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Abstract: In this article, a nonlocal thermoelastic model that illustrates the vibrations of nanobeams
is introduced. Based on the nonlocal elasticity theory proposed by Eringen and generalized
thermoelasticity, the equations that govern the nonlocal nanobeams are derived. The structure of the
nanobeam is under a harmonic external force and temperature change in the form of rectified sine
wave heating. The nonlocal model includes the nonlocal parameter (length-scale) that can have the
effect of the small-scale. Utilizing the technique of Laplace transform, the analytical expressions for
the studied fields are reached. The effects of angular frequency and nonlocal parameters, as well
as the external excitation on the response of the nanobeam are carefully examined. It is found
that length-scale and external force have significant effects on the variation of the distributions
of the physical variables. Some of the obtained numerical results are compared with the known
literature, in which they are well proven. It is hoped that the obtained results will be valuable in
micro/nano electro-mechanical systems, especially in the manufacture and design of actuators and
electro-elastic sensors.
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1. Introduction

In recent decades, due to the rapid advancement in engineering technology and stringent training
requirements, dynamics and stability and their control over mechanical vibration have gradually
transformed into a fundamental and indivisible branch of study in applied mechanics and related
engineering. Mechanical vibration is considered in many conditions and circumstances as a useful
phenomenon, used in many areas and can also better serve people’s lives. Vibration analysis is
fundamental for developments, as well as structural and mechanical system design. These data
support us to predict the performance of the structure under various external loads and to design a
control system, which is used to analyze the development vibrations in a cantilever beam instead of
the structure itself [1].

The field of micro-electro-mechanical systems (MEMSs) is fast becoming involved in many
resistance and correspondence applications. Modern technologies have been created to manufacture a
variety of MEMS gadgets to meet the demand for many precision industries. MEMSs consist of elastic
mechanical parts, such as micro-bridges, cantilevers, and microscopic films of various geometrical
sizes and engineering forms that often contain loads [2]. It is imperative for MEMS designers to
understand the mechanical properties of elastic micro-components, considering the ultimate goal of
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predicting the amount of deflection from the applied load and the additional method of avoiding
cracking, performance development, and increasing the shelf life of MEMS devices [3].

Because of its applicability to a variety of problems, MEMSs have been applied in the fields of
engineering applications and mathematical physics, including numerical methods and theoretical
studies [4–11]. Advanced apparatuses created on the basis of resonators, modern science, microscale
switches, telephones, mirrors, and pumps are cases of this approach [12,13].

Both investigations and atomic reproduction calculations have established an important dimension
influence in the properties of mechanical materials when the sizes of these engineering structures are
very small. As a result, the scale effect plays a principal role in the dynamic and static behavior of
materials and micro/nanostructures and cannot be slighted. It is also known that classical mechanics
do not represent such dimensional influences in small-scale and nano-scale structures.

The fundamental distinction between the classical theory of elasticity and the nonlocal Eringen
theory [14] depends on the meaning of stress. In the local elasticity theory, stress at a point is a function
of strain only at that point, while in the nonlocal elasticity theory, the stress at any point is an element of
the strains at all points in the continuum. In the theory of local resilience, stress at a point is a function
of motion at that point, while in non-local elasticity, stress at any point is an element of strains at all
points in the continuum. Thus, the theory of nonlocal elasticity includes information about long-range
powers around atoms, and therefore the length of the internal scale is taken into account. However,
the nonlocal theory has been connected to different fields of physics, containing the lattice distribution
of the elastic and thermoelastic waves, the dislocation mechanism [15], etc.

The dynamical interaction of solid and strong materials that are subjected to load movement is one
of strong building and engineering areas, for instance, sea industrial, structural designing, earthquake
design, and tribal science. For example, ground motion and stresses are prompted in submerged soils
by rapidly moving vehicular loads or surface influence waves due to explosives. Many researchers
have considered the dynamic interaction of beams and rods under moving forces. To consider the
thermoelastic behavior of the structure caused by a harmonic external force, it is important to obtain
the temperature distribution first [16–24].

All the studies mentioned above do not involve varying temperatures. Elastic bodies, as well as
microbeams, are often in actual engineering applications under a variable temperature environment,
so the variable temperature must be taken into account. The generalized thermoelasticity theories
consider the influence of the coupling between the temperature and the rate of the strain. In addition,
the resulting associated equations are of the hyperbolic type. Consequently, the discrepancy with
respect to the infinite velocity of the spread of thermal waves in the classical coupled theory is
disregarded. One of the most famous theories of generalized thermoelasticity that we will use in this
work is Lord and Shulman's theory [25] that includes the time of thermal relaxation.

The free transversal vibrations of a complex system of coupled nanobeams attracted much
attention in the scientific community. Few researchers have linked the theory of thermoelasticity to
mechanical vibrations within nanomaterials. Many of them take the effect of the temperature in the
form of a thermal load only, similar to the initial stress, and impose the thermal distribution in a specific
way. They obtain the temperature distribution by solving the steady-state heat conduction equation
with boundary conditions on the lower and upper surfaces of the nanobeam across the thickness.

According to the best knowledge of the authors, this is only one of a few studies that combine the
system coupled with elastic nanobeams and generalized thermoelasticity (non-Fourier conduction
equation). In addition to what was mentioned, in this paper, we obtained analytical solutions for
different physical distributions using Laplace transforms without the need to impose the form of
solutions, whether a harmonic solution or otherwise. In addition, the proposed model and methodology
introduced in this work can be applied to study and describe the thermodynamic behavior of axial
nanomaterial systems, such as nanoplates or nanoscale rods with thermoelastic properties.

In this investigation, the thermoelastic nonlocal theory is applied to the Euler Bernoulli beam
problem subjected to a dispersed harmonic excitation load per unit length. The non-Fourier conduction
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equation depends on the thermal relaxation times [25] that are applied. The Laplace transform
procedure is utilized as part of the deduction. The effects due to the harmonic external load, nonlocal
and angular frequency parameters are represented graphically and are investigated. The current model
can be used in micro/nano-electro-mechanical applications, such as mass flow sensors, accelerometers,
relay switches, frequency filters and resonators. The vibration of nanobeams is a significant topic for
the study of nanotechnology, as it relates to the optical and electronic properties of the nanobeams.

2. Theoretical Problem Formulations

The schematic representation of the considered system is illustrated in Figure 1, showing
a hinged–hinged nanobeam of length L (0 ≤ x ≤ L), width b (−b/2 ≤ y ≤ b/2) and thickness
h (−h/2 ≤ z ≤ h/2) and Young’s modulus E, assuming that the Euler–Bernoulli beam theory is
employed for modeling the nanobeams and the cross section of the nanobeam is uniform along the
entire length. Hence, the displacements of the beam can be written as

u = −z
∂w
∂x

, v = 0, w = w(x, t), (1)

where w(x, t) denotes the transverse displacement (lateral deflection) of the nanobeam.
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Based on Eringen’s nonlocal elasticity theory [14,15], the constitutive relation for a one-dimensional
problem, after using Equation (11), can be written as

σx − ξ
∂2σx

∂x2 = −E
(
z
∂2w
∂x2 + αTθ

)
, (2)

where σx is the nonlocal axial stress, θ = T−T0 is the resonator temperature change, T is the distribution
of temperature and T0 denotes the environmental temperature, αT = αt/(1− 2ν), ν is Poisson’s ratio
and αt is the linear thermal expansion.

In Equation (2), the nonlocal parameter is ξ = (e0a)2, where a is the internal characteristic length
and e0 is a suitable parameter that can be determined by the experiment. When the characteristic
parameter a is neglected, then ξ = 0, and Equation (2) reduces to the classical constitutive relation
(local elasticity).

The bending moment M(x, t) is given by

M(x, t) =
∫ h/2

−h/2
zσxdz. (3)

Substitution of Equation (2) into Equation (3) results in

M(x, t) − ξ
∂2M
∂x2 = −EI

(
∂2w
∂x2 + αTMT

)
(4)
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where I = bh3/12 and MT is the thermal moment defined by

MT =
12

h3

∫ h/2

−h/2
θ(x, z, t)zdz (5)

When the beam is due to a distributed load q(x, t), the transverse motion equation is as follows [24]:

∂2M
∂x2 = −q(x, t) + ρA

∂2w
∂t2 . (6)

where ρ is the density of the material and A is the cross section of the nanobeam.
Substitution of Equation (4) into Equation (6) results in

M(x, t) = ξ

(
ρA

∂2w
∂t2 − q

)
− EI

(
∂2w
∂x2 + αTMT

)
. (7)

Substituting Equation (7) into Equation (6), Equation (6) can be rewritten in the form[
∂4

∂x4
+
ρA
EI

∂2

∂t2

(
1− ξ

∂2

∂x2

)]
w−

1
EI

(
1− ξ

∂2

∂x2

)
q + αT

∂2MT

∂x2 = 0. (8)

The non-Fourier heat transfer equation, considering the entropy balance proposed by Lord and
Shulman [25], which includes the heat flux in addition to its time derivative, is given as

(Kθ,i),i +

(
1 + τ0

∂
∂t

)
(ρQ) =

(
1 + τ0

∂
∂t

)
∂
∂t
(ρCEθ+ γT0e). (9)

where K is the coefficient of thermal conductivity, Q is the heat source, CE denotes the specific heat
at constant strain, τ0 is the relaxation time characteristic according to the Lord and Shulman theory
and e = ∂u

∂x is the volumetric strain. Substituting Equation (1) into the heat equation, Equation (9),
when Q = 0, is given by

K
(
∂2

∂x2 +
∂2

∂z2

)
θ =

(
1 + τ0

∂
∂t

)
∂
∂t

(
ρCEθ− γT0z

∂2w
∂x2

)
(10)

3. Solution of the Problem

We assume that the increment of temperature change is in terms of a sine function (sinusoidal
variation) as

θ(x, z, t) = Θ(x, t) sin
(
π

h
z
)

(11)

Using relation (11) in the governing Equations (7), (8) and (10), we obtain[
∂4

∂x4
+
ρA
EI

∂2

∂t2

(
1− ξ

∂2

∂x2

)]
w−

1
EI

(
1− ξ

∂2

∂x2

)
q +

24αT

π2h
∂2Θ
∂x2 = 0, (12)

M(x, t) = ξ

(
ρA

∂2w
∂t2 − q

)
− EI

(
∂2w
∂x2 +

24T0αT

π2h
Θ
)
, (13)(

1 + τθ
∂
∂t

)(
∂2Θ
∂x2 −

π2

h2 Θ
)
=

(
1 + τq

∂
∂t

)
∂
∂t

(
ρCE

K
Θ −

γT0π
2h

24K
∂2w
∂x2

)
. (14)

Introducing the following non-dimensional quantities:{
x′, w′, u′, z′, L′, h′, b′

}
= ηc{x, w, u, z, L, h, b},

{
t′, τ′q, τ′

θ

}
= ηc2

{
t, τq, τθ

}
,

Θ′ = 1
T0

Θ, ξ′ = η2c2ξ, M′ = 1
ηcEI M, q′ = A

EI q, c2 = E
ρ , η = ρCE

K
(15)
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Substitution of (15) into (12)–(14) results in (dropping the primes for convenience)[
∂4

∂x4
+

12

h2
∂2

∂t2

(
1− ξ

∂2

∂x2

)]
w−

(
1− ξ

∂2

∂x2

)
q +

24T0αT

π2h
∂2Θ
∂x2 = 0, (16)

∂2Θ
∂x2 −

π2

h2 Θ =

(
1 + τ0

∂
∂t

)
∂
∂t

(
Θ −

γπ2h
24Kη

∂2w
∂x2

)
, (17)

M(x, t) =
12ξ

h2
∂2w
∂t2 − ξq(x) −

∂2w
∂x2 −

24T0αT

π2h
Θ (18)

In general, the harmonic excitation q(x, t) has the form of a sine or cosine function of a single
frequency. In this problem, the dynamic load q(x, t) can be considered as

q(x, t) = F0 cos(Ωt), (19)

where F0 is the magnitude of forcing excitation and Ω is the frequency of the external excitations
(Ω = 0 for the uniformly distributed load).

4. Boundary Conditions

Let us also consider what the boundary conditions are assumed to be, as in Table 1

Table 1. The boundary conditions of the problem.

x Mechanical Boundary Conditions Thermal Boundary Conditions

x = 0 w(x, t) = 0, ∂
2w(x,t)
∂x2 = 0 θ = θ(x, z, t) = sin(pz)f(x, t)

x = L w(x, t) = 0, ∂
2w(x,t)
∂x2 = 0 K ∂θ

∂x = 0

In Table 1, the function f(x, t) is a varying rectified sine wave function which is described
mathematically as

f(x, t) = Θ0
∣∣∣sin(ωt)

∣∣∣, (20)

where Θ0 is a constant andω is the frequency of the rectified sine wave.

5. Solution in the Transformed Space

In this problem, the initial conditions are assumed to be

w(x, t)
∣∣∣
t=0 =

∂w(x, t)
∂t

∣∣∣∣∣∣
t=0

= 0, Θ(x, t)
∣∣∣
t=0 =

∂Θ(x, t)
∂t

∣∣∣∣∣∣
t=0

= 0. (21)

Employing the technique of Laplace transform to Equations (16)–(18), we obtain[
d4

dx4
−A3s2 d2

dx2 + A1s2
]
w = −A2

d2Θ

dx2 + g(s), (22)

(
d2

dx2 − B1

)
Θ = −B2

d2w

dx2 , (23)

M(x, s) = −
(

d2

dx2 −A3s2
)
w−A2Θ − ξg(s), (24)

where
A1 = 12

h2 , A2 = 24T0αT
π2h , A3 = ξA1, A4 = π2

h2 , A5 = γπ2h
24Kη ,

B1 = A4 + s(1 + τ0s), B2 = s(1 + τ0s)A5, g(s) = sF0
Ω2+s2

(25)
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From Equations (22) and (23), we can obtain[
d6

dx6 −A
d4

dx4
+ B

d2

dx2 −C
]
w = 0, (26)

where
A = B1 + A2B2 + A3s2, B = s2(A1 + A3B1), C = A1B1s2. (27)

The general solution to Equation (26) can be presented as:

w(x, s) =
3∑

j=1

(
Ljsinh(mjx) + Mj cosh(mjx)

)
, (28)

where Lj and Mj are the integral parameters and ±mj, (j = 1, 2, 3) satisfy the equation

m6
−Am4 + Bm2

−C = 0. (29)

From Equations (26) and (25), we can obtain

Θ(x, s) = −
1

A2B1

[
d4w

dx4
−

(
A2B2 + A3s2

)d2w

dx2 + A1s2w− g(s)
]
. (30)

The general solutions of Equation (10) with the help of Equation (30) can be simplified as

Θ(x, s) =
3∑

j=1

Hj
(
Ljsinh(mjx) + Mj cosh(mjx)

)
+ H4, (31)

where

Hj = −
1

A2B1

[
m4

j −
(
A2B2 + A3s2

)
m2

j + A1s2
]
, j = 1, 2, 3, H4 =

g(s)
A2B1

. (32)

Introducing the solutions of w and Θ into Equation (24) yields

M(x, s) = −
3∑

j=1

(
m2

j −A3s2 + A2Hj

)(
Ljsinh(mjx) + Mj cosh(mjx)

)
−A2H4 − g(s) (33)

The axial displacement u is obtained using Equations (28) and (1) as

u = −z
∂w
∂x

= −z
3∑

j=1

mj

(
Lj cosh(mjx) + Mjsinh(mjx)

)
. (34)

Using the Laplace transform domain, the boundary conditions given in Table 1 may be written as

w(x, s)
∣∣∣
x=0,L = 0,

d2w(x, s)

dx2

∣∣∣∣∣∣
x=0,L

= 0, (35)

Θ(x, s)
∣∣∣
x=0 = Θ0

ω cosh
(
πs
2ω

)
ω2 + s2

 = G(s), (36)

dΘ
dx

∣∣∣∣∣∣
x=L

= 0. (37)
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Substituting (28) and (30) into Equations (35)–(37), one obtains

3∑
j=1

Mj = 0 (38)

3∑
j=1

(
Ljsinh(mjL) + Mj cosh(mjL)

)
= 0 (39)

3∑
j=1

m2
j Mj = 0 (40)

3∑
j=1

m2
j

(
Ljsinh(mjL) + Mj cosh(mjL)

)
= 0 (41)

3∑
j=1

HjMj + H4 = G(s) (42)

3∑
j=1

Hj
(
Ljmj cosh(mjx) + Mjmjsinh(mjx)

)
= 0 (43)

It is difficult to obtain direct Laplace transform inversion for the complicated solutions of the
transformed studied fields. Thus, the physical solutions are obtained numerically using the Fourier
expansion technique [26]. In this method, any function g(x, s) can be transformed to that in the domain
of time g(x, t) by the relation:

g(x, t) =
ect

t

(1
2

g(x, c) + Re
∑Nf

n=1
g
(
x, c +

inπ
t

)
(−1)n

)
, (44)

where Nf is a finite number and the parameter c satisfies the relation ct � 4.7 [27].

6. Numerical Results

The defined Tzou approximation technique [28] is employed to achieve the numerical results
of the studied fields. The silicon (Si) material is selected for numerical calculation, and the physical
constants at T0 = 293 K are [23]:

E = 169 GPa, ρ = 2330 kg/m3, CE = 713 J/(kg K),
αT = 2.59× 10−6(1/K), ν = 0.22, K = 156 W/(mK).

In the calculation analysis, we take L/h = 10 and b/h = 0.5 and the parameter ξ (ξ = 102ξ)
is also considered. The effects of several effective parameters on the conduct of the deflection of
the nanobeam are explored. The numerical results are plotted in Figures 2–4, which explain the
variations of the distributions of lateral vibration, displacement, temperature and moment, concerning
different parameters.
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Figure 2a–d illustrate the variety of the dimensionless studied fields of the system versus the
distance x when L = 1, z = h/3 and t = 0.1. The figures clearly show the influence of the nanoscale
parameter ξ on the dynamic deflection and other fields of the nanobeam. When taking the nonlocal
parameter as ξ = 0, the governing equations of the nonlocal theory are reduced to the original local
theory. As shown in Figure 2a, when ξ is increased from 0 to 3.0, the dynamic response of the deflection
w changes from a softening to a stiffness type behavior. It is also detected that the deflection vibration
of the nanobeam corresponds to the midpoint and meets the boundary condition at the two ends
x = 0, L. Figure 2b demonstrates the temperature profile of the thermoelastic nanobeam for different
values of the nanoscale parameter ξ. From the figure, it is found that that temperature θ decreased over
time, which means the mechanical energy of the nanobeam is wasted in the form of thermal energy.
Additionally, by increasing the values of ξ, we note a decrease in the temperature profile.

From Figure 2c, it is observed that an increase in the value of parameter ξ results in an increase in
the dynamic displacement u profile. The bending moment M increases as the distance x increases,
as is shown in Figure 2d. It can be seen from Figure 2d that the bending moment M increases with an
increase in the nonlocal parameter ξ. In previous research [23,24], they found that all the studied fields
of the nanobeam clearly depend on the nanoscale parameter ξ. Now, our calculation demonstrates
that this phenomenon is also valid for various values of the parameter ξ.
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In Figure 3a–d the variation of the studied fields of the beam with respect to the magnitude of the
forcing excitation F0 is shown. In the following case, we take the values of the parameters ξ,ω and
Ω, respectively, as {1, 3, 5} [26]. One can see from these figures that the effect of the forcing excitation
F0 has pronounced influences on the distribution of all studied fields. Additionally, it can be seen
that the increase in the value of the forcing excitation F0 causes an increase in the thermodynamic
temperature values, displacement and the lateral fields, which is evident in the peak points of the
profiles. This result is consistent with the results of [18,20]. It is clear from Figure 3d that the bending
moment M decrease when the forcing excitation is increased. The value of F0 = 0 indicates no forcing
excitation, while other values indicate the harmonic forcing excitation.
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The variation in the dimensionless field quantities with the external excitation frequency Ω are
shown in Figure 4a–d. The value of Ω = 0 indicates the static forcing excitation, while other values
indicate the harmonic forcing excitation. It is apparent from these figures that, when the excitation
frequency coefficient is increased, the amplitude of the studied fields increases. The data would seem to
suggest that increasing the amount of angular frequency causes a decrease in both the static equilibrium
position and the amplitude of the response. When an external harmonic excitation is applied to the
nanobeam, the field quantities are more sensitive to the excitation frequency Ω. The results obtained
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in our research are found to be in good agreement with [18]. In Harrington et al.’s research [29],
they found that the temperature changes with the resonance frequency of the external excitation.Mathematics 2020, 8, x FOR PEER REVIEW 9 of 12 
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Figure 4. (a) The distribution of deflection w for different frequencies of the external excitation Ω
(b): The distribution of temperature θ for different frequencies of the external excitation Ω. (c): The
distribution of displacement u for different frequencies of the external excitation Ω. (d): The distribution
of bending moment M for different frequencies of the external excitation Ω.

The influence of the angular frequency of the rectified sine waveω of the varying rectified sine
wave heating on the vibrations of the studied fields of the nanobeam under harmonic external excitation
is presented in Figure 5a–d. The small scale and other parameters ξ, F0 and Ω are assumed to be
constant in this case. The numerical results of the studied fields are displayed for various angular
frequency values ω = 1, 2, 3. It is observed that the parameters of the angular frequency ω affect
the characteristics of the nanobeam significantly. From Figure 5a–d, it is found that the amplitude
of temperature, deflection and axial displacement, as well as the bending moment, decrease with
increasing time.
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Figure 5. (a) The deflection w for different thermal vibration frequencies ω. (b) The temperature θ
for different thermal vibration frequenciesω. (c) The displacement u for different thermal vibration
frequenciesω. (d) The bending moment M for different thermal vibration frequenciesω.

7. Conclusions

In the current investigation, the thermoelastic vibration of nanobeams under the effect of a
harmonic external force and rectified sine wave heating is discussed. Using the nonlocal elasticity
theory and non-Fourier heat conduction model, basic equations are derived. The effect of different
parameters, such as the nonlocal parameter ξ, the magnitude of forcing excitation F0, the angular
frequency of thermal vibrationω and the frequency of the external excitation Ω on the studied fields
of the nanobeam was additionally examined. From the obtained results, we found that:

- The magnitude of forcing excitation, the nonlocal parameter, the frequency of the external
excitation and the frequency of the rectified sine wave heating field have a considerable influence
on the response of the system behavior.

- When an external harmonic excitation is applied to the nanobeam, the field quantities are more
sensitive to excitation frequencies.

- The increase in the value of the forcing excitation causes an increase in the thermodynamic
temperature values, displacement and in the lateral fields, which is evident in the peak points of
the profiles.

- The results in this study may find applications and requests in the development and design of
resonators due to thermal environmental loading.
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- The vibration of the heat response of nanobeams can vary by changing the size of the external
force and thermal loads without having to change any other engineering and physical parameters
of the nanobeams.

- The temperature dependence of the frequency of the resonance of resonator devices can be utilized
to design and create precision thermometers that are not at all suitable under high sensitivity to
rectified sine wave heating and harmonic loads.
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