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Abstract: The thermal scattering law (TSL), i.e., S(α,β), represents the momentum and energy
exchange phase space for a material. The incoherent and coherent components of the TSL correlate
an atom’s trajectory with itself and/or with other atoms in the lattice structure. This structural
information is especially important for low energies where the wavelength of neutrons is on the order
of the lattice interatomic spacing. Both thermal neutron scattering as well as low energy resonance
broadening involve processes where incoming neutron responses are lattice dependent. Traditionally,
Doppler broadening for absorption resonances approximates these interactions by assuming a
Maxwell–Boltzmann distribution for the neutron velocity. For high energies and high temperatures,
this approximation is reasonable. However, for low temperatures or low energies, the lattice structure
binding effects will influence the velocity distribution. Using the TSL to determine the Doppler
broadening directly introduces the material structure into the calculation to most accurately capture
the momentum and energy space. Typically, the TSL is derived assuming cubic lattice symmetry.
This approximation collapses the directional lattice information, including the polarization vectors
and associated energies, into an energy-dependent function called the density of states. The cubic
approximation, while valid for highly symmetric and uniformly bonded materials, is insufficient to
capture the true structure. In this work, generalized formulation for the exact, lattice-dependent TSL
is implemented within the Full Law Analysis Scattering System Hub (FLASSH) using polarization
vectors and associated energies as fundamental input. These capabilities are utilized to perform the
generalized structure Doppler broadening analysis for UO2.

Keywords: cross sections; Doppler broadening; thermal scattering law; FLASSH

1. Introduction

The neutronics of a nuclear reactor are defined by cross sections which represent the
possible modes of interaction. In the resonance region, the effects of the neutron–nucleus
interaction have been approximated using free gas models in our reactor codes for many
years. These approximations assume a Maxwellian velocity distribution to perform the
Doppler broadening of resonance cross sections. At high temperatures or in weakly bound
systems, this approximation reasonably represents a solid system. However, implicit in
this approximation is the neglection of lattice effects, resulting in a shift in the peak energy
and changes to the line shape. These lattice effects are especially significant at lower
temperatures and in more tightly bound systems.

Doppler broadening correlates the change in temperature with variations in the
available momentum and energy states of the lattice which result in changes to the cross
section. The possible modes of energy and momentum exchange for a material are inherent
material properties defined by the thermal scattering law (TSL), i.e., S(α,β), which can
be also defined as S(

⇀
κ ,ω), or the dynamic structure factor. The TSL holds the structure

information for a material, and it has been previously calculated in the NJOY and FLASSH
(Full Law Analysis Scattering System Hub) codes and used for thermal scattering cross
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section evaluations [1,2]. The TSL historically applied to thermal scattering cross sections
also defines the structure-dependent Doppler broadening of cross section resonances.

Historically, the TSL was calculated under the cubic approximation which assumes
isotropic forces in the material unit cell. This approximation reduces the structure in-
formation found in the polarization vectors and associated frequencies to the density of
states which represents the cubic, directionally averaged frequency space. Codes such as
NJOY and SAMMY use this cubic approximated S(α,β) in their calculations [1,3]. However,
the cubic approximation ignores the directional dependencies of the structure. For many
materials this approximation is valid. However, for non-cubic materials such as those
with differing bond types or those with non-ideal structures, the cubic formulation is
insufficient. In this work, a generalized formulation for the TSL was implemented within
the FLASSH code and used to calculate the S(α,β) for UO2. The generalized S(α,β) was
used in performing generalized Doppler broadening to determine a structure-dependent
broadened cross section which is compared here with experimental cross sections.

2. Generalized Thermal Scattering Law

The thermal scattering law is fundamentally split into two parts: the self scattering
law (Ss) and the distinct scattering law (Sd) [4],

S
(
⇀
κ , ω

)
= Ss

(
⇀
κ , ω

)
+ Sd

(
⇀
κ , ω

)
(1)

where S is a function of
⇀
κ and ω, the scattering vector and frequency, respectively. The

self component correlates the atomic motion of an atom relative to itself. The distinct
component compares the atom’s movement with the entire structure. Under the incoherent
approximation, the thermal scattering law only consists of the self component and the
distinct component is assumed to be negligible. As temperature increases, the motion of
the atoms within the lattice will increase, impacting the magnitude of the TSL.

2.1. Generalized Formulation of the TSL

The generalized formulation for the self scattering law is defined as

Sm
s

(
⇀
κ , ω

)
=

1
2πh̄

∞∫
−∞

exp[iωt] exp
[

Qm

(
γm(

⇀
κ , t)− γm(

⇀
κ , 0)

)]
dt (2)

where the self component is calculated for distinct atoms m [5]. Furthermore, the exponen-
tial components are defined as

γm(
⇀
κ , t) =

1
N ∑

s

[
coth

(
h̄ωs

2kBT

)
cos(ωst)

ωs
+ i

sin(ωst)
ωs

]∣∣∣⇀e κ ·
⇀
e s,m

∣∣∣2 (3)

γm(
⇀
κ , 0) =

1
N ∑

s

1
ωs

coth
(

h̄ωs

2kBT

)∣∣∣⇀e κ ·
⇀
e s,m

∣∣∣2, and (4)

Qm =
h̄κ2

2Mm
(5)

where N is the number of wave vectors sampled in the first Brillouin zone, kB is the
Boltzmann constant, t is time, and Mm is the mass [5]. The material information is found
in the frequency (ωs) and polarization vector (

⇀
es) variables. These are indexed with a

subscript s indicating the correspondence of the particular wave vector and polarization
index. The scattering vector

⇀
κ is divided into its magnitude and unit vector

⇀
eκ . Under

the cubic approximation, the scattering vector is reduced such that the directionalized

dot product
∣∣∣⇀κ ·⇀es

∣∣∣2 reduces to k2/3. In this work, the exact dot product and polarization
information is maintained in order to preserve the material structure information. These



J. Nucl. Eng. 2021, 2 126

equations defining the TSL are identical to those used in the thermal scattering cross section
evaluation.

2.2. Implementation of the General Forumulation into FLASSH

The generalized TSL formulation given in Equations (2)–(5) was included into the
generalized incoherent TSL evaluation in FLASSH. The phonon expansion of the equations
above results in a Taylor series expansion to facilitate implementation into the code as
described in Reference [6]. These equations were implemented using OpenMP to allow for
parallelized computing. Additionally, FLASSH has options for automatic α/β gridding to
capture the structure and features of the TSL. The generalized formulation requires the po-
larization vectors and associated frequencies as input. This information can be predictively
calculated from ab initio simulations in codes such as VASP and PHONON [7–9].

3. Structure-Dependent Doppler Broadening

As temperature changes, the thermal motion of the atoms within the lattice will
result in a broadening of cross section resonances seen in the Doppler broadening pro-
cess. Doppler broadening, most generally, is captured by the convolution of the cross
section with the appropriate distribution function. Historically, a Maxwellian velocity
distribution was used to correlate the resonance peak broadening to temperature. The free
gas approximation results in a symmetrical Gaussian broadening of the resonance peak.
This approximation ignores the lattice binding effects and assumes a free gas probability
distribution. Under this free gas approximation, the Doppler broadened cross section is
equal to

σ(E) =
σ0Γ2

4

∞∫
0

dEn
SFG(En, E)

(En − E0)
2 + (Γ/2)2 (6)

where SFG is the energy distribution resulting from the Maxwellian velocity distribution,
σ0 is the peak value of the resonance cross section, Γ is the total resonance width, E0 is the
resonance energy (lab frame), E is the kinetic energy of the incident neutron (lab frame),
and En is the energy of the incident neutron relative to the target nucleus [10]. Expanding
the distribution in the numerator, the cross section is defined explicitly under the free gas
approximation as

σ(E) =
σ0Γ2

4
1√
π∆

√
E0

E

∞∫
0

dEn

exp
[
−(En−E0)

2

∆2

]
(En − E0)

2 + (Γ/2)2 , ∆ = 2
√

m
M

kBTE (7)

where m is the mass of the neutron, M is the mass of the target, kB is the Boltzmann constant,
and T is the temperature [10].

Similarly, an exact derivation of Doppler broadening for a bound system would
implement a velocity distribution specific to the material rather than approximate it with
the Maxwellian velocity distribution. The velocity distribution (or more accurately the
energy and momentum distribution) for a specific material is defined by the TSL. The
resulting Doppler broadened cross section using the TSL rather than the Maxwellian
distribution is equal to

σ(E) =
σ0Γ2

4

∞∫
−∞

dβ
e−β/2S(α, β)

(E− E0 − βkBT)2 + (Γ/2)2 (8)

where S(α,β) is the scattering law, α is dimensionless momentum transfer, and β is di-
mensionless energy [10]. In order to represent the structure of the material, the binding
effects introduced in the scattering law are needed. However, in the limit as energy and
temperature increase, the scattering law distribution will approach that of the free gas, and



J. Nucl. Eng. 2021, 2 127

therefore, the lattice impacts to Doppler broadening are most important for low energy
resonances.

Common practice in most nuclear data codes has been to performed Doppler broad-
ening using Equation (7) under the free gas approximation [1,3]. Implementing the gener-
alized TSL evaluation from FLASSH into the Doppler broadening operation introduces the
structure information and removes all symmetry approximations, accurately capturing the
structure impacts in Doppler broadening.

4. Results

The generalized TSL routine was tested for UO2 and implemented into the Doppler
broadening routine. As a common fuel material, UO2 and its Doppler broadened cross
section have significant applications in reactor physics and criticality safety. UO2 was
modeled with ab initio lattice dynamics in the VASP and PHONON codes [7–9]. This
model was used to generate the ENDF/B-VIII thermal scattering libraries for UO2 and
represents an ideal crystal matrix for UO2 [11,12]. Using the GGA-PBE pseudopotential
with an added Hubbard model to represent the coulomb repulsion for the 5f electrons,
a 2 × 2× 2 supercell was utilized to determine the Hellman–Feynman forces within the
system (unit cell displayed in Figure 1) [12].
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The polarization data corresponding to the dispersion relations shown in Figure 1 
were used as input into FLASSH to calculate the generalized scattering law using Equa-
tions (2)–(5). Using the free atom cross section of 9.29938 barns for uranium, a phonon 
order of 100, and a mass of 238.0508 amu for uranium, the S(α,β) for uranium in UO2 was 
calculated at 23.7 K. This lower temperature emphasizes the lattice impact for better com-
parison with experimental data. The α-grid was calculated to directly correspond with the 
energy grid for the resonance cross section, and the β-gridding was constructed automat-
ically within FLASSH based on the energy resolution of the inputs.  

Figure 1. (a) UO2 unit cell. The unit cell to the left has black arrows demonstrating the 5f magnetic moments. Oxygen
atoms are shown in red and uranium atoms are shown in grey (Data from Ref. [12]). (b) UO2 dispersion relations. The
calculated values for the dispersion relations shown on the right are compared with experimental data [12–14].

The Hellman–Feynman forces were calculated with a 600 eV plane wave cutoff and
3 × 3 × 3 k-mesh. These forces were then used in the PHONON code to sample the phonon
dispersion relations for 8 million wave vectors, corresponding to 24 million polarization
vectors and frequencies for a single unit cell. The dispersion relations for UO2 calculated
by this model are compared with experimental data in Figure 1 [12].

The polarization data corresponding to the dispersion relations shown in Figure 1 were
used as input into FLASSH to calculate the generalized scattering law using Equations (2)–(5).
Using the free atom cross section of 9.29938 barns for uranium, a phonon order of 100, and a
mass of 238.0508 amu for uranium, the S(α,β) for uranium in UO2 was calculated at 23.7 K.
This lower temperature emphasizes the lattice impact for better comparison with experimental
data. The α-grid was calculated to directly correspond with the energy grid for the resonance
cross section, and the β-gridding was constructed automatically within FLASSH based on the
energy resolution of the inputs.

The degree of non-cubicity of a material is demonstrated in the Debye–Waller matrix.
For a cubic material, the main diagonal elements will be equivalent, with zero or nearly zero
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off-diagonal terms. The Debye–Waller matrix for UO2, given in Table 1 below, demonstrates
the cubic behavior of UO2.

Table 1. Debye–Waller matrix for UO2 at 23.7 K.

X Y Z

X 7.05 × 10−4 5.39 × 10−7 5.39 × 10−7

Y 5.39 × 10−7 7.05 × 10−4 5.39 × 10−7

Z 5.39 × 10−7 5.39 × 10−7 7.05 × 10−4

The generalized S(α,β) was evaluated and compared with the cubic evaluation as
shown below in Figure 2. In general, the cubic and generalized treatments show reasonable
agreement as expected. As a function of α, few deviations are seen between the two
methods. For low lying resonances on the order of a few eV, α values around 1 to 5 are
the most significant. From β equals zero to approximately β equals 0.3, the TSL is smooth.
This low β region will have the highest impact on cross section evaluations. Therefore,
the slight increase in the generalized TSL seen at lower β for the generalized method will
propagate into the Doppler evaluation. Maximum differences in the evaluations are seen as
a function of β, with the highest impact seen at points corresponding to the peaks in the TSL.
Examples of this can be seen around β-values of 0.35 and 0.8 where the deviations fluctuate
significantly from positive to negative. Both the generalized and the cubic methods capture
the same peaks in the TSL; however, the resolution of the generalized peaks is more
precise. At higher β, most of the deviations are numerical combined with decaying peaks
as seen in the fluctuation from positive to negative differences. The value of the TSL as
β increases becomes very small and approximately negligible with regards to the cross
section evaluation.
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Figure 2. (a) Generalized UO2 S(α,β) as a function of both α and β. (b) The percent difference between the generalized and
cubic evaluations are displayed.

The TSL evaluation was also verified using moment checks. When both α and
⇀
eκ are

held constant, the TSL takes the form of a Gaussian function of β [15]. The definition of
S(α,β) then dictates that

∞∫
−∞

S(α, β) dβ = 1 (9)
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and
∞∫
−∞

β S(α, β) dβ = −α (10)

which correspond to the 0th and 1st moments, respectively. For the generalized TSL, the
0th and 1st moments were both evaluated to be 1.016 for α-values in the Doppler range.
These deviations from unity seen for the generalized TSL could potentially be the result of
the many random directions sampled in the calculation (i.e.,

⇀
eκ is not held constant). The

variation from unity also implies that the function deviates from Gaussian. Given the cubic
structure of UO2, this behavior of the moments for the generalized treatment is reasonable
and highlights the correspondence of the generalized and exact treatments for UO2.

The generalized TSL was then used to Doppler broaden the lowest energy resonance
for UO2. In order to perform the Doppler broadening, a modified version of the SAMMY
8.1.0 code was used [3]. Modifications to the code allowed for a general S(α,β) to be input
into the crystal lattice module Doppler broadening routine already present within the code.
Using inputs from FLASSH in SAMMY, a free gas, generalized lattice, and cubic lattice
Doppler broadening were performed. For the free gas calculation, effective temperatures
were calculated using the density of states from the UO2 ENDF/B-VIII model [16]. For a
temperature of 23.7 K, the effective temperature is 91.07 K [16]. As expected, given the low
temperature, the deviation between the actual and effective temperatures is large due to
the more distinct lattice effects. The resulting Doppler broadened cross sections for the
6.67 eV resonance for UO2 are displayed in Figure 3 for a temperature of 23.7 K.
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Figure 3. UO2 Doppler broadened cross sections at 23.7 K. The cross section evaluation is compared with experimental
data [17]. The generalized TSL was used for Doppler broadening in (a) and the cubic TSL in (b).

In Figure 3, the structure impacts on Doppler broadening can be clearly seen in
the experimental data. With the lower temperature and the low energy resonance, the
asymmetry of the peak and deviation from Gaussian behavior are clearly seen. The
free gas approximation is unable to capture this effect with deviations up to 41% from
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the experiment at 23.7 K. However, using the lattice model, the Doppler broadening
accurately shifts the resonance peak and broadens the data with maximum deviations of
15% and 17% for the generalized and cubic cases, respectively. The differences between
the generalized and cubic treatments highlighted in the TSL and moments can be seen in
the small changes to the broadened curves. As a nearly cubic material, however, the two
TSLs consistently Doppler broadened the resonance peak. With this implementation, the
generalized structure can be accurately represented in S(α,β) calculations with compatible
evaluation of temperature impacts through the Doppler broadening region.

5. Conclusions

A generalized TSL evaluation was implemented in the FLASSH code. This generalized
evaluation captures the structure information of the target material and provides the
necessary probability distribution for accurate Doppler broadening. A structure-dependent
Doppler broadening based on the generalized FLASSH TSL was implemented and tested
for UO2. The TSL derived under the generalized formulation showed reasonable agreement
with the cubic evaluation, and the differences due to the generalized structure were noted in
the variation to the Doppler broadening. These generalized results improved the evaluation
to have a maximum deviation of 15% at 23.7 K. The evaluations were conducted for the
ideal UO2 crystal structure system. However, the methods implemented will allow for
analysis of any structure with potentially high impacts for materials with non-cubicity, e.g.,
due to high exposure. Furthermore, with the methods set in place, the thermal scattering
cross section and the Doppler broadening operation both utilize the same TSL for consistent
cross section evaluation.
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