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Abstract: Circular arcs are a graphical element present in the cadastral systems of many countries.
Unfortunately, this type of record of the geometry of parcel borders is a problem described by
the directives of Infrastructure for Spatial Information in Europe (INSPIRE) Data Specification on
Cadastral Parcels. Because of the difficulties of using such geometric objects, the solution to this
problem, as recommended by the European Commission, should be monitored. The target effect
should be a cadastral data model based solely on linear segments. Solutions based on a classic
approach of converting such data (like arcs), unfortunately, always involves changes of one of the
most important attributes of a parcel—its area. The paper presents a proposal for solving this
important problem using an algorithm, ensuring the preservation of the area of the parcels after
converting the arcs into linear segments. Moreover, attention was paid to the technical aspects of the
proposed changes.
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1. Introduction

In cartographic and graphic works, the problem of representing a given curve by means of
approximate elements often occurs. To date, no suitable, simple and efficient calculation and geometric
algorithm has been developed to provide a transition from curves to polygonal chains. The shape
correction method described by Kudas and Wnęk [1] is used to convert the polygon measured by
satellite receivers into a rectangle based on the centroid of the polygon. These methods may facilitate
the correct presentation of the location of measured polygons contained in the content of numerical
maps. The problem arises when it is necessary to replace existing elements and shapes on cadastral
data. The work by Imai [2] presents the problem of the approximation of a fractional linear curve
by another curve, whose vertices represent consecutive degrees of the polynomial. The curved line
is overlapped at n points by m rectangles of a given width, thus dividing the curve into segments.
An additional algorithm streamlines the application of the proposed method by limiting the number
of segments. A similar way of approximating the geometric elements, suggested Perez [3], presents
a dynamic programming algorithm for the linear approximation of the implemented curve. The
curve fitting algorithm, however, is not an effective element of curves replacement. In spite of this,
it minimises position errors between the original and created points (with a normalised number of
points on a given segment).

Gribov and Badansky [4] suggested the possibility of using an algorithm for the approximation of
curves, which minimises the number of resulting points of polyline vertices. Methods for approximating
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lines or segments are based on the addition of a given number of points that do not significantly
affect the quality of the transformation. During the reduction of the number of vertices, the so-called
filtration process takes place. The algorithm divides the polyline into clusters of given dimensions
and approximates its course with a straight line, thus limiting the number of vertices. Such a method
makes it easier to work on complex components, but it reduces the accuracy of the transformation and
the replacement of the curve’s points.

Kolesnikov [5] proposed the idea of replacing circular arcs by polygonal chains. The idea of
solving the problem of the approximation of curves by digital methods, with a minimal number of
line segments, consists of using a fast and efficient algorithm for linear approximation, piecewise
linear approximation (PWLA). However, the problem of discontinuity in the approximation nodes
and topological problems in the presentation of the final results make it impossible to use this method
in many areas. The proposed PWLA algorithm can be combined with an reduced search dynamic
programming (RSDP) algorithm for obtaining the optimal solution in several iterations.

Rosin [6] considered the problem of linear continuity of approximated curves presented in a
digital form with the minimum number of segments dividing the line. The fitted polygon is implanted
at the beginning with the maximum alignment error. The algorithm can be used in several iterations
when converting a curve to a polygon. However, the accuracy of the approximation carried out is not
conducted. The lack of control of the reliability of the algorithm may result in the non-detection of
errors caused by external elements affecting the shape and course of the curve.

The problem of converting circular arcs into linear segments discussed in this paper involves
changing the geometry of the borders of the cadastral parcels. The method used so far [7,8] was based
on the division of an arc by means of chords (Figure 1). For the parameter determining the degree of
approximation, the most commonly used was the limit value of the sagitta t or the maximum length
of section d (Figure 2). Unfortunately, this type of approach, apart from the inevitable consequence
of changing the method of description of the perimeter of the parcel, changes its area. The area of
the parcel is one of the most important parameters describing it [9,10]. Cadastral systems that use
the area obtained directly from its analytical designation when converting the data encounter the
problem of area change. This can have undesirable consequences. The authors of this paper proposed
a solution to this problem by introducing a new approximation algorithm, whose main advantage is
the preservation of the area of the approximated circular arc segments [11]. In addition, the authors
focused on developing a technology that would make it possible to convert arcs into segments without
the need for major changes to existing cadastral systems.

2. INSPIRE Directive and the Shape of Cadastral Borders

The key issue in modern spatial data infrastructure is finding the right kind of data to integrate
with other information, not just for one country or region, but at an international level. For this
purpose, directory information was used, which, in a normalised manner, indicates the way to provide
information to the base and shows the possibility of using and transforming them by successive entities.
The principle of operation of the cadastre was based on the international standard ISO 19,152 [12],
which ensures the integrity of the data in the national cadastres and data consistency at an international
level. This standard defines the Land Administration Domain Model (LADM) pattern, covering all
elements related to land administration. It enables the combination of spatial information with other
data sources in a coherent and consistent manner. The cadastral data model was also presented in the
Infrastructure for Spatial Information in Europe (INSPIRE) international directive [13].

INSPIRE is a set of activities of the European Union, which connects the organisational, technical
and legal aspects with related services, offering universal access to spatial databases. This system
is based on the Spatial Data Infrastructure (SDI) of the EU member states. Its main task is to assist
legislators in taking action and making decisions that may affect the environment. Acceleration of
access to the data is also very important, which, in turn, has an impact on the interest in spatial data.
The legal basis for the SDI is the INSPIRE directive issued by the European Parliament. It covers 34
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themes in the fields of creation, integration, processing, management and sharing of spatial data. One
of its main issues is the theme of a cadastral parcel [14,15].

The INSPIRE Directive contains a scheme by which cadastral parcels should be marked and
characterised. Among the guidelines on the mandatory attributes of the parcel (i.e., ownership, area,
national references, level in the national hierarchy) and attributes related to reference points and
metadata attributes (map scale denominator or estimated accuracy), the geometry of the parcel shape
is also valid. The borders of cadastral parcels must have edges matching each other. They should not
contain topographical gaps or topological overlaps between individual parcels. The borders themselves
should be defined, represented and written as linear elements. All spatial elements presented in
cadastral form should be consistent with the “Simple Feature” assumptions (a flat geometric object,
determined by linear interpolation between the specified vertices). This definition is specified in the
EN ISO 19125-1 standard [16]—additionally, it limits the spatial specification by determining that
all interpolation of the curves should be given in linear form. In addition, this standard, as well as
the ISO 19,107 standard [17], provides the rules defining topological relationships and geometric
specifications of two adjacent spatial objects. Despite the recommendations of the change in geometry
of cadastral parcels and the abandonment of circular arcs, many member states have failed to follow
these changes.

In order to improve the performance of cadastral systems and improve the quality and capacity
of processing cadastral databases, the transition from circular arcs to broken lines is recommended.
However, during this procedure, it is extremely important to preserve the stability of the parcel area
and the accuracy of the location of the border points, which must simultaneously represent the actual
and legal situation.

3. Previous Approach to the Approximation of Circular Arcs

The approximation of arcs in IT systems was limited to dividing the arc into equal parts (Figure 1).
New points always lay on the arc, and the parameter defining the degree of division was the so-called
sagitta t or chord length d (Figure 2) [7,8].
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For calculating the degree of division n of the arch with the middle angle β due to the sagitta t,
Equation (1) is used:

t = r ∗ (1− cos(0.5 ∗ α)) (1)

where:
α = 2 ∗ arc cos(1− t/r) (2)
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n = int(β/α) + 1 (3)

For calculating the degree of division n of the arc with the middle angle β due to the chord length d,
Equation (4) is used:

d = 2 ∗ r ∗ sin(0.5 ∗ α) (4)

where:

α = 2 ∗ arc sin
(

d
2 ∗ r

)
(5)

The total number of divisions is calculated according to Equation (3).
If the parameters are to be mutually dependent, the maximum sagitta and the maximum chord

length must fall within the given criterion, and then the angle α is calculated using both Equations (2)
and (5) and the lower angle value is chosen. This results in more angle divisions β(n). Unfortunately,
this approach is already a source of area errors in its assumptions [11].

4. A New Approach to the Approximation of Circular Arcs

Due to the importance of the parcel attribute, which is the area, the authors proposed the use
of the approximation formula, as described by Zygmunt [11]. For practical purposes, it has been
simplified and written in the form of one equation for the desired length d (6), (Figure 3).

d =

r ∗
(√

(n−2)∗β
sin(β/n) + 1− 1

)
(n− 2)

; n > 2 (6)
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Approximation takes place with division for the minimum n = 3 parts. For practical reasons,
the predetermined number of approximated arc divisions is not very comfortable. To determine
the number of n divisions with respect to more real criteria, equations for a unit arc (radius r = 1)
were derived, describing the dependence of the angle α on the offset parameter of the approximation
polygon point from the arc (d - r) and the angle α dependency on the maximum secant length c, that is,
the variable defining the approximating polygon (Figure 4). This enables a quick calculation of the
desired degree of division n of the angle β.ISPRS Int. J. Geo-Inf. xxx, x, x FOR PEER REVIEW 5 of 12 
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5. Calculation of the Degree of Arc Angle Division

5.1. Calculation of the Degree of Division Due to the Maximum Offset of a Point from the Arc

To determine the degree of division n due to the maximum offset from the arc (Figure 5), the
equation for the α(dr) relation was approximated. Calculations were made for r = 1 (Figure 6). For
a maximum angle α = 120◦ from Equation (6), drmax = 0.873185941935689 was obtained. For r , 1,
dr = (dro)/r, where dro is the actual offset value from the arc.

α(dr) = A1 ∗ dr2 +
√

dr ∗ (A2 ∗ dr + A3); 0 < dr ≤ 0.873185941935689 (7)

where A1 = 0.433697723021991; A2 = −1.0802363112513; A3 = 2.83092766791966.
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The total number of divisions was calculated:

n = int
(
β

α

)
+ 1, n ≥ 3 (8)

5.2. Calculation of the Degree of Division Due to the Maximum Value of the Secant c

To determine the degree of division n due to the maximum value of the secant c (Figure 7), the
equation for the α(c) relation was approximated. Calculations were made also for r = 1 (Figure 8). For
a maximum angle α = 120◦ from Equation (6), dmax = 1.873185941935689 was obtained, which enabled
calculation of cmax = 3.24445322345638. For r , 1, c = co/r, where co is the actual limit value of the secant.

(c) = A1 ∗ c6 + A2 ∗ c5 + A3 ∗ c4 + A4 ∗ c3 + A5 ∗ c2 + A6 ∗ c + A7; 0 < c ≤ 3.24445322345638 (9)

where A1 = 0.000535037657006; A2 = −0.008020464613577; A3 = 0.047759867485386; A4 =

−0.128470088893799; A5 = 0.020621601214003; A6 = 0.996145055715264; A7 = 0.000165619038461.
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The total number of divisions is calculated according to Equation (8).
Due to the approximations resulting from the applied method, the optimum division value may

vary slightly (1–2 segments). Therefore, the final stage of the calculation should be checked, and the
degree of division should possibly be adjusted.

6. Determination of the Methodology of Arc Division

The arc division algorithm requires the number of divisions of the approximated arc. This value
can be calculated from Equations (7) and (9). The basic question concerns the limit values of dr and
c. The authors proposed that the priority value should be the parameter dr. Its value is determined
at the level of maximum error of the position mP of the border point in relation to the points of the
measurement network. For the purposes of conducting empirical research within this work, the
maximum linear deviation of the border point was assumed in accordance with the local requirements
to be at the level of mP = 0.14 m. If it is necessary to meet the condition resulting from the maximum
secant length, the lower value for the calculated angle α should always be chosen. The sample value of
dr is determined with respect to local accuracy regulations. Such an approach makes it possible to
accept the stability of the determined border points with respect to the approximated arc. New points
resulting from the described approximation method “lie on the arc” because their position is located
within the acceptable mP error.

7. Algorithm Test

The algorithm test was performed on an example object containing various arc configurations
(Figure 8). As a deviation parameter, dr = 0.14 m was assumed. Apart from comparing the results with
the original areas and the circumferences of the parcels, a comparison was made with the previously
used method of dividing the arc into equal chords. Table 1 provides information on the division of
each of the arches using the new method and the equal chords method. Compared to the proposed
method and using the test object containing arcs of different radii (Figure 9) the Figures 10 and 11 show
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the density of arc points approximated by the new algorithm (Figure 10) and by the chord algorithm
(Figure 11).

Table 1. Summary of arc parameters and received linear data after approximation (Figure 8).

Arc ID
Arc Parameters New Algorithm Equal Chords Method

Length
[m]

Radius
[m]

Angle
[◦] Divisions Deviation

[m]
Secant

[m] Divisions Sag
[m]

Chord
[m]

1 7.56 20.00 21.65 3 0.04 2.52 2 0.09 3.77

2 9.78 10.13 55.31 3 0.13 3.29 3 0.13 3.24

3 10.41 7.43 80.26 4 0.10 2.62 4 0.11 2.59

4 11.83 8.42 80.51 4 0.12 2.98 4 0.13 2.94

5 13.39 20.00 38.35 3 0.12 4.48 3 0.12 4.45

6 17.62 10.11 99.88 5 0.13 3.55 6 0.11 2.93

7 19.89 9.70 117.47 6 0.11 3.34 7 0.10 2.83

8 20.43 14.72 79.52 5 0.12 4.10 6 0.10 3.40

9 21.58 12.41 99.66 6 0.10 3.61 6 0.13 3.58

10 22.27 18.02 70.81 5 0.12 4.47 5 0.13 4.44

11 22.84 8.92 146.71 7 0.12 3.29 8 0.11 2.84

12 23.11 11.75 112.67 6 0.13 3.88 7 0.12 3.29

13 25.89 10.17 145.94 7 0.13 3.73 8 0.13 3.22

14 27.64 14.48 109.38 7 0.11 3.97 7 0.13 3.94

15 29.11 43.49 38.35 4 0.13 7.29 5 0.10 5.82

16 29.11 43.49 38.35 4 0.13 7.29 5 0.10 5.82

17 31.42 20.00 90.00 6 0.13 5.26 7 0.13 4.48

18 33.32 17.03 112.14 7 0.13 4.78 8 0.13 4.15

19 40.19 44.05 52.28 6 0.10 6.71 6 0.13 6.69

20 41.60 41.58 57.32 6 0.12 6.94 7 0.11 5.94

21 41.90 21.85 109.86 8 0.12 5.25 9 0.12 4.65

22 52.11 38.94 76.67 7 0.13 7.46 8 0.14 6.51

23 52.36 20.00 150.00 10 0.13 5.25 12 0.12 4.35

24 54.21 24.91 124.66 9 0.13 6.04 11 0.12 4.92

25 59.07 63.49 53.30 7 0.11 8.45 8 0.11 7.38

26 66.01 34.56 109.44 10 0.12 6.61 11 0.13 5.99

27 68.31 43.49 90.00 9 0.12 7.60 10 0.13 6.82

28 104.72 20.00 300.00 19 0.13 5.53 23 0.13 4.54

29 126.52 43.49 166.71 16 0.13 7.92 19 0.13 6.65

30 150.18 875.33 9.83 5 0.11 30.04 5 0.13 30.04

31 165.63 108.47 87.49 13 0.13 12.75 16 0.12 10.35

32 253.05 43.49 333.41 31 0.13 8.18 37 0.13 6.83

33 350.01 12210.76 1.64 3 0.13 116.67 3 0.13 116.67

34 350.93 1389.93 14.47 8 0.13 43.87 9 0.13 38.99
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The presented solution (Table 2) is very accurate. Note, however, that the calculations used
coordinates in the “double precision” format. The area changes resulting from the rounding of the
coordinates are shown in Table 3. The new X, Y coordinates were rounded, respectively, to 1 mm, 1 cm
and 1 dm. The results were not compared with the equal chords method because of the errors resulting
from the use of the method itself.
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Table 2. Area summary for two methods (∆ Area—area difference for the method of chords).

Parcel ID
Original New Algorithm Equal Chords Method

Area Perimeter Area Perimeter Area Perimeter ∆ Area
[m2] [m] [m2] [m] [m2] [m] [m2]

1. 38,300.87 2005.75 38,300.87 2007.15 38,291.25 2004.71 −9.61

2. 4204.85 407.77 4204.85 408.48 4191.22 407.28 −13.63

3. 2220.40 224.72 2220.40 225.06 2211.38 224.49 −9.02

4. 2102.42 227.37 2102.42 227.70 2095.83 227.14 −6.60

5. 1171.05 146.70 1171.05 146.88 1167.58 146.56 −3.47

6. 499.03 89.47 499.03 89.54 498.25 89.42 −0.78

7. 432.34 85.15 432.34 85.19 430.90 85.12 −1.44

8. 2220.40 224.72 2220.40 225.00 2212.07 224.51 −8.33

9. 1160.39 129.35 1160.39 129.83 1151.48 128.96 −8.91

10. 4741.76 621.70 4741.76 623.43 4745.78 620.37 4.02

11. 1105.63 149.46 1105.63 150.13 1098.17 148.96 −7.46

Table 3. Summary of parcel areas for rounded coordinates of approximated arcs.

Parcel ID
Without Rounding Rounding: 1 mm Rounding: 1 cm Rounding: 1 dm

Area Perimeter Area Perimeter Area Perimeter Area Perimeter
[m2] [m] [m2] [m] [m2] [m] [m2] [m]

1. 38,300.87 2005.75 38,300.99 2007.15 38,301.86 2007.15 38,309.16 2007.18

2. 4204.85 407.77 4204.85 408.48 4204.73 408.48 4205.99 408.54

3. 2220.40 224.72 2220.40 225.06 2220.47 225.06 2220.72 225.08

4. 2102.42 227.37 2102.42 227.70 2102.57 227.71 2102.23 227.67

5. 1171.05 146.70 1171.04 146.88 1170.98 146.87 1170.95 146.92

6. 499.03 89.47 499.03 89.54 499.06 89.54 499.01 89.52

7. 432.34 85.15 432.34 85.19 432.34 85.19 431.41 85.16

8. 2220.40 224.72 2220.40 225.00 2220.49 225.01 2220.35 225.00

9. 1160.39 129.35 1160.40 129.83 1160.27 129.82 1161.03 129.85

10. 4741.76 621.70 4741.76 623.43 4741.84 623.42 4741.01 623.45

11. 1105.63 149.46 1105.63 150.13 1105.60 150.14 1106.56 150.12

The precision of recording the X, Y coordinates of the new border point (approximated) depends
directly on the precision of the recording of the calculated length d (7). For example, for the assumed data:

r = 10 m; β = 90
◦

; n = 3 (10)

The following length value (7) in the “double precision” format is obtained:

d = 10.35090033 m (11)

By putting this data (10, 11) into the equation for the area of the circle segment with the
approximated arc [11]:

A = d ∗ r ∗ sin
(
β

n

)
+

n− 2
2
∗ d2
∗ sin

(
β

n

)
(12)
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An area is obtained:
A = 78.5398 m2 (13)

To answer the question of how the rounding of the length d (11) with the precision of µd (13) will
affect the area, the law of propagation of errors [18] should be applied to equation (12):

µA =
∂A
∂d
∗ µd =

{
[r + (n− 2) ∗ d] ∗ sin

(
β

n

)}
∗ µd (14)

where µA—area error caused by rounding µd; ∂—symbol of the partial derivative.
For example, for rounding values 1 mm, 1 cm, 1 dm, the predicted errors µA of the area are

obtained, which confirm the results of the empirical test (Table 3):

µd = 0.001 m→ µA = 0.0102 m2;
µd = 0.01 m→ µA = 0.1018 m2;
µd = 0.1 m→ µA = 1.0175 m2.

The tests conducted show that the proposed algorithm is the right solution for cadastral purposes.
In addition, there was a decrease in the number of border points in comparison to the previous
approach (equal chords)—for the tested object, this reduction was equal to 12%. This is a very positive
effect resulting from the application of the described algorithm. Comparing Figures 9 and 10, it is also
possible to find a better fit of the approximated polygon to the original arcs. Provisions concerning
the admissible descriptive attributes of border points would require adjustment. The authors suggest
adding an additional attribute to indicate the source of this type of point—in this case, “points from arc
approximation”.

8. Conclusions

The solution suggested by the authors is a proposal that can contribute to solving the problem of
arches in cadastral systems. These issues are related not only to cadastral systems in Europe, which
were the inspiration for this work. Instead, the problem is wider and also concerns other countries [19].

According to the authors, the optimum solution would be to save the coordinates of the calculated
points in the “double precision” format. In addition, such points should have inserted the source
information (status), e.g., points computed within the approximation of circular arcs.

It should be emphasised that the method proposed by the authors may also indirectly contribute
to the solution for problems of the use of other curves in cadastral systems. A large part of scientific
research in the field of geometry involves converting arbitrary curves into arcs [20–23]. With the
two-step approach to this type of geometry, the final effect (preservation of parcel areas) may not
be implemented in an exact way. However, the obtained results may be taken into account when
developing technology for converting any curves into linear segments in cadastral systems.

In the existing cadastral systems in Europe (and in the world), solutions other than those proposed
in this work can be used. Due to different technical and legal regulations in force in individual countries,
we see the need to expand the scope of research on ways to describe circular arches. This problem will
be the subject of further scientific research by the authors.
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