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Abstract: A convex combined expectations regularized gap function with uncertain variable is
presented to deal with uncertain nonlinear variational inequality problems (UNVIP). The UNVIP is
transformed into a minimization problem through an uncertain weighted expected residual function.
Moreover, the convergence of the global optimal solutions of the uncertain weighted expected residual
minimization model is given through the integration by parts method under the compact space of
the uncertain event. The limiting behaviors of the transformed model are analyzed. Furthermore,
a compact approximation method is proposed in the unbounded uncertain event space. Through
analysis of the convergence of UWERM model and reasonable hypothesis, the compact approximation
method is verified under the circumstance of Holder continuity.
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1. Introduction

Let S € R" be a nonempty closed convex set and f: S — R" be a mapping. If there is a vector
x* € S such that
(x—x)Tf(x*) >0, x€8§

holds, it is called the variational inequality problem (denoted by VIP({, S)). In the past several years,
the VIP is always a very hot problem in the field of the operation research. The developments of
VIP involve theoretic research, effective algorithm for finding solution and applications. Yao [1]
established a generalized quasi-variational inequality model. The study of the existence of the
variational inequality problem is extended in finite dimensional spaces and the class of problems
modeled by the variational inequality theory is enlarged. Some significant existence results are
established based on mild assumptions without convexity. In [2], the existence of the variational and
the generalized variational inequality problems are presented under the discontinuous mappings.
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The uniqueness of the solution of the generalized variational inequality problem is given and the
existence of the generalized complementarity problem is investigated. In [3], they study the existence
of the set-valued variational inequalities (VVI) based on vector mappings. The necessary and sufficient
conditions of the existence are established based on the gap functions of VVI. The above shows that
the VIP can be transformed into a semi-infinite programming problem by a proper gap function.
Postolache et al. [4-7] made a contribution to the solution and application of variational inequalities.
In [4], they consider three classes of variational problem including multitime multiobjective variational
problem (VVP), multitime vector fractional variational problem (VFP), and multitime scalar variational
problem (SVP). The necessary optimality conditions are established for SVP. The efficient solution and
the normal efficiency solution of the two vector variational problems VVP and VFP are presented,
and necessary efficiency of conditions of the efficient solution and the normal efficiency solution are
established. In [5], the authors construct algorithms for a class of monotone variational inequalities.
In [6], the writers prove the existence and approximation of solutions for generalized extended
nonlinear variational inequalities. In [7], the authors propose the variant extragradient-type method
for monotone variational inequalities. Yao et al. have done a lot of research into the variational
inequality problem in the last few years (see [8-10]); also, Facchinei and Pang [11] have done similar
research. However, for Variational Inequalities with uncertain variables, they involve very little.
Uncertainty theory [12] models a kind of degree of belief that the uncertain event will happen. Many
applications also contain some uncertain variable, such as a new stock, emergencies, devastating
military experiments, etc. Subsequently, the uncertain variational inequality problem is proposed
by Chen and Zhu [13]. In their paper, a new class of uncertain variational inequality problems are
proposed to find x* € S such that

My eT|(x —x)TF(x*,&(y)) >0,¥x € S} =1, 1)

where () is the uncertain variable, I is a nonempty set, F: R" x I' — R” is a mapping. They solve
the expected value model based on uncertainty theory.

Li and Jia [14] introduced the uncertain variable in the VIP model, they established an expected
residual model about the uncertain variable through a regularized gap function. It is given as

min 0(x)
0(x) := Elg(x,2)] = | g(x ) (1) @
s.t.x €8S,

here, ¢ € B, E stands for the expectation with respect to the uncertain variable ¢, d(t) stands for the
uncertain distribution function with respect to the uncertain variable ¢. T stands for domain of ®(t).
Recall that, for Vx € R" and V¢ € B,

§(x,8) = (x = H(x &) TF(x,8) - 5|Ix ~ H(x, )|, ®)

where
H(x,&) := Projsc(x —a 'G1F(x,&))

F: R" x R — R" is a mapping. « is a positive parameter, G is an n X n symmetric positive-definite
matrix, and || - || means the G-norm defined by ||x||c = VxTGx for x € R".

In [14], Li and Jia considered a linear uncertain variational inequality problem. The properties and
convergence analysis of the ERM problem were discussed. Integration by parts method is proposed
to solve (2). The purpose of this paper is to introduce UWERM model for dealing with nonlinear
uncertain variational inequality problem.
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The paper is organized as following. We recall some preliminary results about uncertainty theory and
other preliminaries in Section 2. Then, the convergence of global optimal solutions and convergence of
stationary points of UWERM model are discussed in Section 3. Furthermore, the compact approximations
of UWERM model are covered in Section 4. Finally, the conclusions are given in Section 5.

2. Preliminaries

2.1. Uncertainty Theory

In this section, some fundamental concepts, properties concerning uncertain variables, uncertain
distribution and expectation are recalled. Let I be a nonempty set, and .# a o-algebra over I'. Each element
Ain & is called an event and assigned a number .# {A} to indicate the belief degree with which the A
will happen. In order to deal with belief degrees correctly, Liu put forward the following three axioms:
Axiom 1 (Normality Axiom). .#Z{T'} = 1 for the universal set I’;

Axiom 2 (Duality Axiom). .#Z{A} + .#{A°} =1 for any event A;
Axiom 3 (Subadditivity Axiom). For each countable sequence of events Aj, Ay, ..., we have

%{GAI} < S ain.
i=1 i=1

Definition 1 (Liu [12]). The set function .4 is called an uncertain measure if it satisfies the normality, duality,
and subadditivity axioms.

The triplet (I', £, .#) is called an uncertainty space. Furthermore, the product uncertain measure
on the product o-algebra .Z was defined by Liu as follows:
Axiom 4 (Product Axiom). Let (T, %, .#) be uncertainty spaces for k = 1,2,.... The product
uncertain measure ./ is an uncertain measure satisfying

M {HAk} = N\ 4{ e}
k=1 k=1
where Ay, are arbitrary events chosen from . for k = 1,2, . . ., respectively.

Definition 2 (Liu [12]). An uncertain variable is a measurable function & from an uncertainty space (T, L, #)
to the set of real numbers, i.e., for any Borel set B of real numbers, the set

{¢e B} ={y€eTli(y) € B}
is an event.

Theorem 1 (Liu [12]). Let {1,Co, ..., Cn be uncertain variables, and f a real-valued measurable function. Then
&= f(&,8&,...,Cn) is an uncertain variable defined by

¢(r) = f&1(7),82(7), -/ Gn(7)), ¥y €T
Definition 3 (Liu [12]). Suppose ¢ is an uncertain variable. Then the uncertainty distribution of ¢ is defined by
®(t) = M {E < 1)
for any real number t.

For ranking uncertain variables, the concept of expected value was proposed by Liu [12] as follows:
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Definition 4 (Liu [12]). Let ¢ be an uncertain variable. Then the expected value of ¢ is defined by

Eld] = /0+°° AE > Bt — /0oo MAE <t

provided that at least one of the two integrals is finite.

Theorem 2 (Liu [12]). Let ¢ be an uncertain variable with uncertainty distribution ®. If the expected value exists, then

Ele = [ " (1),

—00

Corollary 1 (Liu [12]). Let ¢ be an uncertain variable with uncertainty distribution ® and let f(t) be a strictly
monotone function, then we have

—+o00
EF(@] = [ f(ndow).
2.2. Other Preliminaries
From Theorem 4.2 of [14] and the continuity of (F, VF), 6 is continuously differentiable over S and
VO(x) = E[V.,g(x,§)],Vx € S. 4)

From non-additivity of the uncertain variable, we can tell there is no density function for uncertain
variable. So ®(x) usually is not differentiable in uncertainty theory. By the results given in [15], g(-, &)
is a continuously differentiable function over S for any ¢ € B, and

Vig(x,8) = F(x,8) — (ViF(x,8) —aG)(H(x,{) — x). ©)

Theorem 3. Through [16], we can get the following conclusion
lim — Y ®(t)g (x ;) = / (D) (x,t)dt ©)
T

For any x € R", we also have

VAmin||1X]] < ¥l < v/ Amax||x]] @)

where G is a positive definite matrix, A,;, and A,y are its smallest and largest eigenvalues,
respectively. ||A|l and || A|| # denote the spectral norm and the Frobenius norm of matrix A, respectively.
The relationship between ||Al| and ||A|| &, ||x|| and ||x|| are as follows,

Al < A7 ®)
n

Allz < Y IIA]. )
=1

where A; is the jth column vector of A.
These definitions and properties will be used in the latter theorem.

3. Convergence Analysis

3.1. UWERM Establishment and Hypothesis

In this paper, the next formulation (10) is called a uncertain weighted expected residual
minimization model with A € [0, 1].
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= | (Ag(x,£) + (1= A)g?(x, 1))d(1) (10)

where g is defined as (3), E stands for the expectation with respect to the uncertain variable ¢, ®(t)
stands for the uncertain distribution function with respect to the uncertain variable ¢.

In this section, we assume that the uncertain space T is compact. Under this assumption, we will
investigate the convergence results for (10).

Definition 5. Let 0y (x) minimum be as follows:

min 0 (x) = Ag(x, )P (t)[rer — 2 Dt
fETk
(11)
+ (1= )¢ (x, ) () |rer — Z D(t;)g(x, )8 (x, ;)
tGTk

where the sets T, = {t;|li = 1,2,..., N} is generated by [16], and satisfy Ny — oo as k — oo, we call T
uncertain event space, theoretically T is domain of ®(t), g(x, t)D(t)|er is a function merely related to x.

We will study the following approximations problem to the UWERM problem (10) as follows:

min 6 (x) = Ag(x, ) ()|rer — 1~ Z D(t
tETk

+ (1= A)g*(x, )@ ()| ter

_ 2<1N_k)\) Z D(t;)g(x, t:)g (x, ;)

ti€Ty

(12)

st.x€eS

We study the limiting problems (12) in the next section. Let the function F be affine. Some
assumptions such as the positive definiteness and the square integrability are given, see [14] for details.
To prove the latter theorem, we suppose that the uncertain distribution function ®(t) is continuous
ont € T, and that a third order derivative of the function F exists (denoted by FJ},). Owing to
H(x,t) := Projs.g(x —a~'G~'F(x,t)) and H'(x,t) := Projs.g(x —a " 'G~1F/(x,t)), it is easy to get H,
H}, and Hj are continuous. First, the convergence of global optimal solutions is considered.

3.2. Convergence of Global Optimal Solutions

For convenience, we denote by S* and S the sets of optimal solutions of problems (10) and (12),
respectively. Now, we first give the following lemma which is the robust convergence version of ERM
approximate problem.

Lemma 1. For any fixed x € S, we have

0(x) = khj?o O (x).

Proof. It is known from the definition of 0(x) function of (10) and integration by parts method that
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6(x) : = AE[g(x,&)] + (1 - A)E[g*(x,8)]
= [ (Ag(x, ) + (1= D) (x, 1) ()
= Ag(x )@ (Dlier =4 [ @(1)g'(x, )
+ (1= )G (x, () et
—u—AxA¢ungog@¢wt

while by the definition of 6 (x) function of (11) that

0c(x) = Ag(x, )D(E) et — Nik Y o(t)g (v 1)

tieTy

+ (1= V)& D)t — 2<1N‘k” L @(t)s(xt)g'(x1)
tET,

It can be straightforwardly obtained from (6) that
lim — Y (k)8! (x, ;) = / ®(D)g (x, t)dt.
T

and
lim - ¥ g )8 () = [ (0008 (3 e

k—oo Ni teT,

Thus it holds that 6(x) = klim Oc(x). O
— 00

Theorem 4. Assume that x; € S;; for each sufficiently large k. and x* is an accumulation point of {x}. Then,
we have x* € §*

Proof. Let x* be an accumulation point of {x;}. Without loss of generality, we assume that {x;}
converges to x*. It is obvious that x* € S. We first show that

lim (6 (xx) — O (x*)) = 0.

k—o0

!

Let B C S be a compact convex set containing the sequence x;. By the continuity of g},

compact set B x T, there exists a constant Cy, Cp, C3 > 0 such that

¢’ and ¢ on the

I8t (x, )| < Cy,¥(x,8) € BXT. (13)
18 (x, )| < Cp,¥(x,8) € BxT. (14)
llg(x, t)]] <C3,V(x,¢) € BxT. (15)

Moreover, we have from the mean-value theorem that, for each x; and each ¢;, there exists yki =
agixg + (1 — ag)x* € B with ay; € [0,1] such that

|1 (i 1) — g1 (x" 1) = [gte (v, 1) (e — x7).
also there exists zy; = Brxx + (1 — Bii)x* € B with By; € [0,1] such that

(g (xk )81 (ks 1) — g(x%, 1) gH(x™, 1))
= |(8%8t + 88t) (zkir ti) T (3 — x*)|
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So, we have

|6k (xx) — Ok (x7)|

=|Ag(xx, 1) D( |t€T_ — Y D(t;)gi(x i)
tETk
+ (1= A)g (xk, )P () |rer
1—A

- 20 (t;)g (xk, )81 (xk, )
k tiGTk

—Ag(x", 1)d( |teT+ Y. D(t)gi(x", 1)
tETk

— (1= Mg (", HP(b)|rer
1-A

LAY @aget, gl 1)
k ti€Ty

<|Ag(xk, )P (8) |rer — AG(x™, 1) () |ser|
+ (1= )& (i, ) P(1) rer — (1= A)g* (x*, )P (#)|se]

+I*Z<I> ) (8 (ks i) — 81 (x", 1))

t ETk

N, Z%ch (8w, )81 (ks 1) — g(x™, 1) gi (x", 7))
<IAg( D(Dlicr — A", DD e
10 = & (0 e — (1= D (", (1) et
b T @)l (g0 ) — H )]

k ti€Ty

+ - L )8l g t) — g(x, )i (x7, 1)

=[Ag(xp, )P (t) |rer — A(x™, ) D(t) e
+ |(1 — )& (xp, D) |rer — (1 — A)g* (x*, 1) D(t) |ser|
+* Y (1) |8k (vrir )T (i — x¥)|

tETk
Z D(1)|(8481 + 881 (zkir ti) T (e — x7) |
k ti€Ty
<|Ag(xx, )@ (t)|ser — AG(x™, 1)@ (t)seT]
+ (1= A) g (xp, HP(E) [rer — (1= M) (x*, ) P(H) e

+ 2T ) )] [ — )

tETk

+7 Y ()11 (g8t + 88t) (zwis ti) | - 1 (i — x|

=
<IAg (e DB et — Ag(x", HO(E) e
1= )82 DO ier — (1~ V", )P er]
Fal ) X @)

ti€Ty

+(C3+C1G3) || (g — x™)| l— Y @t
tETk
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Owingto Y, ®(t) < Ny, so N Y. ®(t;) < 1. Because of the fact that the sequence {x;} converges
ti€Ty ti€Ty

to {x*}. Therefore,

k—o00
|0k () — B (x*)] —= 0. (16)
On the other hand, noting that
10 (xx) — O(x™) < [0k (xx) — O (x™)| + [Or(x™) — 0(x7)], (17)

so, we have from Lemma 1 and (16) that

lim 6 (x¢) = 0(x"). (18)

k—o0

Since, for each sufficiently large k, x; € S}, there exist € > 0 such that
O (xk) < O(x) +€ (19)
holds for any x € S. Letting k — +oc in (19) and taking (18) and lemma 1 into account, we get
f(x*) <6(x)+eVxeS,
which means x* € §*. [

3.3. Convergence of Stationary Points

Theorem 5. If klirn X = x*, then
— 00
lim VO (xx) = VO(x").
k—o00

Proof. Let B C S be a compact convex set containing the sequence x;. By the continuity of
Ft, Fl!, 31, 81H, H, and VZF; on the compact set B x T, there exists a constant C > sup{||x|, k =
2,...} such that, for any (x t)€BxT,

|F]l <C, (20)
|Fll < C, (21)
gt < C, (22)
Igixll < C, (23)
IFvll < C, (24)
|H| <C, (25)
|Hi| <C, (26)

where F/.. denotes the derivative of F(x, t) with respect to x,t. We first show that

11m— Y @) F (xx, i) — F (x", ;) || = 0. (27)
tETk
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In fact, from (8) and (9), we have

1

ﬁktieZTk (o) [|Ff (xx i) — F (x", 1) |

1
<§; 5 @OIF ) F G o
<Xy L P F )~

j=1

Moreover, for each x;, §; and any fixed j, from the mean-value theorem, there exists yy;; = Tijxx +
(1 — ;)% € B with 7;; € [0, 1] such that

1
N Y Ot F (xx, i) — F (x*, 1)
k t €Ty
1
<5 L UL Yo to) [l — x7]
k ti€Ty (29)
1
<Clx— 'l X ()
ti€Ty
k—o0
—0,

where the second inequality follows from (21), while (27) holds immediately from (28) and (29). In a
similar way;, it holds that

,{g7t;k¢ DIF(xe ;) — F(x*, )| = 0 (30)
and

,{g%ft;kcb DI Fe(xx, t) — Fe(x*, 1) = 0 (31)
and

lim 2 5 @ (t) |l (o ) — F (", 1) | = 0. (32)

k—0 N LeT,

It then follows from (7), (30), and the non-expansive property of Projs ; that

Ni Y ©()|IH(x" ) — H(xi, 1)

ktGTk

S Amin N Z O(t) | H(x", t;) — H(xx, ti) |6
tGTk

< "“"N Y ®(t)||(x* —a'GTIR(x% )
tETk
— (% —w_lG_lF(xk, ti)llc
</\r2nax/\m12n Z (I) |xk - X H
tETk
+aHGTHI[F(x, 1) — F(x*, 1))

k—o0
A

0.
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So

A

= ¥ ()| H(x 1) = Hix 1) =0 (33)
k't

i€T
On the other hand, by (21), (25), (32), and (33), we have

1

N Y O(t) || Fe (o, ti) H(xpe, £) — Fiy (2%, £) H(x*, ) |
k tieT,
7 Y. @) |Fy (xx, 1) (H (xg, £) — H(x¥, 1))
HeTy
+ (Fy(xp 1) — Fyy(x%, ) H(x™ 1) |
<*tZT‘1’ e (i t) | (H (2, £7) — H(x™, 1)

+H v (e ti) — Fep (o, ) ([ H (™, ) |])

<C- ﬁk ZT () (|| (H(xg, t;) — H(x*, ;) |
teTy

+ [Py (xg i) — Fyp(x%, £3)|])

k—o0

0.

So
— Z q) txk, )H(xk,ti)
ktGTk
—FN (B H (xS )| 2 0

Noting that C > sup{||x¢||,k = 1,2,...}, from (24) and (33), it implies that

1

N Y O(t) || Fep (g, t1)xp — Frp(x*, £) x|
ktGTk
<* Y (t;) (| Fry (e ti)xk — Frp (<™, ) || x|l
ktGTk

+ || +(x, i)l — x|l

<Co ¥ @) (1 xp ) — B, 1) 4 i — )
tGTk

0.

k—o0
—
So

A k—r00
N L PU)IFG (e ti)xic — Fi(x, t)x"[| == 0.
k ti€Ty
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By the same way as (33), we have

tim - 3 ()| (e 1) — H(x° 1) = O 39
tGTk

Thus, from (20), (26), (31), and (34), we can get

N Z D(t;)|| Fx (xe, 1) Hi (x, 1) — Fy (27, 1) Hy (x7, )]
k ti€Ty

=N E @ (1) | E4 (g, 1) (Hi (g 1) — Hi(x*, 1))

tGTk
+(P (xe 1) — Fy (2™, ) | Hy (x7, )|

<* Y (k) (1 FeCes t) 1| (Hf (x 1) — Hy (x", 1) |
ktETk

+||F (i, ti) — B (2", ) | HE (<, £3) )

<C- ﬁk t;k¢(ti)(ll(H£(Xk, ti)

— Hi(x", t;)[| + [|Fx (xx, ti) — Fe(x™, 1))

k—o0
— 0.

Hence
A
— Y O(t;)||Fy(xx ti) Hf (xp, 1) — Fr(x™, £)Hi (x*, ;) |

Ui (35)
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Through the above analysis, our main purpose is to prove the conclusion of V6 (x;) = V8 (x*),
in order to prove Vo (x;) = VO(x*). By (5) and (33)—(35), we have following naturally

VO (xx) — VO(x)]|

=IA g5 (xk, £)D( |t€T*7 Y O(t) & (% ti)

tETk

+(1— A) 2885 (xp, ) D(H) |ser
i) (818 + 88t) (xx, t)

ti€Ty

—Ag(x", P ()|t€T+ﬁ Y Pt (x|

k ti€Ty
— (1= A) 2885 (xk, ) P(H) | tet

1-A N
T Y D) (g8 + 88 (¥ )|
k ti€Ty

<IA g (e, ) ()] rer — A g (x™, 1) @(H) |rer|
+1(1=A) 288 (xx, )@ () et
- (1— A) 288 (x", )@ (H) s

+II* Y (i) (xi ti)

tGTk
- Z D (1) (x%, 1)
k tETk
+II7 Y D(t) (818 + 88%) (X ti)
tGTk
N, Z () (g18% + 88w) (x*, )|
tGTk

<IA g (e, )P (H)]rer — A g (x™, 1) @(H) |rer|
+1(1=A) 288 (xx, ) () et
— (1= A7) 288 (x", )@ (H)|ser|

Flr T @) (k) — 4 1)

tGTk
+II7 Y O(t) (8185 + 88%) (xk, t)
fETk
— (18 + 88 (x*, 1))l

<IA & (xk, )P (B)|rer — A g (x™, ) D(1) e

+ |(1 —A) &k (e P (E)|rer — (1= A) g (x™, ) P(H) |ser]

+||* Y O(t) ([Ff (xp ti) — AFyy (xpe, £) (H (xpe, £) — xi)
tETk

(i ti) — aG) Hi (xi, 1:)]
(x", 1) = P (x™, 1) (H(x", t;) — x7)
(x",t;) — aG)H; (x", 1;))) |

— MFy
— MF
— A(F,

1-—
+II7 Y ©(t)((8i8 + 884 (xx ti)

ti€Ty

— (818 +88%t) (x%, £)) .
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While

|4444, Y. @) ((8:8 + 88%t) (xk ti)

tGTk
—(gigx+ggx’t)( )|
__|‘44447 Y, (k) (818 (xe i)
tETk

— 185 (X" 1)) + (883 (xpe, t) — 883 (x*, 1)) ||

and

(885 (xk ti) — &8 (X", 1))
= (gt (xk, t) g% (xk, 1) — 81 (xp, 1) (27, 1))
+ (81 (xp, 1) g (X7, 1) — g1 (%", 1) g5 (%, 1)) |
<llgt(x ti) 1185 (xx 1) — &5 (2%, 1)

+ (I8t (xx ti) — g2 (x™ 1) ||l g2 (2™, £) |-

Moreover, we have from the mean-value theorem that, for each x; and each §;, there exists
78 = agixg + (1 — agy)x* € B with ay; € [0,1] such that

181 (s t) — g1 (2, t3) | = g1 (ks 1) (3 — %),

and
g% (ks £) — g5 (™, )|
< |[F(xx, ti) — F(x*, 1) ]
+ || Fy (xi, 1) H (xg, £7) — Fe(x%, £) Hy (27, ) |
+ || Fy (xp, ) g — Fo(x%, 1) x|
al|G[[|H (xx, t:) — H(x™, ;) | + a||G[[|xx — x* |,
and
[IFy (xi, 1) Hi (xg, £3) — Fe(x%, ) Hy (x7%, ) |
=||Fy (xx, i) (Hy (xg, £) — Hy(x%, £7))
+ (Fe(xp ti) — Fe(x, £) ) Hy (27, 1) |
<||Fy(xg ti) || HE (xx £3) — Hi (x5, 1) |
+ [Py (xp 1) — Fe (2, £) 11 Hi (2%, 1)),
and

[ Fy (xk, £) xp — Fo(x™, 1) x|
= (Fe(xp ti) — Fe(x™, 1)) %

+ Fe(xp 1) (g — x7)|
<||Fe(xk, t1) — Fe(x* ) || x|

+ [ Fe (g ) ] (e — 27) 1,
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and also

(g% (xx i) — 884 (x™, 1)) |
=|1(8(xk, ti) g3t (xxs t) — g (xk, 1) (X7, 1))

+ (g(x ti) g (X% 1) — g (x%, 1) g (¥, 1)) |
<llgCer, t) 1183 (s £1) — g (37, 1) |

+llg (i ti) — g (™ k) [l gve (x™ t) Il

also there exists zy; = Brixx + (1 — Bii)x* € B with Bi; € [0,1] such that
g (e t) — (x", 1) | = &3 (zkis ti) (i — x¥).
Through the above discussion and analysis, we get
k—o0
196k (xi) — VO (x")|| —=> 0,

through integration by parts, we also know that

VO(x*) = E[Vx(Ag(x",&) + (1 - 1)g*(x",¢))]
= AE[Vag(x",8)] + (1 - A)E [ng (x*,¢)]
= AE[Vxg(x", O)] +2(1 - ME[g(x", )8’ (x", 2)],

and
EIVsg(x',8)] = [ Vag(x',de(t)
=Vag (' D@1 ier — [ @(DAVg(x", 1)
=Vig(x", )P \ter—/<b )83 (X", t)d
and
Elg(x",8)g'(x",8)] = [ 8", )/ (x", ()
= 8", g (" (1) rer — [ g, 0g'(x", )
= 8", g (" (1) rer — [ (g, g/ (x", )
= g(x", t)g'(x t><1><t>|teT
/ ot £))2 + g(x*, £)g" (x*, 1))t
Notice that
Bu(x") = AVg(x", (D) et — 3 PEOHCR

+2(1 = A)g(x", 1)g'(x*, )@ (t)|rer

2(11\7 Y Y o) (g (%, 1) + g (x*, 1) 8" (x*, 1)),
ke

14 of 22
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Owing to
limi D(t) g (x*, 1) /dD )G (x*, £)dt.
k%ootheTk
and
1
lim — Y ®(H)((g'(x* t:)* + g(x*, 1;)g" (x*, 1)),
fim 5 L @600 o g 1)

= /Tq>(t) (g (", 1) + g (x*, 1)g" (x*, 1)) dt.
So it is easy to see that klim Vo (x*) = VO(x*). Thus, It is clear that klim Vo (x;) = VO(x*). O
—>00 —0
Definition 6. Suppose that S = {x € R"|c(x) < 0}, wherec;: R" — R, i =1,2,...,m,areall continuously

differentiable convex functions. A point xy is said to be stationary point of (12) if there exists a Lagrange
multiplier vector yy € R™ such that

VOi(xx) + Y ()i Vei(xx) =0, (36)
i=1
0 < g, c(xi) < 0and () e(xy) = 0. (37)

x* is said to be a stationary point of (10) if there exists a Lagrange multiplier vector y* € R™ such that
m
VO(x*) + Y piVei(x*) =0, (38)
i=1

0<u*, clx*) <0and (u*)Te(x*) = 0. (39)

Definition 7. The Slater’s constraint qualification holds if there exists a vector y € R" such that c¢;(y) < 0 for
eachi=1,2,...,m

Theorem 6. Let xy be stationary point to (12) for each k and x* be an accumulation point of {xy }. If the Slater
constraint qualification holds, then x* is stationary point to problem (10).

Proof. Without loss of generality, we assume that klim X, = x*. Let yy be the corresponding multiplier
—00

vector satisfying (36) and (37).
(i) We first show that the sequence { } is bounded. To this end, we denote

vk o= Y (Hi)k (40)
i=1

Let {yy} be unbounded, which means lim U = +oo. Taking a subsequence, we may assume that the
limits p} := l1m ( ) (i=1,2,. )ex1st Forevery i ¢ Y(x*) := {i|c;(x*) = 0,1 <i < m},itholds
ci(x*) <0 by (37), further more (;41- )Tei(x*) = 0, it holds u} = 0. Then, from (40),

Y wi=Y =1 (41)
i=1

ieY(x*)
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Note that V¢; is continuous for each i and { V8 (x)} is convergent by theorem 5. Because of klim v =
—00

+o0, klim %(xk) — 0. Dividing (36) by vy and taking a limit, we obtain
— 00
m
Y uiVei(x*) =Y uiVei(x*) =0. (42)
i€y (x*) i=1

Owing to the Slater’s constraint qualification, there exists a vector y € R" such that ¢;(y) < 0 for each
i=1,2,...,m. Noting that each c; is convex, we have

(y —x)TVei(x*) < ciy) —a(x) = aily) <0, 3)
Vie Y(x").
From (42) and u} > 0 for each i by (37), we get uVc;(x*) = 0. Furthermore, V¢;(x*) # 0 from (43), it
implies that 7 = 0 for each i € Y(x*). This contradicts (41). Hence {} is bounded.
(ii) By (i), then ;. must exists a subsequence such that yu* := klim Ui, we still denote it as p. Note that
—» 00

both ¢; and V¢; are continuous for each i, by Theorem 5, it holds

lim VO (x*) = VO(x™).

k—o0
Taking a limit in (36) and (37), we obtain (38) and (39) immediately. Therefore, x* is stationary point to
problem (10). O

For the sake of completeness, we will propose a compact approximation approach for the case
where T is noncompact in the next section.

4. Case Where Uncertain Event Space T Is Unbounded

The uncertain event space T is supposed to be compact in the last section. From a technical
point of view, it might be worthy to study whether approximation problem of (10) remain true under
uncertain event space T is unbounded. We now discuss the case where T is an unbounded and closed
subset of R! in this section. For this case, given a sufficiently large number v, we consider its compact
approximation. we define a compact approximation of T by

Ty = {t e T[||t] < v}

and consider the following approximation problem of (10):

min 0, (x) i= Elg(x,&)] = /T sl i) "

s.t.x € S.

Since problem (44) has a compact uncertain set, we use the method proposed in the last section to
solve (44). We make the following assumptions in this section:
(A1) The function F(x, t) is Holder continuous in x on S with order T > 0 and Holder constant (),
which means

[E(x,8) = F(y, )| < x()][x —y[", ¥,y € S.

We further suppose that E[x?(¢)] < +oo
(A2) Satisfying E[||F(x, &)||*] < +oo, Vx € S,

Theorem 7. Under the Assumptions (A1) and (A2), we have

E[g*(x,£)] < 400, VX €S,
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Proof. Since g(x,t) > 0 for t € T, it follows from (3) that

5lx = HG DIl < (x = Hix 1) TE(x )
< (e = HE IF 1)

From (7), it holds that
_1
[(x = H(x, ) [[|F(x, )| < A7 llx — H(x, t) ||| F(x, £)]]-
We then have y
lx=Hx tllc < A,alEC DI, (45)
and hence
_1
[x —H(x, t)|| <A,z llx— H(x, t)[|c
<2 |Fx b )
x,t)].
o a/\min

As a result, it holds
%
& (x,t) =((x — H(x, 1)) TF(x,t) — 5 llx = H(x, Hl)?

< ([lx = HCxe, )| F(x, £)]] + %le — H(x,1)[%)

< (—
aAmin

IF(x, £)[1*)?.
So

16
£ < o IFG DI

min
This, together with (44), implies that E[g(x, {)] < +oco. We obtain the desired result. [

Theorem 8. Let x,, be an optimal solution of problem (44) for each v and let % be an accumulation point of x,.
Then, under the Assumptions (A1) and (A2), X is an optimal solution of problem (10).

Proof. For simplicity, we assume that li_r>n xy = X. Itis obvious that ¥ € S.
vV—00
We first show that
lim 6, (x,) = 6(%). @7)

It holds that
|6y (xv) — 6y (%)
=11 [ g, () + (1= 2) [ g, Hde()
- A/Tvg(i, D (t) — (1— A) /T (%, 1)dd(t)
<A [ Ig(xu,t) = g2 )|t

F(1=4) [0, ) = (5 Dldo()
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Firstly, we prove A [1.|g(xy, t) — (%, t)|d®(t) — 0.

| ( (xv,1) — g(%,1))dD(t)|
=| T,“"V ~ H(xo, 1) F(xu, 1) = 5 v — Hixo, D)3
— (X —H(% 1) F(%,t) + %Hf — H(%,1)[[5)d®(t)],
< /T (xy — %+ H(%,t) — H(xy, 1) TE(xy, 1) |[d(1)
+ [ 1= HE )T (Fx, 1) - F(,1)]d(1)
+5 [ 115 = HEDIE — 5 — Hx, )[4,
Next, we prove [ |(x, — % + H(%,t) — H(xy, ) TF(xy,t)|dD(t) — 0, Jrl(x = H(%,t))T(F(xy,t) —
F(%,1))|d®(t) — 0and § [ ||¥ — H(%,t)[|2 — [|x» — H(xy, t)||5|d®(t) — O, respectively. Before

proving them, we have (48). By the nonexpansive property of Projs g, the holder continuity of F,
and (7), we have

H(
|
|

%,t) — H(xy, t)|lc
(£ —a '1GTIF(%,t) — (xy —a "G 'F(x,t) |G
(2~ xullo + a7 1GF(E ) ~ 716 E(x, Bl )

IN

Naax (o — ] +a G F(x, £) — (5, 1))
o(llxy = %[ + [l — 2[5 (8)),

I/\ I/\

1 1
where 0 := max{)\%mx/ /\%mx“71 HGil ||} :

|H(, )~ Hex D) < A2 HED — Hix Dl

min (49)

< Ay lw = X[ + [y — %[ ()

- mm(

We have from Theorem 7 and the Cauchy-Schwarz inequality that, for any x € S,

E[x(2)] < /E[x*(§)] < +eo, (50)
E[[IF(x, Ol < /ElIF(x,§)[IP] < oo, (51)

and

and

E[R(@)ECx, )N < /ER2(@©NELIE(x, )] < +oo. (52)
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Therefore, we can infer that

/T (xy — %+ H(%,t) — H(xy, 1)) F(xy, 1) dD(t)
< [ 1l = =l + 1 H () — Hx, D)
< (IEGE )| + IF(2,£) = Flxo, ) a1
< [0+ on i)l = 7l + 02,4l — K(E)
% (I ) + 5 = 2 x() (1)
<1+mmm>||xv—fHE[nF(x,a)m
+ 00 bl = RITER(E) [F(2, 2]
i) 50 = 27 (E))

ol — FPER @)

V—r00

— 0,

+(1+0A

where the second inequality follows from (49) and the holder continuity of F.

Similarly, from Assumption (A1), Theorem 7, and (45)~(52), we obtain
16 = HE )T (F(xi, ) = F(z, 1) 40 (1)
< [ 1% = H@OIIF(r, ) = F(E 1) |40 ()
/T o IFGE DI [Fxe, ) = F(5, 1) (1)
mmnxu =" [ ®(OIIEE Hlde()

_ LH,{V — Z||TE[x(t) | F(%, £)]]]

“)‘min

V—00

— 0,

19 of 22
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and

5 I = HE I = x = Hxe, 1) |4 (0)
=2 [ 102 = B B)lle + Ilx = H(x, )0)

x (1% = H(E )l — v — Hix, ) 6)ld()
<5 (1% = HE Dl + 1 — Hx, D)

< [[E — H(%,£) — 2 + H(x, )] cd (1)

<Ak / (IFE DI+ FGx, 1))

X (a0 = %]+ [ H(Z, 1) = H(x,£)]6)db(1)
i [ IO+ v, = 27(0))

x <<Aémx + 0l = 2+ ol — 2K (H)dD (1)

=202 (M +0) % — ZE[IF(2 )

+2Mm£1||xv — X|["E[x(&)I[F (%, O]
+ (Amm(/\%mx +0)|lxy — 2| TE[K(2)]

oAk — FPER©))]

v—00
0.

By consequence, it holds that
| (805, t) = (5 )@ ()] =0 53)

Then, we prove (1 — A) [1. g% (xy, t) — g*(%,t)|dD(t) — 0.
By mean-value theorem, for each x, and each ¢, there exist y, = a,x, + (1 — a,)% with a, € [0,1]
such that

& (xu,t) — g (% 1) =28(y", &) & (", &) (x¥ — %),
it follows that
187 (xv, 1) — (%, 1) < 28(v", )l & (", )| - | (=¥ — %)]].

Furthermore, in view of the continuity of g, g% and the compactness of {y"} x Ty, as v — oo, we
have that

(1-A) /T 130, 1) — (3 1) () = 0. (54)

From (53) and (54), it holds that
V—0Q

16y (xy) = 6u(%)| — 0. (55)

On the other hand, it is easy to see from Theorem 7 that

— lim /T (Ag(% 1) + (1 — N (%, 1))dd(t) = 0. (56)
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Noting that
10y (xv) — 0(%)] < [0y (xv) — 60 (X)] + |04 (%) — 0(%)],

we get (47) from (55) and (56) immedjiately.
(if) Since x, is an optimal solution of problem (44) for each v, we have

By (xy) < 0u(x) <6(x),Vx €S. (57)
Consequently, letting v — oo in (57) and taking (47) into account, we obtain
0(%) <0(x),Vx €S.
This manifests that ¥ is an optimal solution of (10). [

5. Conclusions

Based on the discussion of the previous section, we proposed a method of convex combined
expectations of the least absolute deviation and least squares about the so-called regularized gap
function for nonlinear uncertain variational inequality problems (for short, UNVIP). We succeeded
in establishing the UWERM model and extend the results given in [14] to the case where the
uncertain event space is compact. As shown in the paper, convergence of global optimal solutions
and convergence of stationary points are analyzed respectively. Moreover, we present a compact
approximation approach for the case where the uncertain event space is unbounded.
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