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Abstract: In this paper, two new refinements of the Erdos—Mordell inequality and three new
refinements of Barrow’s inequality are established. Some related interesting conjectures are
put forward.
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1. Introduction

In 1935, Erdos [1] proposed the following geometric inequality:
For any interior point P of the triangle ABC, let Ry, Rp, R3 be the distances from P to the vertices
A, B, C, respectively, and let r1, 5, r3 be the distances from P to the sides BC, CA, AB, respectively. Then

ZRl > erlr (1)

where ) denotes the cyclic sums (we shall use this symbol in the sequel). Equality in (1) holds if and
only if the triangle ABC is equilateral and P is its center.
Two years later, Mordell and Barrow [2] first proved the inequality (1), and the latter actually

ZRl 222@01, (2)

where w1, wy, w3 are the lengths of the bisectors of ZBPC, ZCPA, ZAPB, respectively.

The above two inequalities have long been famous results in the field of geometric inequalities.
The former is called the Erdos—Mordell inequality, which has attracted the interest of many authors
and motivated a large number of research papers (see [2-28] and the references cited therein).

In 1957, Ozeki [22] first obtained the following generalization of Barrow’s inequality (2) for convex
polygons: For any interior point P of the convex polygon A1A; - - - Ay, it holds that

obtained the following sharpness:

M-

l
—

T n
R; > —E ; 3
; > sec . i:1w,, 3)

1

where R; = PA; and w; denote the lengths of the bisectors of ZA;PA; 1 1(i =1,2,--- ,nand A, 1 = Aq).
Some other discussions about Barrow’s inequality and (3) can be found in [4,14,19,21,23,27].
In 2012, when the author considered Oppenheim’s inequality (see [24])

ZRzRg 222(1’34-1’1)(1’1 +17), (4)
the following sharpened version of the Erdés—Mordell inequality was found:

(r2 + 73)2

Ry + R3 > 2r1 + y
Rq
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with equality if and only if AABC is an isosceles right triangle and P is its circumcenter. Furthermore,
by using inequalities (4), (5), and other results, the author obtained a series of refinements for the
Erdos-Mordell inequality in [14,16].

In this paper, we shall give two new refinements of the Erdos—Mordell inequality and three new
refinements of Barrow’s inequality. In addition, we shall present several interesting related conjectures
in the last section.

2. Refinements of the Erd6s—Mordell Inequality

In [11], the author proved the following refinement of the Erdos—-Mordell inequality:

Y Ri >24/Y har1 22) 1 (6)

where hy, hy, h, are the corresponding altitudes of the sides BC, CA, AB of the triangle ABC.
Here, we further give the following result:

Theorem 1. For any interior point P of the triangle ABC, it holds that

Y Ry >2y/Y hawy >24/) har1 > 2) 1y @)

Equalities in (7) all hold if and only if AABC is equilateral and P is its center.
To prove Theorem 1, we first give several lemmas.

Lemma 1. For any triangle ABC with sides a, b, ¢ and real numbers x,y, z, it holds that

(Zxa)z > (ZZbc—ZaZ) Y vz, (8)
with equality ifand only if x :y:z= (b+c—a): (c+a—b): (a+b—c).

For any triangle ABC with sides a, b, ¢, we have /b + v/c > /b + ¢ > \/a. Thus, \/a, Vb, \/c can
be viewed sides of a triangle, and we see that inequality (8) can be obtained by using the following
weighted Oppenheim inequality (see [19], p. 681):

(2 va)z > 1652y yz ©)

(where S is the area of AABC) and the following equivalent form of the Heron formula:
165* =2) b*c* - Y at. (10)

Remark 1. In the sixth chapter of the monograph [17], the author proved that inequality (8) is equivalent
with (9) and the Wolstenholme inequality (52) below.

In the Appendix A of my monograph [17], Theorem A3 gives an equivalent theorem for the
geometric transformations, which includes the following conclusion: An inequality involving any
interior point P of the triangle ABC,

f(a,b,c,Ry,Ry, R3,11,12,13) >0, (11)

is equivalent to

> 0. (12)

aRy; bR, cRj3 ror3 ¥3r1 rirp
f 7 7 17111’2/73/ 7 7
2R’ 2R’ 2R Ri" Ry’ R3
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In fact, this conclusion can be extended to the following;:
Lemma 2. With above notations, the inequality
f(a,b,c,R1, Ry, R3, 11, 12,73, w1, wp, w3) > 0 (13)
is equivalent to

2R’ 2R’ 2RV R R,V Ry
2rors . A 2rsr1 . B 2rmry . C>>0

f<aR1 bRy cRs r2r3 r3r1 rira

—, , — 14
72+T351n2 r3+r15m2 7’1—|—1’2$1n2 (14)

Proof. Let DEF be the pedal triangle of P with respect to the triangle ABC (see Figure 1), and let
EF = ap,FD = by, DE = cp, then it is easy to get

ClRl bR2 CR3

- ™ s 1
% =3r "= 3R 2R (15)

Let 1y, hp, h3 be the distances from P to the side lines EF, FD, DE, respectively, we also easily obtain

r1ra

rars3 r3r
hy === hh=—=—, h3=—". 1
1 R] s 12 R2 s 13 R3 ( 6)
In addition, by means of the known formula in the triangle ABC
2bc A
Wa = g oS (17)
(where w;, is the bisector of ZBAC) and the fact that ZEPF = m — A, we get

w) = 2 g A (18)

S
)+ 713 2’

where w] is the bisector of ZEPF. Two similar relations hold for the bisectors w), w} of
ZFPD, ZDPE, respectively.
If we apply inequality (13) to triangle DEF and point P, then

/ / /
f(apr bp/ Cpr r1,72,73, hl/ th h3r wlr wy, w3) Z 0.

Substituting (15), (16), and (18) into this inequality, (14) follows immediately. Conversely, we can
obtain (13) from (14) by using the method of proving Theorem A3 in Appendix A of the monograph [17].
Thus, inequality (13) is equivalent with (14). The proof of Lemma 2 is completed. O

Figure 1. An inequality involving any point P inside triangle ABC is equivalent to the one involving
the point P and its pedal triangle DEF with respect to ABC.
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Lemma 3. For any interior point P of the triangle ABC, it holds that

A
7o + 13 < 2Rqsin 5

(19)
with equality if and only if ry = r3.

Inequality (19) is well-known and is easily proved (see [29], p. 111).
Next, we prove Theorem 1.

Proof. Since w; > rq etc., the second inequality in (7) is evidently valid. In addition, the third
inequality of (7) is easily obtained (see [11]).
We now prove the first inequality in (7), i.e.,

(Y Ry) >4 howy. (20)
By the area formula /1, = 25/a and the identity
Y ary =28, (21)

we see that (20) is equivalent to
w
(LR) >4 an Y ~h (22)

According to Lemma 2 and the relations (15) and (16), we further know that inequality (22) is
equivalent to

2 aRy ror3 2R 2rr3 . A
>4
(Xr)” = ZZR Ry &aR, rtrso 2

ie.,
ror3 . A
>
) 7’1) 8) aryrs Z GRS sin - (23)
But using rpr3 < (12 + r3)2 /4, Lemma 3, and the known formula

sing = W (24)

(where s = (a+b+c¢)/2), we have

Thus, in order to prove inequality (23), we only need to prove that

(Zr1)2 242%2(5—!))(5—@. (25)

Putting x = r1/a,y = r2/b,z = r3/c in inequality (8) of Lemma 1 and noting the fact that

ZZbc—Zu —425— (s—rc), (26)



Mathematics 2019, 7, 726 50f12

we get inequality (25) immediately. Thus, inequality (20) is proved. It is easily known that the equality
in (20) holds if and only if AABC is equilateral and P is its center. This completes the proof of
Theorem 1. O

Now we state and prove the second refinement of the Erd6s—Mordell inequality.

Theorem 2. For any interior point P of the triangle ABC, it holds that

Y Ry > \/;Za2+ZR2R3+2Zr§
> \/;Za2+22(r2+r3)2 >2) . (27)

The first equality in (27) holds if and only if P is the circumcenter of the triangle ABC. The second and
third equalities in (27) hold if and only if the triangle ABC is equilateral and P is its center.

Proof. In triangle ABC, we have the following known angle bisector formula:

Wy sbe(s — a). (28)

- b+c

Noting that vbc < (b+c)/2and s = (a + b+ c)/2, we have

wy < 54/ [(b+¢)* —a?], (29)

N =

with equality if and only if b = c. Applying this inequality to ABPC, we get
(Rz + R3)2 —a?> 2w1. (30)

Hence, we have
Y (Ry+R3)? > Y a* +4) w?, (31)
that is,

Y R+ RyR3 > %Za2+22w%.

Adding ) Ry R3 to both sides of the above inequality and then squaring root, we obtain

Y Ry > \/;ZaZJrZRzRngZZw% (32)

Sine wy > rq etc., the first inequality in (27) obviously holds. Note that the equality in (30) holds
if and only if Ry = R3, thus the equality in (31) holds if and only if Ry = Ry = R3, which means that P
is the circumcenter of the triangle ABC. Furthermore, we can conclude that the first equality in (27)
holds if and only if P is the circumcenter of the triangle ABC.

Clearly, the second inequality in (27) is equivalent to

ZR2R3 + 221’% > % 2(7’2 + 7’3)2.

Removing 2Y 7% to the right and arranging gives the previous Oppenheim inequality (4),
which has been proved by the author in different ways (see [12,14]).
For the third inequality in (27), by squaring both sides and arranging, we know that it is

equivalent to
221’% + 1021’21’3 < 2612, (33)
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which was first established by Chu in [30] and proved by the author in another way in [15]. In addition,
we have known that both equalities in (4) and (33) hold if and only if AABC is equilateral and P is its
center. This completes the proof of Theorem 2. O

From Theorem 2, we have
Corollary 1. For any interior point P of the triangle ABC, it holds that
2 (ZR1)2 —3Y (rn+r3)* =) % (34)
Furthermore, we can easily obtain the following inequality:

Corollary 2. For any interior point P of the triangle ABC, it holds that

(LR -2(Xn)" >

3. Refinements of Barrow’s Inequality

Y a2 (35)

N =

In [14], Theorem 4.3 gives the following refinement of the Erdés—-Mordell inequality:

YRy > \/Z [R? +2r1Ry + (r+713)%] >2) 1y, (36)

which is actually equivalent to

Y Ry > \/Z(Rl +71)% + (271)2 >2) n. (37)

Now, we point out that for Barrow’s inequality (2), the following similar result holds:

Theorem 3. For any interior point P of the triangle ABC, it holds that

Y Ry > \/Z(Rl +wi)? + (Zw1)2 >2) w. (38)

Equalities in (38) hold if and only if AABC is equilateral and P is its center.

Clearly, the first inequality in (38) is also equivalent to the following interesting form:

(LR = (Cwr)® > Y (R +w)2 (39)

To prove this inequality, we first prove a strengthening of the previous inequality (5), which is
posed by the author in [12] as a conjecture.

Lemma 4. For any interior point P of the triangle ABC, it holds that

(w + w3)2

Ry + Rz > 2w +
Ry

, (40)

with equality if and only if CA = AB and P is the circumcenter of the triangle ABC.

Proof. We let ZBPC = 261, ZCPA = 26,, ZAPB = 263. By the previous formula (17), we know that
inequality (40) is equivalent to

4R,R;5 1 [/ 2R3Ry 2R{R, ) 2
Ry + Ry > cosd; + — cos dp + cosd .
2T SRy 4Ry TRy <R3+R1 2RI+ R
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Since R3 + Ry > 2y/R3R; and Ry + Ry > 24/RyR;, to prove the above inequality we only need to
prove that

4R5R 2
Ry +R3 > 273 cos oy + (\/R3COS(52+ \/chos§3) . (41)
Ry 4+ R3

Letting /Ry = y and /R3 = z, (41) then becomes

422
y2+222 2yzz
Yy -tz

0s 61 4 (zcos 6 + 1 cos 83)% . (42)

Note that 1, J5, d3 can be viewed angles of a non-obtuse triangle. To prove inequality (42), we only
need to prove that the following inequality holds for non-obtuse triangles ABC and real numbers y, z:

2, 2o W7 2
Y +z 2y2+zzcosA+(zcosB+ycosC) , (43)
that is,
(y* + 2%)? — 4?22 cos A — (y* + %) (zcos B+ ycos C)* > 0. (44)

Multiplying both sides by 4(abc)? and using the law of cosines, we can transform the proof to the
following weighted inequality:
4(abc)?(y? + z%)? — 8bca®y?z% (b + ¢ — a?)
2
—(y*+2) {zb(c2 +a? — b?) + yc(a® + b* — cz)} > 0. (45)
If we denote by Qo the value of the left-hand side of (45), then it is easy to check the
following identity:
Qo = (% +2%) (yc — zb)*(* + a* — b?) (a® + b* — ?)
+2a2(b? + ¢ — a®)[(yPc — 2%b)* + y*22 (b — ¢)?], (46)
which shows that inequality Qp > 0 holds clearly. Moreover, from (46) we can obtain the following
conclusions: (i) if A = 71/2, then the equality in (43) holds if and only if yc = zb; (ii) if A < 7/2,
then the equality in (43) holds if and only if y = z and b = c. According to this conclusion, we can

further determine the equality condition of (40), just as mentioned in Lemma 4. This completes the
proof of Lemma 4. O

Remark 2. Adding Ry to both sides of (40) and noting that

(w + w3)?

R
1+ R

> 2(wp +ws),
we obtain Barrow’s inequality (2). Therefore, inequality (43) is actually stronger than Barrow’s inequality (2).

We now prove Theorem 3.

Proof. As the proof of the first inequality (36) given in [14], we can easily prove the first inequality
of (38) by using Lemma 4 (we omit the details here). By the power means inequality and Barrow’s
inequality (2), we have

TR+ )] = 3 (DR + D)’

Q=

Y (Ry+wp)? >

>3 (Y w)”,
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Hence, the second inequality of (38) follows immediately. Moreover, it is easily known that both
equalities in (38) hold if and only if AABC is equilateral and P is its center. The proof of Theorem 3
is completed. O

Next, we state and prove the second new refinement of Barrow’s inequality (2).

Theorem 4. For any interior point P of the triangle ABC, it holds that

Y Ri>)Y \/(Ro+R3)2—a2>2) w. (47)

The second equality in (47) holds if and only if P is the circumcenter of the triangle ABC.

Proof. Firstly, we prove the first of (47):

Y Ri1>) \/(R2+ R3)?> —a2. (48)

According to Lemma 2, we only need to prove that

Y=Y/t - (49)

Using the law of cosines in triangle EPF and the fact that ZEPF = 7t — A (see Figure 1), we have

2

ap

= r% + r% — 2rpr3cos ZEPF = r% + r% + 2rp1r3co8 A,

and then A
(ry+13)% — af, = 4ryr3 sin? 5 (50)

Thus, we see that inequality (49) is equivalent to

21’1 > 22\/1’21’38111%. (51)

But, for any real numbers x,y,z and AABC, we have the following Wolstenholme inequality
(see [19]):
Y x*>2Y yzcosA, (52)

with equality if and only if x : y : z = sin A : sin B : sinC. Putting x = /71,y = \/72,z = /r3in (52)
and substituting A — (7w — A) /2 etc., we get inequality (51) at once. Thus, inequality (48) is proved.

The second inequality in (47) follows immediately by adding the previous inequality (30) and its
two analogues. Note that the equality in (30) holds if and only if Ry = R3. We conclude that the second
equality in (47) holds if and only if Ry = Ry = R3, which means that the point P is the circumcenter of
AABC. The proof of Theorem 4 is completed. [J

Remark 3. The author knows that the triangle ABC need not be equilateral when the first equality in (47) holds
but does not know what are the barycentric coordinates of P with respect to the triangle ABC.

Now we give an application of Theorem 4.
Squaring both sides of the first inequality of (47), we have

(LR’
> )L {(R2+R3)2 *”2} +ZZ\/(Rs +Ry)? — b2 \/(R1 + Rp)2 —c2.
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Then, applying inequality (30), we further get

(ZRl)z > Y (Ry+ R3)% — Zaz +8)_wyws.

Expanding gives the following:

Corollary 3. For any interior point P of the triangle ABC, it holds that

ZR% —0—82w2w3 < Zaz. (53)
In fact, by using the previous inequality (30), we have the following extension:
Y RI+8Y wows <Y a® <Y (Rp+R3)*—4) wi, (54)

which implies Barrow’s inequality (2).
Finally, we give the third new refinement of Barrow’s inequality:

Theorem 5. For any interior point P of the triangle ABC, it holds that

ZR1 > \/;ZH2+ZR2R3+ZZW%EZZW1 (55)

The first equality in (55) holds if and only if P is the circumcenter of AABC. The second equality in (55)
holds if and only if AABC is equilateral and P is its center.

Proof. In the proof of Theorem 2, we have proved the first inequality in (55). The second inequality
in (55) is easily obtained as follows: By (53), we have

%Zaz—i—ZRzRg—FZZw%

> %ZR%+4szw3 +Y RoRs+2) wi
= 5 (TR’ +2(Zan)?

> (Y w)?,

where the last step used Barrow’s inequality (2). It is not difficult to know the equality conditions of
inequality chain (55). The proof of Theorem 5 is completed. [

4. Some Open Problems

In this section, we present some interesting conjectures as open problems.
For the second inequality in (27), the author guesses that the following refinement is valid.

Conjecture 1. For any interior point P of the triangle ABC, it holds that

\/;Za2+ZR2R3+ZZr% > %Z\/az—l—élr%
> \/;Zaz-i- 22(724-1’3)2. (56)

A similar conjecture is as follows.
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Conjecture 2. For any interior point P of the triangle ABC, it holds that

\/;Zaz—i-ZRst +2) wh> %Z\/%HW%
> \/;Za2+22(w2+w3)2>22w1. (57)

Remark 4. The last inequality of (57) is actually equivalent to

2Y wi+10) wows <) a?, (58)
which is Conjecture 2 posed by the author in [15].
Next, we give a reversed inequality similar to the previous inequality (34).
Conjecture 3. For any interior point P of the triangle ABC, it holds that
(R +12Y rars <2Y 2. (59)
Considering generalizations of the first inequality of (47), the author presents the following conjecture:

Conjecture 4. Let P be an interior point of a convex polygon A1Ay - - Ap(n > 3) and PA; = R;(i =
1,2,---,n),Ryy1 =Ry, AjAi1 = ai(i=1,2,--- ,n,and A, 11 = Ay). Then

T n n
2cos YR, > 2\/(Ri+Ri+1)2—a$. (60)
. &

i=1 i=

Remark 5. By the previous inequality, (30) we know that the above inequality is stronger than inequality (3).

We have the following refinement of the Erdos—-Mordell inequality (see [10]):

YR > Y+ 4d>2) 0, (61)

in which the first inequality can easily be generalized to polygons by applying inequality (30) and
wy > 1. The author believes that the second inequality can also be generalized to polygons as follows:

Conjecture 5. Let P be an interior point of convex polygon A1 Ay - - - Ay(n > 3), and let r; denote the distances
from P to the side lines AjAj1(i=1,2,--- ,nand A,y = Aq). Then

n T n
Zg/a%+4r%225ec;21’i. (62)
i=1 i=1

Similarly, we put forward the following conjecture:

Conjecture 6. Let P be an interior point of convex polygon A1Ajy - - - Ay(n > 3), and let w; denote the angle
bisectors of ZA;PA;11(i=1,2,--- ,nand A,+1 = Ay). Then

n n
Z\/al-z—l—élwl.zZZsec%Zwi. (63)
j i=1

i=1
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If the above inequality holds, then we can obtain the following refinement of inequality (3):

n
\/ a2 + 4w? > sec% Y w;, (64)

i=1

AM:
™=

1
Ri=> 3
1 2]

Il
—_

1

where R; = PA;(i =1,2,--- ,n).

Conflicts of Interest: The author declares that he has no competing interest.
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