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Abstract: The study of the mixed initial-boundary value problem, corresponding to the
thermoelasticity of porous micromorphic materials under the influence of microtemperatures,
represents the main objective of this article. Achieving qualitative results on the existence,
uniqueness and continuous dependence on the initial data and loads, of the solution of the mixed
problem, implies a new perspective of approaching these topics, imposed by the large number
of unknowns, which increases the complexity of equations and conditions that characterize the
thermoelastic porous micromorphic materials with microtemperatures. The use of the semigroup
theory of operators represents the optimal solution for deducing these results, the theory being
adaptable to the requirements of the demonstrations, the mixed problem turning into a problem of
Cauchy type, with regards to an equation of evolution on a Hilbert space, chosen appropriately.

Keywords: micromorphic; porous; thermoelasticity; microtemperature; existence; uniqueness;
continuous dependence

1. Introduction

Aiming to remove the inadequacies between the theory and the results of its implementations,
occurred, for example, in the case of granular bodies with large particles, where the effect of materials
microstructure makes its presence felt, the theory of microstructure is optimally appropriate for
applications in solid mechanics.

Part of the microstructure theory, with its bases founded by the Cosserat brothers, see [1],
later approached by many other researchers, such as Green and Rivlin in [2], Mindlin in [3],
the micromorphic theory was introduced by Eringen, see [4,5], to explore materials with microelements
that deform separately from their motions.

In this theory, each particle is deformable, having twelve freedom degrees, six for the particle
microdeformations, three for the microrotations and three for the particle motion.

Compared to the classical continuous mechanics, where material bodies are considered to be
continuous assemblies of infinitesimal size material particles and not endowed with inner structure,
the micromorphic theory regards the material bodies as a set of finite size particles having an
inner structure.

The theory of micromorphic materials, with the diversity of exploration directions it offers,
has been the subject of many research papers, some examples being highlighted below.

Eringen presented in [6] a new perspective on the micromorphic mechanics balance laws,
studied in [7] the effect of the memory on the microelastic solids and microviscous fluids and developed
the linear theory of the micromorphic thermoelastic solids in [8], by giving the linear constitutive
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equations, by formulating the initial-boundary value problems for anisotropic and isotropic cases and
by revealing the relation between the micropolar and microstretch cases with the micromorphic ones.

The generalization and deepening of the micromorphic theory, regarding the micromorphic
mixtures, can be found in [9,10], where a detailed description of the behavior of certain materials,
such as polycrystalline mixture, polymolecular crystal lattices or granular composites,has been created,
both the balance equations and the general form of the constitutive equations being determined.

Several aspects of the micromorphic materials theory have been the subject of a wide number of
papers, such as: [11–20].

The theory of porous materials, initially studied by Goodman and Cowin in [21], was subsequently
deepened [22–24], being just a few examples of recent papers. First studies dedicated to the theory
of bodies having microtemperatures were published by Grot, which created the foundation of this
theory see, for instance [25], considering that the microelements of a continuous body are endowed
with microtemperatures, along with microdeformations, thus extending existing theories of materials
with inner structure.

In this context, the second law of thermodynamics, see [26], is modified in order to include the
microtemperatures, and the equations corresponding to the first moment of energy are added to the
classical law of equilibrium, related to a material with microstructure, these equations leading to the
equations of microtemperatures thermal conductivity.

We must outline the great number of works in the theory of elasticity or thermoelaticity of
bodies having microtemperatures, associated with various materials, some examples, in this regard,
being [27–37].

Our present article approaches the effects of microtemperatures on the fundamental features of
the mixed problem with initial and boundary values corresponding to the thermoelasticity theory of
the micromorphic porous materials. In this context, our problem will be transformed into a problem of
Cauchy type, attached to an evolutionary equation on a particular Hilbert space. In this way, the use of
the contractions semigroup theory, see [38,39], to get the existence of the mixed problem solution and
the uniqueness of this solution and, also, a result regarding the continuous dependence of the solution
in relation to the initial data and loads, proves to be the most appropriate method.

2. Notations and Basic Equations

It is considered a porous micromorphic thermoelastic material, occupying the domain D in the
three-dimensional Euclidean space R3, at the initial time t0, D̄ and ∂D representing the notations
corresponding to the closure of the regular region D, respectively to the boundary, a smooth surface.

The material evolution is referred to a rectangular Cartesian fixed system of axes, each point of the
domain being represented by three rectangular coordinates, noting that x will be utilized for (x1, x2, x3)

ant t for the time. The functions that appear in the following, throughout this article, are considered to
be functions of (x, t), defined on the cylinder D̄ × (0, ∞), where D̄ = D ∪ ∂D, with the specification
that both arguments will be missing when there is no risk of confusion.

The vectors, tensors, as well as matrices will be represented by bold symbols, for example
uuu = (ui)1≤i≤3, ϕϕϕ = (ϕij)1≤i,j≤3.

The equations describing the behavior of a porous micromorphic thermoelastic material with
microtemperatures are expressed by means of the variables (ui, ϕij, ν, α, ζi), ui being the displacement
vector components, ϕij the microdeformation tensor components, ν the volume fraction directly related
to the voids and α, ζi, the two new variables, introduced by the following relations

α(x, t) =
t∫

t0

θ(x, s)ds, ζi(x, t) =
t∫

t0

ϑi(x, s)ds. (1)

In the previous relation (1), t0 represents the reference time, θ represents the temperature variation
compared to T0, the absolute temperature of the material in the reference configuration,



Mathematics 2020, 8, 1386 3 of 16

θ(x, t) = T(x, t)− T0,

and ϑi represent the variations of microtemperatures in relation to the reference configuration
microtemperatures, denoted by To

i ,

ϑi = Ti − T0
i .

The variable α, defined with the help of the temperature, represented by the relation (1)1, is called
“the thermal displacement”, its introduction being made by Green and Naghdi in [40] and the variables
ζi, represented by the relation (1)2, are called “the microthermal displacements”.

Regarding the coordinates of an arbitrary point of the body, they will be denoted by (xi),
respectively, in the reference configuration, by (x′i), therefore, it can be assumed that the material
absolute temperature is represented as follows

θ + Ti(xi − x′i).

Throughout this article, the well-known Einstein summation convention will be applied in the
case of index repetition and the Latin indices will take the values 1, 2, 3. A comma followed by an
index represents the function partial differentiation with respect to the related Cartesian coordinate
and a point above a function will represent the partial differentiation of that function corresponding to
the time.

The fundamental equations and conditions that describe the behavior of an anisotropic,
thermoelastic micromorphic material with voids and microtemperatures are presented below:

- the geometric equations, representing the strain tensors εij, µij, γijk, respectively the vector υi,
in compliance with [14],

εij = uj,i − ϕji, µij =
1
2
(ϕij + ϕji), γijk = ϕij,k, υi = ν,i, (x, t) ∈ D × (0, ∞), (2)

- the equations of motion

tji,j + ρ fi = ρüi,

mkij,k + tji − sji + ρ`ij = Ijk ϕ̈ik,
(3)

- the balance of equilibrated forces
λi,i − ξ + ρ` = ρkν̈, (4)

- the energy equation, in the form of the following relation

ρχi + ri − hi = 0, (5)

- the additional energy equations, as a result of the existence of the microtemperatures,
introduced by the next relations, according to [40]

ρη̇ = ri,i + ρs,

ρη̇i = Mji,j + ρMi,
(6)
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- the constitutive equations, obtained by applying the Ies, an and Quintanilla procedure,
presented in [33], see also [27],

tij = Cijmnεmn + Eijmnµmn + Fijlmnγlmn + Bijν− aijα̇ + dijmnζm,n ,

sij = Emnijεmn + Bijmnµmn + Gijlmnγlmn + Cijν− bijα̇ + eijmnζm,n ,

mkij = Aijklmnγlmn + Flmijkε lm + Glmijkµlm + Dijkν− cijkα̇ + fijkmnζm,n ,

ρη = aijεij + bijµij + cijkγijk + ν + aα̇ + hijζi,j,

ξ = Bijεij + Cijµij + Dijkγijk + σν− α̇ + Fijζi,j ,

λi = Aijυj − dij ζ̇ j + Hijα,j ,

ρηi = djiυj + Dij ζ̇ j + Ejiα,j ,

ri = Hjiυj − Eij ζ̇ j + Kijα,j ,

Mij = dijmnεmn + eijmnµmn + flmnijγlmn + gijmnζm,n + Fijν− hijα̇ .

(7)

In the previous equations the following notations were used:

• tij, sij, mkij are the stress tensor components, the microstress tensor components and the stress
moment tensor components,

• ρ is the reference mass density,
• fi are the components of the body force vector,
• `ij are the body moment tensor components,
• Ijk are the components of the microinertia tensor, endowed with the property of symmetry

Ijk = Ikj,
• λi are the equilibrated stress vector components related to the voids,
• ξ represents the intrinsic equilibrated body force,
• ` represents the extrinsic equilibrated body force corresponding to the voids,
• k is the equilibrated inertia coefficient,
• χi represents the internal rate of entropy production per mass unit,
• ri are the entropy flux vector components,
• hi are the mean entropy flux vector components,
• η represents the specific entropy per mass unit,
• s represents the external rate of entropy supply,
• ηi are the first entropy moment vector components,
• Mij are the first entropy flux moment tensor components,
• Mi are first moment of the external rate of entropy supply.

The constitutive coefficients, which appear in the representation of the constitutive Equation (7),
express the material specifities, and are prescribed functions, of class C1(D), which fulfill the following
symmetry relations

Cijkl = Cklij, Bijkl = Bklij = Bjikl , Aijklmn = Almnijk, Eijkl = Eklij,

Gijlmn = Gjilmn, Aij = Aji, Bij = Bji, Cij = Cji, Kij = Kji, Dij = Dji,

aij = aji, cijk = cjik, eijmn = ejimn, gijmn = gmnij, dijmn = djimn.

(8)
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The use of the geometric Equation (2) and the constitutive Equation (7) into the equations of
motion (3), the balance of equilibrated forces (4), as well as into the additional equations of energy (6),
leads to a system of differential equations, with the unknowns ui, ϕij, ν, α and ζi, having the form

[Cijmn(un,m − ϕnm) + Eijmn ϕnm + Fijlmn ϕlm,n + Bijν− aijα̇ + dijmnζm,n],j + ρ fi = ρüi,

[Aijklmn ϕlm,n + Flmijk(um,l − ϕml) + Glmijk ϕml + Dijkν− cijkα̇ + fijkmnζm,n],k+

+ [Cijmn(un,m − ϕnm) + Eijmn ϕnm + Fijlmn ϕlm,n + Bijν− aijα̇ + dijmnζm,n]−
− [Emnij(un,m − ϕnm) + Bijmn ϕnm + Gijlmn ϕlm,n + Cijν− bijα̇ + eijmnζm,n] + ρ`ij = Ijk ϕ̈ik,

(Aijυj − dij ζ̇ j + Hijα,j),i − Bij(uj,i − ϕji)− Cij ϕji − Dijk ϕij,k − σν + α̇− Fijζi,j + ρ` = ρkν̈,

(Hjiυj − Eij ζ̇ j + Kijα,j),i − aij(u̇j,i − ϕ̇ji)− bij ϕ̇ji − cijk ϕ̇ij,k − ν̇− aα̈− hij ζ̇i,j = −ρs,

[dijmn(un,m − ϕnm) + eijmn ϕnm + flmnij ϕlm,n + gijmnζm,n + Fijν− hijα̇],j−
− (dijυ̇j + Dij ζ̈ j + Ejiα̇,j) = −ρMi.

(9)

In accordance with the Dirichlet problem, corresponding to the system (9), the boundary
conditions are considered as follows

ui(x, t) = ũi(x, t),

ϕij(x, t) = ϕ̃ij(x, t),

ν(x, t) = ν̃(x, t),

α(x, t) = α̃(x, t),

ζi(x, t) = ζ̃i(x, t),

(x, t) ∈ ∂D × (0, ∞), (10)

where ũi, ϕ̃ij, ν̃, α̃ and ζ̃i are prescribed functions.
The initial conditions, which will be included in the mixed problem, corresponding to the above

system of Equation (9), are presented below

ui(x, 0) = u0
i (x), u̇i(x, 0) = u1

i (x),

ϕij(x, 0) = ϕ0
ij(x), ϕ̇ij(x, 0) = ϕ1

ij(x),

ν(x, 0) = ν0(x), ν̇(x, 0) = ν1(x), (11)

α(x, 0) = α0(x), α̇(x, 0) = α1(x),

ζi(x, 0) = ζ0
i (x), ζ̇i(x, 0) = ζ1

i (x),

for any x ∈ D, u0
i , u1

i , ϕ0
ij, ϕ1

ij, ν0, ν1, α0, α1, ζ0
i and ζ1

i also being prescribed functions.
The functions and conditions presented above are assumed to be sufficiently regular on their

definition domain to be able to realize subsequent mathematical operations.
In the theory of the thermoelastic porous micromorphic materials having microtemperatures,

the ordered system (ui, ϕij, ν, α, ζi) is a solution of the mixed initial-boundary value problem, denoted
by P , if it satisfies the system of Equation (9), together with the initial conditions (11) and the boundary
conditions (10), for all (x, t) ∈ D × (0, ∞).

3. Results

3.1. Auxiliary Results

The following theorem expresses an auxiliary result, useful for obtaining the uniqueness of the
mixed problem solution of the thermoelastic porous micromorphic materials.
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Theorem 1. The variables that describe the deformation of a thermoelastic porous micromorphic material with
microtemperatures verify the following equality

tijεij + sijµij + mkijγijk + ρηα̇ + ξν + λiυi + ρηi ζ̇i + riα,i + Mijζi,j =

= Cijmnεijεmn + 2Eijmnεijµmn + 2Fijlmnεijγlmn + Bijmnµijµmn+

+ 2Gijlmnµijγlmn + Aijklmnγijkγlmn + 2Bijεijν + 2Cijµijν + 2Dijkγijkν+

+ 2Fijζi,jν + σν2 + 2dijmnεijζm,n + 2eijmnµijζm,n + 2 fijkmnγijkζm,n+

+ Aijυiυj + 2Hijυiα,j + Kijα,iα,j + gijmnζi,jζm,n + Dij ζ̇i ζ̇ j + a(α̇)2.

(12)

Proof. Multiplying the first constitutive Equation (7)1 by εij, the second (7)2 by µij, the third (7)3 by
γijk, the Equation (7)4 by α̇, (7)5 by ν, the sixth constitutive Equation (7)6 by ν,i, (7)7 by ζ̇i and the
last two constitutive Equations (7)8 and (7)9 by α,i, respectively by ζi,j, then making the sum of the
new obtained relations and applying the symmetry relations (8), the relation (12), representing the
conclusion of the Theorem 1, is deduced. We must specify that the above multiplications are chosen
for having the unit of energy density. Thus, the proof of Theorem 1 is complete.

The free energy Ψ is considered in the quadratic form below

Ψ =
1
2

Cijmnεijεmn + Eijmnεijµmn + Fijlmnεijγlmn +
1
2

Bijmnµijµmn+

+ Gijlmnµijγlmn +
1
2

Aijklmnγijkγlmn + Bijεijν + Cijµijν + Dijkγijkν+

+ Fijζi,jν +
1
2

σν2 + dijmnεijζm,n + eijmnµijζm,n + fijkmnγijkζm,n+

+
1
2

Aijυiυj + Hijυiα,j +
1
2

Kijα,iα,j +
1
2

gijmnζi,jζm,n.

(13)

In order to obtain the result regarding the uniqueness of the solution of the mixed problem P ,
the following standard hypotheses are assumed:

(i) ρ > 0, Iij > 0, k > 0, a > 0;
(ii) the quadratic form Ψ, expressed through the relation (13), is positively semi-defined;
(iii) the conductivity coefficients Kij and the constitutive ones Dij are the components of positively

defined tensors, i.e., ∃k0 > 0 and d0 > 0 such that

Kijξiξ j ≥ k0ξiξi, Dijξiξ j ≥ d0ξiξi, ∀ξi.

3.2. Main Results

3.2.1. Uniqueness

Theorem 2. If both the symmetry relations (8) and the standard hypotheses (i)–(iii) are verified, then the
mixed initial-boundary value problem P has at most one solution.

Proof. Making an analogy with the method used to prove the Theorem 1, we multiply the first
constitutive Equation (7)1 by ε̇ij, (7)2 by µ̇ij, (7)3 by γ̇ijk, the constitutive Equation (7)5 by ν̇, (7)6 by
ν̇,i, the Equations (7)8 and (7)9 by α̇,i, respectively by ζ̇i,j, and the derivatives, in relation to time,
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of the constitutive Equations (7)4 and (7)7 by α̇, respectively ζ̇i, then we add, member by member,
the relations thus obtained and through the symmetry relations (8) we deduce the next relation:

tij ε̇ij + sijµ̇ij + mkijγ̇ijk + ρη̇α̇ + ξν̇ + λi ν̇,i + ρη̇i ζ̇i + riα̇,i + Mij ζ̇i,j =

= Cijmn ε̇ijεmn + Eijmn(ε̇ijµmn + εijµ̇mn) + Fijlmn(ε̇ijγlmn + εijγ̇lmn)+

+ Bijmnµ̇ijµmn + Gijlmn(µ̇ijγlmn + µijγ̇lmn) + Aijklmnγ̇ijkγlmn + Bij(ε̇ijν + εijν̇)+

+ Cij(µ̇ijν + µijν̇) + Dijk(γ̇ijkν + γijk ν̇) + Fij(ζ̇i,jν + ζi,jν̇) + σνν̇+

+ dijmn(ε̇ijζm,n + εij ζ̇m,m) + eijmn(µ̇ijζm,n + µij ζ̇m,n) + fijkmn(γ̇ijkζm,n + γijk ζ̇m,n)+

+ Aijυ̇iυj + Hij(υ̇iα,j + υiα̇,j) + Kijα̇,iα,j + gijmn ζ̇i,jζm,n + Dij ζ̇i ζ̈ j + aα̇α̈.

(14)

The previous relation (14) can be reformulated as follows

tij ε̇ij + sijµ̇ij + mkijγ̇ijk + ρη̇α̇ + ξν̇ + λiυ̇i + ρη̇i ζ̇i + riα̇,i + Mij ζ̇i,j =

=
∂

∂t

(
1
2

Cijmnεijεmn + Eijmnεijµmn + Fijlmnεijγlmn +
1
2

Bijmnµijµmn+

+ Gijlmnµijγlmn +
1
2

Aijklmnγijkγlmn + Bijεijν + Cijµijν + Dijkγijkν+

+ Fijζi,jν +
1
2

σν2 + dijmnεijζm,n + eijmnµijζm,n + fijkmnγijkζm,n+

+
1
2

Aijυiυj + Hijυiα,j +
1
2

Kijα,iα,j +
1
2

gijmnζi,jζm,n +
1
2

ζ̇i ζ̇ j +
1
2

a(α̇)2
)
=

=
∂Ψ

∂t
+

1
2

∂

∂t
[
Dij ζ̇i ζ̇ j + a(α̇)2].

(15)

At the same time, taking into account the geometric Equation (2), the equations of motion (3),
the equilibrated forces balance (4), as well as the additional equations of energy (6), it follows that

tij ε̇ij + sijµ̇ij + mkijγ̇ijk + ρη̇α̇ + ξν̇ + λiυ̇i + ρη̇i ζ̇i + riα̇,i + Mij ζ̇i,j =

= (tiju̇j + mijk ϕ̇jk + λi ν̇ + riα̇ + Mij ζ̇ j),i + ρ( fiu̇i + `ij ϕ̇ij + `ν̇ + sα̇ +Mi ζ̇i)−
− ρu̇iüi − Ijk ϕ̇ij ϕ̈ik − ρkν̇ν̈.

(16)

Using the relations (15) and (16), the equality below is obtained

(tiju̇j + mijk ϕ̇jk + λi ν̇ + riα̇ + Mij ζ̇ j),i + ρ( fiu̇i + `ij ϕ̇ij + `ν̇ + sα̇ +Mi ζ̇i) =

=
∂Ψ

∂t
+

1
2

∂

∂t
[ρu̇iu̇i + Ijk ϕ̇ij ϕ̇ik + ρk(ν̇)2 + Dij ζ̇i ζ̇ j + a(α̇)2].

(17)

By integrating the previous relation (17) on D and by applying the divergence theorem,
a fundamental result is obtained for proving the mixed initial-boundary value problem P , the result
consisting in the following equality:∫

D

ρ( fiu̇i + `ij ϕ̇ij + `ν̇ + sα̇ +Mi ζ̇i)dV+

+
∫

∂D

(tiju̇j + mijk ϕ̇jk + λi ν̇ + riα̇ + Mij ζ̇ j)nidA =

=
∂

∂t

∫
D

{
Ψ +

1
2
[ρu̇iu̇i + Ijk ϕ̇ij ϕ̇ik + ρk(ν̇)2 + Dij ζ̇i ζ̇ j + a(α̇)2]

}
dV.

(18)

The demonstration of the uniqueness of the mixed problem solution is made assuming that
the mixed problem P admits two solutions s′ = (u′i, ϕ′ij, ν′, α′, ζ ′i) and s′′ = (u′′i , ϕ′′ij, ν′′, α′′, ζ ′′i ),
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the difference of the solutions, sD = s′′ − s′ being, in turn, a solution of the mixed problem P ,
based on linearity.

Using the notations below

uD
i = u′′i − u′i,

ϕD
ij = ϕ′′ij − ϕ′ij,

νD = ν′′ − ν′,

αD = α′′ − α′,

ζD
i = ζ ′′i − ζ ′i ,

(19)

and the quantities corresponding to these differences, which will also be denoted by D, it can be noted
that the solution

sD = (uD
i , ϕD

ij , νD, αD, ζD
i ) (20)

satisfies the equations of motion (3), the balance of equilibrated forces (4) and the equations of
energy (6), in the circumstances of null loads and conditions, both initial and boundary conditions
become homogeneous, as follows

uD
i (x, 0) = 0, u̇D

i (x, 0) = 0,

ϕD
ij (x, 0) = 0, ϕ̇D

ij (x, 0) = 0,

νD(x, 0) = 0, ν̇D(x, 0) = 0, x ∈ D, (21)

αD(x, 0) = 0, α̇D(x, 0) = 0,

ζD
i (x, 0) = 0, ζ̇D

i (x, 0) = 0,

and
ũi = 0, ϕ̃ij = 0, ν̃ = 0, α̃ = 0, ζ̃i = 0, pe ∂D × (0, ∞), (22)

mentioning that

εD
ij (x, 0) = 0, µD

ij (x, 0) = 0, γD
ijk(x, 0) = 0,

νD
,i (x, 0) = 0, αD

,i (x, 0) = 0, ζD
i,j(x, 0) = 0, x ∈ D. (23)

Taking these considerations into account, the relation (18) leads to the next equality∫
D

[ρu̇D
i u̇D

i + Ijk ϕ̇D
ij ϕ̇D

ik + ρk(ν̇D)2 + Dij ζ̇
D
i ζ̇D

j + a(α̇D)2 + 2ΨD]dV = 0, t ≥ 0. (24)

In the conditions of the standard hypothesis (ii), of the specification (23), as well as of the
observation that the quadratic form Ψ, represented by the relation (13), corresponding to the differences
is null, the previous relation (24) becomes∫

D

[ρu̇D
i u̇D

i + Ijk ϕ̇D
ij ϕ̇D

ik + ρk(ν̇D)2 + Dij ζ̇
D
i ζ̇D

j + a(α̇D)2]dV = 0. (25)

By considering the standard assumptions (i) and (iii) regarding the coefficients ρ, Iij, k, a and the
tensor Dij, the relation (25) leads to the conclusion

u̇D
i = 0, ϕ̇D

ij = 0, ν̇D = 0, α̇D = 0, ζ̇D
i = 0, pe D × (0, ∞),

and the relation (21) ensures that
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uD
i (x, t) = 0, ϕD

ij (x, t) = 0, νD(x, t) = 0, αD(x, t) = 0, ζD
i (x, t) = 0, (x, t) ∈ D × (0, ∞),

thus concluding that the solution to the mixed problem is unique. In this way, the proof of the
Theorem 2 is concluded.

3.2.2. Existence

The study on the existence of the solution of the mixed initial-boundary value problem will be
approached in the context of homogeneous boundary conditions, which means that

ũi(x, t) = 0, ϕ̃ij(x, t) = 0, ν̃(x, t) = 0, α̃(x, t) = 0, ζ̃i(x, t) = 0, (x, t) ∈ D × (0, ∞). (26)

The fact that both the system of equations and the conditions associated with the mixed problem
are extremely complex, the demonstration of the theorem with respect to the existence of the solution
to this problem will be made in a special way, turning the mixed problem P into a problem of Cauchy
type, correlated with an evolutionary equation defined on Hilbert space that has been properly chosen,
see [27,31,32].

In the following, the well-known Sobolev and Hilbert spaces will be used, more details on these
spaces can be find in [41–43].

Based on classic Hilbert spaces W1,2
0 and L2, the Hilbert spaceH is defined as follows

H = WWW1,2
0 × LLL2 ×WWW1,2

0 × LLL2 ×W1,2
0 × L2 ×W1,2

0 × L2 ×WWW1,2
0 × LLL2, (27)

where
WWW1,2

0 = W1,2
0 ×W1,2

0 ×W1,2
0 = [W1,2

0 ]3, LLL2 = L2 × L2 × L2 = [L2]3.

In the previous relation, the Hilbert spaces that are found in the composition of the definition
product induce a norm that endows the Hilbert spaceH, further referring to it as the original norm of
the spaceH.

The following scalar product is defined on the spaceH:

< (ui, Ui, ϕij, Φij, ν, µ, α, β, ζi, ςi), (u′i, U′i , ϕ′ij, Φ′ij, ν′, µ′, α′, β′, ζ ′i , ς′i) >=

1
2

∫
D

(ρUiU′i + IjkΦijΦ
′
ik + ρkµµ′ + Dijςiς

′
j + aββ′)dV +

1
2

∫
D

[
Cijmnεijε

′
mn+

+ Eijmn(εijµ
′
mn + ε′ijµmn) + Fijlmn(εijγ

′
lmn + ε′ijγlmn) + Bijmnµijµ

′
mn+

+ Gijlmn(µijγ
′
lmn + µ′ijγlmn) + Aijklmnγijkγ′lmn + Bij(εijν

′ + ε′ijν) + Cij(µijν
′ + µ′ijν)+

+ Dijk(γijkν′ + γ′ijkν) + Fij(ζi,jν
′ + ζ ′i,jν) + σνν′ + dijmn(εijζ

′
m,n + ε′ijζm,n)+

+ eijmn(µijζ
′
m,n + µ′ijζm,n) + fijkmn(γijkζ ′m,n + γ′ijkζm,n) + Aijυiυ

′
j+

+ Hij(υiα
′
,j + υ′iα,j) + Kijα,iα

′
,j + gijmnζi,jζ

′
m,n
]
.

(28)

Theorem 3. The scalar product introduced by the relation (28) induces a norm equivalent to the original norm
in the Hilbert spaceH.

Proof. Considering both Korn’s first inequality, see [44–46], and the standard hypotheses,
the conclusion of the Theorem 3 can be deduced.
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The choice of the following operators form is inspired by the functions that form part of the left
member of each equation that constitutes the system (9), so that, applying the procedure presented
in [27], the operators below are introduced:

C1
i uuu =

1
ρ

Cijmnun,mj, C2
i ϕϕϕ = −1

ρ

[
(Cijmn − Eijmn)ϕnm,j − Fijlmn ϕlm,nj

]
,

Biν =
1
ρ

Bijν,j, A1
i β = −1

ρ
aijβ,j D1

i ζζζ =
1
ρ

dijmnζm,nj,

C3
kiuuu = (Ijk)

−1[(Cijmn − Emnij)un,m + Flmijkum,lk
]
,

C4
kiϕϕϕ = −(Ijk)

−1[(Cijmn + Bijmn − 2Eijmn)ϕnm − Aijklmn ϕlm,nk
]
,

B2
kiν = (Ijk)

−1[(Bij − Cij)ν + Dijkν,k
]
, A2

kiβ = −(Ijk)
−1[(aij − bij)β + cijkβ,k

]
,

D2
kiζζζ = −(Ijk)

−1[(eijmn − dijmn)ζm,n − fijkmnζm,nk
]
,

Eν =
1
ρk

(Aijν,ij − σν), Fςςς = − 1
ρk

dijς j,i, Gα =
1
ρk

Hijα,ij,

Huuu = − 1
ρk

Bijuj,i, Kϕϕϕ =
1
ρk
[
(Bij + Cij)ϕji − Dijk ϕij,k

]
,

Lβ =
1
ρk

β, Mζζζ = − 1
ρk

Fijζi,j, Nα =
1
a

Kijα,ij,

Pν =
1
a

Hjiν,ij, Qζζζ = −1
a

eijς j,i, R1UUU = −1
a

aijUj,i,

R2ΦΦΦ =
1
a
[
(aij − bij)Φji − cijkΦij,k

]
, Sµ = −1

a
µ, C5

s uuu = Λsidijmnun,mj,

C6
s ϕϕϕ = Λsi

[
(eijmn − dijmn)ϕn,mj + flmnij ϕlm,nj

]
, Wsν = ΛsiFijν,j,

Tsβ = −Λsieijβ,j, Vsζζζ = Λsigijmnζm,nj, Zsµ = −Λsidijµ,j,

(29)

where eij = Eij + hij, and the matrix Λsi = (Λij) is introduced so that

ΛijDil = δjl ,

δjl identity being the symbol of Kronecker.
In the following, the matrix functions UUU and UUU 0, corresponding to the unknowns ui, Ui,

ϕij, . . . , ζi, ςi, and the initial data u0
i , U0

i , ϕ0
ij, . . . , ζ0

i , ς0
i , are considered, as well as the matrix

corresponding to the loads,FFF , in the form

UUU = (ui, Ui, ϕij, Φij, ν, µ, α, β, ζi, ςi),

UUU 0 = (u0
i , U0

i , ϕ0
ij, Φ0

ij, ν0, µ0, α0, β0, ζ0
i , ς0

i ),

FFF = (000, fi, 000, `ij, 0, `, 0, s, 000,Mi).

(30)

In order to transform the mixed initial-boundary problem P into a Cauchy problem associated
with an abstract, evolutionary equation, the matrix operator L is introduced, having as components the
operators defined by the relations (29), with the domain of definition D(L), represented in the following

D(L) = (WWW1,2
0 ∩WWW2,2)×WWW1,2

0 × (WWW1,2
0 ∩WWW2,2)×WWW1,2

0 ×

× (W1,2
0 ∩W2,2)×W1,2

0 × (W1,2
0 ∩W2,2)×W1,2

0 ×

× (WWW1,2
0 ∩WWW2,2)×WWW1,2

0 ,

(31)

the significance of the Sobolev spaces W1,2
0 , W2,2,WWW1,2

0 and WWW2,2 being well known.
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Using the matrix functions introduced by the relations (30), the Cauchy problem associated with
the evolutionary equation has the form

dUUU
dt

= LUUU (t) +FFF (t),

UUU (0) = UUU 0.

0 ≤ t ≤ t0, (32)

The property of the operator L, given by the following theorem, is indispensable in proving the
result regarding the existence of the previous Cauchy problem solution (32).

Theorem 4. Given that both the symmetry relations (8) and the standard hypotheses (i)–(iii) are valid, then the
operator L is dissipative.

Proof. The conclusion of this theorem is materialized by the inequality presented by Theorem 2,
namely

< LUUU ,UUU >≤ 0, ∀UUU ∈ D(L). (33)

Using the scalar product introduced by the relation (28), the operators defined by the relations (29)
and considering an arbitrary element from D(L), denoted by UUU , we deduce

< LUUU ,UUU >= −
∫
D

(tjiUi,j + mkijΦij,k + λjµ,j + rjβ,j + Mijςi,j)dV+

+
∫
D

[Cijmnεijε
′
mn + Eijmn(εijµ

′
mn + ε′ijµmn) + Fijlmn(εijγ

′
lmn + ε′ijγlmn)+

+ Bijmnµijµ
′
mn + Gijlmn(µijγ

′
lmn + µ′ijγlmn) + Aijklmnγijkγ′lmn + Bij(εijν

′ + ε′ijν)+

+ Cij(µijν
′ + µ′ijν) + Dijk(γijkν′ + γ′ijkν) + Fij(ζi,jν

′ + ζ ′i,jν) + σνν′+

+ dijmn(εijζ
′
m,n + ε′ijζm,n) + eijmn(µijζ

′
m,n + µ′ijζm,n) + fijkmn(γijkζ ′m,n + γ′ijkζm,n)+

+ Aijυiυ
′
j + Hij(υiα

′
,j + υ′iα,j) + Kijα,iα

′
,j + gijmnζi,jζ

′
m,n],

(34)

where the first integral was obtained by applying the divergence theorem and the boundary conditions.
The second integral that appears in the previous relation (34) is a form of quadratic type in relation

to the following terms ωωω = (ui, ϕij, ν, α, ζi), ωωω′ = (Ui, Φij, µ, β, ςi), so that the integral becomes∫
D

Ψ(ωωω, ωωω′)dV =
∫
D

Ψ((ui, ϕij, ν, α, ζi), (Ui, Φij, µ, β, ςi))dV. (35)

Through the previous relation (35), from the relation (34) is obtained

< LUUU ,UUU > = −
∫
D

(tjiUi,j + mkijΦij,k + λjµ,j + rjβ,j + Mijςi,j)dV+

+
∫
D

Ψ((ui, ϕij, ν, α, ζi), (Ui, Φij, µ, β, ςi))dV = 0,
(36)

which concludes the proof of this theorem.

The following theorem deduces a property of the operator L, essential for the existence of the
solution of the Cauchy problem (32).
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Theorem 5. If the symmetry relations (8) and the standard hypotheses (i)–(iii) are fulfilled, then the operator
L satisfies the condition of range.

Proof. We say that the condition of range is satisfied by the operator L if the equation

LUUU = UUU ′ (37)

has at least a root UUU in D(L), UUU ′ being an arbitrary, fixed element from the Hilbert space H,
represented by the relation (27).

According to the operators introduced by the previous relations (29), the following vector
notations will be used:

CCC1 = (C1
i ), CCC2 = (C2

i ), CCC3 = (C3
ki), CCC4 = (C4

ki),

CCC5 = (C5
s ), CCC6 = (C6

s ), BBB1 = (B1
i ), BBB2 = (B2

ki), (38)

DDD1 = (D1
i ), DDD2 = (D2

ki), AAA1 = (A1
i ), AAA2 = (A2

ki),

WWW = (Ws), TTT = (Ts), VVV = (Vs), ZZZ = (Zs).

By the instrumentality of both the previous relations (38), as well as the operators defined by the
relations (29), the system of equations will become

UUU = uuu′,

CCC1uuu +CCC2ϕϕϕ + BBB1ν + AAA1β + DDD1ζζζ = UUU′,

ΦΦΦ = ϕϕϕ′,

CCC3uuu +CCC4ϕϕϕ + BBB2ν + AAA2β + DDD2ζζζ = ΦΦΦ′,

u = ν′,

Huuu + Kϕϕϕ + Eν + Gα + Lβ + Mζζζ + Fςςς = µ′

β = α′,

R1UUU + R2ΦΦΦ + Pν + Nα + Sµ + Qςςς = β′,

ςςς = ζζζ ′

CCC5uuu +CCC6ϕϕϕ +WWWν + TTTβ +ZZZµ +VVVζζζ = ςςς′.

(39)

The system represented by the relations (39) can be reformulated from the perspective of the main
unknowns (uuu, ϕϕϕ, ν, α, ζζζ), the other variables being attached to the right members, having the meaning
of free terms, that this system will have the form

CCC1uuu +CCC2ϕϕϕ + BBB1ν + DDD1ζζζ = UUU′ − AAA1α′

CCC3uuu +CCC4ϕϕϕ + BBB2ν + DDD2ζζζ = ΦΦΦ′ − AAA2α′,

Huuu + Kϕϕϕ + Eν + Gα + Mζζζ = µ′ − Lα′ − Fζζζ ′

Pν + Nα = β′ − R1uuu′ − R2ϕϕϕ′ − Sν′ −Qζζζ ′,

CCC5uuu +CCC6ϕϕϕ +WWWν +VVVζζζ = ςςς′ −ZZZν′ + TTTα′.

(40)
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The terms that appear in the left member of each equation that compose the previous system (40)
suggest the introduction of the ordered system (ūuu, ϕ̄ϕϕ, ν̄, ᾱ, ζ̄ζζ) in the following form

ūuu = CCC1uuu +CCC2ϕϕϕ + BBB1ν + DDD1ζζζ,

ϕ̄ϕϕ = CCC3uuu +CCC4ϕϕϕ + BBB2ν + DDD2ζζζ,

ν̄ = Huuu + Kϕϕϕ + Eν + Gα + Mζζζ,

ᾱ = Pν + Nα,

ζ̄ = CCC5uuu +CCC6ϕϕϕ +WWWν +VVVζζζ,

(41)

the scalar product being a bounded bilinear form on W1,2
0 .

By calculating the following scalar product, the next equality is obtained

< (uuu, ϕϕϕ, ν, α, ζζζ), (uuu, ϕϕϕ, ν, α, ζζζ) >=
∫
D

(Cijmnεijεmn + 2Eijmnεijµmn+

+ 2Fijlmnεijγlmn + Bijmnµijµmn + 2Gijlmnµijγlmn + Aijklmnγijkγlmn + 2Bijεijν+

+ 2Cijµijν + 2Dijkγijkν + 2Fijζi,jν + σν2 + 2dijmnεijζm,n + 2eijmnµijζm,n+

+ 2 fijkmnγijkζm,n + Aijυiυj + 2Hijυiα
′
j + Kijα,iα,j + gijmnζi,jζm,n)dV.

(42)

At the same time, the functions that are found on the right side member of each equation
of the system (40), namely UUU′ − AAA1α′, ΦΦΦ′ − AAA2α′, µ′ − Lα′ − Fζζζ ′, β′ − R1uuu′ − R2ϕϕϕ′ − Sν′ − Qζζζ ′,
respectively ςςς′ −ZZZν′ − TTTα′, belong to the space W1,2.

Therefore, the Lax–Milgram Theorem can be applied, see [41,43,47], thus guaranteeing the
existence of the solution UUU = (u, ϕij, ν, α, ζi) of the system (40), which ensures, in fact, that the
system (39) has a solution. In this way, the Theorem 5 is completely proved.

By Theorems 4 and 5, it is proved that the operator L meets the conditions required by the
Lumer–Phillips Corollary, corresponding to the Hille–Yosida Theorem, see [41,43], thereby being
possible to state the theorem presented below.

Theorem 6. If the symmetry relations (8), as well as the standard hypotheses (i)–(iii) are satisfied, then the
operator L generates a semigroup of contractions on the spaceH.

Proof. Taking into account the conclusions of Theorems 4 and 5, together with the result included in
the corollary Lumer–Phillips, it follows that the operator L generates a semigroup of contractions on
the particular spaceH, represented by the relation (27).

Theorem 7. Given that both the symmetry relations (8) and the standard hypotheses (i)–(iii) are valid,
the initial conditionsUUU 0 ∈ D(L) and the loads fi, `ij, `, s, Mi ∈ C1([0, ∞), L2)∩C0([0, ∞), W1,2

0 ), then the
abstract problem, represented by the relation (32), admits a unique solution

UUU (t) ∈ C1([0, ∞),H).

Proof. The result of Lumer–Phillips Corollary, consisting in the fact that the semigroup generated by
the operator L admits as a unique generator, the infinitesimal generator represented by the solution
UUU (t), leads to the conclusion of uniqueness of this solution.
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3.2.3. Continuous Dependence of the Solution

Theorem 8. Assuming that the symmetry relations (8) and the standard hypotheses (i)–(iii) are accomplished.
Then the function UUU (t), which is a solution of the problem (32), is continuous depending both on the initial data
and on the loads fi, `ij, `, s andMi, so that

∣∣UUU (t)∣∣ ≤ t∫
0

‖ ( fi, `ij, `, s,Mi) ‖ ds +
∣∣UUU 0
∣∣.

Proof. The deduction of the result of this theorem can be obtained with the help of the same
Lumer–Phillips Corollary.

The result of the above theorem completely characterizes the solution of the Cauchy problem (32).

4. Conclusions

The approach of the subject regarding the effects of microtemperature on porous micromorphic
thermoelastic materials, highlights the advantages of using the theory of semigroups of operators,
in the context of the increased difficulty of equations and conditions, caused by the large number
of unknowns.

Our qualitative results correspond to the existence, uniqueness and continuous dependence
of the solution of the mixed initial-boundary value problem and are due to the flexibility of this
theory. The subject development was possible naturally, even within an increasing complexity of
equations and conditions governing the thermoelasticity theory of porous micromorphic materials
with microtemperatures.
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