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Abstract: In this paper, we consider the digital cohomology modules of a digital image consisting of
a bounded and finite subset of Zn and an adjacency relation. We construct a contravariant functor
from the category of digital images and digital continuous functions to the category of unitary
R-modules and R-module homomorphisms via the category of cochain complexes of R-modules
and cochain maps, where R is a commutative ring with identity 1R. We also examine the digital
primitive cohomology classes based on digital images and find the relationship between R-module
homomorphisms of digital cohomology modules induced by the digital convolutions and digital
continuous functions.
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1. Introduction

1.1. Cohomology and Hopf Space

A cohomology group is a general mathematical term for a (positive integer graded or
representation ring graded) sequence of Z-modules associated with a topological space (or a spectrum)
usually defined from a usual cochain complex by taking a Homfunctor on a chain complex, where Z
is the ring of integers. A cohomology group may be viewed as another method of assigning richer
algebraic and topological invariants to a topological space than a homology group. Some versions
of a cohomology group arise by dualizing the construction of a homology group. As usual,
the singular (or simplicial) cochains sn, n ≥ 0 are group homomorphisms (or, equivalently, Z-module
homomorphisms) from the free Abelian group Sn(X) to an Abelian group G in classical homology
and cohomology theories; that is, sn : Sn(X)→ G is a group homomorphism, where Sn(X) is the n-th
singular chain group of a topological space X.

The classical (equivariant) homology and cohomology modules are important algebraic tools to
give answers to a large number of difficult problems in mathematics and are in practice the fundamental
algebraic gadgets. As an application, the digital versions of classical homology and cohomology groups
(or Z-modules) may be important algebraic tools to classify (pointed) digital images from the digital
homotopy theoretic point of view. In particular, the formal and informal definitions of many terms
in homotopy and simplicial (co)homology theory based on a digital image on Z2 or Z3 were nicely
described in [1–4].

A (pointed) topological space (Y, y0) is said to be a (pointed) Hopf space if there is a (base point
preserving or pointed) continuous map:

mY : (Y, y0)× (Y, y0)→ (Y, y0)
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for which the unique constant map:

ey0 : (Y, y0)→ (Y, y0)

at y0 is a two-sided identity up to homotopy in the classical sense; that is,

ey0 + 1Y = mY ◦ (ey0 × 1Y) ◦ ∆Y ' 1Y

and:
1Y + ey0 = mY ◦ (1Y × ey0) ◦ ∆Y ' 1Y,

where ∆Y : Y → Y × Y is the diagonal function and 1Y : Y → Y is the identity function on (Y, y0).
The (base point preserving or pointed) continuous map:

mY : (Y, y0)× (Y, y0)→ (Y, y0)

above is said to be a homotopy multiplication (or multiplication) of (Y, y0).
The (pointed) Hopf spaces have been a direct and natural generalization of Lie groups in classical

homotopy theory as nicely presented in [5–7]. The multiplicative structure of a Hopf space creates many
interesting structures to its classical homology and cohomology groups. For example, the classical
cohomology ring of a zero-connected Hopf space with finitely generated free cohomology groups
with some multiplications and comultiplications becomes a Hopf algebra; see ([8] (III Theorem 7.15)).
Furthermore, we can consider the Pontryagin algebra derived from the multiplication structure of a
Hopf space on the homology level as one of the advantages in classical homology theory.

1.2. Motivation and Goal

The digital topology is highly related to the combinatorial topology, and it concerns the features
and properties of the digital images in Zn, especially the two-dimensional or three-dimensional digital
images corresponding to the topological features and properties of objects in the category of topological
spaces and continuous functions. Historically, the digital topology was first studied in the late 1960s
by A. Rosenfeld. Digital surfaces and digital manifolds were also developed in the early 1980s and in
1990s, respectively.

There are many standard approaches for the consideration of a digital counterpart of the standard
topology on Rn such as the axiomatic approach, the imbedding approach, and the graph-theoretic
approach [9]. Moreover, it is well known that the notion of a (pointed) Hopf space is one of the
Eckmann–Hilton dual concepts of a (pointed) co-Hopf space. These spaces were introduced in [10] and were
used to characterize when a pointed CW-space has the homotopy type of a suspension ([11] (Theorem A));
see also [12]. The author investigated the co-Hopf structures on a wedge of (localized) spheres [13–18] and a
suspension with the standard comultiplication in the sense of same n-types [19–23]; see also [24,25] for the
topics that are related to the fundamental concepts of those spaces.

The above statements force us to investigate another approach to study digital topology out
of classical homotopy theory and digital counterparts of those ideas in classical homology and
cohomology theories. In the current paper, we introduce another consideration of the so-called
algebraic approach from the classical homology and cohomology groups. More precisely, the present
study deals with the algebraic invariants and their important properties of digital cohomology modules
over a commutative ring with the identity of a digital image with an adjacency relation originated from
the classical cohomology groups with coefficients in an additive Abelian group of a topological space
in cohomology theory. The main purposes of this paper are to investigate a contravariant functor from
the category of digital images and digital continuous functions to the category of unitary R-modules
and R-module homomorphisms (Theorem 1) and the digital primitive cohomology classes (Theorem 2)
and to examine the relationship between R-module homomorphisms of digital cohomology modules
induced by the digital convolutions and digital continuous functions (Theorem 3).
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1.3. Organization

We now give a short overview of the structure of this paper. In the current study, we denote a
commutative ring with identity 1R by R. In Section 2, we introduce the basic notions of digital images
with kX-adjacency relations and consider the category of (pointed) digital images and (base point
preserving or pointed) digital continuous functions. In Section 3, we develop the digital homology
and cohomology modules over a commutative ring R with identity based on digital images with
adjacency relations. We construct a contravariant functor from the category of digital images and
digital continuous functions to the category of unitary R-modules and R-module homomorphisms.
In Section 4, we consider a pointed digital Hopf space together with a digital homotopy multiplication.
We investigate the important properties of digital primitive cohomology classes in digital Hopf spaces
as digital images and find the relationship between R-module homomorphisms of digital cohomology
R-modules induced by the digital convolutions and digital continuous functions.

2. Preliminaries

Let Z be the set of all integers, and let:

Zn := Z×Z× · · · ×Z︸ ︷︷ ︸
n−times

be the set of all functions:
p : {1, 2, . . . , n} −→ Z

such that:
p(i) = pi ∈ Z

for each i = 1, 2, . . . , n; that is, the set of all lattice points (p1, p2, . . . , pn) ∈ Zn in the n-dimensional
Euclidean space Rn for n ≥ 1, where pi ∈ Z for i = 1, 2, . . . , n. We note that the above function:

p : {1, 2, . . . , n} −→ Z

can be identified with the lattice point (p1, p2, . . . , pn) by defining:

(p1, p2, . . . , pn) : {1, 2, . . . , n} −→ Z

to be:
(p1, p2, . . . , pn)(i) = pi

for each i = 1, 2, . . . , n.
For a positive integer u with 1 ≤ u ≤ n, we define an adjacency relation as follows.

Definition 1 ([26]). The two different functions p, q : {1, 2, . . . , n} → Z or the two different points
p = (p1, p2, . . . , pn) and q = (q1, q2, . . . , qn) in Zn are said to be k(u, n)-adjacent if:

• there are at most u distinct indices i with the property |pi − qi| = 1; and
• for all indices j, if |pj − qj| 6= 1, then pj = qj.

Example 1.

(1) The set of k(1, 1)-adjacent points of zero in Z1 is the set consisting of −1 and one.
(2) The set of k(1, 2)-adjacent points of (0, 0) in Z2 is the set consisting of (1, 0), (0, 1), (−1, 0), and (0,−1).
(3) The set of k(2, 2)-adjacent points of (0, 0) in Z2 is the set consisting of (1, 0), (1, 1), (0, 1), (−1, 1),

(−1, 0), (−1,−1), (0,−1), and (1,−1).
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A k(u, n)-adjacency relation on Zn may be considered as the cardinality of the set of lattice points
that have the k(u, n)-adjacency relations centered at p = (p1, p2, . . . , pn) in Zn. From this point of
view, we define the following.

Definition 2. The k(1, 1)-adjacent points of Z are said to be two-adjacent.

Convention: We sometimes denote the k(u, n)-adjacency relation on a digital image X by the
kX-adjacency relation for short unless we specifically state otherwise.

A digital image (X, kX) consists of a bounded and finite subset X of Zn and an adjacency relation
kX on X. A digital image (X, kX) in Zn is said to be kX-connected ([27,28]) if for each set {x, y}
consisting of two distinct points x and y, there exists a subset:

P := {x0, x1, . . . , xs} ⊆ X

consisting of s + 1 distinct points such that:

• x = x0, xs = y; and
• xi and xi+1 are kX-adjacent for i = 0, 1, . . . , s− 1.

Example 2. Let X := {e, a, b, c} be a subset of Z2, where:

• e = (1, 0);
• a = (0, 1);
• b = (−1, 0) and
• c = (0,−1).

Then, X is a digital image with eight-adjacent relation in Z2; see Figure 1.

-
x

6y

8−adjacency

0 e

u
b

u

au

c
u

Figure 1. A digital image with the eight-adjacency relation.

Definition 3 ([29]). Let (X, kX) and (Y, kY) be the digital images with kX-adjacency and kY-adjacency
relations, respectively. A function:

f : (X, kX)→ (Y, kY)

of digital images is said to be a (kX, kY)-continuous function if the image of every kX-connected subset of the
digital image (X, kX) under f is a kY-connected subset of (Y, kY); see also ([28] (Definition 2.3)).

Let a and b be elements of Z, considered as a simply ordered set, with a < b. The bounded and
finite set:

[a, b]Z = {z ∈ Z | a ≤ z ≤ b} ( Z
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considered as a digital image with the two-adjacency relation in Z is said to be a digital interval;
see [27,30]. A triple (X, x0, kX) consisting of a digital image X with a kX-adjacency relation and an
element x0 of X is said to be a pointed digital image [31]. Here, x0 is called a base point of (X, x0, kX)

just like a base point of a pointed topological space. A (kX, kY)-continuous function of pointed
digital images:

f : (X, x0, kX)→ (Y, y0, kY)

such that:
f (x0) = y0

is called a base point preserving digital continuous function (or a pointed digital continuous function).

Definition 4 ([26,28,32]). Let (X, x0, kX) and (Y, y0, kY) be pointed digital images with kX-adjacency and
kY-adjacency relations, respectively, and let:

f , g : (X, x0, kX)→ (Y, y0, kY)

be the base point preserving (kX , kY)-continuous functions. Assume that there is a function:

F : X× [0, m]Z → Y

such that:

• F(x, 0) = f (x) and F(x, m) = g(x) for all x ∈ X;
• the function Fx : [0, m]Z → Y, x ∈ X defined by Fx(t) = F(x, t) for all t ∈ [0, m]Z is (2, kY)-continuous;
• the function Ft : X→ Y, t ∈ [0, m]Z defined by Ft(x) = F(x, t) for all x ∈ X is (kX, kY)-continuous; and
• F(x0, t) = y0 for all t ∈ [0, m]Z,

where [0, m]Z is a digital interval. Then, F is called a pointed digital (kX, kY)-homotopy between f and g,
usually written as:

F : f '(kX ,kY)
g,

and f and g are called pointed digital (kX , kY)-homotopic in Y.

As usual, we denote the pointed digital homotopy class by [ f ] as the equivalence class of a base
point preserving (kX , kY)-continuous function f : (X, x0, kX)→ (Y, y0, kY).

Remark 1. We note that if (X, x0, kX), (Y, y0, kY), and (Z, z0, kZ) are pointed digital images and if
f : (X, x0)→ (Y, y0) is a (kX, kY)-continuous function and g : (Y, y0) → (Z, z0) is a (kY, kZ)-continuous
function, then it can be shown that the composite g ◦ f : (X, x0) → (Z, z0) is also a (kX, kZ)-continuous
function. Therefore, it is possible for us to consider the pointed digital category D∗ whose object classes are
pointed digital images and whose morphism classes are base point preserving digital continuous functions.
By ignoring the base points once in a while, we can also construct the category D whose object classes are digital
images and whose morphism classes are digital continuous functions.

3. Digital Homology and Cohomology Modules

A module is one of the pivotal algebraic structures in algebra and algebraic topology. A module
over a ring is a generalization of the notion of a vector space over a field, wherein the corresponding
scalars are the elements of an arbitrary given ring (with identity).

Historically, classical cohomology modules were not defined until long after homology
modules because cohomology modules are much less natural than homology modules geometrically.
The mathematical term “homology” was first used in a topological sense by H. Poincaré in 1897.

In this section, we explore the digital homology and cohomology modules of digital images and
construct a contravariant functor from the category of digital images and digital continuous functions
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to the category of unitary R-modules and R-module homomorphisms, where R is a commutative ring
with identity 1R.

Let e0 = (1, 0, 0, . . . , 0), e1 = (0, 1, 0, . . . , 0), . . ., and en = (0, 0, . . . , 0, 1) be the elements of Zn+1,
and let ∆n be a finite subset of Zn+1 consisting of all of these elements; that is,

∆n := {e0, e1, . . . , en} ( Zn+1.

Similarly, as described earlier, we denote the k(2, n + 1)-adjacency relation in the digital image ∆n as a
finite subset of Zn+1 by k∆n for our notational convenience.

For a digital image (X, kX) with a kX-adjacency relation, a (k∆n , kX)-continuous function:

σ : (∆n, k∆n)→ (X, kX)

is called a digital n-simplex in (X, kX). We note that for every {ei, ej} ⊂ ∆n so that the set {ei, ej} is a
k∆n -connected subset of ∆n, either:

σ(ei) = σ(ej),

or {σ(ei), σ(ej)} is a kX-connected subset of (X, kX).
Let R be a commutative ring with identity 1R, and let (X, kX) be a digital image with a

kX-adjacency relation. For each n ≥ 0, we denote dCn(X; R) by the non-negatively graded free
R-module with the basis consisting of all digital n-simplexes σ : (∆n, k∆n) → (X, kX) in (X, kX) and
define the so-called digital boundary operator:

∂n : dCn(X; R)→ dCn−1(X; R)

by

∂nσ =


n

∑
i=0

(−1)iσ ◦ εn
i if n ≥ 1;

0 if n = 0,

where εi : ∆n−1 → ∆n is the i-th face function; see [33,34]. It can be shown that:

∂n ◦ ∂n+1 = 0

for all n ≥ 0, and thus, Im(∂n+1) is automatically an R-submodule of Ker(∂n) for each n ≥ 0. The n-th
digital homology module dHn(X; R) over R of a digital image (X, kX) with a kX-adjacency relation is
defined by:

dHn(X; R) = Ker(∂n)/Im(∂n+1)

for each n ≥ 0 [33]; see also [2,35].
We observe that if the commutative ring R with identity 1R is equal to the ring Z of integers,

then the non-negatively graded free Z-module (or free Abelian group) dCn(X;Z) is denoted by dCn(X)

for short, and similarly for the n-th digital homology module.
We now explore the digital cohomology modules over a commutative ring R with identity 1R

as follows.

Definition 5. The module of n-cochains of a digital image (X, kX), with coefficients in a commutative ring R
with identity 1R, is defined to be the R-module:

dCn(X; R) = Hom(dCn(X), R)
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whose scalar multiplication:

s = • : R× dCn(X; R) −→ dCn(X; R)

(r, a) 7−→ s(r, a) = r•a

is given by:

s(r, a) = r•a : dCn(X) −→ R

x 7−→ s(r, a)(x) = (r•a)(x) = r � a(x),

where:

• r ∈ R;
• a ∈ dCn(X; R);
• x ∈ dCn(X) = dCn(X;Z); and
• � is the ring multiplication in the commutative ring R with identity 1R considered as the R-module

over itself.

Definition 6. The digital coboundary operator δn is defined as the dual of the digital boundary operator
∂n : dCn(X; R)→ dCn−1(X; R); that is,

δn = Hom(∂n, R) : dCn−1(X; R)→ dCn(X; R)

for each n ≥ 0.

Remark 2. We note that if R is a commutative ring with identity 1R, then dCn(X; R) is a unitary R-module.
Indeed, we have:

s(1R, a)(x) = (1R•a)(x) = 1R � a(x) = a(x)

for all x ∈ dCn(X); that is,
s(1R, a) = 1R•a = a

for all a ∈ dCn(X; R).

Definition 7. The kernel of:
δn+1 : dCn(X; R)→ dCn+1(X; R)

is said to be the module of digital n-cocycles in (X, kX) and is denoted by dZn(X; R) for all n ≥ 0.

Definition 8. The image of:
δn : dCn−1(X; R)→ dCn(X; R)

is said to be the module of digital n-coboundaries in (X, kX) and is denoted by dBn(X; R) for all n ≥ 1.

From Definitions 7 and 8, we can see that:

• dZn(X; R) and dBn(X; R) are R-submodules of dCn(X; R);
• δn+1 ◦ δn = 0 for all n ≥ 0; and
• dBn(X; R) is an R-submodule of dZn(X; R).

Therefore, we can define the following.
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Definition 9. The n-th digital cohomology module dHn(X; R) over R of a digital image (X, kX) is defined to
be the corresponding cohomology module over R of the cochain complex obtained by the dual R-modules along
with the dual R-module homomorphisms, i.e.,

dHn(X; R) = dZn(X; R)/dBn(X; R)

for all n ≥ 0.

Indeed, as a quotient R-module, dHn(X; R) has the unitary R-module structure because R is a
commutative ring with identity; see below.

Remark 3. If K is a simplicial complex, then the classical simplicial homology of K is isomorphic to the singular
homology of the polytope of |K| ([36] (Theorem 34.3)), and similarly for cohomology groups from the universal
coefficient theorem for cohomology. In the context of digital images, on the other hand, there is a small difference
between the n-th simplicial cohomology group ([4] (Definition 3.2)) and the n-th digital cohomology module in
that the n-th digital cohomology module does not require dividing a digital image into n-simplexes. However, it
is well known in mathematics that the smooth compact surfaces can be triangulated.

Let A and B be R-modules. A function h : A → B is said to be an R-module homomorphism if
the following diagrams:

A× A

h×h
��

+A //

�

A

h

��
B× B

+B // B

and:
R× A

1R×h

��

• //

�

A

h

��
R× B • // B

are strictly commutative, where:

• +A : A× A→ A and +B : B× B→ B are the binary operations on A and B, respectively;
• the bullets • in blue are the scalar multiplications on the R-modules A and B with the same

notation; and
• 1R : R→ R is the identity function on the commutative ring R with identity.

We note that if:
σ : (∆n, k∆n)→ (X, kX)

is a digital n-simplex in (X, kX) and if:

f : (X, kX)→ (Y, kY)

is a (kX , kY)-continuous function, then it can be shown that:

f ◦ σ : (∆n, k∆n)→ (Y, kY)

is a digital n-simplex in (Y, kY). Therefore, by using the linear property, we have an R-module
homomorphism of R-modules:

f] : dCn(X; R)→ dCn(Y; R)
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defined by:
f](∑ rσ•σ) = ∑ rσ•( f ◦ σ),

where rσ is an element of the commutative ring R with identity, and the bullets • in blue are the scalar
multiplications on the R-modules dCn(X; R) and dCn(Y; R) with the same notation.

Moreover, we have the following.

Remark 4. The following diagram:

· · · // dCn+1(X; R)

f]
��

�

∂n+1 // dCn(X; R)

f]
��

�

∂n // dCn−1(X; R)

f]
��

// · · ·

· · · // dCn+1(Y; R)
∂′n+1 // dCn(Y; R)

∂′n // dCn(Y; R) // · · ·

strictly commutes for every n ≥ 0, where ∂′n is the digital boundary operator of a digital image (Y, kY).

Let A and B be categories. We recall that a contravariant functor:

S : A −→ B

consists of an object function, which assigns to every object X ofA an object S(X) of B and a morphism
function that assigns to every morphism f : X → Y of A a morphism S( f ) : S(Y) → S(X) of B
such that:

S(1X) = 1S(X) : S(X) −→ S(X),

and:

S(g ◦ f ) = S( f ) ◦ S(g) : S(Z)
S(g) // S(Y)

S( f ) // S(X),

where:

• 1X : X → X is the identity morphism in A;
• 1S(X) : S(X)→ S(X) is the identity morphism in B;
• g : Y → Z is a morphism class in A; and
• S(g) : S(Z)→ S(Y) is a morphism class in B.

As usual, we define a map:

f ] : dCn(Y; R)→ dCn(X; R)

by:
f ](αn) = αn ◦ f]

for every αn ∈ dCn(Y; R); that is, the following triangle:

dCn(X;Z)

f ](αn)
&&

f] //

�

dCn(Y;Z)

αn

xx
R

is strictly commutative, where Z is the ring of integers.
For any element r of R and any element αn of dCn(Y; R), it can be seen that the map:

f ](r•αn) : dCn(X;Z) −→ R



Mathematics 2020, 8, 1451 10 of 21

preserves the addition and the scalar multiplication. Indeed, we have:

( f ](r•αn))(x) = ((r•αn) ◦ f])(x)
= (r•αn)( f](x))
= r � (αn( f](x)))
= r � (( f ](αn))(x))
= (r• f ](αn))(x)

for all x ∈ dCn(X;Z), where the bullets • in blue are the scalar multiplications on the R-module
structures of dCn(X; R) or dCn(Y; R). Therefore, we have the following.

Lemma 1. Let R be a commutative ring with identity 1R. Then, any (kX , kY)-continuous function:

f : (X, kX)→ (Y, kY)

induces an R-module homomorphism of unitary R-modules:

f ] : dCn(Y; R)→ dCn(X; R).

Proof. See ([37] (Proposition 2.5)) for more details.

We note that the following diagram:

· · · // dCn−1(Y; R)

f ]

��
�

δn
Y // dCn(Y; R)

f ]

��
�

δn+1
Y // dCn+1(Y; R)

f ]

��

// · · ·

· · · // dCn−1(X; R)
δn

X // dCn(X; R)
δn+1

X // dCn+1(X; R) // · · ·

is strictly commutative, where δn
X and δn

Y are digital coboundary operators of the digital images (X, kX)

and (Y, kY), respectively, for all n ≥ 0.
It can be seen that, for each digital image (X, kX), dHn(X; R) is a unitary R-module whose

scalar multiplication:

s̄ : R× dHn(X; R) −→ dHn(X; R)

(r, [a]) 7−→ s̄(r, [a])

is given by:
s̄(r, [a]) = [r•a] = r•a + dBn(X; R),

where:

• r ∈ R;
• [a] = a + dBn(X; R) ∈ dHn(X; R) with a ∈ dZn(X; R); and
• the bullet “•” in blue is the scalar multiplication on dZn(X; R) as an R-submodule of dCn(X; R).

Indeed, by Remark 2, we have:

s̄(1R, [a]) = [1R•a] = 1R•a + dBn(X; R) = a + dBn(X; R) = [a]

for all [a] ∈ dHn(X; R), where 1R is the (multiplicative) identity in R.

Lemma 2. Let f : (X, kX)→ (Y, kY) be a (kX , kY)-continuous function. Then, the map:

f ∗ = dHn( f ) : dHn(Y; R)→ dHn(X; R)
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given by:
dHn( f )([αn]) = f ](αn) + dBn(X; R)

is an R-module homomorphism, where [αn] = αn + dBn(Y; R) ∈ dHn(Y; R) with αn ∈ dZn(Y; R).

Proof. If αn is any element of dZn(Y; R), then:

δn+1
Y (αn) = 0,

and thus:
δn+1

X ◦ f ](αn) = f ] ◦ δn+1
Y (αn) = 0;

that is,
f ](αn) ∈ Ker δn+1

X = dZn(X; R).

Therefore, we have:
f ](dZn(Y; R)) ⊆ dZn(X; R)

for each n ≥ 0. Similarly, if βn is any element of dBn(Y; R), then:

δn
Y(βn−1) = βn

for some βn−1 ∈ dCn−1(Y; R), and:

f ](βn) = f ] ◦ δn
Y(βn−1) = δn

X ◦ f ](βn−1) ∈ dBn(X; R).

Therefore, we obtain:
f ](dBn(Y; R)) ⊆ dBn(X; R)

for each n ≥ 0.
If βn is an element of dBn(Y; R), then:

f ](αn + βn) + dBn(X; R) = f ](αn) + dBn(X; R);

that is, the definition of dHn( f ) is independent of the choice of representatives. Thus, the map:

f ∗ = dHn( f ) : dHn(Y; R)→ dHn(X; R)

is well defined.
We now show that:

f ∗ = dHn( f ) : dHn(Y; R)→ dHn(X; R)

is an R-module homomorphism for each n ≥ 0. Let:

[αn
1 ] = αn

1 + dB(Y; R)

and:
[αn

2 ] = αn
2 + dB(Y; R)

be the elements of dHn(Y; R). Then, we have:
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dHn( f )([αn
1 ] + [αn

2 ]) = f ∗(αn
1 + dB(Y; R) + αn

2 + dBn(Y; R))
= f ∗(αn

1 + αn
2 + dBn(Y; R))

= f ](αn
1 + αn

2 ) + dBn(X; R)
= (αn

1 + αn
2 ) ◦ f] + dBn(X; R)

= αn
1 ◦ f] + αn

2 ◦ f] + dBn(X; R)
= (αn

1 ◦ f] + dBn(X; R)) + (αn
2 ◦ f] + dBn(X; R))

= f ∗(αn
1 + dBn(Y; R)) + f ∗(αn

2 + dBn(Y; R))
= f ∗([αn

1 ]) + f ∗([αn
2 ]);

that is, f ∗ = dHn( f ) preserves the addition.
We note that dCn(X; R) has the R-module structure for each digital image (X, kX) and that:

f ] : dCn(Y; R)→ dCn(X; R)

is an R-module homomorphism by Lemma 1; that is, the following diagram:

R× dCn(Y; R)

1R× f ]

��

• //

�

dCn(Y; R)

f ]

��
R× dCn(X; R) • // dCn(X; R)

is strictly commutative. Therefore, for all r ∈ R and [αn] = αn + dBn(Y; R) ∈ dHn(Y; R), we also obtain:

f ∗(r•[αn]) = dHn( f )(r•[αn])

= f ∗(r•(αn + dBn(Y; R)))
= f ∗(r•αn + dBn(Y; R))
= f ](r•αn) + dBn(X; R)
= (r•αn) ◦ f] + dBn(X; R)
= r � (αn ◦ f]) + dBn(X; R)
= r•(αn ◦ f]) + dBn(X; R)
= r•(αn ◦ f] + dBn(X; R))
= r•( f ] ◦ αn + dBn(X; R))
= r• f ∗([αn]),

where � is the ring multiplication in the commutative ring R with identity 1R considered as the
R-module over itself as in Definition 5; that is, f ∗ = dHn( f ) preserves the scalar multiplication,
as required.

Let D be the category of digital images and digital continuous functions as mentioned earlier
in Remark 1, and let M be the category of unitary R-modules and R-module homomorphisms.
Then, we have the following theorem.

Theorem 1. Let R be a commutative ring with identity 1R. Then, the functor:

dHn(−, R) : D →M

given by:

(X, kX) 7−→ dHn(X, R)

is a contravariant functor for each n ≥ 0.
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Proof. If 1X : (X, kX) → (X, kX) is the identity morphism in D and if αn : dCn(X; R) → R is any
digital n-cocycle, i.e.,

δn+1
X (αn) = 0,

then we have:

dHn(1X)([α
n]) = 1∗X([α

n]) = 1]X(α
n) + dBn(X; R) = αn + dBn(X; R) = [αn];

that is, dHn(1X) = 1dHn(X;R), the identity automorphism on dHn(X; R) for each ≥ 0.
If f : (X, kX)→ (Y, kY) is a digitally (kX, kY)-continuous function and g : (Y, kY)→ (Z, kZ) is a

digitally (kY, kZ)-continuous function, then, by Lemmas 1 and 2, we obtain:

dHn(g ◦ f )([γn]) = (g ◦ f )∗([γn])

= (g ◦ f )∗(γn + dBn(Z; R))
= (g ◦ f )](γn) + dBn(X; R)
= ( f ] ◦ g])(γn) + dBn(X; R)
= f ∗(g](γn) + dBn(Y; R))
= f ∗(γn ◦ g] + dBn(Y; R))
= f ∗(g∗(γn + dBn(Z; R)))
= ( f ∗ ◦ g∗)([γn])

= dHn( f ) ◦ dHn(g)([γn])

for any [γn] ∈ dHn(Z; R), n ≥ 0. Therefore, we have:

dHn(g ◦ f ) = dHn( f ) ◦ dHn(g)

for each n ≥ 0, as required.

Remark 5. The above results assert that for a digital image X, the assignment X 7→ dCn(X; R), n ≥ 0 is a
contravariant functor F from the category D of digital images and digital continuous functions to the category E
of cochain complexes of R-modules and cochain maps. Similarly, the assignment dCn(X; R) 7→ dHn(X; R) is a
covariant functor G : E →M; see ([37] (Proposition 6.8)). We note that the following triangle:

D

dHn(−;R)
$$

F //

�

E

G
zz

M

is commutative.

4. Digital Primitive Cohomology Classes

In algebra, a primitive element of a co-algebra C over an element g is an element x that satisfies:

ϕ(x) = x⊗ g + g⊗ x,

where ϕ : C → C⊗ C is the so-called algebraic comultiplication and g is an element of C that maps to
the multiplicative identity 1(= 1R) of the base field (or commutative ring with identity 1R) under the
counit; see ([38] (page 510)).

In this section, we define a digital primitive cohomology class and find out the relationship
between R-module homomorphisms of digital cohomology R-modules induced by the digital
convolutions and digital continuous functions based on the digital Hopf spaces with digital homotopy
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multiplications (compare with [39,40]) as the immediate application of a Hopf space in algebraic
topology; see also [8,41].

Let ey0 : (Y, y0)→ (Y, y0) be a constant function at y0, and let:

1Y = 1(Y,y0)
: (Y, y0)→ (Y, y0)

be the identity function on (Y, y0).

Definition 10 ([31,42]). A pointed digital Hopf space Y := (Y, y0, kY, mY) consists of a pointed digital image
(Y, y0) with an adjacency relation kY and a (kY×Y, kY)-continuous function mY : Y×Y → Y, which is called
a digital homotopy multiplication (or digital multiplication for short) such that the following diagrams:

Y

1Y
%%

∆Y // Y×Y

'

ey0×1Y // Y×Y

mY
xxY

and:

Y

1Y
%%

∆Y // Y×Y

'

1Y×ey0 // Y×Y

mY
xxY

commutate up to pointed digital homotopy, where ∆Y : Y → Y×Y is the diagonal function.

Example 3 ([42], Example 3.8). Let X := {e, a, b, c} ( Z2 be a digital image with the eight-adjacent relation,
where e = (1, 0), a = (0, 1), b = (−1, 0) and c = (0,−1) as in Example 2. If we define a binary operation
mX = � : X× X −→ X by the rule of Table 1,

Table 1. A binary operation mX = � : X× X → X.

Binary Operation: � e a b c

e e a b c

a a b c e

b b c e a

c c e a b

then it can be shown that the pointed digital image (X, x0, kX) is a digital Hopf space with the digital multiplication:

mX = � : X× X → X,

where x0 = e and kX = 8 and mX is digital homotopy associative and commutative. There exists also a digital
homotopy inverse:

ν : X → X

so that (X, x0, kX) becomes a digital commutative Hopf group. Indeed, it is a pointed digital Hopf space.

One of the reasons for considering a Hopf space with a digital homotopy multiplication is to
define the digital version of the usual convolution in mathematics as follows.
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Definition 11 ([31,42]). If Y := (Y, y0, kY, mY) is a digital Hopf space with a digital homotopy multiplication
mY : Y×Y → Y and if:

f , g : (X, x0)→ (Y, y0)

are the base point preserving (kX , kY)-continuous functions, then a digital convolution [ f ]~ [g] of [ f ] and [g]
is defined by the digital homotopy class of the composition:

f ~ g : X ∆ // X× X
f×g // Y×Y

mY // Y;

that is,
[ f ]~ [g] = [mY ◦ ( f × g) ◦ ∆] = [ f ~ g],

where ∆ : X → X× X is the diagonal function.

Let p1Y, p2Y : Y×Y → Y be the first and second projections onto Y, respectively.

Definition 12. Let Y := (Y, y0, kY, mY) be a digital Hopf space with a digital homotopy multiplication
mY : Y×Y → Y. Then, an element y ∈ dH∗(Y; R) is said to be a digital primitive cohomology class if:

m∗Y(y) = p∗1Y(y) + p∗2Y(y), (1)

where:
p∗1Y, p∗2Y : dH∗(Y; R)→ dH∗(Y×Y; R)

are the R-module homomorphisms of digital cohomology modules induced by the first and second projections
p1Y, p2Y : Y × Y → Y, respectively; see ([38] (page 804)) and ([8] (page 143)) in the sense of coalgebra and
homotopy theory, respectively.

Definition 13 ([31,34]). Let X := (X, x0, kX, mX) and Y := (Y, y0, kY, mY) be pointed digital Hopf spaces
with digital multiplications mX : X × X → X and mY : Y × Y → Y, respectively. A base point preserving
(kX , kY)-continuous function:

f : (X, x0)→ (Y, y0)

is said to be a digital Hopf function if f ◦mX and mY ◦ ( f × f ) are pointed digital (kX×X, kY)-homotopic in
(Y, y0); that is,

f ◦mX '(kX×X ,kY)
mY ◦ ( f × f ) : X× X −→ Y. (2)

Remark 6. One of the Eilenberg–Steenrod axioms is the homotopy axiom in (generalized) homology and
cohomology theories, K-theory, bordism and cobordism theories, Brown–Peterson cohomology theory, and so
on; that is, they are invariant under homotopy equivalences. More precisely, homotopic maps induce the same
morphism in those theories, i.e., if f ' g, then C( f ) = C(g), where C is the covariant (or contravariant) functor
inducing those theories (compare with [4]). In our case, it can be seen that if:

f '(kX ,kY)
g : (X, kX)→ (Y, kY),

then:
f ∗ = g∗ : dH∗(Y; R)→ dH∗(X; R).

Indeed, if:
F : X× [0, m]Z → Y
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is a digital (kX , kY)-homotopy between f and g; that is, F : f '(kX ,kY)
g, and if:

λi : X → X× [0, m]Z

is a (kX , kX×[0,m]Z
)-continuous function given by:

λi(x) =

{
(x, 0) if i = 0;

(x, m) if i = m

for all x ∈ X, then there exists an R-module homomorphism:

Pn : dCn(X; R)→ dCn+1(X× [0, m]Z; R)

such that:
λm] − λ0] = ∂′n+1 ◦ Pn + Pn−1 ◦ ∂n;

that is, Pn, n ≥ 0 plays the role of a chain homotopy between λm] and λ0], where:

• ∂′n+1 : dCn+1(X× [0, m]Z; R)→ dCn(X× [0, m]Z; R) is a digital boundary operator; and
• λm], λ0] : dC](X; R) → dC](X × [0, m]Z; R) are R-module homomorphisms (as chain maps)

induced by λm and λ0, respectively.

Since:
f = F ◦ λ0 : (X, kX)→ (Y, kY)

and:
g = F ◦ λm : (X, kX)→ (Y, kY),

we have:
dH∗( f ) = dH∗(g) : dH∗(X; R)→ dH∗(Y; R)

at the level of digital homology modules. By applying the contravariant functor Hom(−, R)
to the above chain homotopy with a little more work, we have the result of Remark 6;
see ([43] (Theorems 4.23 and 12.4)) for more details.

Let PdH∗(X; R) be the R-submodule of dH∗(X; R) consisting of all the digital primitive
cohomology classes. Then, we have the following theorem.

Theorem 2. Let X := (X, x0, kX, mX) and Y := (Y, y0, kY, mY) be digital Hopf spaces with digital
multiplications mX : X × X → X and mY : Y × Y → Y, respectively, and let f : (X, x0) → (Y, y0)

be a digital Hopf function of digital Hopf spaces. Then, we obtain:

f ∗(PdH∗(Y; R)) ⊆ PdH∗(X; R),

where:
f ∗ : dH∗(Y; R)→ dH∗(X; R)

is an R-module homomorphism of digital cohomology modules induced by the (kX , kY)-continuous functions f .
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Proof. Let p1W , p2W : W ×W → W be the first and second projections, respectively, onto W,
where W = X or Y. Then, by the contravariant functorial property of the digital cohomology
R-modules in Theorem 1, the following commutative diagram:

X× X

f× f

��

pi X //

�

X

f

��
Y×Y

piY // Y

(3)

induces a commutative diagram:

dH∗(Y; R)

f ∗

��

p∗i Y //

�

dH∗(Y×Y; R)

( f× f )∗

��
dH∗(X; R)

p∗i X // dH∗(X× X; R)

(4)

for each i = 1, 2.
Since f : (X, x0)→ (Y, y0) is a digital Hopf function, by using the digital homotopy relation (2)

and Remark 6, we see that the following diagram:

dH∗(Y; R)

mY
∗

��

f ∗ //

�

dH∗(X; R)

mX
∗

��
dH∗(Y×Y; R)

( f× f )∗ // dH∗(X× X; R)

(5)

is also strictly commutative.
If y is any digital primitive cohomology class in the digital cohomology module dH∗(Y; R) with

coefficients in a commutative ring R with identity, that is y ∈ PdH∗(Y; R), then we obtain:

m∗X( f ∗(y)) = ( f × f )∗ ◦m∗Y(y) by (5)
= ( f × f )∗(p∗1Y(y) + p∗2Y(y)) by (1)
= p∗1 X( f ∗(y)) + p∗2 X( f ∗(y)) by (4).

Therefore, the image of the R-submodule PdH∗(Y; R) of dH∗(Y; R) under the
R-module homomorphism:

f ∗ : dH∗(Y; R)→ dH∗(X; R)

is also an R-submodule PdH∗(X; R) of dH∗(X; R), as required.

We now find the relationship between R-module homomorphisms of digital cohomology
R-modules induced by the digital convolutions and digital continuous functions.

Theorem 3. Let Y := (Y, y0, kY, mY) be a digital Hopf space with a digital multiplication mY : Y×Y → Y,
and let:

f , g : (X, x0)→ (Y, y0)

be (kX, kY)-continuous functions. If y ∈ dH∗(Y; R) is any digital primitive cohomology class; that is,
y ∈ PdH∗(Y; R), then:

([ f ]~ [g])∗(y) = f ∗(y) + g∗(y),

where:
f ∗, g∗ : dH∗(Y; R)→ dH∗(X; R)
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are R-module homomorphisms of digital cohomology modules induced by the (kX , kY)-continuous functions f
and g, respectively, and similarly for ([ f ]~ [g])∗.

Proof. Once again, we let p1W , p2W : W ×W → W be the first and second projections, respectively,
onto W, where W = X or Y. The contravariant functorial property in Theorem 1 asserts that the
following commutative triangle:

X

1X
##

∆ //

�

X× X

pi X
yy

X

(6)

induces a strictly commutative diagram of digital cohomology R-modules:

dH∗(X; R)

1dH∗(X;R) &&

p∗i X //

�

dH∗(X× X; R)

∆∗
ww

dH∗(X; R)

(7)

for each i = 1, 2, where:

• ∆ : X → X× X is the diagonal function;
• 1X : X → X is the identity function; and
• 1dH∗(X;R) = 1∗X : dH∗(X; R)→ dH∗(X; R) is the identity automorphism on dH∗(X; R).

Similarly, the commutative rectangles:

X× X

p1X

��

f×g //

�

Y×Y

p1Y

��
X

f // Y

(8)

and:

X× X

p2X

��

f×g //

�

Y×Y

p2Y

��
X

g // Y

(9)

induce the strictly commutative diagrams of digital cohomology R-modules:

dH∗(Y; R)

f ∗

��

p∗1Y //

�

dH∗(Y×Y; R)

( f×g)∗

��
dH∗(X; R)

p∗1 X // dH∗(X× X; R)

(10)
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and:

dH∗(Y; R)

g∗

��

p∗2Y //

�

dH∗(Y×Y; R)

( f×g)∗

��
dH∗(X; R)

p∗2 X // dH∗(X× X; R),

(11)

respectively. The digital convolution of [ f ] and [g] says that:

f ~ g '(kX ,kY)
mY ◦ ( f × g) ◦ ∆ : X −→ Y. (12)

Therefore, if y ∈ PdH(Y; R), then we have:

( f ~ g)∗(y) = (mY ◦ ( f × g) ◦ ∆)∗(y) by (12) and Remark 6
= ∆∗ ◦ ( f × g)∗ ◦m∗Y(y) by Theorem 1
= ∆∗ ◦ ( f × g)∗(p∗1Y(y) + p∗2Y(y)) by (1)
= ∆∗ ◦ (p∗1 X ◦ f ∗(y) + p∗2 X ◦ g∗(y)) by (10) and (11)
= (∆∗ ◦ p∗1 X) f ∗(y) + (∆∗ ◦ p∗2 X)g∗(y) by the R-module homomorphism
= 1dH∗(X;R) ◦ f ∗(y) + 1dH∗(X;R) ◦ g∗(y) by (7)
= f ∗(y) + g∗(y)

for all f ∈ [ f ] and g ∈ [g]. We note that the third equality above is guaranteed by the fact that y is a
digital primitive cohomology class, and the fifth equality comes from the R-module homomorphism:

∆∗ : dH∗(X× X; R)→ dH∗(X; R)

induced by the diagonal function ∆ : X → X× X, as required.

Remark 7. The hypothesis of the digital primitive cohomology class in Theorem 3 is absolutely necessary.
In general, if y is an element of dH∗(Y; R), which is not necessarily digital primitive, and if:

m∗Y(y) = p∗1Y(y) + p∗2Y(y) + S,

where S 6= 0 is the sum of decomposable digital cohomology classes, then it can be seen that:

([ f ]~ [g])∗(y) 6= f ∗(y) + g∗(y).

5. Conclusions and Further Prospects

Hopf spaces and their Eckmann–Hilton dual notions play an important role in classical
(equivariant) homotopy theory in algebraic topology. The digital topology concerns features and
properties of the digital images in Zn, especially the two-dimensional or three-dimensional digital
images corresponding to the topological features and properties of objects.

In this paper, we investigated some fundamental properties of the digital cohomology modules
and the primitive cohomology classes of digital images. More specifically, this study focused on
constructing the contravariant functor from the category of (pointed) digital images and (base point
preserving) digital continuous functions to the category of unitary R-modules and R-module
homomorphisms, where R is a commutative ring with identity 1R. By using the contravariant functorial
property in digital cohomology modules, we also examined the digital primitive cohomology classes
and developed the relationship between R-module homomorphisms of digital cohomology R-modules
induced by the digital convolutions and digital continuous functions.
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We hope that our methods will be used to study the advantages of coalgebras along with the Hopf
algebras, which will be studied in the near future as a subsequent paper. We also hope that the results
will be applied to the concepts of various (algebra) comultiplications with many kinds of perturbations
on the (algebraic) objects in many areas of algebra, the algebraic topology, and computer sciences.
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