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Abstract: The purpose of this article is to obtain the exact and approximate numerical solutions of
linear and nonlinear singular conformable pseudohyperbolic equations and conformable coupled
pseudohyperbolic equations through the conformable double Laplace decomposition method.
Further, the numerical examples were provided in order to demonstrate the efficiency, high accuracy,
and the simplicity of present method.
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1. Introduction

In recent years, many mathematicians have been studying and discussing the linear and nonlinear
fractional differential equations (FDEs) which arise in various fields of physical sciences, as well as in
engineering. These types of equations play a significant role and also help to develop mathematical
tools in order to understand fractional modelling.

However, there are many different methods to obtain exact and approximate solutions of
these kinds of equations. In [1], the author point out a major flaw in the so-called conformable
calculus. Recently, many researchers have also paid much attention to study the numerical and exact
methods for finding the solution of conformable differential equations. In [2], the authors proposed
so-called conformable derivatives. In [3], the conformable heat equation was studied. Similarly, in [4],
the nonlinear conformable problems were also studied. The authors in [5] discussed the concepts
underlying the formulation of operators capable of being interpreted as fractional derivatives or
fractional integrals. In a very short period of time, many mathematicians became interested and
provided mathematical models related to conformable derivatives, for the details we refer reader
to see [6-9]. In [10,11], the conformable derivatives were applied to some problems in mechanics,
and in [12] total frational derivative and directional fractional derivative of functions of several
variables were studied.

In order to solve the conformable derivatives, the single Laplace transform method was first
introduced and used in [13]. In [14], the idea was extended to the conformable double Laplace
transform. In [15], the modified Laplace transform was applied to solve some ordinary differential
equations in the frame work of a certain type generalized fractional derivatives. The authors
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in [16] applied the double Laplace decomposition method to solve singular linear and nonlinear
one-dimensional pseudohyperbolic equations.

In this present research, the main objective is to solve linear and nonlinear singular
pseudohyperbolic equations by using the conformable double Laplace transform decomposition
method, which is a combination of the conformable double Laplace transformation and
decomposition method.

2. Properties of Conformable Derivative and Conformable Double Laplace Transform

In this part, we present some background about the nature of the conformable Laplace transform.
In the following example, we present the conformable partial derivatives of certain functions as follows.

Example 1. Let p,v € (0,1] and a,b,m,n, A, u € R, then the conformable derivative follows

ot otu otu

pyl (au (x,t) +bo(x,t)) = il vy
a}l+1/ _ _
qaar (1) = e,

A xH TtV

= AT,

AZ T
xu( )
xt ‘r‘/ Xt TV
ay x],[ n m x],l n tu m—1
afv(y) (5) =G ()
oM [xM\" [t P\
50 - )6
av L[ xt tv L[ xH tv
— | sin sin = sin|{— )cos|— ],
o (s (5 Jan (7)) = o (50 ) s (5)
ot xH ad xH tv
—— [ sina | — ] sin = acos|— |sin| — ).
s (sm0 (55 () = aeos (57 s (5)
Next we recall the conformable single and double Laplace transforms, see [14,17], repectively.

Definition 1. Let f : [0,00) — R be a real valued function. The conformable single Laplace transform of f is

defined by
()= [ (G)ra

Similarly, if we let u (%, %) be a piecewise continuous function on [0, 00) x [0, c0) of exponential order
and for some a,b € R,
()]
— <1

xH v ‘u
sup { } > 0,and
v A% +bie

Then the conformable double Laplace transform is defined by

x]i tl/ _ tV x‘ll tl/
LELY (u(y,v>)_FM p,s) / / P s (# V)t” Lyt =1dtdx 1)

where p,s € C, 0 < u,v < 1 and integrals by means of conformable integrals with respect to x
and t, respectively.
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Further, the first and second order partial derivatives of the conformable double Laplace transform
with respect to % are given by

JHu
L?M [axﬂ] = Puy,v(P,S) - Uy (0,s), )
%My oM tv
LiLY <8x2P‘) = quﬂrv (p,s) — pUy, (0,s) — L} (axﬂu (0’1/)) . 3)

Similarly, with respect to % they are given by
oy (28) - 4
it \ g ) T sUyy (p,s) — Uy (p,0), @)

v, v xH
H = 2 x
Liry (E)t2V> = s"Uuy (p,5) — sl (p,0) — Li (atvu (ﬂ'0)> ' v

In the following examples we state some conformable Laplace transforms of certain functions
which are useful in this to Examples 3, 4, and 5.

Example 2. In this example we calculate the conformable double Laplace for certain functions

R
= A2 T
p*sc+1
_1 s
s+
4 1LY [4 ﬁ) f4sin(%>] = LyLy [(4t — 4sin (t)] =

2. LELY :(%‘)%in(r%)} = LeL; [(x)3sin()]

3. LALY [(
4

s2(s2 +1)
T

- ps?(s2+1)

5 LELY [(4—4cos (L)} = LyL; [(4 — 4cos ()]
The next result generalizes the conformable double Laplace transform, see [14].

Theorem 1. Let 0 < wu,v < 1 and mn € N such that u(%,%) c (! (RT x RY"), and

I = max (m,n) . Further, we also let the conformable Laplace transforms of the functions be denoted by
<x” tV> a"™'u q o"™'u Th
ul—,—», n . Then

w' v ) oxm’ ane
9" xt Y _
i (G () = Pt (29— 09)
m—1 i
. o ny
o m—1—iyv L
L (o (07)
an]/ x]/l tV -~
LELy (at’“’u <]/l’ 1/>) = "Uuy (p,s) —s" luﬂ (p,0)

—Es”il*jﬂl (ajvu <xy O))
j=1 o\ p

A E AN e ('
8xm””<u’V) DT (ﬂ’V>

denotes m, n times conformable derivatives of function u(x, t) respectively.

where
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Theorem 2. If the conformable double Laplace transform of the conformable derivatives % is given by

Equation (4), then the double Laplace transforms of

X\ v xH v xH xH v
() ot Gors) e s (%)
. xt g [N
o g (b (5 )]) = [(F) 2 (5 0)) ©

v g (s [5]) = | (5) 5 ”

and wheren = 1,2,3, ....

are given by

Proof. Using the definition of conformable double Laplace transform for Equation (6), we get

Hogv "oV
L"Lt{ (XL } // P (’; :)t “Lr1gy dy, ®)

by taking the "th derivative with respect to p for both sides of Equation (8), we have

o (s 8 ) = [ 0 (8 e
dp" w'v
n
—)”/ / (Xﬂ) P tv—le“lf(ﬂlfﬂ)dtdx
0o Jo 2 pov

_ (_1\"THyV " xr ﬁ
| () (5 5)]
and further we obtain

g (v [ (G 0)]) = [ () (5 0)]

Similarly, we can prove the Equation (7). O

3. Conformable Derivatives Double Laplace Transform Decomposition Method Applied to
Singular Pseudohyperbolic Equation

The main aim of this section is to discuss the applicability of the conformable double Laplace
transform decomposition method (CDLDM) for the linear and nonlinear singular pseudohyperbolic
equation. The pseudo-hyperbolic equations arise, for example, in the description of the electron
diffusion processes in a plate, and they also arise in hydrodynamics in the study of fluid motion
with an alternating viscosity. In this study we define the conformable double Laplace transform of
the function u (x; L ) by U,y (p,s). To illustrate the idea of our method, let us suggest here two
important problems.

The first problem:

Consider the linear pseudohyperbolic equations

0%u u ot [xFotu po oHtV [ xt 9ky xt v
i S (o)~ wavsaw (o) =4 (o) ot ©)
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subject to the condition
xH 0'u (x,0) xH
— —_— [ S N 1
w0 = (5), S = (3, 10)
where f (%, %) , f (%) ,and f» (’;—7) are source term and initial conditions, respectively.
The method:
In order to obtain the solution of Equation (9) by using conformable double Laplace transform

decomposition methods, we applying the following steps:
Step 1: Multiplying both sides of Equation (9) by the term %, we have

eI N AN e e AN o
poot2v  oxt \ u oxt oxtoty \ w oxt ) u w'v)’
Step 2: Applying conformable double Laplace transform for Equation (11) we get
ppy [OMU] g [ (tOtu @M (2ot
Lals Lu oy | = Bl |5 p oxt + oxrar i oxt
npy [ (2 E
st |27 (31 0)] (12)

Step 3: On using Equations (5)—(7), we obtain

- o [Bu 9 st (.0 - O ey - 2 oy (r(5.0))] a9

v
" Vu (i,o)
where the conformable Laplace transforms of u (%, O) and —;— are denoted by

"u (p,0
U (p.0) = Fy (p.0), 520 — 5, (5,0)

¥ ot [ xt oty oMtV [/ xh 9ty
= o <y8x?‘) * oxrar (;laxu)

using given initial condition Equation (13) becomes

respectively, and

3 Uns(p9)] =

1d 1d 1 4 1d
E%Fl (Pro) + szﬁl:z (Pro) - S*ZLxth/ [‘Ij] + ?%Fy,v (P,S) . (14)

Step 4: By applying the integral for both sides of Equation (14), from 0 to p with respect to p,
where p is transform of the variable ’;—f, we have

Fi(p,0) F(p,0) 1 [P 1
1(;7 )+ 2(:; )_57/0 LgLy[‘{’}derS—sz,v(p,s), (15)

U}W(Pr s) =
xt otV

where Fy,, (p,s), F1 (p,0),and F; (p,0) are conformable Laplace transforms of the functions f (7, 7) ,
fi (%) ,and fo (%) , respectively.
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Step 5: By taking the inverse conformable double Laplace transform for Equation (15), we can
t]/
w’v

xt ot xt tv xH 1,11
(50 (2) (%) + e o]

IR R
—L Lt LZ/O AL [‘Y]dp} (16)

compute the solution u ( ) as follows

where Lrjl L; ! indicates the double inverse conformable derivatives double Laplace transform. Here,
we assume that the double inverse Laplace transform with respect to p and s exists for each term in the
right hand side of Equation (16).

Step 6: The conformable double Laplace transform decomposition method (CDLDM) defines the

solutions u(%, £) with the help of infinite series as:

xt v ad xH v
Ul —,— | = Uy | —,— | . 17
(%)= () )

By substituting Equation (17) into Equation (16), we obtain

© "o " 1
B (25) = () 2a(5) i ]
n=0 H s
_p-1p-1 l/”ﬂvﬂ R R
L, 'L [52 Ll 5 I n;)un dp
ot [ gr @
S ! ﬂ r 7
Ly Ls l / Lxl Kaxﬂatv (y PrG E”"))] dp]‘

The zeroth component 1, as suggested by Adomian method, is always identified by the given

(18)

initial condition and the source term L;lL; 1 L%FW, (p, s)} , both of which are assumed to be known.
Accordingly, we set

xH v xH tv xH 1.1 11
(5 0) A (5) 28 (2) 1 [iee]

The other components uy, 1,k > 0 are given by using the relation

xt Y R I S U ot [ xt otuy
w () = [ s [ (5 ) )
P oHTV [ xH QHy
1 - 23 X 0Py
S ETETE T ) | L P
the first few components from the last recursive relation are, at k = 0,
xt v - 1, [Py [ OF [ xH dFug
g (V'V> = Ll [52/0 Lebd o \ G awr )| 9P

IHTV xH 9Hy
1 1 mr 2 TR0
[ v | (5 ) o]
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atk=1

S
e
=7
< | =
~
I

-1yt 23 xF oty
by Ls [ / Exl [axl‘ (y oxH ap

1 P oHtv xH oty
-1 1 xt My
Ly Ls [52/0 LiLi {axﬂatv <y oxH )] dp} ’

xt ot 1 /P ot [ xt oty
- _ _LflLfl - / LVLI/ A 2
" < H V) P [52 o T loxt \ p oxt ap
oFtV ( xH oty
1 1 Fr 2
- Ly LiL — d
2 o ()| )
etc. The important terms used in infinite series depend on the problems and may be three terms or
four terms, etc.

atk=2

In order to give a clear overview of this method, we present the following example:

Example 3. Consider singular conformable derivatives in one dimensional pseudohyperbolic equations with
the indicated initial condition

Pu o (¥l p OV fxtu (I
otz xtoxt \ u oxt XM oxFOtY \ p oxt ) U v

—4sin (F/) —4cos (F/) , (20)
1% 14
xH ou (%/0) xH 2
(o) = == () “

By using the aforesaid method subject to the initial condition, we have

and

AWy (p5) 1y, [0 9% (x40 g 9 (o
dp TR xtoxt \ pooxt xt oxtoty \ u oxH
3! 4 4 3!
- 22
I E R EE T R VR 22
taking the integral for Equation (22), from 0 to p with respect to p, we get
B 1 Py, [ 0" [(xtolu oMtV [ xt oty
U (prs) - = s2/o Eeli [ax# (;4 o ) arar \ wawr )| ¢
[
2 4 4 2! (23)

S pB2(s2+1)  ps2(s2+1)  ps(s2+1) * p3s2’

Employing the inverse conformable derivatives double Laplace transform to Equation (23), we get
SOEN [P g [ () @ (o
. ( [T 1/> = Lk LZ/O Beli | ox p oxt T axiar u oxM ap

2 v v v v
+ (xy> sin (t> 4 (t ) + 4sin (t> +4cos <t) 4, (24)
U v v v v
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by substituting Equation (17) into Equation (24), we obtain:
= R _ 1y | P | O [ xoE &
nz:oun (]/l, 1/> = _Lp LS [# A Lth ax‘u ergun dp
RtV [ xk gH @
—Lyt / LiLy T d
p Ls [ axiar \ o 2 )| 4P
u v v v v
—|—<x> sm(tL >—4<t >+4sm<t >—§—4cos(iL )—4.
u v v v
By applying the conformable double Laplace transform decomposition method, we obtain

u\ 2 v v v v
Uy = (x) sin (t> —4 (t > + 4 sin (t> + 4 cos <t) —4,
U v v v v
eventually, we have the general recursive relation, given by
xtot 1y |1 P, [ OF [ xt oy
it ( I v) = Lk Lz/o Beli | 5y uoxk ap
oHtv xH* oty
171 99 A 9 Bk
[ ) e (5 ) 2]

where k > 0, therefore
(1 P ot [ xt o OHTY [ xH QH
I i pry | O (X0 0" on T [fxh o
mo= Lk 52/0 Ll [axﬂ < i oxk u0> T oxrar (;4 oxH MOH dp]
—17 -1 LT t xt t
up = —L, L —/ Ly L} sin +4 i cos dp
4 4s
_ -1t / )
I <s2+1>+p2<s2+1>]d”]

1 4 4s 4 4s
“ p s LZP(SZH)W(SZHJ ; L2<SZ+1)+52(52+1)}

by using partial fractional and inverse Laplace transform with respect to s, we have

= -1 4 n 4s
Lo 22 41) T2 (2 +1)
4 4 4 4s
= L1 I
s [52 sz+1+s sz+1]

tv tv tv
= 4 () —4sin <> +4 —4cos () ,
v v v

1 v o Xl o otV x* oH
e Hpv . Evevrll B
up = —L, L [82/0 Exki [ax” <H axﬂu1>  axrar (V oxt ul)] dp]

L't [12/ LELY [0+ 0] dp] 0.

and

Us
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In the view of the above equations, the series solution is given by

ug + Uy + Uy + ...

w2 v v v v
(x) sin (t> —4 (t> + 4 sin (t> +4cos (t> —4
U v v v v
tv tY tv
+4 <) —4sin <> +4 —4cos () +0+0+...
v v v
Hence, the exact solution of Equation (20) is given by:
CONGRI
u(—,— ) =(—|) sin{ —|.
pov K v

Second problem: Consider the following general form of the nonlinear singular pseudohyperbolic
equations in one dimension of the form:

0%u  u ot [xMolu pooFtV [ xt 9ty x\  otu 5 xt Y
T T (yax?‘>_xﬂaxﬂatv (yax?‘>_a<y> U T f(;m) 9)

with initial condition

(o)
Y
n=0

1 0"u (Lﬂ 0)
xH _ xH W _ ﬁ
()=o) = == () 20

Y are arbitrary. In order to obtain the solution of Equation (25), we use the

where the functions “(7
following steps:

First step: By multiplying Equation (25) by ’%L and taking conformable double Laplace transform,

e [ [ (0 (o
Exls [;t o | = Lxki | 5 u oxt M 1 oxH

TR T 1 u By
FLiLY [a (x) %%uﬁ - ’;Lﬂ] LY {’;f (’; V)} , 27)

we have

v, (x*
where conformable Laplace transform of u (%, 0) and % are given by

aV
U (p,0) = G (p.0), 28D — g, p,0). 2

Second step: Applying Equations (5)—(28) into Equation (27), one can get that

d 1d 1d 1, 1d
p Uy (ps)] = g@cl (p,0) + ?@GZ (p,0) — szLxth/ (@] + ?@Fy,v (ps), (29)

where,
ot [ xt oty otV xH oty xtxt o otu xt
_axﬂ<yaxﬂ) W(yaxﬂ) Wopoax o
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Third step: By taking the integral for Equation (29), from 0 to p with respect to p, where p is a

‘ll
transform of "7, we have

Gy (p, vGo (p, 1 P v
Uy (ps) = 204 2220 S [P L (@) dp o+ (). &)

Fourth step: Using CFDLDM, the solution can be written in the infinite series as in Equation (17).
By using the inverse Laplace transformation to Equation (30), we obtain.

xt Y B xH tv xH 1,101
(ov) = o ()i (F) e [ 0]
a1 g
—L, ! [52/0 LiLY [d>]dp} (31)

furthermore, the nonlinear terms 1 9-% 3 xy i and u? can be defined by:

a”
uw? =N; = Z Ay, us—o

= Y5 (32)

We have a few terms of the Adomian polynomials for A, and B, that are denoted by

1 [ ar >
A, = - (W [Nl Z (A un)] )A_O, (33)

i=0

and

1 (" >
B, = (d/\" [NZZ(A u”)DA_O, (34)

i=0

where n = 0, 1, 2, .... By putting Equations (33)-(32) into Equation (31), we get
Eu(£4) = ()5 () s S
~L'L! 512 /OP LELY ;;4 (jjaa;‘ <r§un>>] dp]
S 512 /0” LELY (i% (gun (fi)))} dp}
L't 512 /Op Ly ’;f (iA">

|
+L, 'Lt 2 L”L[ ZBn] dp] (35)

the few components of the Adomian polynomials of Equations (33) and (34) are given as follows

2

AO == UO,
Ay = 2uguy,
Ay = 2ugup+ u%

A3 = 2u0u3+2uu2, (36)
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and
- BP‘uO
By = MOW'
o aVul aVuo
Bi = wommtumo o
_ oty oHtuy Huy
B2 = o P P T
B otus otuy Muy Mg
B3 Hogu TG TG T G 57)
Hence, the zeroth component 1y from Equation (35) is given by
xt Y xt v xt 1,11
o (ere) =0 () + 5 () e [ 09 9
and
xt Y B 1 |1 P, [ O XM oty
e (;m) - LI [52 ey |5 (55 )
1 7 xH oF Ty
_7-y-1) = prv | A k
st o e ()]
1 rp xH# xH
Ly 7/ ALY {a(x) XA — SBy | dp|, 39
+ps[520xta(x)‘ukykp (39)
where k > 0.

Example 4. Consider the nonlinear singular pseudohyperbolic equation in one dimensional is governed by

Py O (xFFu\ o PV [xFobu\  1xF dFu , (AP _w
S S - | === )| —z=—u fu=(—) e v, (40)
ot xtoxt \ p oxt xH 9xHotY \ u oxH 2 u oxk i

subject to the following initial conditions

(o) (1) 9(0):_() "
w’ w) oot w)o

The conformable double Laplace transform decomposition method leads to the following scheme
(-G
u\ —— )=\ — e v,
v B

xt 1.1 qp [ o" [ xM 9Hu xH oty
w () = i [ ) [ (e + 5 )| o)

and

w'v P [oxH \ u oxt  u oxHotY
(1 P [x# oMy X
171 Hrv 0o 2
+L, L 2 Jo LYLi 7 o i ”0] dp]

1.1 [1 P EA NN xhN\ v
- 1! 57/0 iy 4(y>e V—4(y)e u}dp}
p AN v AN v
—L,'L;! 512/ LiLY [(’;) e v — (’;) etv‘| dp}
0
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proceeding in a similar manner, we have

Hopv Hopv Hopv
u2(x t>:0, u3(x,t>20, u4(x,t>:O,...
v v pv

so that the solution u (%, %) is given by

xt d xt
u<,) = 2””( >:u0+u1+u2+...

pov n=0
_ (x
H

and hence the conformable solution is given by

BtV M 2 v
u <x,t> = (x ) e . (42)
pv 14

=
N———
N
m\
==

By substituting y = 1 and v = 1 into Equation (42), the solution becomes

¥ (x,t) = x%e "

Conformable double Laplace transform method and Singular conformable coupled
pseudohyperbolic equation.

In this section, conformable double Laplace decomposition method is considered for the
one-dimensional conformable derivatives coupled pseudohyperbolic equation since the method is
much simpler and more efficient in the study of linear equations.

The thrid problem: Let us consider the conformable derivatives coupled pseudohyperbolic equations

0%y uo ot [xt oF 1 oMtV xk gH xH v
T ‘xuaxu<y P >_xP‘8xP’8tV (y axu“)“” = f(;m)

2v H" 7Y u+v JZY BV
A <x80>_ﬂa(xa >+§ g(x,f>, (43)
u'v
subject to

ot xF 9x* \ u oxH xH oxHoty \ u oxt
M(x%‘ ) f (x#) avu(?ﬂo> fz( ) andv(ﬂ, ):gl (x), alugfg’)_gz (x%‘) (44)

where the linear terms £; aa;; (x; aa;,l) are the so-called conformable Bessel operators. Here, f (ﬂ ﬁ),

g
g (%, %) fi ( ) f2 ( ) ( ) and g ( %) are given functions,  is the coupling parameter.
One can obtain the solution of Equation (43), by using the following steps.

(1): Multiply both sides of Equation (43) by ’;—f, we have

x* 9%y ot [xt oM oMtV [ xH QH xH xH xt v
o e \ 7 9w T v \ o gt §*v = —fl—7
u ot oxt \ u oxt oxtoty \ u oxt U u'v
xH 9%y ot [ xt o oHTV [ xH QH xH xt v 15
o M(yaﬂ‘?))_aad*at”(y P )* 5*“ = yg(y'v)' 45
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(2): We apply conformable double Laplace transform on both sides of Equation (45) and single

conformable Laplace transform for Equation (44), we get

ppy [FOu] g [0 (6 AR N AR ol Nt (Y

LiL} L, arv | = Leli |5\ o) Tawer \w o) S T v )|

oy [0 [ (xf ar AR L W N L

LxLs {jatzv = Libi 55 (0 aw®) Tawmar (i aw®) — St T s\ v )| (46)

on using theorem 1 and theorem 2, we obtain

d 1d 1d
@ [U%V(P/Sﬂ = E@Fl (p,0) + ;%Fz (p,0)

1y, [0 (x o A A

gLkt [axu o o) T o \waw) 60
Td (u [, (x"

v (0 (7))

ddp [Un(pss)] = 1;}? (p,0) + 12;1 2(p,0)

1 Ly ot [xit ot otV [ xi ot xH
2 L)x” (y w”) T Srar (V PR ”) - Cy”}
1d (u, xt Y
s (44 (5 5)))
(3): By integrating both sides of Equation (47) from 0 to p with respect to p, we have

Fl (P/O) FZ (P/O)

UV,V(P/ S) = s + 2

Lo P[00 (o N 9 fat o Nt
57/() ExLi [ax?‘ <y axu”>+axuatv u axh " ¢ U 0| dp
1 rfd (u, xt v
G (e (55)]))

Gi(p,0)  Ga(p,0)

Vy,v(p/ 5) = s + 2

LogP gy [ 08 (o oMy (at ot NAt
57/() Ll [axﬂ <y axr +ax1‘8tv i axk gyu ap

i G (s (D))o

(47)

(48)

where F; (p,0),F (p,0),G1 (p,0), and G, (p,0) are conformable Laplace transform of the functions
fi (’;—f) , f2 (%) , 81 ( ), and ¢» ( ) respectively. By applying double inverse Laplace transform

for Equation (48), we have

(%) = () fz<;>+LngLg/o< (et G 5)1))

dp
11 l/r’ ot (xt
Ly Ls [52 0 LxLi oxt \ axﬂ

1 (P oHtV [ xH oH xH
_r-1y-1 = prv | & [ A A
Ly Ls [52/0 Lyl [axﬂatv (y IxH ) ¢ v] dp]

(49)
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and
LA N (x 171 A ([ (X
U(V'V> - gl<u>+vg2<ﬂ)+L ks [s/o<dp<LLtg TR ap

1 rp [yt o

S e N el Hyv | & (A 2

et | g (5 ge) ) @)
1 /p AR Y N

_r-1y-1 = Hrv A v _

L'Ls [52/0 LrLy [axﬂatv (V aw”) o7 u] dp]. (50)

The conformable double Laplace decomposition methods represent the solutions of Equation (43),
by the infinite series

xH t") > (xi‘ t’/> (x” t”) > <x” tv>
u , . 51
(i) )k .
By substituting Equation (51) into Equations (49) and (50), we get
S AN A W C A UNSTIY R e IS U
Lo (ow) = 2 (0) e () e [ 1 G (v [f(y'vﬂ))dp}
IR I T2 R B T T
“Ly'Lt g I | T n;)un
(1 v N A
_r-1y-1| 2 Hpv | ¥V 2 2
Lp L 2 Jo (Lth [axﬂatv <V oxH (E )>‘|> ‘|

1111 xt &
+LP1L51 ?Lth [gﬂZvnH, (52)
L n=0

IS ﬁ i _ ﬁ i ﬁ 17 -1 l p i T, xH
Evn<yfy> - gl<y>+yg2(y)+Lp L, [52/0 <dp (Lth s\ dp
1 ,1_1 Pl ou,y| oF [xt oF o0
_Lp Ls 57 0 Lth W FW 1;)2),1 dp
151 -1 p . ontv X QM )
—L, L, 2 /o Ly Ly axior \ w0 axn r;)vn dp

1111 xt &
—i—Lplle ?Lth [gVZuHH. (53)

n=0

Our method suggests that the zeroth components 1 and vy are identified by the initial conditions
and from source terms as follows

o = 8 (D) (2 e[ (s (5)) o]
S RN R 7 E RS P
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The remaining terms are given by

1.1 |1 P ot [ xH oM
Up41 = _LplLs ! [52/0 (LZth/ {axﬂ (ﬂ W”k)]) dp]
1 p oHtV xH oM
_r-1y-1] = Hyv | & (A T
' | ) (1t [ (5 ) o)

1111 xH
+L, 'L [S2Lth {g yvk” , (55)
and
(1 (P ot [ xH o¥
_ —17-1 H
Ok+1 = _Lp L, _57 0 <LxL}.‘/ [W (pt aﬂ‘vkﬂ) dP]
M1 p oHtv xH oM
_r-1y-1]| = Hrv A v
Ly Ls 152 Jo (Lth [axﬂatv (;4 oxH vk)}) dp}
o401 xH
+L, 'L aLeLt {g #ukH . (56)

Here, we assume that the double inverse Laplace transform with respect to p and s exists for each
term in the right hand side of the above equations.

To illustrate our method for solving the conformable derivatives coupled pseudohyperbolic
equations, we will consider the following example:

Example 5. Consider the following homogeneous form of a conformable derivatives coupled pseudohyperbolic equation

0%y u ot [xM O pooHtV [xi gk
- — | = —u|-= — —u)-v =0
otV xi oxH (y oxH ) xH oxHotv (;1 dxH )
%o u ot [xM O pooMtV /xt oH
Frea <y axu”) Y axRar <y axP‘U> v =0 ©7)

with initial condition

o ) N2 0'u (%,0) B N\ 2

() = G == (%)
M 12 2 d0"v ﬂ,O U 2

v L,O — X , M:_ N (58)
Z Z otv Iz

By applying above method for Equations (57) and (58), we obtain

0o (xy tv) (xﬂ>2 (x?‘)z v
Up | —, — = o S\ u v
= u'v IS K v
17 -1 H
—L,'L; A <LXL1t/ oxt \ u oxt (Bw))]) dP}
1 P oHty [t g [ &
_ —17-1 KLY 1 oxt
L, L 2 /o <Lth [axﬂatv (y oxH (Eun>>]> dp]

1111 xt &
_Lplle SzLth[ ZU”H’ (59)

=
=
<
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and

and

> xt v
> on |~
n=0

p'v

)

2\ 2 2N\ 2 v
) -G2) %

—L;ngl
_L;lLsfl

_L;lL;1

1 ]
<

ot [ xt o
(5 o
aerv
[Bxﬂatv

e}

n=0

By applying equations Equations (54)—(56), we have

)~

o1
—LplLs 1 LzLth {

Up

U

01

Uus

(%]

us

U3

(&
H

2

3

tl/

(

1%

;

tl/

1%

xH

L1
2

K

1.1
—L, 'Lt LzLth {

2

3

2
3

iL_

2

3

r
15

1

15

tl/

(5

p

p

(5
~-L,'L7T |5
>5
1.1
—L, 'Lt LLth [

(

(

—L;ngl {

y

1%

;

1
It LLth [

ti/

(

v

tU
v

)+

:

1
24 \ u

7

o
dxH
) 2
o
9xH

1 /N2 /N2 1 /a*\?% /\°
+z(y)(v)‘6(y)(v)
1 ot [ xt o b L
#“h[wu(yawl)+www

1 [xF\? [t 5
SOOI NCE
ot [ xH oHtv

PP (y axu”1 t oxrar (

) () - () (5)

ORGE
vn=(—] —|— | —
H U v
Xt QM QHtv
(ymw%)+awmv
N2 1 MNP
(v) s (%) (3

)3
xt o oHtv
(ymw%>+&wwv

xH

xH o
<V ax”uo)

xt oF
(14 WUO)
oM

xH
<uwﬂ0+y
xH

oxt 1)

CE
xH oM
T

1 I
sz 54

(

)]}

n=0

et () + s (o 32) ]

2| g u oxt 2 oxHot \ u oxt 2 U 2

1 /N7 1 [a\% [/ 1 /xM\2/\7

‘rmo<v>'*zm<y> <v) amo(u) (v>'
ot [ xF oM b L x# o¥ xH

s (i 3w + g (o 3w) + 50|

1 /N7 1 /N2 /N\e 1 aN\Z

‘1mm<v> +zw<y> <v) _ﬂMO(ﬂ) (v>'

2e)))) )

16 of 21

(60)
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and so on for other components. Using Equation (51), our required solutions are given below

2 A\ 3 v\ 4

u(f,i) = utut+utuz+..= 1_54_(2!) _(2') +(Z!) o <JZ>2
o\ 2 v\ 3 v\ 4

v(;;ﬂ/i/) = 09+ +0+0v3+..= 1_i+(2!) _<t;!) +(tjﬂ> U <J‘Zl)2

and hence the exact solution becomes

(5 -G e () -G
u|—,—)=(—)ev, v|l——)=(—] e v.
Bov H BV K

By taking y = 1 and v = 1, the conformable solution becomes

u(x,t) =x%"", ov(xt)=x%"

4. Numerical Result

In this section, we shall illustrate the accuracy and effciency of the double conformable Laplace
transform method by numerical results of u(x,t) for the exact solution when y = v = 1, and
approximate solutions when y and v taken different fractional values in Equations (20) and (40),
which are depicted through Figures 1-4, respectively.

The three dimensional surface in Figure 1 shows the exact solution of Equation (20) in standard
form of singular pseudohyperbolic equation at = v = 1. Figure 2 compares the approximate
solutions of Equation (20) when t = 7. In Figure 2a, the numerical solution at 0 < y = v < 1, in this
case u(x, t), increases hastily at fractional derivative decrease, Figure 2b shows the solution at y = 0.99
and v = 0.95,0.90,0.85 and we see u(x, t) increasing regularly when v decreases, and in Figure 2c we
can observe u(x, t) increasing slowly at u = 0.95,0.90,0.85 and v = 0.99 when y decreases.

0z

0 0

Figure 1. The Exact Solutions u(x, t) for Equation (20) when y = v = 1.
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Similarly, the exact solution and approximate solution of Equation (40) were demonstrated
in Figures 3 and 4 when t = 1. In the case v = y = 1, we get the exact solution of a singular
pseudohyperbolic equation, as seen in Figure 3. Figure 4 shows the approximate solution of
Equation (40) with different values of y and v. Figure 4a gives plots of the behavior of Equation (40)
when 0 < p = v < 1, in this case the function u(x, t) increases quickly, and in Figure 4b we have
obtained the solution for the values of y = 0.99 and different values of 0 < v < 1, in this case the
function u(x, t) increases gradually, and Figure 4c gives the behavior of Equation (40) at v = 0.99 and
different values of y, in this case the function u(x, t) increasing tardily.

It is clear from the solutions of Equations (20) and (40) that the conformable double
Laplace decomposition method has good agreement with the exact solutions of the problems.
The fractional-order solution of these two problems and exact solution of integer order problems
are equal at 0 < y = v < 1, in this case we have no error.

05 T T - 035 T T
+ pEelEs + v V=095
0.45- - + ’
w=v=0.90 *+ 03tk v=0.90 hil
o4l *  p=v=085 + 4 + =085 **
= Ewxact Sal. + o Exact Sol. ** i
0.35 0251 . ‘oé
03
02f A
- 025 =
0.2 0151 B
015 a1k |
0.1
005+ R
0.05
[ 0 L L L L L
g 005 01 015 02 025 03 03 04 045 05

(a) (b)
0.45
M ***
nar W=0.90 R
+ =085 ¥
036 < Exact Sal **
03r +
.
025+ 4
e}
5 0
02r B
015+ B
01r B
0.05 - R
Debpsbeb B L L L L L
0 05 01 015 02 025 035 04 045 05
X
(c)

Figure 2. The solutions u(x, t) for Equation (20) for different values of i and v when t = 7. (a) Plot

solutions u(x, t) for Equation (20) at 4 = v. (b) Plot solutions u(x, t) for Equation (20) when u = 0.99

and different values of v. (c) Plot solutions u(x, t) for Equation (20) for different values of y at v = 0.99.



Mathematics 2019, 7, 949

Figure 3. The Exact Solutions u(x, t) for Equation (40) when y = v = 1.

a

0

07

nz

19 of 21

* pev=085 + y=085
o6l p=v=0.90 1 a3l y=0.90 +
*  p=y=085 o + =085 **
< Exact Sol ** o Ewact Sol. *.,
0s5f 025} He s
‘
OO
0.4 o2k il
= =
03 oist 1
02 o1k il
01 005t 1
kT foot
b A L L L 1 0 ! L 1 L L
0 0058 01 D15 02 02 03 03 04 04 05 0 008 01 015 02 025 03 03 04 045 05
* X
(a) (b)
0.45 ; ; ; ; ; ; ; ;
4
+  p=095 o
oar W=0.90 w1
nal | *owEs o
.  Exact Sol **
03 4
.
.
02s¢ 4
i
5 o
o2 B
RS B
ot B
0os- B
s ‘ . . .
0 008 01 015 02 0325 03 035 04 045 05
H
(c)

Figure 4. The solutions u(x, t) for Equation (40) for different values of y and v when t = 1. (a) Plot

solutions u(x, t) for Equation (40) at y = v. (b) Plot solutions u(x, t) for Equation (40) when y = 0.99

and different values of v. (c) Plot solutions u(x, t) for Equation (40) for different values of y at v = 0.99.
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5. Conclusions

In the present work we have studied singular linear and nonlinear pseudohyperbolic equations
by employing the conformable double Laplace transform decomposition method (CDLDM), and we
obtain analytic solutions when y = v = 1 and numerical solutions for different fractional values.
Further, we also studied singular coupled pseudohyperbolic equations. It is clear that the solutions
of Equations (20) and (40) were obtained as infinite series by using the conformable double Laplace
decomposition method and they are in good agreement with the exact solutions of the problems.
We have provided three different examples in order to demonstrate the efficiency, high accuracy, and
the simplicity of the present method. Further, we plot the exact solutions, as well as the numerical
solutions, in Figures 1-4, and we can easily see the efficieny of and agreement among the solutions.
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