 16 of 20

Table 5. Lower and upper bounds of the bus voltage.

Bus Number Lower Bound Upper Bound

1–18 198 V 235.4 V
19 220 V 235.4 V

Table 6. Set parameters of the decentralized RPC devices capacity (kvar).

Variables Lower Bounds Upper Bounds Integer Step

Qci,3 0 60 15
Qci,ω 0 20 5

Table 7. Decentralized RPC capacity without considering the uncertainty of the load power and the PV
output (kvar).

Bus Number
Three-Phase Simultaneous

Compensation
Single-Phase Independent Compensation

Phase A Phase B Phase C

5 30(29.981) - - -
9 10(9.976) - - 0(0.043)

10 - - 20(20.000) 20(20.000)
18 10(9.992) - - -
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the load power and the PV output fluctuated.

To improve the robustness of the decentralized RPC scheme and improve the quality of voltage in
the LVDN, we further considered the uncertain fluctuation of the load power and the PV output for
the optimization calculation. The upper and lower level optimization models converged after three
alternative iterations. The obtained robust decentralized RPC scheme is shown in Table 8. It can be
seen from Table 8 that bus 9 needed to have a three-phase simultaneous switching RPC device with
a capacity of 15 kvar installed. It can also be seen that phase A of bus 4, phases A and C of bus 5,
phases A and B of bus 15, phases A and C of bus 16, and phase C of bus 17 needed to have single-phase
independent switching RPC devices with the capacities of 20 kvar, 10 kvar and 20 kvar, 5 kvar and
20 kvar, 15 kvar and 10 kvar, 10 kvar installed, respectively (the RPC capacity in other load buses are
all 0, which is not listed in Table 8). Compared to Table 7, only bus 9 had a three-phase simultaneous
switching RPC device installed and more single-phase independent switching RPC devices were
installed in the A/B/C phases, which could more effectively solve the three-phase imbalance problem
under uncertain fluctuations of the load power and the PV output.
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Table 8. Robust decentralized RPC scheme considering uncertain variables(kvar).

Bus Number
Three-Phase Simultaneous

Compensation
Single-Phase Independent Compensation

Phase A Phase B Phase C

4 - 20(20.000) - -
5 - 10(10.000) - 20(20.000)
9 15(14.983) - - 0(0.027)

15 - 5(5.000) 20(20.000) -
16 - 15(15.000) - 10(10.064)
17 - - - 10(10.000)
18 0(0.005) 0(0.032) - -

After the robust decentralized RPC scheme, for the situation when the uncertain variables
fluctuated as arbitrary scenarios within their uncertain sets, the voltage fluctuation range of the A/B/C
phases of each bus are shown in Figure 8, and the fluctuation range of VUF of each bus is shown in
Figure 9. As can be seen from Figures 8 and 9, the robust decentralized RPC scheme in Table 8 could
ensure that the voltage deviation and the VUF of all the buses in the LVDN were within the qualified
fluctuation range when the light intensity, temperature, and bus load changed arbitrarily within their
uncertain sets, and the scheme had good robustness. Moreover, after the robust decentralized RPC
scheme, the network loss of the LVDN also decreased. When the extreme scenario of the lowest voltage
occurred, the total network loss decreased to 27.669 kW, which accounted for 10.60% of the total
load. When the extreme scenario of the highest voltage occurred, the total network loss decreased to
15.826 kW, which accounted for 7.40% of the total load. In the expected scenario, the total network loss
decreased to 21.872 kW, which accounted for 9.24% of the total load. Compared with the deterministic
decentralized RPC scheme without consideration of the fluctuation of the uncertain variables, the
obtained robust decentralized RPC scheme not only enhanced the robustness of the operation of the
LVDN under the uncertain fluctuations of the PV output and the load power, but also reduced the total
network loss. Therefore, the obtained robust decentralized RPC scheme is more suitable for practical
engineering application.
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6. Conclusions

In this study, to address the voltage quality problems caused by three-phase unbalanced load
power, single-phase PV integration, and the uncertainties of the PV output and the load power in
three-phase four-wire LVDNs, a robust optimal allocation of decentralized RPC devices model for
a three-phase four-wire LVDN with consideration of the uncertainties of the PV output and the load
power is established. Discrete variables for the RPC capacity in the model were addressed with the
convex relaxation technique and the adding penalty functions in the objective function, and a bi-level
optimization method was adopted to solve the robust optimal allocation model. The test results for
an actual three-phase four-wire LVDN showed that the decentralized RPC scheme obtained by solving
the proposed robust optimization model can satisfy the requirements of all bus voltages within the
qualified range when the PV output and the bus load power change arbitrarily within their uncertain
sets. At the same time, the total network loss is significantly reduced from 44.159 kW (18.66%) to
21.872 kW (9.24%) after installing the RPC devices in the expected scenario. In the extreme scenario of
the lowest voltage and the highest voltage, the total network loss decreased to 27.669 kW (10.60%) and
15.826 kW (7.40%), respectively. The optimal allocation scheme has good robustness and economic
benefit, and it is suitable for practical engineering applications. There are always R > X for the feeders
in LVDNs, thus installing energy storage devices is another effective way to improve voltage quality,
therefore, how to coordinate the energy storage devices and the RPC devices to improve voltage quality
in LVDNs is a possible direction for future research.
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