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Abstract: This paper presents a damage-based failure criterion and its implementation in order to
predict failure in ceramic matrix composites (CMC) manufactured via filament winding. The material
behavior of CMCs is anisotropic and strongly depends on the angle between fiber orientation and
loading direction. The inelastic behavior of laminates with different fiber orientations under tension
and shear is modeled with the help of continuum damage mechanics. The parameters required for
the damage model are obtained from a standard tensile and shear test. An isotropic damage law
determines the evolution of damage in thermodynamic space and considers the interaction of damage
parameters in different principal material directions. A quadratic damage-based failure criterion
inspired by the Tsai-Wu failure criterion is proposed. Failure stress and strain can be predicted
with higher accuracy compared to the Tsai-Wu failure criterion in stress- or strain-space. The use
of the proposed damage limits allows designing a CMC component based on the microstructural
phenomenon of stiffness loss. With the help of results obtained from modeling and experiments,
fracture mechanics during the Iosipescu-shear test of CMCs and its capability to determine the shear
strength of the material is discussed.

Keywords: continuum damage mechanics; damage-based failure criterion; woven CMC

1. Introduction

Continuous fiber reinforced ceramic matrix composites (CMC) are being used in many fields,
such as aeronautical, aerospace and automobile, because of their excellent thermomechanical properties
at high temperatures and relatively low density when compared to their metallic counterparts [1–5].
Filament winding technology is one of the preforming methods which is employed to manufacture
CMCs with rotational symmetry axis and application-tailored fiber orientation [6,7]. Two such CMCs
that are manufactured at German Aerospace Centre (DLR) are C/C–SiC (Institute of Structures and
Design) and WHIPOX™ (Institute of Materials Research) via filament winding.

Despite the presence of a brittle ceramic matrix in CMCs, this material class exhibits inelastic
behavior because of energy dissipating mechanisms, such as matrix cracking and fiber–matrix
interphase debonding [8,9]. Many damage models have been proposed in the literature to describe the
inelastic behavior of CMCs. The micromechanics-based approach proposed by Lamon [10] delivers
accurate results in predicting damage but requires model parameters which can only be obtained from
the individual constituents of a CMC, namely fiber and matrix. However, in a complex matrix system
like C–SiC, the material under consideration, it is challenging to evaluate the effective properties of a
representative matrix material. Even the bulk material properties of a monolithic matrix material cannot
be used because the matrix undergoes massive changes when employed for a fiber-reinforced material
due, to effects such as hindered matrix shrinkage during the manufacturing process [11]. Baranger has
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summarized damage models and the rupture criterion at different microscopic scales in his work where
stress and strain are used as limits to design a CMC component [12]. A thermodynamical formulation
of the anisotropic damage model is discussed by Wulfinghoff et al. by linking crack channels and pores
with degradation in properties [13]. Models describing the damage of a homogenous CMC material at
the macro-level have also been a topic of investigation for many researchers [14–18]. These models
describe damage as the degradation of stiffness in principal material directions as the load increases.
A model with a similar theoretical background of continuum damage mechanics is proposed by
Barbero [19] and is implemented in the current work because of the lower number of tests required
in parameter-identification for the model. Apart from that, testing norms for CMCs already exist for
these required tests.

The above-mentioned continuum damage models successfully describe non-linearity in the
material but do not explicitly predict the final failure of composite. A failure criterion is required
in order to predict the failure stress or strain of a laminate. Several physics-based and empirical
failure criteria for fiber-reinforced composites have been reported in the literature and are summarized
in the World Wide Failure Exercise (WWFE) [20]. Failure criteria based on micromechanics are not
appropriate in the case of some CMCs because of the same above-mentioned reasons as for damage
models. Apart from that, phenomenological criteria such as Cuntze and Puck require material
parameters based on tests conducted on unidirectional (UD) ply, which is not possible in the case of
the wound materials under consideration. For these reasons, the Tsai-Wu failure criterion is found
to be the most appropriate as the parameters required for its implementation can be obtained from
standardized tests in case of CMCs. The availability of standardized tests for CMCs is not trivial.
For example, there are no standardized combined shear–compression tests for CMCs to obtain the
required friction parameter for the Cuntze criterion [21]. Based on the strength of tensile samples with
different fiber orientations, failure stresses and strains for a virtual UD ply are evaluated. However,
Tsai-Wu failure has its shortcomings as it is not able to differentiate between failure modes. The Tsai-Wu
failure criterion is extended by Paepegem in order to determine the stress component responsible for
the failure of a ply [22]. A quantitative comparison of direction-dependent failure modes is, though,
not demonstrated in his work. Tushtev et al. implemented a damage model with a failure criterion
based on thermodynamic forces for a 2D-woven C/C composite [23]. A similar damage-dependent
quadratic failure criterion is proposed by Yang et al. as well, where strength predictions are made for a
2D-woven C/SiC material [24]. The proposed model is applicable not only on laminates with woven
fiber architecture, but also on CMCs with wound fiber architecture.

In the current work, an attempt has been made to combine continuum damage mechanics with a
damage-based quadratic failure criterion. Although only tensile and shear tests were considered for
the materials under consideration, the proposed failure criterion allows the integration of damage
under compression if the damage behavior varies under tension and compression. A damage-based
criterion has the advantage over the Tsai-Wu failure criterion in stress- or strain-space that it can give
an insight into the fracture mechanics of the laminate because of its direction dependency. It can be
used for designing CMC structures where damage, i.e., loss of stiffness in different directions, can be
considered as a design limit instead of strength or strain. In this way, an empirical damage-based
failure criterion based on macro-mechanics can deliver more information about phenomenon at the
micro-level through damage variables which can be correlated to properties like crack density within
a material. The proposed model exhibits an advantage over other empirical failure criteria as it can
determine the responsible component in the damage-space, and thus can predict the failure mode in
laminates with varying fiber orientations.
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2. Materials and Methods

2.1. Materials and Testing

Two CMC materials are investigated in the current work which are manufactured via filament
winding at different facilities of German Aerospace Centre (DLR): C/C–SiC and WHIPOX™. C/C–SiC
stands for carbon fiber-reinforced composite where the matrix is made up of carbon (C) and silicon
carbide (SiC). This material has been under development at Institute of Structures and Design (Stuttgart,
Germany) since the mid-1990s for high temperature applications such as thermal protection systems for
re-entry vehicles and disk brakes in the automotive industry. The manufacturing process of C/C–SiC is
reported in detail in past publications from the institute [25,26]. The material and the test data used
in this work are taken from the work of Breede [27] where C/C–SiC was manufactured via filament
winding for nozzle applications. In order to characterize the material, tensile tests and shear tests
were carried out on laminates with varying fiber orientations. Woven prepregs and braided fiber
architecture can also be employed in the manufacturing process based on the geometry and application
of the final component. Since the nozzle geometry is axisymmetric in nature, filament winding was
employed to prepare the fiber preform.

WHIPOX™ stands for ‘wound highly porous oxide material’ and is manufactured at the Institute
of Materials Research at DLR in Cologne, Germany. It is an Al2O3 fiber-reinforced Al2O3 matrix
composite and also includes a filament winding step in its manufacturing process. The detailed
manufacturing process of WHIPOX™ can be found elsewhere [6,28,29]. The experimental results used
in this paper are taken from the work of Shi [30] where he performed a thorough characterization of
WHIPOX™ in order to evaluate the mechanical properties of laminates with different fiber orientations.
The tensile and shear tests for both the materials were conducted at the Institute of Structures and
Design, DLR, Stuttgart.

2.2. Modeling Approach

2.2.1. Continuum Damage Model

A progressive damage model based on the approach proposed by Barbero [31] is implemented
for a 2D plane-stress case. The model incorporates a reduction of stiffness in an anisotropic material
with increasing load to represent the loss of stiffness in a material due to the presence of cracks. In the
current work, three independent scalar damage variables (d1, d2 and d12) are used which are associated
with the Young’s (E1 and E2) and shear moduli (G12) of the material, respectively. The compliance
tensor can be evaluated from a free energy density function, which is given by:

χ =
σ2

1

2(1− d1)E1
+

σ2
2

2(1− d2)E2
+

σ2
12

2(1− d12)G12
+
ν12σ1σ2

E1
(1)

The partial derivative gives the compliance tensor S of the damaged material in Voigt notation:

S =
∂χ
∂σ

=


1

(1−d1)E1

ν21
E2

0
ν12
E1

1
(1−d2)E2

0

0 0 1
(1−d12)G12

 (2)

A damage surface (gd) in the thermodynamic force space is proposed by Barbero, where thermodynamic
forces (Y) are given by:

Y =
∂χ
∂d

(3)
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The damage surface (gd) can be considered as analogous to the yield surface in the plasticity
theory and is given by:

gd =
√

J1Y2
1 + J2Y2

2 + J12Y2
12 − (γ+ γ0) (4)

where

Ji = internal material constants
Yi = thermodynamic forces
γ = damage evolution variable
γ0 = damage threshold

It has to be mentioned at this point that the H terms (internal material constants) proposed by
Barbero [19] are not included in this work. H terms allow differentiation between the material behaviors
under tension and compression, but this term is neglected in the current work. It is known to the
authors that CMCs generally behave differently under tension and compression, but due to a lack of the
test data (stress–strain curve from a pure compression test) required for determination of the damage
parameter, the behavior is considered to be linear elastic under compression. It was observed during
the compression tests performed on WHIPOX™ [30] and C/C [32] that the samples either fail due to
buckling or delamination in the sample. Due to the presence of buckling during the compression test,
it is difficult to separate material non-linearity from geometrical non-linearity in the compression test.

The evolution of the damage surface (gd) can be explained with the help of Figure 1. There is no
damage until the thermodynamic forces remain in the elastic domain till γ is less than the threshold
values of γ0. As the load on the material increases, the thermodynamic forces increase and leave the
elastic domain of the material. Based on the damage evolution law, accumulated damage is evaluated
in a particular stress state. In the current work, an exponential law is used to determine the evolution
of damage with increasing load, and is given by the following equation:

γ = c1

(
1 + exp

(
δ
c2

))
(5)

where

δ is the kinematic variable and is always greater than zero to ensure the positive value of damage.
c1 and c2 are hardening parameters obtained after curve fitting from experimental data.
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The damage hardening law used in the work is isotropic in nature, i.e., there is uniform expansion
of the damage surface because there are insufficient test data to determine parameters for an anisotropic
hardening law. It is also important to mention that the damage surface reduces to a Tsai-Wu surface in
the stress-space. Analogous to the interaction of stress components in the Tsai-Wu failure criterion,
the damage surface considers the interaction of damage components in the thermodynamic force
space. The material parameters J1, J2, J12, γ0, c1 and c2 are obtained after performing curve fitting
on experimental data, as discussed in detail in [19,33]. Other constitutive equations required for the
evaluation of the elastic tangent stiffness matrix and the return mapping algorithm employed for its
implementation in the commercial finite element software, ANSYS Workbench 2020R1, are based on
the approach proposed by Barbero [31]. Two-dimensional 4-noded shell elements are used to perform
finite element analysis and demonstrate the damage model in ANSYS. Boundary conditions are given
in such a way that the sample represents pure tension and pure shear case in order to compare the
results directly with the experimental results.

2.2.2. Tsai-Wu Failure Criterion

The continuum damage model discussed in the previous section determines the loss of stiffness
in laminates but does not predict failure of the material. A failure criterion needs to be defined
in order to predict the stress or strain at failure for a laminate. The Tsai-Wu failure equation is an
empirical equation which can be used to predict stress or strain based on its implementation in stress-
or strain-space, respectively. In this section, both these spaces with the extension of the Tsai-Wu
criterion in the damage-space are discussed.

Stress- and Strain-Space

The Tsai-Wu failure surface in the stress-space is given by [34]:

Fiσi + Fi jσiσ j = 1 (6)

where i, j = 1, 2, . . . , 6, and Fi and Fi j are strength tensors of the second and fourth rank, respectively.
Their values are obtained from the strength of a UD ply in different loading directions and σi, j are
corresponding stress components. A safety ratio (R) is integrated in Equation (6) and the equation can
be reformulated as [35]: (

Fi jσiσ j
)
R2 + (Fiσi)R− 1 = 0 (7)

The positive root of the quadratic equation gives a strength ratio which can be used as a linear
scaling factor in order to design a certain component based on the Tsai-Wu failure criterion. In the
current work, a plane stress case is considered, where Equation (6) reduces to:

F1σ1 + F2σ2 + F11σ
2
1 + F22σ

2
2 + F66σ

2
12 + 2F12σ1σ2 = 1 (8)

Apart from F12, all other parameters can be evaluated directly from the tensile, compressive and
shear strengths of a unidirectional (UD) ply. The value of F12 has to be determined from a bi-axial
tensile test, where equal tensile loads are applied on two principal material axes of a UD layer, avoiding
any shear load on the lamina. However, due to difficulty in performing such a test, certain empirical
equations are proposed for the evaluation of F12 in Ref. [36]. In the work of Narayanswami et al. [37],
the results show that the value of interaction parameter F12 can often be taken as zero for composite
materials with low percentages of error when compared to experimentally determined F12. Due to the
lack of such bi-axial tests for both the materials under consideration, F12 was taken as zero for both the
materials. Equation (8) then reduces to:

F1σ1 + F2σ2 + F11σ
2
1 + F22σ

2
2 + F66σ

2
12 = 1 (9)
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The strength ratio can then be evaluated by solving the following quadratic equation for R:

(F1σ1 + F2σ2)R +
(
F11σ

2
1 + F22σ

2
2 + F66σ

2
12

)
R2
− 1 = 0 (10)

The Tsai-Wu failure criterion can be implemented in strain-space with the help of the strain limit
values of a UD ply. The quadratic failure equation, then, is given by [35]:

(G1ε1 + G2ε2)R +
(
G11ε

2
1 + G22ε

2
2 + G66ε

2
12

)
R2
− 1 = 0 (11)

where Gi and Gi j are calculated in the exact same way as in the stress-space. The strain limit values from
tests performed in different loading directions are used to determine these parameters. The criterion in
the strain-space might be preferred in a laminate because global strains are uniform in all the plies,
or vary linearly over the thickness of a laminate.

Damage-Space

The empirical nature of the quadratic equation proposed by Tsai-Wu has the advantage that
it can be used in different spaces. As discussed in the previous section, the damage evolution is
determined in the thermodynamic force space. This suggests that this quadratic equation can be used
in the damage-space as well in order to define failure based on damage or loss of stiffness in different
principal material directions in a particular ply. In a damage-based failure criterion, critical damage
values in each direction are used to evaluate the parameters for the quadratic equation. Critical damage
(dmax) in a ply is given by:

dmax = 1−
E f ailure

E
(12)

where E f ailure is the secant modulus at failure or the ratio of failure stress to failure strain, and E is the
Young’s modulus or shear modulus, depending on the test. Analogous to strength parameters in the
stress-space, parameters in the damage-space are evaluated as shown below:

H1 =
1

dT
1max

−
1

dC
1max

(13)

H11 =
1

dT
1max dC

1max

(14)

H2 =
1

dT
2max

−
1

dC
2max

(15)

H22 =
1

dT
2max dC

2max

(16)

H66 =
1

(d12max)
2 (17)

where superscripts ‘T’ and ‘C’ represent tension and compression, respectively. The quadratic failure
criterion in the damage-space for a plane stress case is given as:

H1d1 + H2d2 + H11d2
1 + H22d2

2 + F66d2
12 = 1 (18)

where d1, d2 and d12 are obtained from the damage model for any given load. It is important to mention
that damage cannot take any negative values like in stress- or strain-space. However, the inelastic
behavior of material is known to be different under tension and compression [30]. For this particular
reason, damage values under compression are taken as negative for the sake of the convexity of
the quadratic equation, but physically, damage can only be positive according to the second law of
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thermodynamics. Since there were no data available under compression, the critical damage values
under compression were assumed to be same as under tension. A strength ratio can be calculated in
the damage-space as well:

(H1d1 + H2d2)R +
(
H11d2

1 + H22d2
2 + F66d2

12

)
R2
− 1 = 0 (19)

The R value obtained from the above equation is then directly multiplied with load to determine
the failure stress and strain of the ply:

σ f ailure = σload ·R (20)

where σload is applied stress on the material and σ f ailure is the failure stress of the material. Similarly,
failure strain ε f ailure is evaluated as:

ε f ailure = εload ·R (21)

where εload is the strain applied on the material. Failure stresses and strains obtained from the Tsai-Wu
criterion in the stress-, strain- and damage-spaces are discussed in the next section.

3. Results and Discussion

3.1. Experimental Results

The behavior of two different materials, namely C/C–SiC and WHIPOX™, is summarized in this
section. Manufacturing and testing for both the materials was performed in the framework of two
dissertations at DLR. Tensile and Iosipescu shear tests were carried out for different fiber orientations
in order to characterize the material. All the tests were performed at room temperature. Detailed
information about the manufacturing process and testing methods for C/C–SiC and WHIPOX™ can
be found in the work of Breede [27] and Shi [30], respectively. It is evident from the stress–strain
curves that the material starts behaving non-linearly when the fiber orientation increases from the
fiber-dominated orientation of ±15◦ to the matrix-dominated orientation of ±75◦. Although both
the materials were manufactured via filament winding, the mechanisms resulting in non-linearity in
the materials are different due to their particular microstructures. C/C–SiC is a material which falls
between the categories of ‘weak-interphase’ and ‘weak-matrix’ CMCs. The quasi-brittle behavior of
C/C–SiC can be attributed to the pull-out of C/C blocks embedded in the SiC matrix. On the other
hand, WHIPOX™ belongs to the ‘weak-matrix’ category where the energy is dissipated by matrix
cracks present in the relatively porous material (open porosity up to 35%) [11]. The stress–strain curves
under tensile and shear loadings are discussed in detail in Section 3.3.

The mechanical properties of both the materials for different fiber orientations are summarized in
Tables 1 and 2. Three to five samples were tested for each fiber orientation. It is evident from both tables
that the strength of the material decreases when moving from fiber-dominated fiber orientation, e.g.,
±15◦, to the matrix-dominated fiber orientation, e.g., ±75◦. The weak matrix in both the materials is the
reason behind the low strength in the matrix-dominated fiber orientations. Young’s modulus, on the
other hand, first decreases till ±45◦, and then increases again. This effect can be attributed to the lower
intralaminar shear stiffness of the material, which is discussed in detail in the next section. In the case
of WHIPOX™, the effect is more prominent because of the presence of manufacturing defects in the
fiber orientations of ±30◦, ±45◦ and ±60◦. During the sintering process of the material, the shrinkage of
the matrix is hindered by the stiff aluminium oxide fibers, which results in pre-existing cracks within
the matrix before it is tested. This effect is dominant in the above-mentioned fiber orientations and
results in a relatively weaker matrix with lower stiffness when compared with other fiber orientations.
This phenomenon is discussed in detail in previous work [38].
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Table 1. Mechanical properties of C/C–SiC obtained from tensile and shear tests for different
fiber orientations.

Property Unit ±15◦ ±30◦ ±45◦ ±60◦ ±75◦

Ex GPa 117 ± 20 77 ± 2 32 ± 3 34 ± 3 57 ± 4
Gxy GPa 27 ± 2 - 41 ± 6 - 27 ± 1
σx MPa 149 ± 13 151 ± 26 95 ± 8 39 ± 5 35 ± 4
εx % 0.20 ± 0.02 0.34 ± 0.06 0.70 ± 0.25 0.42 ± 0.05 0.06 ± 0.01

Table 2. Mechanical properties of WHIPOX™ obtained from tensile and shear tests for different
fiber orientations.

Property Unit ±15◦ ±22.5◦ ±30◦ ±45◦ ±60◦ ±67.5◦ ±75◦

Ex GPa 202 ± 7 198 ± 15 131 ± 9 99 ± 2 68 ± 8 141 ± 14 114 ± 14
Gxy GPa 51 ± 1 55 ± 12 50 ± 11 59 ± 2 50 ± 11 55 ± 12 51 ± 01
σx MPa 276 ± 5 233 ± 38 133 ± 19 96 ± 9 27 ± 3 37 ± 4 22 ± 4
εx % 0.14 ± 0.01 0.12 ± 0.01 0.12 ± 0.03 0.13 ± 0.02 0.07 ± 0.01 0.03 ± 0.01 0.02 ± 0.01

The shear modulus of the fiber orientations ±15◦ and ±75◦, in the case of C/C–SiC, is almost the
same as is expected from the classic laminate theory. The same conclusion can be drawn for the fiber
orientations ±15◦ and ±75◦, ±22.5◦ and ±67.5◦, and ±30◦ and 60◦ in the case of WHIPOX™ [30].

3.2. Elastic Behavior

In order to predict the elastic behavior of composites, homogenization methods such as rule of
mixtures are usually employed. Based on the elastic properties of the individual constituents, namely
fiber and matrix, the elastic properties of a composite with a definite fiber volume content can be
determined. However, in the case of CMCs, the matrix properties as a constituent in the CMCs are
different from the matrix as bulk material. For example, the properties of Al2O3 as bulk material cannot
be used as representative of the matrix material in WHIPOX™ because the microstructure of Al2O3

in WHIPOX™ is completely different from the bulk material due to the presence of shrinkage cracks.
Similarly, C/C–SiC exhibits a complex matrix system with carbon matrix embedded in the SiC regions,
which makes it difficult to evaluate the properties of the representative matrix with the required
accuracy. In the previous work of the authors, inverse laminate theory is successfully employed in
order to evaluate the elastic properties of a virtual unidirectional (UD) layer. With the help of the
elastic properties of these UD layers, the properties of laminates with different fiber orientations can be
predicted with the help of classical laminate theory. The in-plane elastic properties of the virtual UD
layers for both the materials are listed in Table 3.

Table 3. Elastic properties of the virtual unidirectional layer used for the evaluation of the elastic
properties of laminates with varying fiber orientations.

Property Unit C/C–SiC WHIPOX™ [38]

E1 GPa 145.0 211.2
E2 GPa 60.0 56.2
ν12 - 0.2 0.2
G12 GPa 9.0 40.0

The values of WHIPOX™ are taken from a previous publication [38]. In the case of C/C–SiC,
the values of the UD values were evaluated from data fitting for other fiber orientations. A comparison
between the values from classical laminate theory and the experimentally evaluated elastic properties
is shown in Figure 2. A good agreement was found in the case of C/C–SiC. However, in the case of
WHIPOX™, the Young’s modulus of the sample with a ±75◦ winding angle is underestimated by the
classical laminate theory. This discrepancy can be attributed to the elastic properties of the virtual UD
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layer. As discussed in the previous section, the material exhibits shrinkage in the case of winding
angles ±30◦, ±45◦ and ±60◦. However, in the case of ±75◦, there are no such shrinkage cracks, and the
matrix is stiffer than the matrix for other winding angles (±30◦, ±45◦ and ±60◦). This effect is discussed
in detail in [38], where two different sets of elastic properties are used for the determination of the
elastic properties of the laminates based on the presence of shrinkage cracks. Since the focus of the
paper is on the inelastic behavior of the material, which is dominant in winding angles from ±30◦to
±60◦, the properties of virtual UD layers with shrinkage cracks were taken for all fiber orientations.
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Figure 2. Comparison between the values of Ex (black squares) and Gxy (red triangles) with standard
deviation obtained from tensile and shear tests and values evaluated from implementation of classical
laminate theory on virtual UD plies for different fiber orientations for (a) C/C–SiC and (b) WHIPOX™.

3.3. Inelastic Behavior

The inelastic behavior of the materials is modeled with the help of the continuum damage model
discussed in Section 2.2.1. Parameter fitting is performed for both the materials and they are listed in
Table 4. The parameters J11, J22 and J12 were fitted to the stress–strain curves of fiber orientations ±15◦,
±75◦ and ±45◦, respectively. The reason behind this is the dominant local stress component (σ1, σ2

and σ12) in a particular fiber orientation, as shown in Figure 3. For example, if a global tensile load is
applied on a sample with a ±15◦ fiber orientation, the stress gets resolved into a higher value of σ1

and lower values of σ2 and σ12. On the other hand, in a sample with ±75◦, the stress gets resolved
into higher values of σ2 and lower values of σ1 and σ12. The sample with a ±45◦ fiber orientation
exhibits equal values of σ1, σ2 and σ12, and therefore, is the highest contribution of σ12 among all the
other fiber orientations. Based on this local stress contribution of stresses, the limits in thermodynamic
space, J11, J22 and J12, were obtained from stress–strain curves of different fiber orientations. The shape
parameters (c1 and c2) of the curve were fitted with the help of a ±45◦ tensile sample, or in other words,
the material behavior under shear loading, where the material shows the maximum non-linearity.

Table 4. Damage parameters.

Property C/C–SiC WHIPOX™

J11 15 0.1
J22 45 50
J22 28 10
γ0 0.014 0.004
c1 0.03 0.015
c2 −0.025 −0.055
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Figure 3. Normalized variation of local stress components after application of pure tensile load on a
laminate with given fiber orientation.

3.3.1. Tensile Test

Figure 4 shows the comparison between experimental results and simulation results for tensile
and shear tests. Three to five samples were tested for each fiber orientation but only one curve is shown
for better visualization. The investigated continuum damage model is able to capture the inelastic
behavior of the material for different fiber orientations. It has to be kept in mind that the continuum
damage model describes the non-linearity or damage in the material, but requires a failure criterion to
predict the failure stress or strain of a particular laminate. In this section, only the inelastic deformation
of the material is discussed, and the failure criterion is discussed in the next section. The failure
strain from the experiments was defined as load in the finite element simulation. Due to this reason,
the damage model curves in Figure 4 end exactly where the experimental curves end.
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Figure 4. Comparison between stress–strain curves obtained from simulation (broken line) and tensile
tests (solid line) with different fiber orientations: (a) C/C–SiC; (b) WHIPOX™.

In the case of C/C–SiC, the simulation results are in good agreement with the experimental results
apart from the winding angle of ±60◦. If the global load on a sample with a ±60◦ fiber orientation is
resolved into local stress components, σ2 and σ12 are present in the material with a small contribution of
σ1. This phenomenon can be explained with the help of Figures 5 and 6. In Figure 5, the development
of damage components (d1, d2 and d12) with respect to the global loading strain is plotted. In the case of
±15◦, the load is mostly carried by fibers and damage is noticed only in 1-direction (d1). d2 is zero and
there is a small amount of d12 present in the sample. On the other hand, in the case of ±75◦, the damage
is only in the matrix-dominant 2-direction where only d2 plays a role in the failure of the sample.
For the sample with a ±45◦ fiber orientation, the major load is carried by the shear stiffness of the
material, and there is a significant amount of d12 in the laminate. However, in the case of ±30◦, there is
the presence of d1 and d12, suggesting that there is damage in both the 1-direction and 12-direction.
Similarly, for ±60◦, the presence of d2 and d12 suggests that there is damage in the 2-direction and the
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12-direction. In other words, the combined effect of the damage indices is responsible for the failure in
these laminates.
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(broken line) for C/C–SiC.

Now let us consider Figure 6, where damage, i.e., loss in the global stiffness of the material under
tension, is plotted against strain applied on the material. It can be observed that the global damage
(broken line) determined by the damage model in the case of ±45◦ is in good agreement with that of the
damage evaluated from the experiment (solid line). However, in the case of ±30◦ and ±60◦, damage is
underestimated by the damage model. It is known from the previous discussion that the sample with
±30◦ and ±60◦ fiber orientations exhibits multiple damage modes. A combined effect of the damage
modes is, however, not considered in the model. In other words, the presence of multiple damage
modes results in a higher or accelerated loss of global stiffness when compared to the presence of a
single damage mode in a laminate. For example, in the case of ±60◦, damage in both the 2-direction
and the 12-direction leads to an excess loss of stiffness and results in a non-linear curve which is not
considered in the current damage model. There might be cracks in the matrix (presence of d2) but the
load is still carried by the shear stiffness provided by the presence of fibers in the matrix. Similarly,
in the case of ±30◦, an excess loss of stiffness takes place due to the presence of both d1 and d12 in
the laminate. This explains the discrepancy between the stress–strain curve obtained from the tensile
experiment and the damage model. This is a shortcoming of the proposed damage model, and is a
topic for future work where an interaction parameter will be introduced to ensure accelerated damage
evolution in the case of the presence of multiple damage modes, as shown in Figure 7. The damage



J. Compos. Sci. 2020, 4, 183 12 of 20

surface in that case evolves faster under the presence of multiple stress components, when compared to
the presence of a single dominating stress component. For example, in Figure 7, the damage evolution
is enhanced when both Y2 and Y12 are present in a particular load state when compared to a load state
where only either Y2 or Y12 is present.
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3.3.2. Iosipescu Shear Test

In-plane Iosipescu shear tests were performed in the work of Breede [27] and Shi [30] for materials
C/C–SiC and WHIPOX™, respectively. However, the stress–strain curves obtained were valid only in
the elastic region. The test turned out to be invalid for the determination of the shear strength of the
material, as the sample did not fail in the expected notched area. For this reason, it is important to note
that the stress and strain values where the curves end should not be considered as the strength of the
laminate under pure shear loading. Nevertheless, a comparison between the stress–strain curves is
shown in Figures 8 and 9 in order to demonstrate the non-linearity captured by the damage model.
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Iosipescu shear tests (solid line) with different fiber orientations for C/C–SiC.

As observed in Figure 8, the shear stiffness of laminates with ±15◦ and ±75◦ within the initial
elastic region is comparable in the case of C/C–SiC. This is in accordance with the classical laminate
theory, and for this particular reason, the curves from the damage model overlap each other. Similarly,
in the case of WHIPOX™ laminates (as seen in Figure 9), the curves overlap each other in the elastic
region in these fiber orientations: ±22.5◦ and 67.5◦; ±30◦ and ±60◦.
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Figure 9. Comparison between the stress–strain curves obtained from simulation (broken line) and
Iosipescu shear tests (solid line) with different fiber orientations for WHIPOX™. (a) ±22.5◦ and 67.5◦;
(b) ±30◦ and ±60◦.

If pure shear stress is resolved into local stress components (σ1, σ2 and σ12), it is observed that
the matrix is under compressive stress (as seen in Figure 10). The damage model in the current work
does not consider any loss of stiffness under compression, i.e., d = 0 and the Young’s modulus remains
constant throughout the test. Another assumption which is considered in the model is that the Young’s
modulus is the same under compression and tension, which might not be the case with CMCs, as shown
in the earlier publication with WHIPOX™ [38].J. Compos. Sci. 2020, 4, x FOR PEER REVIEW 13 of 19 
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Figure 10. Normalized variation of local stress components after application of pure shear load on a
laminate with given fiber orientation.

As discussed in the previous section, the Iosipescu shear test could not deliver the strength values
for the laminates. However, the shear modulus could be accurately determined by the test, but the
results were invalid for both the materials as soon as the material left the linear elastic region, i.e.,
as soon as crack evolution started in the laminate. This phenomenon raises the question of whether the
Iosipescu test is an appropriate method to determine the shear strength of the material. The authors
believe that due to the presence of notches in the sample, the strength of the material becomes a
function of the shape and direction of the notch and the fiber orientation of the sample.

As shown in Figure 11, in case of ±15◦, the crack might initiate from a region where the fibers are
damaged while preparing the sample [39]. As the crack grows further, it gets deflected at the fiber
boundary and moves along the fibers which are almost perpendicular to the direction of crack growth.
In this manner, crack growth is hindered by the fibers and the crack follows a zig-zag path until it
reaches the notch on the other side of the sample. This deflection of the crack leads to a higher amount
of force required to fracture the sample, and consequently, the test gives a higher shear strength of the
laminate. The C/C–SiC sample with ±15◦ fractured at a shear stress of 78 MPa. A similar phenomenon
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was observed in the case of the WHIPOX™ sample with a fiber orientation of ±22.5◦, where the crack
is deflected on the fibers, which act as a hindrance to its movement (see Figure 12). On the other hand,
in the case of ±75◦, the notches are aligned in the fiber direction. When a crack initiates, as in the former
case, it grows along the boundary of the fibers. The only difference is that the growth is not hindered
by the fibers as they are aligned in the direction of the notch. Ultimately, the force required to fracture
the sample is relatively low. The shear stress at the fracture of the sample with ±75◦ was evaluated to
be 46 MPa. Theoretically, the fiber orientations ±15◦ and ±75◦ should exhibit the same stiffness and
strength under pure shear loading. Due to the different crack growth behavior in the material in the
Iosipesu test and the interdependence of the notch and fiber direction, it can be concluded that the
Iosipescu shear test is not appropriate for the determination of the shear strength of CMCs.
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3.4. Tsai-Wu Failure Criterion

Similar to the determination of the representative elastic properties of a virtual UD layer in
Section 3.2, the strength values are also fitted for a virtual UD layer. The maximum value for each
component of the Tsai-Wu failure criterion in respective spaces (damage, strain or stress) is evaluated
in such a way that the error percentage between the experimental values and the predicted values is
minimum for all the fiber orientations. The results after the implementation of the Tsai-Wu failure
criterion in different spaces are discussed in this section.
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3.4.1. Damage-Space

Analogous to the stress-based Tsai-Wu failure criterion, the maximum values of damage are used
to define a failure envelope. The maximum values used for the implementation of the failure criterion
are summarized in Table 5.

Table 5. Damage limits for stress-based Tsai-Wu failure criterion.

Property Unit C/C–SiC WHIPOX™

d1max - 0.30 0.025
d2max - 0.17 0.45
d12max - 0.70 0.43

A two-dimensional representation of the failure envelope in 3D space is shown in Figure 13. It has
to be mentioned at this point that there are no negative values of damage. The region with negative
values in Figure 13 is shown only in order to visualize the points that lie on the zero axis. According to
the definition of damage, it can only be positive in a material. Starting with ±15◦ fiber orientation,
‘purple triangle’ takes the maximum value of d1, which suggests that the sample fails due to damage in
the 1-direction, i.e., fiber-dominant direction. On the other hand, the sample with ±75◦ fiber orientation
fails due to damage in the 2-direction, i.e., the matrix-dominant direction, as ‘black triangle’ lies on the
boundary of d2. As expected, the sample with a ±45◦ orientation fails due to loss in the shear stiffness
of the material and the point ‘green square’ lies on the maximum values of the d12 axis. The sample
with a fiber orientation of ±30◦ exhibits combined damage modes. It (‘red circle’) takes maximum
values for d1 and can be seen on the boundary of the envelope in the d12 − d1 axis. As discussed in the
previous section, the damage in the laminate with the ±60◦ fiber orientation is underestimated by the
model, and for this particular reason, ‘blue triangle’ lies outside the envelope. Because of the presence
of both the d2 and d12 damage modes, the interaction parameter for the damage-failure criterion will
also be redefined in future work, just like the damage surface in thermodynamic space.
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3.4.2. Stress-Space

The Tsai-Wu failure criterion is implemented in the stress-space for both the materials. The strength
values used for the virtual UD layers are listen in Table 6. Due to lack of data under compression
for C/C–SiC, the strength values under compression are taken to be the same as those of tension.
The strength values for WHIPOX™ are taken from a previous work [11].
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Table 6. Stress limits for stress-based Tsai-Wu failure criterion where superscripts ‘T’ and ‘C’ denote
tension and compression, respectively.

Property Unit C/C–SiC WHIPOX™ [11]

σT
1max MPa 190 279
σT

2max MPa 35 22.5
σC

1max MPa 190 243
σC

2max MPa 35 45
σ12max MPa 70 65

Figure 14 shows a comparison between the values obtained from the test and the predicted failure
stress values. The damage-based failure criterion performed better than the stress-based criterion for
all the fiber orientations for C/C–SiC, except in the case of ±60◦. The value of d2max (0.17) is reached at
a very low value of stress in the case of ±60◦. The damage limits are set in such a way that the error
between the experimental results and the predicted values is minimum. Since d2max influences the
strength of ±45◦ and ±75◦ as well, a compromise had to be made in the case of the ±60◦ laminate.
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In the case of WHIPOX™, a good agreement can be found between the experimental results and
the predicted values, with a low discrepancy in the case of ±45◦ and ±60◦ and a high discrepancy in
the ±75◦ fiber orientation. As mentioned earlier, the value of d2max is set in such a manner that the
error between the experimental results and the failure criterion is minimum. Now, when the ±75◦

fiber orientation is observed, the value of d2max is high when compared to the experimental results
where the stress–strain curve is almost linear. The damage limit in the experiment is reached at a very
low stress value in the damage model, and the predicted strength is also consequently low. On the
other hand, in the ±60◦ laminate, the predicted damage is lower when compared to the experimental
results and the damage limit is reached at a higher stress value. A compromise had to be made while
determining the value of d2max. In a similar way, the value of d2max influences the strength of the ±45◦

laminate as well because of the presence of the σ2 component.

3.4.3. Strain-Space

The Tsai-Wu failure criterion is implemented in the strain-space for both the materials. The strain
limit values used for the virtual UD layers are listen in Table 7. The strain limit under compression is
assumed to be same as under tension.
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Table 7. Strain limits for strain-based Tsai-Wu failure criterion.

Property Unit C/C–SiC WHIPOX™

ε1max % 0.20 0.15
ε2max % 0.10 0.023
ε12max % 0.70 0.60

Figure 15 shows a comparison between the values obtained from the test and the predicted failure
strain values. The damage-based failure criterion performs even better in predicting failure strain
than the strain-based Tsai Wu failure criterion. In the case of C/C–SiC, apart from ±60◦, there is good
agreement with the experimental results. As discussed in Section 3.3.1, the laminate with the ±60◦ fiber
orientation exhibits extremely high non-linear behavior before fracture, and has a very high failure
strain. With the inclusion of an interaction parameter in the failure criterion, the model should be able
to predict failure strain with higher accuracy.
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As far as WHIPOX™ is concerned, failure strain is predicted with a higher accuracy in comparison
to Tsai-Wu in the strain-space as well. The discrepancy in the laminates with the ±45◦, ±60◦ and ±75◦

fiber orientations is because of the same reason as discussed in the stress-space.
This comparison of the damage-based criterion with the Tsai-Wu failure criterion in stress-

and strain-space demonstrates that it can predict the failure stress and strain with higher accuracy.
It considers the losses in the Young’s moduli and shear moduli, which are a result of changes in the
microstructure of the material. In this manner, this criterion based on mechanical behavior at the
macro-level can be correlated to the physical properties of the microstructure, such as increases in crack
density with increasing load. In Shi et al. [11], two sets of UD strength limits were required to predict
the strength of laminates with different fiber orientations with consideration of microstructural effects.
The damage-based criterion, on the other hand, can predict the strength with one set of damage limits,
as the microstructural information (loss of stiffness, i.e., increase in cracks) is already considered in the
evaluation of damage. In this manner, the damage limits can be used as design limits by engineers
while designing a component with complex a fiber-layup via filament winding, such as a nozzle [27].

4. Conclusions

In this work, an anisotropic damage model based on continuum mechanics is integrated with
a damage-based failure criterion in order to predict the inelastic behavior of two ceramic matrix
composites manufactured via filament winding technology. Damage in the material is defined as
continuous stiffness reduction in the laminate with increasing load. As there were no test results
available for unidirectional plies, the elastic properties of a virtual unidirectional ply were evaluated
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from the tensile tests carried out on laminates with different fiber orientations. The parameters required
for damage models were derived from the stress–strain curves obtained from tensile tests. The damage
model was implemented in a commercial finite element software, ANSYS Workbench. It was observed
that laminates with a fiber orientation where the fiber carries most of the load, e.g., ±15◦, exhibit a
relatively linear stress–strain curve compared to the matrix-dominant direction, e.g., ±60◦. In this
way, the inelastic behavior of laminates with varying fiber orientations can be predicted with a single
parameter set for damage description.

In order to predict the failure stress and strain of laminates, a damage-based failure criterion
inspired by the Tsai-Wu failure criterion was proposed. The failure criterion considers the coupling
of damage variables in different directions, which makes it appropriate to be used for anisotropic
CMCs. The predictions made by the damage-based criterion were closer to the experimental results in
comparison to the stress- or strain-based Tsai-Wu failure criterion. Moreover, a damage-based criterion
can be directly related to the physical attributes of a material, such as crack density, and has potential
to give an insight into the micromechanics of the material despite its macroscopic nature.

The application of the proposed model on Iosipescu shear tests showed discrepancy when
compared with the experimental results. All three in-plane stress components (tension, compression
and shear) are present in the sample based on its fiber orientation. This discrepancy is attributed to the
assumption that the material behaves linearly elastically under compression, i.e., no damage occurs
under compression. The further investigation of the fracture surfaces of materials after failure led to
the conclusion that the Iosipescu shear test can determine the shear modulus of the material, but is not
an appropriate test to evaluate the shear strength of the material because of the interdependence of
notches and the fiber orientation of the laminate.

The proposed damage-based failure criterion considers loss of stiffness in principal material
directions, which can be used as design limits for a CMC component under thermomechanical loading
and can differentiate between damage mechanisms under tension and compression. Loss of stiffness
can be measured via non-destructive testing (NDT) methods, such as acoustic emissions, and can be
used as a quality assurance criterion in order to determine the life cycle of a CMC component after
being in operation for a definite period of time.
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