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Abstract: The seismic response of five cultural heritage towers erected between the 9th and 10th century AD are investigated herein. Firstly, their architectural and modal characteristics were studied
in the light of seismic events that hit the monuments. There exist several historical reports of strong
earthquakes, as well as damaged structures and collapses. The limit analysis is adopted to examine
the post-elastic behavior of the towers up to collapse due to out-of-plane failure. Recurrent damage
modes were collected from recent earthquakes and a classification of four possible collapse mechanisms in towers and slender masonry structures is here proposed: overturning, separation of perpendicular walls, diagonal cracking, and dislocation of the belfry. A thorough examination of the
towers under investigation verified the proposed damage classification. The capacity curves were
derived combining the capacity curves of each of the collapse mechanisms. Damage thresholds were
defined on these curves in correspondence with damage states. The studied group of structures is
representative of a wider typology. A statistical approach was adopted to describe damage with
seismic intensity, and vulnerability curves were generated. The results of this study will improve
the understanding of the performance and the collapse mechanisms of slender masonry structures
under seismic loading and provide a characterization of seismic vulnerability for the studied cultural heritage types of towers.
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1. Introduction
Unreinforced masonry (URM) structures excited by seismic actions most often form
at the ultimate response state an out-of-plane partial collapse mechanism due to weak
connections and in-plane cracking [1–4]. It is common knowledge that the main defect of
URM walls is their low tensile strength; as a consequence, URM structures tend to create
cracks perpendicular to the principal tensile stresses. This inefficiency had been known
since ancient times and traditional reinforcement techniques have been developed involving timber and iron ties to mitigate it [3,5–8].
In historic structures, a number of additional critical features, such as high
weight/strength ratio, insufficient connection with timber diaphragms, inhomogeneous
nature of material, complex constructive stages, lack of rigid diaphragms, presence of
vaulted systems, and progressive material degradation due to high compressive stresses,
ageing, and environmental influence, dramatically increase their vulnerability. As a result
of the inertial forces, the initially monolithic structure is cracked and cut into parts; these
parts define the collapse mechanism [9,10]. The interaction among the cracked parts is
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often merely simple contact and friction, while in some cases there might be preinstalled
joining ties which, depending on their activation level, keep parts connected.
The vibration of a cracked masonry structure, if not adequately tied with any reinforcement (e.g., active tie rods [8] or textiles [11]), contributes in the development of a
damage mechanism which brings about collapse. The development of such a collapse
mechanism involves the overturning of the most critical part [12]. In these cases the critical
part which tends to separate and fail out-of-plane presents a dynamic vibration relevant
to that of a rocking rigid body about a constant point [13]. Nevertheless, the vibration of
the rocking mechanism is affected by the vibration of the sub-structure which supports it.
This has a filtering influence, modifying the characteristics of the ground vibration applied at the foundation [14]. The equation of motion for the rocking response should take
into account the interaction with the other elements of the structure, as well as the filtering
effect. It has been argued that the assumption of rigid body oscillation is realistic only
when masonry is subjected to low-to-moderate compressive vertical loads, otherwise
strains are not comparable [15].
Towers made of URM subjected to inertial forces usually collapse by overturning of
the most critical part due to insufficient connection between adjacent structural members
[16–18]. The uppermost part (i.e., the belfry) is particularly vulnerable to seismic loads
when there exist insufficient connections between the piers [19,20]. Other possible collapse mechanisms relate to diagonal cracks or, sometimes, vertical cracks [21]. These
cracks have the tendency to separate the integral construction in parts. When a structure
is cracked and there is no sufficient connection between the adjacent parts, its dynamic
response features a vibration which has the characteristics of a rocking response with simple contact between the parts [13,22–24]. This type of vibration is very frequent in URM
towers and leads to out-of-plane collapse.
The vulnerability analysis of historical towers subjected to dynamic actions is a challenging task for two main reasons: (i) masonry’s non-linear (NL) behavior is hard to be
rigorously modelled due to its complexity; and (ii) accurate material idealization is not
straightforward due to the variation of the mechanical properties in a structure. Hence, a
number of approaches have been proposed to yield reliable numerical tools capable of as
precisely as possible representing the seismic behavior. Finite element (FE) models with
plasticity material laws achieve a good accuracy albeit at the expense of a high numerical
cost (e.g., [25–32]); thence, their application is limited to only structural members rather
than whole structures. Discrete element (DE) models render good results for masonry
structures [33–36] but require detailed knowledge of masonry unit arrangement and suffer from accuracy for excessive rotations. Limit analysis has been shown a valuable
method to estimate the capacity of masonry structures up to collapse as long as the cracks
are effectively described [37–44]. Sophisticated techniques involving dynamic monitoring
can reveal the actual state of a traditional masonry structures and points with possible
weaknesses [45–55]. Furthermore, building information modelling can be helpful in the
investigation of the architectural properties of monumental structures [56].
More than one hundred towers are located on Mount Athos which were erected between the 9th and 10th century AD [57] and are representatives of a large population of
similar structures scattered in the area of the erstwhile Byzantine Empire. Some of them
were built as defensive structures and observation towers, while others to host bells and
in few cases for some other auxiliary purposes [57,58]. Five campaniles of Mount Athos
were selected for a thorough study of their seismic vulnerability as they were found to be
representative of the respective group. Their heights vary between approximately 20 m to
25 m. Given that our aim is a statistical treatment of the vulnerability and not a specific
case-study, a very detailed model is out of the scope of the analysis. Simplified models
have been applied to tackle the aforementioned difficulties: (i) simple mechanical models;
and (ii) limit analysis [59,60].
In this investigation we adopted these methods based on limit analysis to estimate
the displacement capacity and the capacity curves of the towers. In Section 2 the main
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properties of the towers are presented. In Section 3 the critical failure mechanisms for cultural heritage towers are reviewed. For those mechanisms, the limit analysis is applied, as
well as a displacement procedure, for estimating the respective capacities. The filtering
effect of the substructure is investigated in Section 6.1 to convert the capacities into spectral ones. Defining the damage thresholds, we propose a set of fragility curves to describe
damage with seismic intensity expressed in terms of spectral displacement in the last section.
2. Characteristics of the Investigated Bell-Towers
2.1. Architectural Features
Five bell-towers were investigated (Figure 1). Table 1 presents the main dimensions:
(i) total height; (ii) base height (i.e., the part of the tower with openings); (iii) belfry altitude; (iv) main structure altitude; (v) foundation thickness; (vi) wall thickness (on average); and (vii) footprint area. Hence, the main structure height comes from subtracting the
base height from the respective altitude.

Figure 1. Byzantine bell-towers under investigation: (a) Vatopedi, (b) Philotheou, (c) Protaton, (d) Xenophontos, and (e)
Iveron.

2.1.1. Vatopedi Tower
Among the towers the tallest campanile (25.55 m) is a post-Byzantine tower in the
Vatopedi Monastery and dates back to 1427 AD [61]. It is a slender structure with slenderness ratio (i.e., height to width ratio) equal to 5.7 approximately at the uppermost top of
the sharp-angled roof (Figure 1a). The height of the masonry structure without the roof
structure is 21.0 m. The footprint of the tower is approximately square with a 4.5 m side.
The width at the top of the structure is 4.25 m which means that there is a decrease of 25
cm and an inward deflection from the vertical plane of 7‰.
The piers of the structure were constructed from rubble URM carefully bonded. The
worked angles are made from quarry faced masonry where the beds and the sides are
finely chisel-dressed, but wall faces are roughly worked. Timber beams are embedded at
several levels of the structures to improve the connection between perpendicular walls.
The belfry, i.e., the upper part of a bell tower enclosing the bells, is shown in Figure
1a. It has four square piers, sized 90 cm × 90 cm and four intermediate piers half of solid
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stone and half of URM. The hip roof is a wooden structure which does not include the
timber elements of the initial construction, due to a fire [62].
Table 1. Geometrical characteristics of the case-study bell towers.

Monasteries

Total
Height
[m]

Base
Height
[m]

Belfry
Altitude
[m]

Main
Structure
Altitude
[m]

Foundation
Thickness
[m]

Wall
Thickness
[m]

Area
[m2]

Vatopedi

25.55

7.20

19.00

14.40

1.80

0.85

20.25

Philotheou

24.90

6.00

18.90

16.50

1.15

1.05

30.25

Protaton

24.00

7.20

19.00

14.40

1.08

0.85

20.25

Xenophontos

19.50

2.00

17.00

11.60

1.20

1.05

49.00

Iveron

20.52

5.00

19.00

17.00

1.05

1.05

45.00

2.1.2. Philotheou Tower
The bell tower of Philotheou Monastery (Figure 1b) is among the oldest built in the
11th century A.D., but it has suffered several interventions and partial reconstructions
during the centuries. It is 24.9 m tall and its width measures 5.5 m (see Table 1). Hence, its
slenderness ratio is 4.5, lower than that of the Vatopedi tower. The stone masonry is carefully constructed with mortar joints as thick as 7 cm. The walls are 1.15 m thick approximately at the base, slightly decreased at the top (1.05 m). The belfry is 4.5 m high, but the
openings are quite small resulting in a robust structure.
2.1.3. Protaton Tower
The Protaton tower (Figure 1c) was first erected in 1534 and later, in 1781, repaired;
it follows the architectural characteristics of the most ancient ones. It is a slender structure
quite vulnerable due to the presence of a bi-part foundation structure forming an arch. It
can be seen as a four-story structure with a total height of 24.0 m. The altitude of the uppermost part of masonry is 20.52 m.
2.1.4. Xenophontos Tower
Xenophontos Monastery was established in 998 AD but the campanile construction
started around 1820–1830 and completed on 1 March 1864. The footprint of the structure
is square with dimensions 9 × 9 m2. The height is 19.50 m. The walls are made of stone
masonry. Internal levels are made of timber beams and planks forming five stories (Figure
1d). Tie rods exist at the upper two levels which host the bells. The hip roof is also wooden.
2.1.5. Iveron Tower
The Iveron Monastery (Figure 1e) was established in 980 A.D. but it was destroyed
several times due to invasions or, natural catastrophes such as fires and so on. The structure of campanile was restructured around the end of the 19th century and the beginning
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of the 20th. Its height is 20.52 m. Its main architectural characteristics are presented in
Table 1.
2.2. Modal Properties
Finite element analysis (FEA) was adopted to investigate the modal characteristics of
the structures carrying out a modal analysis. ANSYS software was used to model the
structure. Hexaedral solid elements (using the element SOLID82) were used for simulation. A refined mesh applying a sensitivity analysis wes carried out with elements around
0.5 m side for URM walls and much finer for the roofs. The meshing for Vatopedi tower
is presented in Figure 2 where 2 × 103 elements approximately have been used. The mass
of the bells has been added as a point mass attached to the roof. The nodes at the base
were assumed fixed as the soil is rocky with high bearing capacity which implies very
high stiffnesses for the impedance functions [63].

(a)

(b)

(c)

(d)

Figure 2. FE simulation of Vatopedi bell-tower: (a) meshing, (b) 1st modal shape, (c) 2nd modal shape, and (d) 3rd modal
shape.

URM is assumed to be a homogeneous and isotropic material [64–68]. The homogenized elastic modulus [69] and the other properties of masonry were retrieved from the
literature [70–74].
The wooden parts of the towers (floors, roof) were assumed to be of class C24 [75]
and the respective properties are shown in Table 2. The low value of the elastic modulus
reflects the multiphase inhomogeneous and cracked section.
Table 2. Material properties.

Masonry
Timber

Elastic Modulus
[GPa]
2.5
11

Poisson Ratio
0.15
0.25

Specific Weight
[kN/m3]
23
3.5

In the modelling process the following assumptions were made:


The walls’ width is kept constant along the height because variations are considered
relatively small;
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The diaphragmatic action of the timber floors and vaults is assumed inactive;
The mass of the timber floors and vaults is added point-wisely on the URM walls
estimating the tributary areas.

The first modal period ranges from 0.29 s for the Xenophontos tower to 0.65 Hz for
the Vatopedi tower. The modal periods as well as the modal frequencies for the first three
modes are presented in Table 3 [62]. The first two modes have a translational shape in
perpendicular axes, while the third one is mostly twisting about the vertical axis.
Table 3. Μodal frequencies and periods of towers.

Tower
Vatopedi
Xenophontos
Iveron
Protaton
Philotheou

Modal Periods (s)
1
0.65
0.29
0.55
0.34
0.44

2
0.38
0.14
0.12
0.19
0.29

Modal Frequencies (Hz)
3
0.08
0.08
0.09
0.07
0.08

1
1.54
3.48
1.83
2.92
2.28

2
2.60
7.26
8.04
5.18
3.47

3
11.89
12.79
11.26
14.60
12.24

The modal periods estimated from the modal analysis of the FE model in Table 3 are
consistent with the values found in the literatures from operational modal analysis
[52,66,71,76–90]. Indeed, in these analyses the natural frequency ranges between 0.35Hz
for a tower 88 m high in San Gimignano (Italy) [91] up to 4.67Hz for a tower 27.6m in
Andrighelli (Italy) [92]. Therefore, the range includes the estimated values of Table 3.
Moreover, the tower of Philotheou of 24.90 m height features many similarities with the
one of Hagia Sophia in Trapezounta 23 m tall [78], which has a natural frequency 2.08 Hz,
i.e., very close to the one found here.
Bartoli et al. [92] proposed the following empirical relationship for the estimation of
the natural frequency of towers f1 from the architectural properties of the towers (L is the
side of the tower and H the total heigh) and the velocity of P-waves vp correlating results
from 54 measurements.
≅

0.15L

(1)

v

Kouris and Karavezyroglou [17] proposed also an empirical relationship based on
the ratio H/L and the modulus of elasticity of the soil Es:
≅ 0.153 ln(E ) + 0.2816(

(2)

)

Assuming standard values for rocky soils, vp = 1000 m/s and Es = 300 MPa, Equations
(1) and (2) yield the modal frequencies for the case-study towers of Table 4. Comparing
the values of Tables 3 and 4, a remarkable coincidence is found given the differences of
the architectural characteristics of the Protaton tower from the typical tower of the aforementioned models.
Table 4. Empirical natural frequencies [Hz] of the towers applying empirical models.

Empirical Equation
1
2

Vatopedi
1.39
1.72

Xenophontos
3.51
2.04

Iveron
2.27
1.81

Protaton
1.78
2.53

Philotheou
2.52
2.45

3. Collapse Mechanisms of Towers
The initially integral structure is cracked due to seismic forces and separates in two
or more parts, which constitute the collapse mechanism. These parts interact with one
another with simple contact or, develop friction forces.
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The elastic or inelastic strains of masonry bodies are very small with respect to the
displacements and/or rotations due to free rocking response. Therefore, they can be considered negligible (i.e., rigid body assumption) and not taken into account. This assumption is valid for low-to-moderate vertical loads [15].
It is possible to classify the recurrent types of collapse mechanisms from observations
of post-event damage surveys on towers from recent earthquakes [41,62,93]. Damage data
from the earthquakes of Friuli (1978) [94] and L’Aquila (2008) [2,95], and Molise (2002)
[96] show that there exist four main types of out-of-plane collapse mechanisms: (i) overturning of the tower; (ii) separation of the perpendicular walls; (iii) diagonal cracks and
overturning of the critical part; and (iv) dislocation of the belfry. These collapse mechanisms are shown in Table 5.
The first collapse mechanism may appear in slender structures and occurs with a
horizontal crack at the base of the structure. The second one appears when the connection
between perpendicular walls is very loose. In this case, friction forces develop between
key stone units. The third one is very common when diagonal cracks occur. It is reported
that this third type can also relate to a vertical crack extending up to the middle diagonally
and then, continue vertically splitting in two parts the upper structure [41]; this type is
less critical than merely diagonal cracking as it involves friction forces. The last collapse
mechanism appears only on bell-towers and is related to the separation of the belfry piers.
In the following paragraphs a thorough investigation and a numerical evaluation based
on limit analysis of each mechanism is presented.
Table 5. Out-of-plane collapse mechanisms.

Designation

Collapse Mechanism

1 - ΑΝΑ

Overturning

2 - ΑPΟ

Separation of perpendicular
wall

Out-of-Plane Damage
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3 - DΡ

Diagonal cracking

4 - ΚΟΡ

Dislocation of the belfry

4. Assessment Based on Limit Analysis
4.1. Overturning [1 - ANA]
Towers can be idealized as a simple rectangular structure such as that shown in Figure 3. At the top of the structure there can be an additional mass which represents the
bells and the roof mass. A very slender structure can be susceptible to overturning around
the base. Our investigation of the first collapse mechanism (ξ = 1 - ΑΝΑ) is described in
the following using the geometric characteristics of Vatopedi tower.

Figure 3. Rocking of a tower at its base.
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In the framework of limit analysis, the out-of-plane safety factor was estimated
simulating the inertia effect with equivalent static forces [41,97,98]. The critical ratio of
the horizontal actions needed to overturn the tower can be evaluated applying the principle of virtual works for an infinitesimal rotation dθ shown in Figure 3 as follows:
=

∑
∑

,

̇
=
̇

,

,

+

̇

,

+

̇

,

(3)

,

In Equation (3),
in the horizontal direction
, is the virtual work of the action
( ) and
( );
is
the
virtual
work
of
the
action
j
in
the
vertical
direction
is the grav,
ity force concentrated at the center of gravity of the investigated part and
is the weight
of the bells and the roof; ̇ , is the displacement at the direction ( = , ) of the action ( = , ).
Moment equilibrium would result in an equivalent relation with Equation (3). A
wooden staircase twists internally, forming also seven intermediate levels which contributes to Equation (3).
is equal to 2001 kN,
to 5.27 kN and
(i.e., the internal structure) to 3.24 kN. The static forces’ horizontal safety factor λ is found equal to 0.34 for this
tower (the dimensions are given in Table 1). This value represents the sufficient horizontal
force needed to cause the onset of overturning ( = 0°) of the gable under static conditions.
The transformation of the rocking rigid body into an equivalent single degree of freedom system (SDOF) system is necessary to compare the capacities of the various mechanisms [99]. The mass of the rocking system is distributed along the height, and is given by
the following equation:
∗

∑
∑

=

Δ

,

Δ

(4)
,

In Equation (4), ∗ is the modal mass of the considered first mode and the components of the modal shape are Δ , = , . Having assumed that the deformation of the wall
is negligible, which is a reasonable assumption for walls tilting around their base, all
points are tilting by the same angle and the horizontal projection of the displacements
Δ , is linear along the height of the wall. The effective modal mass is then found as ∗ =
202 ton. The effective mass ratio which is given by the next Equation (5) is equal to 99%.
∗

=∑

∗

.

(5)

The acceleration at the base of the equivalent SDOF system needed to initiate the
rocking of the rigid body is given by the maximum value of coefficient normalized by
the effective mass ratio according to the following expression:
∗

=

∗

(6)

Equation (6) results in ∗ = 0.34g. It is well known that a rocking pier possesses a
reserve dynamic capacity when subjected to an out-of-plane transient loading [98]. Therefore, the horizontal static multiplier itself is not sufficient to predict the dynamic capacity
and hence, it is necessary to further consider the transcendental nature of the seismic excitation.
The principle of virtual work (PVW) for an admissible displacement ̇ is applied in
order to evaluate the minimum value of a static horizontal multiplier of the vertical
weights of the building that corresponds to the static threshold resistance. The
value is the safety factor of the potential horizontal loading that the structure can support,
but for stresses satisfying a strength criterion.
The maximum value of represents the necessary inertia at the base of the rocking
mechanism to initiate the rotation for the mechanism ( → 0°) which is found solving
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Equation (3) for → 0°. As the rotation increases, will drop to zero. This instant represents the ultimate condition for rocking of the mechanism and sets off the collapse state
due to overturning.
The maximum rotation of the vibrating gable mechanism before collapse was calculated from Equation (3) for = 0. This value was found to be equal to
= 0.20 rad
for the first collapse mechanism (ξ = 1 - ΑΝΑ) through an iterative procedure consisting
of a stepwise gradual increase of ̇ and estimating the resulting . Using the properties
of the first mode, the displacement capacity ∗ for the equivalent SDOF results from the
top displacement of the mechanism multiplied by the inverted modal participation factor
of the first mode
applying the following expression similar to Equation (4) for mass:
∗

∑

=

,

,

∑

,

=

,

(7)

.

In Equation (7) above,
is the relative displacement at the control point of the collapse mechanism and
are
the modal coordinates of the various weights . The
,
modal coordinates are considered equivalent to modal displacements and were normalized against the top modal displacement value (i.e., Δ , ). The SDOF coefficient of Equa⁄Δ , , is equal to 0.50 for the
tion (7), i.e., the normalized modal participation factor
overturning of the tower. The maximum displacement of the equivalent SDOF system ∗
would be 1.25 m. However, the ultimate displacement of the gable walls collapse mechanism should be further reduced to consider inherent physical conditions that would force
the mechanism to collapse before the maximum displacement is attained; an example is
the unseating of beams supporting floors which may cause collapse before the ultimate
displacement is reached. Comparisons with NL analyses and experimental results have
shown that the maximum displacement of the equivalent SDOF system ∗ should be reduced by 40-50% [38,100]. This reduction would result in an ultimate displacement of the
collapse mechanism (40%) ∙ ∗ = ∗ = 0.50 m. The resulting capacity curve for collapse
mechanism is presented in Figure 4. It can be seen that the capacity curve is bilinear with
the second branch having a constant negative slope.
0.4
0.35
0.3

a0* [g]

0.25
0.2
0.15
0.1
0.05
0
0.00

0.20

0.40

0.60

0.80

1.00

1.20

1.40

d*[m]

Figure 4. Capacity curve for collapse mechanism 1 - ANA of the Vatopedi tower.

The equivalent SDOF systems with the capacity curve shown in Figure 4 is not characterized by a unique natural frequency as their non-linear response suggests. However,
these non-linear systems can be idealized with an equivalent linear SDOF system having
an effective natural period which maximizes the response. This appears in a fraction of
the ultimate displacement, which according to [40,99] is at the 40% of the ultimate displacement (0.20 m) and, the effective acceleration corresponding to the effective displacement ∗ is identified on the capacity curve ( ∗ = 0.28 g = 2.79 m/s2) the effective secant
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period
= 2 ( ⁄ ) ⁄ was calculated using the secant properties of the equivalent
SDOF elastic system [101,102]. The effective secant period was found to be 1.68 s.
Obviously, the less slender the tower the less critical the overturning collapse mechanism. Moreover, other local instabilities, e.g., the delamination of multi-leaf masonry
walls due to heterogeneity, may trigger other failure modes. The geometry of the belltower of Iveron Monastery make it unsusceptible to overturning.
4.2. Separation [2 - APO]
This second type of collapse mechanism (Table 5) is always accompanied by sliding
of stone units and development of friction forces
. The Mohr-Coulomb friction law is
adopted (
= μ∙σ) assuming conservatively that the cohesion modulus c is zero as this is
the case for long standing monuments experiencing several earthquakes during their history, and the friction coefficient μ is equal to 0.4 according to Eurocode-6 [103]. Equation
(3) is modified to include the frictional forces as follows:

=

∑

̇

,

,

∑

+∑
̇ ,

̇

,

(8)

In Equation (8) above n is the number of stone units at the corner along the height of
the tower. These units are assumed to have equal dimensions although it is known that in
general this is not the case for stone units. The average height of the stone units is assumed
equal to 0.35 m. Equation (8) is solved in an iterative and stepwise manner according to
the following steps:
̇ is increased by a specified step;


Vertical stresses σ in the contact areas are estimated;

Friction forces
are estimated;

The static forces safety factor is estimated;

If is negative the specified step is decreased to reach a balance ( = 0).
The above iterative solution of Equation (8) is non-linear, resulting in the capacity
curve shown in Figure 5, where ∗ is found to be 0.43 m, ∗ equal to 0.17 m and ∗
equal to 0.07 m.
0.25

0.2

a0* [g]

0.15

0.1

0.05

0
0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

0.40

0.45

d*[m]

Figure 5. Capacity curve for collapse mechanism 2 - APO of the Vatopedi tower.
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4.3. Diagonal Cracking [3 - DR]
Diagonal in-plane cracks can be the triggering cause of out-of-plane collapse of stone
URM structures [104]. The inclination of the cracks depends on: (i) the stress field; (ii) the
bonding of the stone units; and (iii) openings in the walls. It is assumed that the inclination
of the cracks is 450. Moreover, the diagonal crack may appear anywhere along the height
of the structure. For example, in Figure 6 two extreme positions are shown: (i) at the left
the crack is at the top of the structure (Δ = 0.1 ); and (ii) at the right the crack is at the
bottom (Δ = ).

Figure 6. Two possible diagonal cracks (in black) along the height of the Vatopedi tower.

To identify the critical position
of the diagonal crack, a parametric analysis was
carried out examining cracks in several elevations (0 < Δ ≤ ) as presented in Figure 7.
The maximum acceleration
needed to cause the out-of-plane collapse was found to
be the one at the highest elevation. On the contrary, when the diagonal crack occurs at the
base, only 20% of
would be sufficient to cause collapse (Figure 7). Therefore, diagonal cracks at the base are more critical—something which has been observed in several
earthquakes [105]. However, local deficiencies and openings may alter the position of the
critical cracks [16]. The procedure to estimate the critical acceleration (
= ∙ ) is
based on Equation (3) accordingly modified for triangular (or more complicated) structural parts [13,62].

Figure 7. Variation of the acceleration needed to cause out-of-plane collapse.
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4.4. Dislocation of the Belfry [4 - ΚΟR]
The last collapse mechanism in bell towers is related to the failure of the piers of the
belfry [85]. The large openings of the upper part of the tower make them very vulnerable
structures. Simplified models to investigate the vulnerability of belfries have been proposed in [106]. The collapse may occur due either: (a) rocking of one pier and sliding of
the other; or (b) rocking of both of them as shown in Figure 8.

(a)

(b)

Figure 8. Variation of the acceleration needed to cause out-of-plane collapse.

For the first type of belfry collapse mechanism (Figure 8a) friction forces participate
in the equilibrium and thus, Equation (8) was applied. For the second type (Figure 8b) and
due to the symmetry of the forces, the problem is confined to the rocking of one pier and
Equation (3) was used. The respective capacity curves are presented in Figure 9a,b where
it is clearly seen that the second type is more critical.
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(b)
Figure 9. Capacity curves of Protaton belfry: (a) rocking and sliding, and (b) only rocking.
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5. Filtering Effect
When the collapse mechanism involves a part of the structure standing at a certain
elevation, as in the case of belfries, the spectral acceleration capacity should be estimated
taking into account the filtering effect of the substructure. The underlying structure acts
as a filter of the base motion modifying the frequency characteristics of the base excitation
given by the transfer function ( , ). A number of expressions have been proposed to
estimate the floor response spectrum (FRS) given the base response spectrum and the dynamic characteristics of the structure (e.g., [14,107,108]).
A simplified expression of the transfer function ( , )to estimate the filtering effect of the underlying structure is given by the next expression [38]:
⎧
⎪
⎪
=

⎨
⎪
⎪
⎩

<

:|

( ⁄ )

( )|
(1 −

<

⁄ ) + 0.05( ⁄ )⁄

< 1.9 : ( ) ( )|

( ) ( )

⁄

(9)

( ⁄ )

( )|

(1 − ⁄ ) + [0.05( ⁄ )]
> 1.9 : 3.8 ( ) ( )| ( )|

⁄

( ) is the shape of the fundamental mode of vibration of the
In Equation (9),
building in the direction considered, normalised to the displacement at the top of the
building. A reasonable approximation of the fundamental mode of masonry regular
buildings is given by the ratio ( ⁄ ) in which
stands for the height of the structure
measured and
stands for the elevation of the center of gravity of the mechanism. In
Equation (9),
is the corresponding modal participation factor which depends of the
number of internal floors [109]:
= 3 ⁄(2 + 1). Using this expression, the spectral
capacities have been estimated and are presented on the last column of Table 6.
6. Seismic Response
6.1. Capacity Curves
The final capacity curve of each tower is a segmented curve joining the critical parts
of each mechanism. For instance, the capacity curve of Philotheou tower is a bipartite
curve involving the diagonal cracking of the walls and the dislocation of the belfry (typea) as presented in Figure 10.
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Figure 10. Capacity curve for Philotheou tower.

Following the methodology described in the previous sections, the spectral capacity
curves for all the mechanisms were derived indicating the final critical capacity curve and
are presented in Figure 11 for the group of towers. The critical collapse mechanism of the
Vatopedi bell tower is mainly formed due to dislocation of the belfry [4 - KOR] followed
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by the diagonal cracking (Figure 11a). The capacity curves of Philotheou tower for all the
mechanisms are shown in Figure 11b.
The arch of the Protaton bell tower is assumed to avoid damage not participating in
the failure, and hence the collapse mechanisms occur higher than 4.45 m (the elevation of
the arch). Then, using Equation (7) the final capacities curves were derived (Figure 11c).
The critical curve is composed by a sequence starting from the second, and then moving
to the fourth and at the final part to the third collapse mechanisms.
A similar sequence of collapse applies also to Xenophontos bell tower in which the
[2 - APO] is also very near to the critical (Figure 11d). For Caracallou tower the [3 - DR] is
the critical mechanism followed at a certain point by the [2 - APO] (Figure 11e). Finally,
the Iveron bell towers present a critical collapse mechanism which coincides with the diagonal failure [3 - DR].

(a)

(b)

(c)

(d)

(e)
Figure 11. Capacity curves: (a) Vatopedi tower, (b) Philotheou bell tower, (c) Protaton tower, (d) Xenophontos bell tower,
and (e) Iveron bell tower.
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The ultimate displacements of each mechanism and the effective secant period of the
most critical one for each tower are presented in Table 6. In the last column of the table
the spectral value of the most critical mechanism is presented.
Table 6. Out-of-plane collapse mechanisms: spectral displacements.

Tower
Vatopedi
Philotheou
Protaton
Xenophontos
Iveron
1

Displacement Capacity (cm)

Eff. Period
(s)
1 - ΑΝΑ
0.84
2.41
2.25
1.49
2.20

50
73
38
58
-

2 - ΑPΟ

3 - DR

4 - ΚΟR

17
17
17
21
18

11
11
11
20
14

29
41
41
20
41

Spectral
Displacement 1
8
11
13
10
12

Taking into account the filtering effect (Equation (9)).

The estimated displacement capacities of the towers were compared to the displacement demands that the earthquakes impose. The gradual cracking in recurrent seismic
events leads to higher effective periods than those natural elastic in Table 3. Seismic codes
usually focus only on acceleration spectra. The estimation of the displacement spectrum
is usually based on pseudo-spectral conversion
= ( ⁄2 ) , where SD and SA are the
spectral displacement and acceleration respectively. However, this estimation is approximate and leads to errors for high periods [110,111]. The following expressions were used
for the estimation of the corner period Tc and the maximum spectral displacement δmax in
relation to the earthquake magnitude Mw and the epicentral distance r [111].
= 1 + 2.5(
=

− 5.7)

10(

(10a)

. )

(10b)

In Equations (10), Tc is given in s and δmax is in mm and Cs is a coefficient which for a
firm soil becomes unity. Two extreme scenarios can be examined from the seismicity of
the region [112,113] to establish the spectral demand: (a) a magnitude 6.2 from an epicentral distance 15 km; and (b) a magnitude 7.2 from an epicentral distance 100 km. The displacement demands for the estimated period are the green shadowed area ranging between approximately 3 and 7 cm in Figure 12. The estimated capacities show the displacement reserve that the towers possess in avoiding failure.
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Figure 12. Displacement spectral demand for two earthquakes with magnitudes 6.2 and 7.2.
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6.2. Vulnerability Curves
Fragility curves describing the evolution of damage can be based on a (cumulative)
lognormal distribution [114–118]. The cumulative lognormal fragility curves are dependent on two parameters: the mean value
of the spectral displacement and its standard
deviation
of each limit state i. Statistical simulations such as Monte-Carlo analyses
can be used to determine the mean value and the standard deviation [41]. Here however,
a simper procedure was followed using the capacity curves previously derived: Lagomarsino [99] suggested four damage states defined on the capacity curves. The second damage state coincides with the elastic limit (m2 = ∗ ) while the fourth one with the ultimate
displacement (m4 = ∗ ). The other two damage states are defined in respect to the first (m1
= 0.7, m2 = 0.7 ∗ ) and to the fourth (m3 = 0.4, m4 = 0.4 ∗ ). To derive the capacity curve the
mean and the standard deviation of each damage states were estimated.
The standard deviation can be assumed that corresponds to the uncertainty due to
the definition of the damage states , , (see Table 6). Two other sources of uncertainty
should be also considered: (i) the variability due to the ground motion
; and (ii) the
variability due to the response of the structure
.Assuming a statistical independency of
the various sources of variability, the total variability should be the square root of the sum
of their squares. It was assumed here that the convolved variability
( , ) of these contributors is 0.7, based on the proposed values of HAZUS [119]. Therefore, the variability
⁄

of each damage state
. Using this relation, a var, should be equal to 0.7 +
,
iability value is estimated which is used together with the mean values to generate a general set of vulnerability curves for towers regardless the specific characteristics of the various categories (Figure 13). The lognormal distribution was applied. The statistical values
of the damage states are presented in Table 7.
Table 7. Mean (

i
1
2
3
4

) and standard deviations

Mean
0.01
0.02
0.06
0.11

,

,

of damage state i (m).

βT,ds,i
0.01
0.02
0.03
0.05

βds,i
0.70
0.70
0.70
0.70

Figure 13. Vulnerability curves for the towers.

7. Conclusions
A group of Byzantine towers was examined with the purpose to assess their out-ofplane failure capacity and provide seismic fragility curves for quick estimates. The towers
are located on Mount Athos, Greece and represent a large population of cultural heritage
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defense and monastic slender structures. Historical evidence reveals the possible collapse
mechanisms of the towers. The four critical failure mechanisms historically witnessed are:
(i) the overturning; (ii) the separation of the perpendicular walls; (iii) the diagonal cracking; and (iv) the dislocation of the belfry in the case of bell towers. The capacity curves of
the towers were estimated applying the limit analysis together with a displacement-based
methodology of the collapse mechanisms. For each collapse mechanism a capacity curve
was associated. The capacity curve of the tower is a segmented curve comprised of the
critical parts of the respective curves. Damage states were defined in relation to the capacity curves. Following this procedure, capacity curves have been derived for the group of
towers under investigation and the mean values and the standard deviations have been
estimated for the damage states. Using these values, a set of vulnerability curves expressed in terms of spectral displacement have been proposed, which are proposed for
cultural heritage structures with similar characteristics.
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