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Abstract: The equivalent source method is widely applied to study structural acoustic radiation in an
underwater environment. However, there is still uncertainty in arranging the equivalent source, and
the current mainstream configuration method needs a large number of equivalent sources, limiting
its practical applicability. In this paper, an equivalent source configuration method that is simple,
effective, and easy to implement, and which based on a tradeoff between the ill condition of the
transfer matrix and the adequacy of the simulated structure’s radiated sound field, is proposed. The
optimization method can derive the appropriate positions and quantity of monopole equivalent
sources simultaneously. The method does not yield an optimal solution in a strict mathematical sense
but provides satisfactory results compared with those obtained by uniformly distributed equivalent
sources. Numerical simulation results showed that the optimization method derives accurate sound
field calculation results with a relatively small number of equivalent sources, significantly reducing
the number of subsequent calculations needed. Finally, the experiments conducted with a cylindrical
shell structure verified the validity and practicality of the proposed method.

Keywords: structural acoustic radiation; sound field calculation; equivalent source method; equiva-
lent source optimization

1. Introduction

The research on the acoustic radiation of elastic structures in marine environments is
highly significant for prediction and effective control of structural radiation noise. It is one
of the most challenging issues in the field of underwater acoustics [1]. The equivalent source
method (ESM), also known as the wave superposition method (WSM), is an effective tool for
underwater acoustic radiation analysis of the elastic structures [2–5]. Compared with other
methods, such as the analytical method [6–8], the finite element method (FEM) [9], and the
boundary element method (BEM) [10,11], the ESM is more suitable for the prediction of the
radiation sound fields of arbitrarily-shaped sound sources in marine environments, and has
the advantages of requiring less computational effort and avoiding complex interpolation
operation and singular integral processing [12,13]. In recent years, the ESM has been
gradually applied to calculating and predicting underwater structures’ radiated sound
fields [14,15]. Despite the utility of the ESM, configuring the equivalent source remains a
problem that deserves attention [16,17]. The configuration of the ESM includes the type,
position, and number of equivalent sources. The types of equivalent sources are divided
into monopole sources and multipole sources [18]. A multipole source can be substituted
by a number of closely spaced monopoles [19]. Moreover, most ocean sound field models
are based on monopole sources [20]. Therefore, a monopole source is used as the equivalent
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source [21,22]. However, a monopole source requires a relatively large number of sources,
leading to more complex configurations.

Numerous studies have been carried out about the equivalent source configuration
using a monopole source. Jeans et al. [23] placed the equivalent source on a retracted inner
surface with the same shape as the target structure and pointed out that a more accurate
solution could be obtained within a specific range of retract distance. However, different
conclusions exist in the literature regarding the optimal retract distance. Bai et al. [24]
further investigated this problem using an optimization algorithm based on the golden
section search and parabolic interpolation, and obtained a more appropriate retract distance
for a baffled planar piston source and a spherically baffled piston source. In each of
the studies mentioned above, the equivalent source was arranged at the vertices of the
uniform grid. Pavić et al. [25] proposed a simple engineering method by which the
optimized equivalent source yields satisfactory results compared to those obtained by
randomly or uniformly distributed equivalent sources. Gounot et al. [26] provided us the
configuration rules of the number and positions of the equivalent sources for some special
structures. The same author also used a genetic algorithm to find a suitable position and
strength for an equivalent source. However, as the number of monopoles increases, the
computational effort of the method increases substantially, which makes the calculation
process extremely slow [27]. Jing et al. [28] studied the configuration of an equivalent source
in half-space. A variety of equivalent source configuration schemes were analyzed via
numerical simulations and experiments. Taken together, although there is a large volume
of published work about the configuration of the equivalent source, most of the models
are still limited to 2D structures or some simple 3D structures, such as cube and spherical
piston sources. When the shape of the vibrating structure is irregular, the equivalent source
is uniformly placed on the continuous curved surface with the same shape as the structure
for convenience. The practical problem is that the method requires a large number of
equivalent sources, which is not conducive to engineering applications. Therefore, the
configuration of the equivalent source is still a problem that needs to be discussed.

In this paper, we propose an automatic search method for deriving the positions
and the number of equivalent sources simultaneously. The proposed method is based
on a tradeoff between the ill condition of the transfer matrix and the adequacy of the
simulated structure’s radiated sound field. After optimization, the sound field calculation
results became more accurate even when using fewer equivalent sources. This method
is simple and easy to use, which is helpful to the application of the ESM. The paper is
organized as follows. Firstly, we give a brief review of the ESM based on sound pressure
measurements and then describe the optimization algorithm. Next we report on numerical
simulations that used a planar baffled piston and a cylindrical shell as the sources, which
were conducted to test the performance of the proposed method. The practicality of the
approach is verified via experimental results too. The final section gives a summary and
discussion of the findings.

2. Theory
2.1. The ESM

In this section, the ESM is briefly reviewed. The ESM is based on the fundamental
idea that the sound field radiated by a vibrating structure can be approximated as the
superposition of the sound field generated by a set of equivalent sources distributed inside
the structure [29]. The equivalent source strength can be derived by matching the normal
velocity of the structure surface [30], the sound pressure [31], and the particle velocity [32]
of the sound field. In this paper, the equivalent source strength is calculated with the
sound pressure information. A vibrating object immersed to a finite depth tends to be the
same as that in infinite fluid when the submerged depth exceeds quintuple the radius [33].
The ocean interface has little influence on the measurement when the sound pressure is
measured in the nearfield. Thus, the following theory is based on the free-space assumption.
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Considering a vibrating object in an infinite and homogeneous fluid medium, as shown
in Figure 1. The sound pressure at rHm can be expressed as follows [12].

Figure 1. The schematic diagram of the ESM. S0 is the surface of the vibrating object, SE is the virtual
surface of the equivalent source, and SH is the measuring surface. rHm is the mth measuring position
on the SH , rEn is the nth equivalent source on the SE, and r is a point in the source-free region.

p(rHm) = iρ0ω
∫

SE

q(rE)g(rHm, rE)dSE (1)

• i: the imaginary unit;
• ρ0: the density of the acoustical medium;
• ω: the angular frequency;
• rHm: the mth measuring position on the measuring surface SH ;
• rE: the equivalent source on the virtual surface SE;
• q(rE): the weighting factor of equivalent sources.

The function g(rHm, rE) is the free-space Green’s function between rHm and rE, and
the time convention eiωt is omitted [6].

g(rHm, rE) =
e−ik|rE−rHm |

4π|rE − rHm|
(2)

• k: the wavenumber;
• |rE − rHm|: the distance between rE and rHm.

Equation (1) can be discretized as follows:

p(rHm) ≈ iρ0ω
N

∑
n=1

q(rEn)g(rHm, rEn) =
N

∑
n=1

w(rEn)g(rHm, rEn) (3)

• N: the number of equivalent sources;
• w(rEn): the source strength of the nth equivalent source.

Equation (3) can be rewritten in matrix-vector notation as

pH = GHEw (4)

• pH = [p(rH1), p(rH2), · · · , p(rHM)]T : a vector with the measured sound pressure;
• w = [w(rE1), w(rE2), · · · , w(rEN)]

T : a vector of the equivalent source strength;
• GHE: an M× N matrix denoting the transfer relation between the sound pressure

on the measuring surface and the equivalent source strength with the elements of
[GHE]mn = g(rHm, rEn).
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The unknown equivalent source strength w can be calculated by inverting Equation (4).

w = (GHE)
+pH (5)

• (GHE)
+: the generalized inverse of GHE.

The inverse process is by nature ill conditioned, which leads to a great oscillation of
the solution, also called the ill-posed problem in the numerical implementation [34,35]. The
truncated singular value decomposition (TSVD) [36] can be used to eliminate the impact of
the ill condition. The singular value decomposition (SVD) of the GHE is

GHE = UΣV H (6)

• U: the left unitary matrix, the column vector ui of which is orthogonal radiation field
base vector;

• V : the right unitary matrix, the column vector vi of which is orthogonal equivalent
source strength base vector;

• Σ: a diagonal matrix whose diagonal element σi is singular value.

The regularized equivalent source strength w can be expressed as

w =
N

∑
i=1

fi
uH

i pH
σi

vi (7)

• fi: the filter factor.

The TSVD assigns some small singular values to zero. The filter factor is{
fi = 1, σi ≥ βσ1

fi = 0, σi < βσ1
(8)

• β: the truncation factor.

The truncation factor β can generally be determined according to the signal-to-noise
ratio (SNR) in the actual sound field. The truncation factor can be set to 0.01 when the SNR
in the sound field is 40 dB, as suggested in [37].

After obtaining the equivalent source strength w, the sound pressure in the source-free
region can be calculated:

p(r) = g
′
Ew (9)

• p(r): the sound pressure at any point in the source-free region;
• g

′
E: the transfer relation between the equivalent source strength and the sound pres-

sure at the point r.

The concrete expression of g
′
E is determined by the actual acoustic environment. In

addition, the particle velocity and acoustic intensity can be derived from Euler’s equation.
In summary, the solution of the ESM can be divided into two major parts. Firstly,

the acoustic inverse problem is solved; that is, a set of equivalent sources are solved by
matching the sound pressure information. The latter is the calculation of the acoustic
forward problem; that is, the sound field is calculated using the transfer function. The
strength of the equivalent source is an intermediate variable, hence the need for a suitable
arrangement of the equivalent source.

2.2. Error Analysis of the ESM

Due to the effect of environmental noise, measurement position error, and inconsis-
tency among the individual sensors in the actual measurement, errors occur when using
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the measured sound pressure for sound field calculation. It is can be assumed that the
actual measured sound pressure on the surface SH is

pH = pHt + pHe (10)

• pH : the actual measured sound pressure;
• pHt: the theoretical sound pressure;
• pHe: the measuring error.

According to Equation (5), the relative error of w is expressed as

‖we‖2
‖w‖2

6 cond(GHE) ·
‖pHe‖2
‖pH‖2

(11)

• ‖ · ‖2: the vector norm;
• cond (·): the condition number of a matrix.

The condition number measures the sensitivity of the solution of the linear equation
system to errors in the input data [32]. Equation (11) shows that the condition number
of the transfer matrix GHE will magnify the measurement errors, which will result in a
significant error of the equivalent source strength calculation. According to the operation
rules of the condition number,

cond(GHE) ≤ cond(U) cond(Σ) cond
(

V H
)

(12)

Therefore, the matrices U, Σ, and V can be controlled to achieve the purpose of
reducing the condition number of GHE. The matrix U is related to the position of the
measurement point. However, in practical applications, the position of the measurement
point is determined by the actual measurement array and the measurement environment,
which cannot be easily changed. For Σ, the purpose can be achieved by controlling the
singular values, such as TSVD regularization. The matrix V is associated with the position
of the equivalent source, so the condition number of the transfer matrix can be reduced by
finding a suitable position and quantity of the equivalent source.

The large condition number originates from the high column dependence in the matrix,
and the position of the equivalent source determines the column elements of the transfer
matrix. The transfer matrix can be rewritten as GHE = [g1, g2, . . . , gN ], and the coherence
between the equivalent source can then be calculated with gi. The coherence coefficient of
the transfer function is defined as

ρij =

∥∥∥gH
i g j

∥∥∥
‖gi‖ ·

∥∥∥g j

∥∥∥ (13)

• (·)H : the complex conjugate transpose;
• ρij: the degree of coherence between gi and g j.

When ρij → 1, the transfer functions gi and g j are highly linearly dependent, leading
to the ill condition of the transfer matrix.

A large number of equivalent sources will not only increase the calculation burden, but
produce a considerable condition number that can easily cause calculation errors. Reducing
the number of equivalent sources could reduce the condition number. This would result
in a sound field generated by the superposition of equivalent sources that cannot fully
simulate the structural radiation sound field. Therefore, to optimize the configuration
of equivalent sources, a compromise should be made to balance the ill condition of the
transfer matrix and the sufficiency of simulating the sound field radiated by a structure.
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2.3. Optimization of the Equivalent Source Configuration

Although many studies have been conducted on the equivalent source configuration,
a uniform distribution is still the mainstream method of the equivalent source configuration
for practical engineering applicability and computational complexity. The method has
the advantages of a simple arrangement and intuition. It still requires a large number of
equivalent sources, with the issues associated with an enormous condition number. The
equivalent source configuration method proposed in this paper is easy to implement, and it
can determine the appropriate positions and number of equivalent sources simultaneously.
The main steps of the optimization algorithm are as follows, and the flow chart of the main
steps is shown in Figure 2.

1. The candidate equivalent source
[
r1, r2, . . . , rQ

]
composed of Q elements is set at a

certain position on the equivalent source surface, such as the vertices of a uniform
grid are distributed on the equivalent source surface. In the next steps, we select
suitable equivalent sources from these candidates.

2. According to Equation (13), we can calculate the coherence coefficient matrix P

with the column vectors of ρj =
[
ρj1, ρj2, . . . , ρjQ

]T ∈ RQ. Based on the measured

sound pressure, the coherence coefficient vector ρH =
[
ρH1, ρH2, . . . , ρHQ

]T with the

elements of ρHj =
∥∥∥pH

H g j

∥∥∥/
(
‖pH‖ ·

∥∥∥g j

∥∥∥), (j = 1, . . . , Q) can also be determined.

3. The maximum element ρHi is found among the coherence coefficient vector ρH , and
the corresponding column vector ρi is selected from the coherence coefficient matrix P.

4. Sort the elements in ρi according to value. The candidate equivalent source corre-
sponding to the element which is less than α or equal to 1 is selected.

5. Among these selected equivalent source candidates, the equivalent source equal to 1
will be retained as the equivalent source selected by the optimization algorithm. The
others will be used as the input of step 2 to continue the iteration.

1



1



max

max

min

continue 

the 

iteration

ρHi

ρi

ρi

measured sound 

pressure pH 

Q candidate 

equivalent sources

Step 1 Step 2 and Step 3

P

ρH

……

……

…

… …

Step 4 Step 5

sort

selected 

equivalent 

source

Figure 2. The flow chart of the optimization algorithm.

The optimization method is simple, and only the number of equivalent source can-
didates and the optimization coefficient α need to be determined. The calculation error
versus the number of equivalent source candidates with the same simulation condition as
Section 3.1 with 1000 Hz is shown in Figure 3. As shown in Figure 3, when the number
of equivalent source candidates increases to a certain degree, it has less of an impact on
the optimization result. This means that the proposed method is not sensitive once the
threshold number of candidates is reached. The optimization coefficient α determines the
coherence degree of the selected equivalent source. For large α values, the ill condition
of the transfer matrix is high, resulting in calculation errors. Contrarily, if α reduces, the
number of equivalent sources will be too small to simulate the structural radiation sound
field accurately. Here, we use k-fold cross-validation, which is commonly used in machine
learning [38], to determine the optimal α. The procedure is as follows:
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1. Determine the range of α according to the coherence coefficient matrix P.
2. Randomly divide the sound pressure measured on the measuring surface into k

folds, using k− 1 folds for equivalent source calculation and the other 1 fold as the
calculation validation set.

3. For each α, substitute it into the optimization process for equivalent source calculation
and then calculate the sound pressure at the corresponding position of the validation
set and recording the error. This step is repeated until all the k folds are used as the
validation set once.

4. Repeat step 3 until all the α values are used. The optimal α is determined with the
minimum error.

Figure 3. The relative error versus the number of equivalent source candidates.

Although the optimization method, as mentioned above, is not a rigorous mathemat-
ical optimization, it has obvious advantages over the uniformly distributed equivalent
source widely used in practice. The examples to follow will show that the method can use
fewer equivalent sources to obtain better results.

3. Simulation and Analysis

To examine the performance of the proposed method, we performed numerical simu-
lations. A planar baffle piston source and a cylindrical shell with spherical end-caps were
employed as the radiation source examples. The uniformly distributed equivalent source
will be used as a baseline for comparison with the proposed optimum distribution. In order
to quantify the calculation accuracy, we define the relative error between the calculated
pressure using the ESM and the theoretical pressure as follows:

Error =

∥∥ptrue − pcal
∥∥

2
‖ptrue ‖2

× 100% (14)

• ptrue: the theoretical sound pressure in the simulation or the measured sound pressure
in the experiment;

• pcal: the calculated sound pressure using the ESM.

3.1. A Planar Baffled Piston Source

In the first numerical simulation, a planar baffled piston source [24] was used to verify
the performance of the proposed method. The planar piston source was simulated by
discrete point sources distributed on the plane S0 of z = 0 m. The acoustic medium was
water. The speed of sound through water was taken to be 1500 m/s, and the density of water
1000 kg/m3. Suppose that the measuring plane SH comprises 121 measurement points
uniformly distributed over an area of 2 m × 2 m with the interval of 0.2 m at z = 0.5 m. The
calculation plane SC is located at z = 1.5 m with the same size and interval as the measuring
plane, as shown in Figure 4. In the normal case, the uniformly distributed equivalent
source is distributed in the same way as the measurement points on the measuring plane.
The selection of the retract distance under uniform distribution refers to the previous
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research, as the emphasis of this paper is on the procedure of optimizing the distribution
of equivalent sources on the equivalent source surface. According to [24], the plane of
the equivalent source with uniform distribution is located at z = −0.09 m. The proposed
method sets the source plane as the equivalent source plane. Complex Gaussian white
noise with an SNR of 35 dB was added to the measured pressure to simulate the actual
measurement, and the SNR is defined as 20 lg

(∥∥∥psignal

∥∥∥/‖pnoise ‖
)

.

Figure 4. Scenarios of array distribution for simulating the planar baffled piston source. S0 is the
plane of planar baffled piston source, SH is the measuring plane, and SC is the calculation plane.

Figure 5 shows the equivalent source distribution and strength for both the uniform
distribution and the optimum distribution at 1000 Hz. The color of each circle in the figure
is the amplitude of the equivalent source strength w. It can be seen that only 20 equivalent
sources are needed after optimization compared with 121 equivalent sources of uniform
distribution, which significantly reduces the number of equivalent sources. Figure 6a–c
shows the computed sound pressure levels (SPL) for the two kinds of equivalent source
distributions and the theoretical values on the calculation plane. For further comparison,
the SPL at 11 points along the middle row of the calculation plane is shown in Figure 6d.
It can be seen that, with low frequency, all methods provided good solutions that match
the theoretical values well. The relative errors calculated according to Equation (14) were
2.15% and 0.58%, respectively, indicating fairly accurate calculations.

Figure 5. The position and the strength of the equivalent source at 1000 Hz: (a) uniform distribution
and (b) optimum distribution.

For 5000 Hz, the equivalent source distribution and strength for both distributions are
shown in Figure 7. The proposed method selects more equivalent sources automatically
to simulate the object radiation sound field, due to the increased frequency. Despite this,
98 equivalent sources are needed after optimization, which is still smaller than the number
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of uniformly distributed equivalent sources. As we can see from Figure 7b, there is an
analogy between the optimization algorithm and the sound source localization method,
so the locations of the discrete point sources can be found. The results of the calculated
sound pressure and theoretical value at 5000 Hz are shown in Figure 8. By comparison
with Figure 8d, it can be seen that the pressure calculated using the uniformly distributed
equivalent sources differs largely from the theoretical value. In contrast, the proposed
method gave a better solution with a smaller number of equivalent sources. The relative
error of the optimum distribution was only 6.14%. In the case of uniform distribution, the
relative error was 93.87%, which is much larger than that of the proposed method.

Figure 6. The SPL computed at 1000 Hz: (a) the theoretical value, (b) the value computed by the uniform distribution,
(c) the value computed by the optimum distribution, and (d) the SPL along the middle row.

Figure 7. The position and the strength of the equivalent source at 5000 Hz: (a) uniform distribution
and (b) optimum distribution.

Figure 8. The SPL computed at 5000 Hz: (a) the theoretical value, (b) the value computed by the uniform distribution,
(c) the value computed by the optimum distribution, and (d) the SPL along the middle row.
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To investigate the performance of the proposed method at different SNRs, a Monte-
Carlo simulation [39]—they solve the problem of statistical inference via random
simulations—was used to evaluate the relative error of the calculated sound pressure.
Figure 9 shows the relative error values for different SNRs using two kinds of equivalent
source distributions with an SNR range of 10–50 dB at 2000 Hz. It can be seen that the
relative error grossly decreases with an increasing SNR. The calculated sound field accu-
racy of the optimized equivalent source is higher than that of the uniformly distributed
equivalent source. As long as the SNR of the measured sound pressure is higher than 20 dB,
the proposed method can yield a good solution, with a relative error of less than 5%.

10 20 30 40 50

SNR (dB)

0

5

10

15

20

E
rr

o
r 

(%
)

Uniform distribution

Optimum distribution

Figure 9. The relative error versus SNR at 2000 Hz.

To further verify the stability of the proposed method, the relative errors of calculated
sound pressure and the numbers of equivalent sources of two kinds of distribution versus
frequency are shown in Figure 10. The frequency band was 500–5000 Hz (1/3 oct.). In
order to better display the comparison of the low-frequency band, the logarithm axis was
used for the vertical axis of relative error. It is apparent from Figure 10 that the sound
pressure calculated by the optimized equivalent source was accurate over the frequency
range analyzed, with a relative error of less than 10%. In the case of uniform distribution,
the relative error was larger than that of the optimum distribution, especially in the
high-frequency band, even being close to 100% at 5000 Hz. As the frequency increased,
more equivalent sources were selected through the optimization coefficient α, which was
determined by the k-fold cross-validation method. Therefore, the radiated sound field
was fully simulated. The optimum distribution was superior to the uniform distribution
regardless of the number of equivalent sources or the calculation accuracy. This proves
that the method can automatically select fewer equivalent sources to accurately calculate
the sound field, significantly reducing the number of subsequent calculations, making the
ESM easier to combine with other methods.
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Figure 10. The relative error of the sound pressure (top) and the number of equivalent sources (ES)
(bottom) versus frequency.
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3.2. A Cylindrical Shell with Spherical End-Caps

A cylindrical shell with spherical end-caps, which accounts for a large proportion of
the research on underwater structures, was used to test the performance of the proposed
method. However, the radiated sound field of this structure lacks an analytical solution,
and the BEM+FEM method was applied to compute the radiated pressure numerically.
The cylindrical shell had a radius of 0.06 m, a total length including end-caps of 0.48 m,
and a thickness of 0.002 m. The properties of steel are Young’s modulus of 2.1× 1011 Pa,
7800 kg/m3, and a Poisson’s ratio of 0.3. The internal medium and external medium were
air and water, respectively. A point-force at the top of one hemisphere shell excites the
structure vibration and radiates sound. The cylindrical model was established in Cartesian
coordinates with the coordinate origin at the center of the cylinder shell. The central axis
of the cylindrical shell coincided with the y-axis. In line with other studies, the uniformly
distributed equivalent sources were placed on the surface, which was conformal to the
structure with a retract ratio of 0.8. The measuring surface was a cylindrical surface with
the center axis coinciding with the z-axis, and the radius was 0.7 m. The cylindrical shell
was at the center of the cylindrical measuring surface, as shown in Figure 11. There were 12
measurement points evenly distributed in the axial direction with an interval of 0.1 m and
36 measurement points evenly distributed in the circumferential direction with an interval
of 10°—a total of 432 measurement points. Complex Gaussian white noise with an SNR of
35 dB was added to the measured pressure. The surface to be calculated was a cylinder
conformal to the measuring surface with a radius of 2 m.

x

yo
S0

SH

z

SC

Figure 11. The spatial position relationship between the cylindrical shell with spherical end-caps,
the measuring surface, and the calculation surface. S0 is the surface of the cylindrical shell, SH is the
measuring surface, and SC is the calculation surface.

Figure 12 shows the position and strength of the equivalent source with uniform
distribution and optimum distribution at 5000 Hz. It can be seen that 32 equivalent sources
were needed after optimization compared with 415 equivalent sources with uniform
distribution, which significantly reduced the number of equivalent sources. Figure 13
shows the SPL computed for the two kinds of equivalent source distributions and the
theoretical values. As can be seen from the diagram, the uniform distribution provided
effective solutions that match the theoretical value, but the proposed method got closer
to the theoretical value. When the theoretical value was less than −20 dB, the computed
value was not in good agreement with the theoretical value, and the calculated value was
slightly larger. This was because of the influence of noise on the measuring surface. This
part of the corresponding sound pressure value is small and should not produce a large
calculation error. The relative errors were 0.77% and 9.05%, respectively.

The relative error of the calculated sound pressure and the number of equivalent
sources versus frequency are shown in Figure 14. The analyzed frequency band was 500–
8000 Hz (1/3 oct.). The results show that, within the analyzed frequency band, in general,
the calculation error increased with the frequency. The sound pressure calculated by the
optimized equivalent source was accurate; relative errors were all lower than 5%. The
relative error of uniform distribution increased rapidly with frequency. The greatest error
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was 72.46% at 8000 Hz. This indicates that the proposed method can yield good results
when the calculation of uniform distribution is invalid. The number of equivalent sources
required is much less than that of the uniform distribution. When the frequency was lower
than 6300 Hz, the number of equivalent sources needed for optimum distribution was less
than 50, which was less than 12% of the number required for uniform distribution. The
simulation proved the effectiveness of the proposed method.

Figure 12. The position and the strength of the equivalent source at 5000 Hz: (a) uniform distribution
and (b) optimum distribution.

Figure 13. The SPL computed at 5000 Hz: (a) the theoretical value, (b) the value computed by the uniform distribution,
(c) the value computed by the optimum distribution, and (d) the SPL along the middle row.
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Figure 14. The relative error of the sound pressure (top) and the number of equivalent sources
(bottom) versus frequency.
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4. Experimental Verification

An experiment was conducted to validate the optimization algorithm. The sound
source used in the experiment was the same cylindrical shell with the spherical end-cap
structure introduced in Section 3.2. The cylindrical shell is excited by an exciter installed
on the top of one hemisphere shell to radiate sound. Sound pressure is measured by
hydrophones. The hydrophone converts the acoustic signal into an electrical signal and is
used to receive the acoustic signal in the water. The hydrophone used in this experiment
was an 8103, which is a commonly used scalar hydrophone. The specific parameters are
shown in Table 1. The central axis of the cylindrical shell was parallel to the water surface.
Restricted by experimental conditions, the scanning measurement method was used with
a small array. The receiving array was a cylindrical array formed by linear array scanning.
The line array was 1.1 m in length, on which 12 hydrophones were fixed on the array frame
by fixture, with an equal spacing of 0.1 m. The hydrophone line array was perpendicular
to the water’s surface, and the center was at the same depth as the geometric center of the
cylindrical shell, with a distance of 0.45 m. In the experiment, when the rotating structure
of the fixed cylindrical shell rotated one cycle, it corresponded to an entire cylindrical
surface scanned by the linear array. The cylindrical shell rotated 10° each time for a total
of 36 times, corresponding to 432 points scanned on the cylindrical surface. In order to
obtain the measured sound pressure equivalent to a cylindrical array at the same time,
a reference hydrophone was fixed near the cylindrical shell, which remained relatively
stationary with the shell while the shell was rotating. In order to verify the accuracy of the
sound field calculation, a hydrophone was set up 1 m from the origin as the verification
point. A schematic diagram of the experimental setup and the sound source structure is
shown in Figure 15. The setting of the equivalent source surface is the same as it is in the
simulation. Considering the lower sound absorption limit of the anechoic pool and the
applicable frequency band of exciter, the exciting frequencies were 3150, 4000, 5000, and
6300 Hz.

Table 1. The hydrophone parameters.

Type Length Diameter Voltage Sensitivity Frequency Response

8103 50 mm 9.5 mm −211 dB re 1 V/µPa 0.1 Hz to 20 kHz: +1 dB, −1.5 dB

Cylindrical Shell with 
Spherical End-Caps

Sound-Absorption Wedge 

SH

SC

Hydrophone

(a) (b)

Figure 15. (a) The schematic diagram of experimental setup. SH is the measuring surface and SC is
the verification point. (b) The photo of cylindrical shell used in the experiment.

Figure 16 shows the SPL measured on the SC and those calculated by the ESM with
two kinds of equivalent source distributions. It can be seen that the calculated SPL match
the measurement in general. The fixtures of the cylindrical shell and the installation of
internal exciter changed the vibration mode of the shell, resulting in different radiated



J. Mar. Sci. Eng. 2021, 9, 807 14 of 16

sound fields from that in the simulation, but this did not affect the sound field calculation
using the ESM. The relative error calculated according to Equation (14) and the numbers
of equivalent sources required are given in Table 2. The relative error in the experiment
results, which is larger than it was in the simulation, was caused by the scattering of the
hydrophone array bracket, the error of the array element position, the inconsistency of the
hydrophone, etc. Nevertheless, we can still see, by comparing the two methods, that the
proposed method provided a better solution with a smaller number of equivalent sources.
The proposed method selected more equivalent sources automatically to simulate the object
radiation sound field with higher frequencies. The experimental results show that the
selection of equivalent sources is crucial to the calculation accuracy of ESM. Compared
with uniformly distributed equivalent sources, the optimized equivalent sources can be
used to accurately calculate the sound field with fewer equivalent sources, confirming our
previous simulation conclusion.

Figure 16. A comparison of the measured values and the computed SPL. Frequencies: (a) 3150 Hz,
(b) 4000 Hz, (c) 5000 Hz, and (d) 6300 Hz.

Table 2. The relative errors and the numbers of equivalent sources for sound field calculations.

Frequency (Hz)

Relative Error (%) Number of Equivalent Sources

Uniform
Distribution

Optimum
Distribution

Uniform
Distribution

Optimum
Distribution

3150 16.64 8.31 415 27
4000 40.55 24.03 415 27
5000 38.9 21.43 415 38
6300 38.53 26.19 415 53

5. Conclusions

This paper investigated the problem of equivalent source configuration, which limits
the application of ESM. The main contribution of this work is that we proposed an easy
to implement and straightforward method for the equivalent source configuration, which
can determine the appropriate positions and quantity of monopole equivalent sources
simultaneously. In this optimization method, the coherence coefficient of the transfer
function is used as a reference to balance the ill condition of the transfer matrix against
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the adequacy of the simulated structure radiated sound field. In numerical simulations, a
planar baffled piston source and a cylindrical shell with spherical end-caps were used to ex-
amine the performance of the proposed method. The results showed that the optimization
method does not yield a strict mathematical optimum of equivalent source configuration
but yields more accurate sound field calculation results with fewer equivalent sources than
those obtained with the uniformly distributed equivalent sources. Finally, the experiment
with a cylindrical shell further confirmed the advantage of the proposed method. After
optimization, the number of equivalent sources was less than 13% of equivalent sources
with a uniform distribution in the analyzed frequency band. This result means that when
ESM is used to calculate the radiated sound field of the structure in the marine environ-
ment, the amount of calculation will be greatly reduced. When calculating the sound
propagation in a complex ocean, such as the large inclination of the seabed, the calculation
step must be greatly reduced, which reduces the calculation speed. The proposed method
reduces the number of cycles to calculate the ocean sound propagation to reduce the time
required, which is beneficial to the realtime prediction of the structural acoustic radiation
in a complex ocean. The optimized method with lesser computational demands and fewer
equivalent sources will continue to be studied in future research.
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of the manuscript.
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