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Abstract: In recent years, different experimental works with molecular simulation techniques have
been developed to study the transport of plasma-generated reactive species in liquid layers. Here,
we improve the classical transport model that describes the molecular species movement in liquid
layers via considering the fractional reaction–telegraph equation. We have considered the fractional
equation to describe a non-Brownian motion of molecular species in a liquid layer, which have
different diffusivities. The analytical solution of the fractional reaction–telegraph equation, which
is defined in terms of the Caputo fractional derivative, is obtained by using the Laplace–Fourier
technique. The profiles of species density with the mean square displacement are discussed in each
case for different values of the time-fractional order and relaxation time.

Keywords: anomalous diffusion; fractional calculus; cold atmospheric plasma; plasma with liquids

1. Introduction

Plasma medicine is a multidisciplinary field developed in the last decades by re-
searchers from many fields such as physics, chemistry, biology, biochemistry, engineering,
medicine, and many others [1–3]. One of the main targets of plasma medicine is to deliver
the use of physical plasmas into hospitals. That can be achieved by development of differ-
ent plasma sources operating at atmospheric pressure and tissue-tolerable temperatures
(known as cold atmospheric plasmas (CAPs)) together with modeling of these plasmas and
their surroundings [4,5]. CAPs are used in many applications, such as the generation of
reactive species, water treatment, bio-medical applications, and material synthesis [6,7].

One of the unique properties of CAPs is their ability to generate reactive oxygen species
(ROS) and reactive nitrogen species (RNS) with high densities at room temperature without
heating the gas mixture significantly. The generation of ROS and RNS is well known
in some other fields. However, the novelty of CAPs is their ability to produce different
collections of these species during the treatment process in a localized manner. Moreover,
a fine-tuning for the concentration of the selected species according to the application can
occur [4,8]. Further, the reactive species have different lifetimes and different reaction rates
in the gas phase and in aqueous solutions, and they can be converted to each other.

The interaction between CAPs and biological targets in most cases involves plasma–
liquid interaction. Therefore, this interaction is very important in plasma medicine and
has been studied by many researchers to understand the behavior of plasma-generated
reactive species above and in the liquid, where CAPs can be generated in the top surface
of the water, an outer surface of a gas bubble, or even an aerosol droplet in the gas phase.
The plasma-generated reactive species can interact with the water surface and generate
more reactive species, or they can be diffused directly into the water and hence react with
components in the aqueous phase, which makes the plasma-treated water enriched with
chemical reactions, and this can be utilized in many biological applications [4,9]. For
example, Blackert et al. reported in their work [10], using a dielectric barrier discharge
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(DBD) plasma source in air and above the liquid surface, that ROS in the plasma/gas
phase could be transferred to the liquid and react with components in the aqueous phase.
H2O2, as one of the most important plasma-generated reactive species, was reported to be
produced by an argon-based radio frequency plasma jet and then diffused to the aqueous
phase [11]. Moreover Wende et al. reported that plasma-generated atomic oxygen can
initiate chemical reactions in a standard physiological buffer or liquid via reactions with
chloride, yielding Cl –

2 or ClO– . Gorbanev et al. [12] reported that, by using isotopes,
H2O2, O –

2 , OH, OOH, and H species in the plasma-treated liquid originate from the gas
phase. Lukes et al. also evidenced the generation of some ROS like ONOOH, NO2, NO,
and OH radicals and NO+ by the air plasma at the gas–liquid interface because of post-
discharge processes in plasma-activated liquid [13]. The plasma-generated reactive species
can affect many biological targets directly (direct exposure to CAPs) or indirectly through
plasma-activated liquid (PAL), where they have a prolonged effect on biological targets
ranging from minutes and can reach several days after treatment with plasma [4,14–17].

In previous work, it has been reported that plasma-generated O(gas) atoms can be
diffused to the aqueous solutions and initiate their chemical reactions. Moreover, it was re-
ported that, by using 18O2 isotope, the O(aqueous) atoms react directly with phenol molecules,
without dissociating water molecules in intermediate reactions [9]. Additionally, a 2D
axially symmetric fluid model of the gas flow and diffusion-convective transport of plasma-
generated reactive species combined with the basic kinetic model of the reaction of O atoms
with O2 molecules has been solved to study the transport and surface reactivity of O atoms.

From a mathematical point of view, the previous works have introduced the reaction–
diffusion equation as a model to describe the diffusive evolution of any molecular species
density, which is given by [18–21]

∂

∂t
u(z, t) = κ

∂2

∂z2 u(z, t) + F(u). (1)

Here, a drifting along the z direction has the probability density u(z, t) and κ is the
diffusion constant. The last term in the above equation (F(u)) represents a reaction function
out of each point z (the production or loss probability of species in a liquid layer) such as
in [22,23].

The different classes of reaction–diffusion equations are used to model a system
combining diffusive motion with reaction. However, physically, such equations imply
an infinite propagation speed. In addition, we know that not all species travel inside
a liquid layer and reach the target. Therefore, reaction–diffusion equations are not an
accurate or optimal description for studying the diffusion of an active molecular species
traveling in cluster mediums. To overcome such infinitely fast propagation, a more precise
characterization is provided by the reaction–telegraph equations [24,25], which is given by

τ
∂2

∂t2 u(z, t) + [1− τF′(u)]
∂

∂t
u(z, t) = κ

∂2

∂z2 u(z, t) + F(u), (2)

where τ is a characteristic time of the microscopic movement that quantifies the direction of
individual molecular species movement (relaxation time), and F′(u) denotes the ordinary
derivative of a reaction term concerning its argument. With the singular limit τ = 0,
Equation (2) goes to the reaction–diffusion Equation (1).

Yusupov et al. [26] have used computational techniques (molecular dynamic sim-
ulation) to study the behavior of reactive species in a liquid film. In their study, they
calculated the mean square displacement (MSD) with the trajectories of different oxygen
species (O, OH, HO2 and H2O2). They also illustrated different spatial distributions for
three kinds of molecular species in the water layer. They found that not all species have the
same distribution behavior (classical Gaussian behavior), and the values of the diffusion
coefficients are not the same for all species. That means diffusivity is not the same for every
molecular species, especially for O radical, which cannot travel deep into the liquid layer
(slow-diffusion). Therefore, we will consider a new treatment by suggesting the case of
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subdiffusion, which is more suitable to verify the non-Gaussian distribution and cover all
classes of diffusivity (classical and anomalous). Anomalous diffusion is described by non-
Gaussian statistics, which encompasses probability densities with power-law tails [27–29].
The mean square displacement of a diffusive species is characterized by 〈x2(t)〉 ∼ tγ

(non-linear with time). The process is called sub-diffusive when 0 < γ < 1, while it is
called super-diffusive for 1 < γ < 2.

In recent decades, the fractional differential equations have been developed to describe
the anomalous transport process [30–35]. Our attention is directed now to including the
sub-diffusive case, which can be obtained by employing a fractional technique. However,
using fractional calculus in diffusion problems may differ from one issue to another due
to the various definitions of fractional derivatives. In our model, we prefer Caputo’s
derivative rather than other fractional derivatives because it can provide initial conditions
with a physical interpretation for a differential equation of fractional order. We can involve
that by replacing the time derivatives in Equation (2) with Caputo’s fractional derivative,
e.g., refs. [36,37]. The solution of the fractional reaction–telegraph equation gives a useful
description of non-diffusive phenomena. It can also be used to illustrate the details of the
diffusion process for an evolving particle density function.

In the next section, we obtain an analytical solution to the time-fractional reaction–
telegraph equation using the Laplace–Fourier technique. To obtain probability densities
compatible with the data obtained by molecular dynamics simulations, the spatial density
profiles are predicted for different cases of molecular species transport and this will be
illustrated in Section 3. Finally, a summary closes the paper.

2. Fractional Reaction–Telegraph Model

In this section, we treat a classical transport theory of plasma-generated ROS to follow
their trajectories in a liquid water layer. Introducing a sub-diffusive transport model
describes the ROS movement in that layer through generalizing the reaction–telegraph
Equation (2) in a semi-finite domain to the time-fractional form e.g., in ref. [38]:

ταDα
t Dα

t u(z, t) + [1− τ(p− r)]Dα
t u(z, t) = κα

∂2

∂z2 u(z, t) + (p− r)u(z, t). (3)

The above fractional equation governs the range of density function u(z, t) in a semi-
finite medium 0 < z < ∞ for t > 0. Here, we choose F(u) = (p− r)u to represent the case
of growth and loss of probability because of the reaction during the transport of molecular
species inside a liquid layer. pu is the gain probability after reaction, and ru is the loss
probability (absorbed ratio) in reaction with a liquid layer such as given by [9].

In general, the sub-diffusive case of particle motion is described by an equation with
a time-fractional derivative (motion of a non-Markovian type) [34,39]. Where a time-
fractional derivative as in Equation (3) is responsible for introducing a nonlinear time
dependence in the mean square displacement of the system, that is instead of a non-linear
approach such as is given in [21]. In addition to that, the fractional reaction–telegraph
equation can be obtained from the continuous-time random walk [28,39], and it could be
formulated in terms of a distributed order derivative [40].

The fractional reaction–telegraph Equation (3) represents a mathematical model for
different molecular species movement in a liquid layer as shown in Figure 1. CAPs can be
generated between two powered electrodes with a feeding gas composed from a noble gas
with a small admixture of molecular oxygen and hence a cocktail of ROS can be generated
and even tuned according to the required application [4].

The fractional derivative used here is the Caputo fractional derivative operator [41,42],
which is defined in the case of 0 < α < 1 as:

Dα
x f (x) =

1
Γ(1− α)

∫ x

0
(x− ξ)−α d f (ξ)

dξ
dξ, (4)
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With Laplace transform [43]:

L
{

Dα
t φ(t), s

}
= sαφ(s)− sα−1φ(0), 0 < α ≤ 1. (5)

Figure 1. Schematic figure of reactive oxygen species (ROS) interaction with a liquid layer: a
representation of molecular species transport in one dimension (semi-finite domain).

Here, the fractional derivative is in the sense of the left Caputo fractional derivative
due to the physical causality principle, which means the current value of the probability
density function depends on all its previous states. The Caputo fractional derivative with
the density gradient is most appropriate to express the fractional Fick law [44]. Moreover,
the Caputo fractional derivative is very useful for solving applied problems leading to
linear fractional differential equations with accompanying initial conditions in a traditional
form instead of the other non-local fractional derivatives (initial conditions written as
derivatives of integer order) [45].

The fractional reaction–telegraph equation with the initial condition can be solved
using the Laplace–Fourier transforms, with a source point representing the injection of a
molecular species in the front of the liquid layer, so that the initial value is given such as
in [46]

F(z, 0) = δ(z), ∂tF(z, 0) = 0, (6)

with the assumption that u
′
(z, t)|z=0 = 0.
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Taking the Laplace and Fourier cosine transforms to Equation (3), we obtain

u(k, s) =
ωsα−1

ταs2α + ωsα + καk2 + (r− p)
+

ταs2α−1

ταs2α + ωsα + καk2 + (r− p)
, (7)

where ω = 1− τ(p− r).
To solve Equation (7), we first rewrite it in an integral form as:

u(k, s) =
∞∫

0

e−ξ(r−p)) e−ξκαk2
(

ταs2α−1 + ωsα−1
)

e−ξ(ταs2α+ωsα) dξ. (8)

If we consider
g1(k, ξ) = e−ξκαk2

, (9)

g2(ξ, s) =
(

ταs2α−1 + ωsα−1
)

e−ξ(ταs2α+ωsα), (10)

then the solution of Equation (3) is given by

u(z, t) =
∞∫

0

e−ξ(r−p) g1(z, ξ) g2(ξ, t) dξ. (11)

To obtain a final form of u(z, t), we must first calculate the function g1(z, ξ), which can
be obtained directly by applying the inverse Fourier cosine transform to Equation (9), then

g1(z, ξ) =
1√

πκαξ
e−

z2
4καξ . (12)

Second, the function g2(ξ, t) is obtained by applying the inverse Laplace transform to
Equation (10):

g2(ξ, t) = L−1
{(

ταs2α−1 + ωsα−1
)

e−ξ(ταs2α+ωsα)
}

. (13)

The above equation can be expressed as

g2(ξ, t) = L−1

{
τα

∞

∑
n=0

(−ξτα)n

n!
s2αn+2α−1 e−ξωsα

}

+ L−1

{
ω

∞

∑
n=0

(−ξτα)n

n!
s2αn+α−1 e−ξωsα

}
. (14)

Continuing in the same manner as [37], g2(ξ, t) will be given as

g2(ξ, t) =
(

ταt−2αW−α,1−2α(−ξωt−α) + ωt−α Mα(ξωt−α)
)

, (15)

where Wν,µ and Mν are the Wright and M-Wright functions defined in the Appendix A.
Inserting Equations (12) and (15) into Equation (11), one obtains the solution of the

fractional reaction–telegraph Equation (3), which is given by

u(z, t) =
1√
πκα

∞∫
0

1√
ξ

e−ξ(r−p)) e
−z2
4καξ

(
ταt−2αW−α,1−2α(−ξωt−α) + ωt−α Mα(ξωt−α)

)
dξ. (16)



Fractal Fract. 2021, 5, 51 6 of 11

In the case of τ = 0 and α = 1, the above solution (fractional reaction–telegraph
solution) is reduced to the solution of the reaction–diffusion equation in a semi-finite
medium, which is given by:

u(z, t) =
1√
πκt

e−(r−p)t e−
z2
4κt . (17)

3. Discussion

As we mentioned in the introduction, studying the behavior of plasma-generated
reactive species in a liquid layer is very important in plasma medicine. Therefore, we have
developed a new theoretical model to study the transport of plasma-generated ROS in a
liquid layer.

From the solution of the fractional reaction–telegraph Equation (17), we show three
parameters that can control the diffusion behavior and the degree of diffusivity. As we
can see, the integral given by Equation (17) is evaluated based on the value of the time-
fractional order (α), relaxation time (τ) and the reaction rate value (p− r), which means for
every value of such parameter, the diffusivity will be changed, which is useful to track and
stimulate the different species inside the liquid layer. We address that in detail through
Figures 2 and 3.

Figure 2. Spatial distribution along the z-axis in the case of α = 1 (left panel) and α = 1/2 (right panel) for different values
of relaxation time τ at κ = 1, p− r = 0.1 and t = 1.

Figure 3. Spatial distribution along the z-axis in the case of α = 1 (left panel) and α = 1/2 (right panel) for different values of reaction
rate p− r at κ = 1, τ = 0.2 and t = 1.

In Figure 2, we illustrate the spatial distribution of the reactive species for different
values of relaxation time along the z axis for the normal diffusive α = 1 (left panel) and for
the sub-diffusive case α = 1/2 (right panel). In Figure 2 we show that changing the value
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of relaxation time implies the speed of propagation in the case of a symmetrical Gaussian
distribution at α = 1 in the left panel and a more shifted non-Gaussian (asymmetrical)
distribution with a lower value of time-fractional order (right panel). In addition to that,
as a limiting case of study, the solution of the reaction–diffusion equation is illustrated
in Figure 2 (black curve at τ = 0) for the classical case (left panel) and the fractional case
(right panel).

Figure 3 presents the spatial distributions of molecular species for different values
of reaction rate (gain or loss of probability) in the cases of normal diffusion (left panel)
and subdiffusion (right panel). We show that increasing the value of reaction rate extends
the peak of probability to a large value, which leads to long-term reactions. Furthermore,
at p− r = 0 (black curves) in Figure 3, the classical and fractional telegraph equations
without reaction are illustrated in the left and right panels, respectively.

Moreover, the sub-diffusive behavior (time-fractional case) at α = 1/2 shows through
the cusp-shapes of the distribution function, which is suggested for the transport of species
such as H2O2 and HO2. That is due to the contribution of the time-fractional order, which
shows fatter tails than the reference case of the Gaussian distribution in the case of OH.
This agrees with Yusupov et al. [26], who concluded that the OH radicals are more rapidly
transported than the other two species, and this was validated through calculating the
MSD and diffusion coefficients for these species as well.

In addition, the comparison between the diffusion behavior of molecular species is
illustrated with a reaction and without a reaction. As we can see, the distributions of all
species along the z axis become sharper when we add the reaction term. However, for
example, the distribution of species like OH in ref. [26] decreases the most, and this is in
line with its reactivity in an aqueous solution, where it is known to be the most reactive
oxygen species [47].

Besides that, one of the significant tools to determine the diffusivity of molecular
species traveling inside the water layer is based on illustrating the mean square displace-
ment, such as is given in simulation results [9,26]. From our mathematical model here, we
can calculate the mean square displacement of a particle density via the inverse-Laplace
transform [28]

〈z2(t)〉 = L−1

[
− ∂2

∂k2 u(k, s)

]
k=0

. (18)

From the spatial distribution of the three oxygen species illustrated in [26], we show
that the reaction does not have a central role in diffusivity. For example, H2O2 molecules
travel without reaction faster than HO2 and slower than OH; however, both form a reaction
through traveling in the water layer. Therefore, we can study the typical behavior of
mean square displacement in the case of neglecting the reaction terms until the time-
fractional order and relaxation effects can be demonstrated. In this case, the mean square
displacement of the fractional telegraph equation can be expressed by the form:

〈z2(t)〉 = 2καL−1

[
s−α−1

ταsα + 1

]
, (19)

then,

〈z2(t)〉 = 2καt2α

τα
Eα,2α+1(τ

−αtα). (20)

where Ea,b is the Mittag–Leffler function defined in Equation (A4). By following the manner
used in [48], the asymptotic behavior can be observed for a large argument

〈z2(t)〉 ∼ 2καtα

Γ(1 + α)
, (21)



Fractal Fract. 2021, 5, 51 8 of 11

and for short time limits:

〈z2(t)〉 ∼ 2καt2α

ταΓ(1 + 2α)
. (22)

From Equation (20), we can illustrate the mean square displacement behavior for
different molecular species, such as in Figures 4 and 5. In Figure 4, we show the behavior
of mean square displacement for different relaxation time values at very short times. From
that figure, it can be shown that increasing the value of relaxation time decreases the rate
of diffusivity. That means the relaxation time plays an essential role in illustrating the
MSD at a short scale. That will be more suitable and effective in fitting our results with
the previously published simulations, such as that given by Figure 7 in [26]. Moreover, we
compare the reaction–telegraph and reaction–diffusion equations in Figure 5. This confirms
the fast speed of propagation in the case of τ = 0 (right panel) and the slower propagation
with more waiting times of propagation in the case of τ = 0.5 (left panel). This will be
more realistic for different species such as H2O2 because it moves slowly inside the water
layer and almost reaches the biological targets. Besides that, the O species already failed
to reach the target, and we suggest that this is because of its slow spread (sub-diffusive)
with long waiting times inside the liquid layer. Therefore, it is more convenient to describe
the motion of different molecular species to introduce the time-fractional order to switch
between the normal and slow diffusion. In addition, the relaxation time plays an essential
role in regulating the speed of propagation for each molecule and thus covers all forms
of transport inside the liquid layer. From this point of view in our brief discussion, we
believe now that it is essential to work with the fractional reaction–telegraph instead of the
classical reaction–diffusion built up in many numerical simulations.

Figure 4. MSD in the case of α = 1 (left panel) and α = 1/2 (right panel) with different values of relaxation time τ at κ = 1.
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Figure 5. MSD in the case of τ = 0.5 (left panel) and τ = 0 (right panel) for different values of the time fractional order at
κ = 1.

4. Summary

This paper has presented some consequences of solving the generalized fractional
reaction–telegraph equation using Caputo differential operators. We used the Laplace
transform on the time variable and the Fourier transform on the space variable to solve
the fractional equation. The solution was given in terms of the computable integral of
the Wright function with its auxiliary, and particular cases were recovered. In general,
we can deduce that the fractional reaction–telegraph approach yielded more identical
predictions for describing the sub-diffusive transport of molecular species, even for a short
time, which can give us more information about the transport of the plasma-generated
ROS in a liquid layer. Moreover, these findings can help us to understand the reaction of
ROS with biological targets, especially those that occurred in a very short time.
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manuscript.

Funding: This research received no external funding.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: Not applicable.

Conflicts of Interest: The authors declare no conflict of interest.

Appendix A

In this appendix, we present the Wright function with its auxiliary, the so-called
M-Wright function.

The Wright function denoted by Wλ,µ(x) is defined as [49]

Wν,µ(x) =
∞

∑
n=0

xn

n! Γ(nν + µ)
, ν > −1, µ ∈ C. (A1)

The M-Wright function is defined as [50]

Mν(x) = W−ν,1−ν(−x) =
∞

∑
n=0

(−x)n

n! Γ(−νn + 1− ν)
, (A2)
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with some explicit representation

M1/2(z) =
1√
π

exp(−z2/4) M1(z) = δ(z− 1). (A3)

The Mittag–Leffler function of the second kind [51] is defined as

Ea,b(y) =
∞

∑
m=0

ym

Γ(am + b)
. (A4)
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