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Abstract: This paper addresses the voltage stability margin calculation in medium-voltage distribution
networks in the context of exact mathematical modeling. This margin calculation is performed with
a second-order cone (SOCP) reformulation of the classical nonlinear non-convex optimal power flow
problems. The main idea around the SOCP approximation is to guarantee the global optimal solution
via convex optimization, considering as the objective function the λ-coefficient associated with the
maximum possible increment of the load consumption at all the nodes. Different simulation cases are
considered in one test feeder, described as follows: (i) the distribution network without penetration of
distributed generation; (ii) the distribution network with penetration of distributed generation; and (iii)
the distribution grid with capacitive compensation. Numerical results in the test system demonstrated
the effectiveness of the proposed SOCP approximation to determine the λ-coefficient. In addition,
the proposed approximation is compared with nonlinear tools available in the literature. All the
simulations are carried out in the MATLAB software with the CVX package and the Gurobi solver.

Keywords: second order cone programming; voltage stability analysis; optimal power flow model;
convex optimization

1. Introduction

Electrical distribution networks are a sub-component of the power system required for
interconnecting end-users with the transmission and sub-transmission systems at the substation
points [1]. They can cover thousands of kilometers in medium-voltage levels to provide electricity
service to urban and rural areas [2,3]. Due to their extensions, they have higher power losses compared
with the transmission system [4]. Furthermore, electrical distribution networks may also be more
sensitive to voltage instabilities since they are typically operated in a radial structure [5,6]. In the
scientific literature, the voltage stability problems in distribution networks are usually addressed
via indices based on the voltage profile and load consumption. The authors in [7] studied the
problem of voltage stability in AC distribution networks with large-scale photovoltaic generation
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developing a voltage stability index as a function of the line parameters, power demands, and voltages
calculated with a classical power flow approach. They demonstrated via numerical simulations
that depending on the renewable energy penetration on a particular node, the voltage stability
index can be improved or worsened presenting guidelines for optimal location of these devices.
In [8], a voltage stability index was proposed to identify the nodes close to the verge of voltage
collapse. Its proposed voltage stability index value was calculated at each node of the distribution
grid using a modified load flow method for voltage stability analysis. The modified load flow method
incorporated composite load modeling and variations in load patterns at each node. Additionally,
the results in [8] were found satisfactory compared with the other known methods of voltage sensitivity
indices. The authors in [9] presented the classical Newton-Raphson method’s extension based on
the continuation point for voltage stability analysis in distribution networks. Their numerical results
showed the efficiency in the 33-nodes test feeder with low-computational effort. Their results were
also compared with specialized tools such as PSAT for MATLAB, reaching a minor error when the
λ-coefficient is calculated. In [10], an uncertainty quantification approach for phasor measurement
units (PMUs) in voltage stability evaluation was described. In [11], the calculation of a voltage stability
margin in radial distribution system was presented considering a unique reactive loading index.
In [12], a static voltage stability index in AC distribution systems was proposed using the network-load
admittance ratio. This index showed a behavior highly linear with a load increase. In [13], a theoretical
voltage stability analysis for AC distribution networks was presented. This analysis determined some
essential practical points such as static power reserve until the voltage instability phenomenon, static
voltage stability limit, and maximum active power. In [14], the impact on voltage stability margin in
an islanded microgrid was studied considering photovoltaic generation. It is worth mentioning that
in the the case of DC distribution networks, some approaches in relation with determining voltage
stability margin have been reported in literature. In [15] the authors have proposed a semidefinite
programming model calculation of the voltage stability margin in DC grids with constant power loads
considering a monopolar grid connection. Numerical results demonstrated that the SDP approach
reaches the global optimum comparing its results with multiple nonlinear solvers available in the
general algebraic modeling system (GAMS). The authors of [16] have presented the problem of the
λ-coefficient calculation in DC grids using interior point methods available in GAMS in a tutorial
style. In reference [17] it has been proposed an approach to calculate the voltage stability index in DC
networks by using the determinant of the Jacobian matrix as a function of load increments controlled
by a linear function. Numerical results have demonstrated the possibility of reaching the global
optimum when compared with nonlinear programming and semidefinite programming approaches.
The main advantage lies mainly in its easy implementation at any programming language.

After the revision of the state-of-the-art, we identify a gap in the literature regarding the voltage
stability analysis, which is related to the existence of convex mathematical formulation for voltage
stability analysis in AC distribution networks in the optimization context. The convex analysis is a part
of the exact mathematical optimization that exploits the structure of solution spaces and objective
functions to solve complex problems that guarantee the global optimum [18]. For the voltage stability
analysis, a second-order cone programming (SOCP) formulation of the nonlinear modified optimal
power flow problem in the complex domain is proposed to compute the voltage stability margin
(λ-coefficient) in distribution networks. Numerical results in the 33-nodes test feeder demonstrate
that the proposed SOCP model reaches the global optimum of the problem compared with multiple
nonlinear solvers available in the (GAMS) [16]. The proposed approach from convex optimization
results comfortable to implement at any programming language and avoids the classical usage of the
continuation method that requires an adequate parameterization to guarantee convergence.

This paper is organized as follows: Section 2 presents the exact nonlinear formulation of the
voltage stability margin calculation using a modified version of the optimal power flow problem.
Section 3 presents the SOCP formulation to calculate the λ-coefficient in distribution systems,
highlighting the main advantage that consists of finding the optimum global. Section 4 provides
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the main characteristic of the 33-nodes test feeder and the simulation cases. Section 5 presents all the
numerical simulations, analysis and discussion. Section 6 gives the main concluding remarks derived
from this research and some guidelines for future avenues of research.

2. Exact Formulation

The problem of the voltage stability margin calculation in distribution networks can be represented
with a nonlinear programming model, considering as the objective function the analysis of the
λ coefficient [19]. This parameter allows to know the maximum simultaneous increment at all the
loads before voltage-collapse [20]. The main complicated constraints of this model corresponds to the
power balance equations, which are nonlinear due to the hyperbolic relation between voltages and
powers at each node. The mathematical formulation of this problem is presented below.

2.1. Objective Function

The objective function of this problem corresponds to the loadability coefficient of the whole
distribution grid, which is maximized and can be written mathematically, as follows

min z = λ, (1)

where z is the objective function value, and λ represents the maximum chargeability coefficient.

2.2. Set of Constraints

The set of constraints associated with the problem of the voltage stability margin calculation are
described below. (

Scg
i + Sds

i − (1 + λ)Sd
i

)?
= V?

i

n

∑
i=1

YijVj, ∀i ∈ N (2)

where Vi ∈ C is the voltage value at node i; Scg
i ∈ C is the apparent power generation at node i by

the conventional generator, i.e., the slack node; Sds
i ∈ C is the apparent power generation at node i

by a distributed source, i.e., distributed generators or capacitor banks; Sd
i ∈ C is the apparent power

consumption at node i; Yij ∈ C corresponds to the component of the admittance matrix Y ∈ Cn×n that
relates nodes i and j. Note that N is the set that contains all the nodes which has a cardinality equal to
n; and ()? is the complex conjugate operator.

‖Vi − 1‖ ≤ γ, ∀i ∈ N (3)

where γ is a real positive constant that is related to the maximum deviation of the voltage profile at
each node when the load increases constantly. For simulation purposes, it can be defined between 0.4
and 0.8 [9].

Due to the nature of the λ-coefficient the following constraint is added to the optimization model

λ ≥ 0. (4)

The interpretation of the NLP model (1)–(4) is presented below: Equation (1) corresponds to
the objective function of the voltage stability problem in distribution networks which deals with
computing the maximum loadability factor of the grid. This allows for understanding the margin
of stable operation regarding load increments and possible expansion projects. The constraint (2)
corresponds to the set of power balance equations regarding apparent power equilibrium based on the
second Tellegen’s theorem. Expression (3) corresponds to the voltage regulation constraint, which is
relaxed to determine the maximum loadability factor of the grid. Finally, Expression (4) presents the
positiveness definition of the λ-coefficient.
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Remark 1. The problem of voltage stability margin calculation in distribution networks is a nonlinear
non-convex optimization problem due to Expression (2) that shows the hyperbolic relation between voltage and
power at each node, which generates a set of non-affine quadratic constraints. To solve this problem, the power
flow equations can be treated with a second-order cone equivalent model that transforms the exact NLP model
defined from (1) to (4) into a SOCP equivalent convex reformulation.

3. SOCP Reformulation

The second-order cone programming approach is a branch of the convex optimization that allows
to transform a type of nonlinear programming problems using conic constraints (i.e., representation
using norms), that warranties the global optimum solution of the problem due to its convex
structure [21,22]. In the case of the power flow problem, in the literature it has been demonstrated
that SOCP approximations allow to have the zero-duality gap between the exact NLP model and its
conic transformation [23]. Here we present the SOCP transformation of the voltage stability margin
calculation model (1)–(4), which allows the global optimal solution, which is not possible with heuristic
approaches. Note that the SOCP transformation of this model only requires to rewrite the product
between voltage variables in (2) by using a new variable as presented below:

Wij = (V?
i )

(
Vj

)
, (5)

with the new variable Wij, the power balance Equation (2) takes the following form:

(
Scg

i + Sds
i − (1 + λ)Sd

i

)?
=

n

∑
i=1

YijWij. ∀i ∈ N (6)

Remark 2. The power balance constraint defined in (6) is now at a set of an affine set of constraints in the
complex domain, which implies that it is convex.

To guarantee that the new variable Wij allows recovering the original voltage variables Vi,
an additional set of constraints is incorporated as described below.

Let us pre-multiply both side of Expression (5) by Wij, which produces:

WijWij = (V?
i )

(
Vj

)
(V?

i )
(
Vj

)
⇐⇒

∥∥Wij
∥∥2

= ‖Vi‖
∥∥Vj

∥∥ . (7)

Now, based on the definition (5) we can use an auxiliary variable as Wii = ‖Vi‖, which implies
that Equation (7) can be redefined as ∥∥Wij

∥∥2
= WiiWjj. (8)

Note that the right-hand-side of (8) can be represented using its hyperbolic representation
as follows:

WiiWjj =
1
4
(
Wii + Wjj

)2 − 1
4
(
Wii −Wjj

)2 , (9)

which implies that if we substitute (10) in (8), then, we reach the following result

∥∥Wij
∥∥2

+
1
4
(
Wii −Wjj

)2
=

1
4
(
Wii + Wjj

)2 . (10)

Observe that Expression (10) can be shown using norms as presented below:∥∥∥∥∥ 2Wij
Wii −Wjj

∥∥∥∥∥ = Wii + Wjj. (11)
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Remark 3. Expression (11) is still non-convex due to the equality structure; however, in power systems as
demonstrated in [18], this can be relaxed by changing the equality symbol into the lower equal symbol as follows∥∥∥∥∥ 2Wij

Wii −Wjj

∥∥∥∥∥ ≤Wii + Wjj, (12)

where now it is a conic convex constraint.

To complete the SOCP representation of the voltage stability margin calculation, we rewrite (3) in
its standard form as

1− γ ≤ ‖Vi‖ ≤ 1 + γ, ∀i ∈ N (13)

that can be rewritten by using Wii as follows

(1− γ)2 ≤Wii ≤ (1 + γ)2 . ∀i ∈ N (14)

Note that (14) is a box-type constraint which is convex.

Remark 4. The SOCP approximation for the exact NLP model (1)–(4) proposed in this research is defined by
the set of Equations (1), (4), (6) and (12). The main advantage of the proposed SOCP model is the opportunity to
guarantee the global optimum due to the convex structure of the solution space [18].

4. Test Systems and Simulation Scenarios

To validate the effectiveness and robustness of the proposed SOCP programming model to
determine the voltage stability margin in AC medium voltage distribution test feeders with global
optimum capabilities, we employ two classical AC medium-voltage networks composed of 33 and
69 nodes, respectively. The information of these test feeders and the simulation cases is presented below.

4.1. 33-Nodes Test Feeder

The validation of the proposed SOCP model is made in a classical radial distribution test feeder
composed of 33-nodes and 32 lines operated at a nominal voltage of 12.66 kV. The grid configuration
of this test feeder is depicted in Figure 1, and its branches and load information are reported in Table 1.

slack

1 2

3 4 5

6

7 8 9 10 11 12 13 14 15 16 17 18

23

24

25

19

20

21

22

26 27 28 29 30 31 32 33

Figure 1. Schematic connection between nodes in the 33-nodes test feeder.
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Table 1. Branches and loads information for the 33-nodes test feeder.

Node i Node j Rij [Ω] Xij [Ω] Pj [kW] Qj [kW]

1 2 0.0922 0.0477 100 60
2 3 0.4930 0.2511 90 40
3 4 0.3660 0.1864 120 80
4 5 0.3811 0.1941 60 30
5 6 0.8190 0.7070 60 20
6 7 0.1872 0.6188 200 100
7 8 1.7114 1.2351 200 100
8 9 1.0300 0.7400 60 20
9 10 1.0400 0.7400 60 20

10 11 0.1966 0.0650 45 30
11 12 0.3744 0.1238 60 35
12 13 1.4680 1.1550 60 35
13 14 0.5416 0.7129 120 80
14 15 0.5910 0.5260 60 10
15 16 0.7463 0.5450 60 20
16 17 1.2890 1.7210 60 20
17 18 0.7320 0.5740 90 40
2 19 0.1640 0.1565 90 40

19 20 1.5042 1.3554 90 40
20 21 0.4095 0.4784 90 40
21 22 0.7089 0.9373 90 40
3 23 0.4512 0.3083 90 50

23 24 0.8980 0.7091 420 200
24 25 0.8960 0.7011 420 200
6 26 0.2030 0.1034 60 25

26 27 0.2842 0.1447 60 25
27 28 1.0590 0.9337 60 20
28 29 0.8042 0.7006 120 70
29 30 0.5075 0.2585 200 600
30 31 0.9744 0.9630 150 70
31 32 0.3105 0.3619 210 100
32 33 0.3410 0.5302 60 40

In this feeder, the total active power demand is 3715 kW and total reactive power demand
is 2300 kVAr. For simulation purposes, we consider 100 kVA and 12.66 kV as power and voltage
base respectively.

4.2. 69-Nodes Test Feeder

The 69-nodes test feeder is widely known in the literature as the Baran & Wu test feeder which is
composed of 69 nodes and 68 branches, and operated at the voltage controlled node with 12.66 kV.
The electrical configuration of this test feeder is reported in Figure 2 and all the parametric information
regarding nodes and branches are presented in Table 2.

slack
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27

36 37 38 39 40 41 42 43 44 45 46

47 48 49 50 53 54 55 56 57 58 59 60 61 62 63 64 65

51
52

66
67

68
69

28 29 30 31 32 33 34 35

Figure 2. Schematic interconnection among nodes in the 69-nodes test system.
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Table 2. Branch and nodal information in the 69-nodes test feeder.

Node i Node j Rij [Ω] Xij [Ω] Pj [kW] Qj [kW] Node i Node j Rij [Ω] Xij [Ω] Pj [kW] Qj [kW]

1 2 0.0005 0.0012 0 0 3 36 0.0044 0.0108 26 18.55
2 3 0.0005 0.0012 0 0 36 37 0.0640 0.1565 26 18.55
3 4 0.0015 0.0036 0 0 37 38 0.1053 0.1230 0 0
4 5 0.0251 0.0294 0 0 38 39 0.0304 0.0355 24 17
5 6 0.3660 0.1864 2.6 2.2 39 40 0.0018 0.0021 24 17
6 7 0.3811 0.1941 40.4 30 40 41 0.7283 0.8509 102 1
7 8 0.0922 0.0470 75 54 41 42 0.3100 0.3623 0 0
8 9 0.0493 0.0251 30 22 42 43 0.0410 0.0478 6 4.3
9 10 0.8190 0.2707 28 19 43 44 0.0092 0.0116 0 0
10 11 0.1872 0.0619 145 104 44 45 0.1089 0.1373 39.22 26.3
11 12 0.7114 0.2351 145 104 45 46 0.0009 0.0012 39.22 26.3
12 13 1.0300 0.3400 8 5 4 47 0.0034 0.0084 0 0
13 14 1.0440 0.3450 8 5 47 48 0.0851 0.2083 79 56.4
14 15 1.0580 0.3496 0 0 48 49 0.2898 0.7091 384.7 274.5
15 16 0.1966 0.0650 45 30 49 50 0.0822 0.2011 384.7 274.5
16 17 0.3744 0.1238 60 35 8 51 0.0928 0.0473 40.5 28.3
17 18 0.0047 0.0016 60 35 51 52 0.3319 0.1140 3.6 2.7
18 19 0.3276 0.1083 0 0 9 53 0.1740 0.0886 4.35 3.5
19 20 0.2106 0.0690 1 0.6 53 54 0.2030 0.1034 26.4 19
20 21 0.3416 0.1129 114 81 54 55 0.2842 0.1447 24 17.2
21 22 0.0140 0.0046 5 3.5 55 56 0.2813 0.1433 0 0
22 23 0.1591 0.0526 0 0 56 57 1.5900 0.5337 0 0
23 24 0.3463 0.1145 28 20 57 58 0.7837 0.2630 0 0
24 25 0.7488 0.2475 0 0 58 59 0.3042 0.1006 100 72
25 26 0.3089 0.1021 14 10 59 60 0.3861 0.1172 0 0
26 27 0.1732 0.0572 14 10 60 61 0.5075 0.2585 1244 888
3 28 0.0044 0.0108 26 18.6 61 62 0.0974 0.0496 32 23
28 29 0.0640 0.1565 26 18.6 62 63 0.1450 0.0738 0 0
29 30 0.3978 0.1315 0 0 63 64 0.7105 0.3619 227 162
30 31 0.0702 0.0232 0 0 64 65 1.0410 0.5302 59 42
31 32 0.3510 0.1160 0 0 11 66 0.2012 0.0611 18 13
32 33 0.8390 0.2816 10 10 66 67 0.0047 0.0014 18 13
33 34 1.7080 0.5646 14 14 12 68 0.7394 0.2444 28 20
34 35 1.4740 0.4873 4 4 68 69 0.0047 0.0016 28 20

In this feeder the total active power is 3890.7 kW and the total reactive power is 2693.6 kVAr.
For simulation purposes, we consider 100 kVA and 12.66 kV as power and voltage base respectively.

4.3. Simulation Scenarios

The validation of the proposed voltage stability margin calculation in AC distribution networks is
performed in this research based on the following simulation cases.

X Case 1 (C1): The original configuration of the AC distribution network; i.e., without penetration
of distributed generation or capacitor banks.

X Case 2 (C2): The operation of the distribution network considering the location of distributed
generators reported in [24] which are operated with unity power factor.

X Case 3 (C3): The operation of the distribution network considering the location of fixed-step
capacitor banks as recommended in [25].

For simulation cases 2 and 3, we consider the following distributed generators and fixed step
capacitor banks:

X For the 33-nodes test feeder in the C2 the distributed generators are included at nodes 14, 24, and 30
with power injections of about 770.9 kW, 1096.9 kW and 1065.8 kW, respectively. On the other
hand, for capacitor banks in the C3, we consider two banks of 450 kVAr located at nodes 13 and
24, and a bank of 900 kVAr positioned at node 30.

X For the 69-nodes test feeder in the C2, the distributed generators are included at nodes 12,
61, and 64 with power injections of about 813.1 kW, 1444.7 kW and 289.6 kW, respectively.
For capacitor banks in the C3, we consider two banks of 300 kVAr located at nodes 11 and 18,
and a bank of 1200 kVAr positioned at node 61.
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5. Computational Validation

Implementing the SOCP approximation for voltage stability margin determination in distribution
networks is carried out with the CVX tool using the MOSEK solver by using the MATLAB software
version 2019b in on a desktop computer with an INTEL(R) Core(TM) i7− 7700 2.8-GHz processor and
16.0 GB of RAM running on a 64-bit version of Microsoft Windows 10 Home.

5.1. 33-Nodes Test Feeder

For this test feeder we consider two simulation conditions, the first one corresponds to the three
cases simulation case, and the second one is associated to the effect that the renewables have in the
loadability factor including daily load variations.

5.2. Evaluation of the Simulation Cases

In this simulation scenario it is considered the original formulation proposed in
Equations (1), (4), (6) and (12) to determine the voltage stability margin for all the nodes considering
all the simulation cases. Note that to verify that the solution provided by the SOCP model is optimal,
we implement the exact nonlinear model (1)–(4) in the GAMS software with different NLP solvers.
Table 3 presents the λ-coefficient for each simulation case.

Table 3. Numerical results for the λ-coefficient for all the simulation cases in the 33-nodes test feeder.

Cases SOCP GAMS-IPOPT GAMS-CONOPT4 GAMS-KNITRO

C1 2.4069 2.4069 2.4069 2.4069
C2 3.0802 3.0802 3.0802 3.0802
C3 2.6994 2.6994 2.6994 2.6994

Results in Table 3 demonstrate that the proposed SOCP model finds the global optimum solution
of the voltage stability margin determination in the case of the 33-nodes test feeder. Additionally,
we can observe that: (i) the injection of active power by distributed generation (see C2) allows to
increment the voltage stability margin about 27.92% respect to the base case (i.e., C1); and (ii) the
injection of reactive power also allows to increase the voltage stability margin about 12.11%; however,
its impact is lower when compared with the active power case. This behavior is explained since the
total injection of active power is about 2933.6 kW, while the reactive power is 1800 kVAr.

Remark 5. The solution of the voltage stability margin in the 33-nodes test feeder via convex and nonlinear
optimization methods reported in Table 3, neglecting their small differences, is the same reported by the
continuation method reported in [9], which confirms the efficiency of our convex approximation in comparison
with classical methods [7].

Figure 3 presents the voltage performance at all the nodes of the 33-nodes test feeder for the
nominal case, considering all the simulation cases.
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Figure 3. Voltage behavior in the 33-nodes test feeder for the base case and the conditions presented in S1.

Note that throughout all the loadability cases, the minimum voltage at point of collapse is
presented at node 18 with a magnitude of 0.3888 pu. However, we can observe that C2 allows lower
voltage profiles in the case of nodes upper than 26. This behavior is expected since the load increments
in this scenario are larger than C1 and C3, as presented in Table 3.

Figure 4 presents the voltage behavior of the node 18 since, as depicted in Figure 3. This is the
node that reaches the minimum voltage value at each simulation case.
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Figure 4. Stability curve λ−V for the most critical node in all the simulation cases.

Figure 4 confirms that the injection of the active and reactive power in some nodes of
the distribution network increases the voltage stability margin in all the nodes of the network,
as demonstrated in [26]. This implies that the problem of the optimal location of capacitor banks
and/or distributed generators is a subject currently under study, since these devices have substantial
impacts regarding voltage stability, power losses, and voltage regulation improvements [27].

Remark 6. The proposed SOCP approximation has allowed us to determine the maximum chargeability
coefficient for the 33-nodes test feeder in different operation cases, guaranteeing its global optimal solution.
In addition, numerical results demonstrate that the voltage collapse point is far from the nominal operation
case for the 33-nodes test feeder. This means that to reach the instability point over all the loads, these must be
increased at least 2.4 times, which in practice will not occur since the protection system will operate much before
of this case. However, the proposed SOCP is general, useful to identify instability scenarios even if these are very
closely to the nominal operation case.
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Regarding processing times, we can mention that all the NLP solvers in GAMs and the proposed
SOCP approach take less than 10 ms to find the solution of the voltage stability margin problem,
which implies that from the computational effort perspective, we can confirm that all the methodologies
are efficient; however, in terms of solution quality, the best methodology is the SOCP approach.

5.3. Effect of Renewables in the Stability Margin

To present the effect of the renewable energy penetration in the voltage stability index for
distribution networks, consider the 33-nodes test feeder as recommended in [28,29] with the penetration
of photovoltaic and wind turbine sources. The connection of the generators for each test system is
presented as follows: at node 13, it is connected a photovoltaic generator PV1 and a wind turbine
WT1 with nominal rates of 450 kW and 825 kW, respectively. At node 25, it is connected a second
photovoltaic source PV2 with a nominal power rate of 1500 kW while at node 30, it is connected the
second wind power source named WT2 with a rate capability of 1200 kW. The hourly behavior of these
generators is reported in Table 4.

Table 4. Behavior of the photovoltaic and wind power sources during a sunny day [28].

Time (s) PV1 (p.u) PV2 (p.u) WT1 (p.u) WT2 (p.u) Time (s) PV1 (p.u) PV2 (p.u) WT1 (p.u) WT2 (p.u)

0.0 0 0 0.633118295 0.489955551 12.0 0.924486326 0.975683083 0.972218577 0.942224932
0.5 0 0 0.629764678 0.467954207 12.5 1 1 0.980049847 0.949956724
1.0 0 0 0.607259323 0.449443905 13.0 0.982041153 0.978264398 0.981135531 0.963773634
1.5 0 0 0.609254545 0.435019277 13.5 0.913674689 0.790055240 0.988644844 0.974977461
2.0 0 0 0.605557422 0.437220792 14.0 0.829407079 0.882557147 0.991393173 0.986750539
2.5 0 0 0.630055346 0.437621534 14.5 0.691912077 0.603658738 0.998815517 0.995058133
3.0 0 0 0.684246423 0.450949300 15.0 0.733063295 0.606324907 1 1
3.5 0 0 0.758357805 0.453259348 15.5 0.598435064 0.357393267 0.996070963 0.998107341
4.0 0 0 0.783719339 0.469610539 16.0 0.501133849 0.328035635 0.987258076 0.997690423
4.5 0 0 0.815243582 0.480546213 16.5 0.299821403 0.142423488 0.976519817 0.993076899
5.0 0 0 0.790557706 0.501783479 17.0 0.177117518 0.142023463 0.929542167 0.982629597
5.5 0 0 0.738679217 0.527600299 17.5 0.062736095 0.072956701 0.876413965 0.972084487
6.0 0 0 0.744958950 0.586555316 18.0 0 0.019081590 0.791155379 0.930225756
6.5 0 0 0.718989730 0.652552760 18.5 0 0.008339287 0.691292162 0.891253999
7.0 0.039123365 0.026135642 0.769603567 0.697699990 19.0 0.000333920 0 0.708839248 0.781950905
7.5 0.045414292 0.051715061 0.822376817 0.774442755 19.5 0 0 0.724074349 0.660094138
8.0 0.065587179 0.110148398 0.826492212 0.820205405 20.0 0 0 0.712881960 0.682715246
8.5 0.132615282 0.263094042 0.848620129 0.871057775 20.5 0 0 0.733954043 0.686617947
9.0 0.236870796 0.431175761 0.876523598 0.876973635 21.0 0 0 0.719897641 0.681865563
9.5 0.410356256 0.594273035 0.904128455 0.877065236 21.5 0 0 0.705502389 0.717315757
10.0 0.455017818 0.730402039 0.931213527 0.897955131 22.0 0 0 0.703007456 0.718080346
10.5 0.542364455 0.830347309 0.955557477 0.903245007 22.5 0 0 0.686551618 0.726890145
11.0 0.726440265 0.875407050 0.965504834 0.916903429 23.0 0 0 0.687238555 0.734452193
11.5 0.885104984 0.898815348 0.971037333 0.924757605 23.5 0 0 0.682569771 0.739699146

In the case of the demand power’s daily behavior, the load curve reported in [30] is considered as
depicted in Figure 5.
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Figure 5. Typical hourly load behavior in Colombia [30].
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Figure 6 presents the behavior of the voltage stability margin in the 33-nodes test feeder
considering different levels of power generation penetration, which is defined from 0 to 100% of
the power generation reported in Table 6 in steps of 25%.
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Figure 6. Behavior of the λ-coefficient for different percentages of renewable generation penetration.

From Figure 6, we can observe that:

X In the time periods when the demand is low (see the period between 0 h and 8 h in Figure 5),
the λ-coefficient is higher taking values upper than 6 with a maximum between 18 and 22 in the
period between 3 and 5 h. This behavior is explained by the fact that the chargeability coefficient
is a factor that multiplies the load at each operating condition. This implies that for low demands,
this will increase until the point of the voltage-collapse.

X For the time periods with higher demand (upper than 10 h in Figure 5) it is possible to see that
the λ-coefficient oscillates between 2 and 4, and we also observe that depending on the level
of distributed generation penetration, this increases respect to the base case (0% of renewable
generation availability), i.e., the renewable generation has positive effects regarding voltage
stability margin since for all the penetration cases the loadability coefficient is enlarged.

X Note that the minimum λ-coefficient is presented at 19.5 h. At this point when the renewable
energy penetration is 0%, the λ-coefficient is 2.407 (see Table 3 for the C1), and when the renewable
energy penetration is 100%, this factor is 2.883. Note that this modest increment is because the
renewable generation based on photovoltaic is zero at this time and the wind power is also in low
values; nevertheless, this increment contributes to the voltage stability margin improvement.

5.4. 69-Nodes Test Feeder

In this section it is computed the voltage stability margin for the 69-nodes test feeder considering
all simulation cases 1 to 3. Table 5 presents the numerical results reached by the proposed SOCP and
the NLP solvers available in the GAMS optimization package.

Table 5. Numerical results for the λ-coefficient for all the simulation cases in the 69-nodes test feeder.

Cases SOCP GAMS-IPOPT GAMS-CONOPT4 GAMS-KNITRO

C1 2.2118 2.2118 2.2118 2.2118
C2 2.9382 2.9382 2.9382 2.9382
C3 2.4779 2.4779 2.4779 2.4779

Numerical results in Table 5 confirms that the proposed SOCP reformulation can deal with the
global optimum of the studied optimization problem which matches with the solutions reported by the
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GAMS solvers. Additionally, the numerical performance of the cases C2 and C3 show that the injection
of the active and reactive power allows enlarging the voltage stability margin in 32.84% and 12.03%
respectively. These are expected results, since these local injections reduce the total consumption
observed in the distribution network, which is directly connected to the rate of power increments
allowed on them and measured by the λ-coefficient.

Regarding processing times as reported for the 33-nodes test feeder, the proposed SOCP
reformulation and the GAMS solvers take less than 10 ms to find the optimal solution of the
problem. This low-computational effort shows the efficiency of all the studied methods to solve
the voltage stability margin in radial distribution networks with considerable number of nodes,
i.e., 33 and 69, respectively.

When the voltage profiles are analyzed in the 69-nodes test feeder, in the case C1 the minimum
voltage is experienced at node 65 with 0.4700 pu; in addition, for the cases C2 and C3 the minimum
values result at the same node (i.e., node 65) with magnitudes of 0.4740 pu and 0.4660 pu respectively.
The interpretation of these values is as follows: (i) these correspond to the maximum voltage drop
on the distribution network under extreme load conditions; however, these values will never occur
under real operation, since protection schemes regarding low-voltages will disconnect the distribution
network to protect all the components; and (ii) the λ-coefficients reported in Table 5 can be understood
as grid efficiency indicators, since the farther from zero they are, the more robust the distribution
network is unser load increments, due to that the λ-coefficient measures the extreme load condition
where the distribution grid will present a voltage collapse.

5.5. Additional Results

The proposed SOCP model corresponds to an adequate optimization methodology to deal with
finding the global optimum, ensuring convergence with low-computational effort. Even if the GAMS
package can deal with the global optimum there are two main problems when using it for large-scale
nonlinear optimization as follows: (i) it is not possible to ensure mathematically the global optimum
due to the non-convexities of the solution space given by the power balance equations, and (ii) it
requires a commercial license to deal problems with thousands of variables, while the proposed SOCP
model is suitable for being implemented in free software such as Phyton with available tools for
solving convex optimization problems [31].

In addition, here, we present a possible application where the usage of the SOCP allows to reach
the global optimum of mixed-integer programming problems which is not possible with mixed-integer
NLP models solvable in the GAMS software. For doing so, consider that in the 33-nodes test feeder
it is possible to locate three distributed generators with capabilities of generation from 0 kW to
1200 kW considering a penetration equivalent to 60% of the total demand under normal operative
conditions. Table 6 presents the solution of the optimal sizing and location of distributed generators
in AC distribution networks, to improve the voltage stability margin with different GAMS solvers as
well as using a branch MI-SOCP solver via branch & bound methods [32].

Table 6. Comparisons between the MINLP solvers in GAMS and the MI-SOCP approach.

Solver Location Size [pu] λ-Coefficient Proc. Times [s]

BONMIN {17, 18, 32} {8.3243, 3.8849, 10.0807} 3.3091 9.4770
DICOPT {17, 32, 33} {12.0000, 7.7025, 2.5875} 3.3074 2.6730
KNITRO {16, 18, 32} {6.7852, 8.7153, 9.7895} 3.3184 2.6730

SBB {4, 16, 32} {0.0000, 12.0000, 10.2900} 3.3010 2.8250

MI-SOCP {15, 18, 32} {6.1200, 6.5091, 9.6608} 3.3187 5.1406
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Once the numerical results reported in Table 6 are obtained, we can mention that:

X All the MINLP solvers available in GAMS, different optimal solutions are reached, which oscillate
between 3.3010 and 3.3184. In addition, these solvers identify different nodes and sizes of the
distributed generators being node 32 the most recurrent location in all the solutions.

X The MI-SOCP strategy allows finding the global optimal solution of this problem with
a λ-coefficient of 3.3187. We can ensure that this is indeed the global optimum since an exhaustive
search has been implemented to evaluate all the possible combinations. After 2 h of simulations,
the combination of nodes 15, 18, and 32 is the best possible scheme to enlarge the voltage stability
margin in the 33-nodes test feeder.

X Regarding processing times it is worth mentioning that the GAMS solvers and the proposed
MI-SOCP have faster performance to obtain optimal solutions since running time of all the
simulation cases was lower than 10 s. This is considered in literature a negligible time in planning
purposes, since physical installations of these distributed generators can take several weeks
or months.

The most important fact from the results reported in Table 6 is that the optimization approach
that uses the SOCP formulation to solve the continuous optimization part of the optimal location of
distributed generators in distribution networks, allow to find the global optimum, if the branch &
bound method is combined with it as demonstrated in [33]. This result confirms the importance of
using convex optimization tools when possible in distribution network analysis.

6. Conclusions and Future Works

The problem of determining the voltage stability margin in AC distribution networks has
been addressed in this paper under the context of the exact mathematical optimization, proposing
a second-order cone programming reformulation for the exact nonlinear model. Numerical validations
in the 33- and 69-nodes test feeders have demonstrated that the proposed SOCP approach converges to
the global optimum compared with different NLP solvers available in the GAMS optimization package.
The injection of active and reactive power in some nodes allowed to demonstrate that the λ-coefficient
increases respect to the base case, which implies that these power injections had positive effects on the
network’s voltage stability margin. The 24-h operative scenario confirmed these results with renewable
power source and load variation. Depending on the percentage of renewable, the loadability coefficient
always increase respect to the base case.

The hybridization of the proposed focus of SOCP with a branch & bound approach demonstrates
the efficiency of using convex optimization in complex optimization problems that involves binary
variables, since it (i.e., MI-SOCP) has demonstrated global optimization capabilities, that are not
possible with MINLP solvers available in GAMS. These latter have stuck in local optimal solutions due
to the non-convexities of the continuous optimization part of the problem. This result confirms the
effectiveness and robustness of using convex optimization in AC distribution analysis when possible.

For future work, it will be possible to perform: (i) extend the proposed SOCP programming
formulation to an MI-SOCP (mixed-integer-SOCP) to optimal locating and sizing distributed generators
and capacitor banks for voltage stability improvement in AC distribution networks; (ii) apply the
proposed analysis to the case of the operation of distribution networks with battery energy storage
systems; and (iii) make a comparison between voltage stability indexes reported in the literature and
the proposed SOCP model to identify if this voltage stability analysis is compatible.
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