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Abstract: Spatial intelligence is an essential skill for understanding and solving real-world problems.
These visuospatial skills are fundamental in the learning of different Science, Technology, Engineering
and Mathematics (STEM) subjects, such as Technical Drawing, Physics, Robotics, etc., in order to build
mental models of objects or graphic representations from algebraic expressions, two-dimensional
designs, or oral descriptions. It must be taken into account that spatial intelligence is not an innate
skill but a dynamic skill, which can be enhanced by interacting with real and/or virtual objects.
This ability can be enhanced by applying new technologies such as augmented reality, capable of
illustrating mathematical procedures through images and graphics, which help students considerably
to visualize, understand, and master concepts related to mathematical functions. The aim of this
study is to find out whether the integration of the Geogebra AR (Augmented Reality) within a
contextualized methodological environment affects the academic performance and spatial skills of
fourth year compulsory secondary education mathematics students.

Keywords: augmented reality; spatial intelligence; STEM; mathematics; Geogebra AR; secondary ed-
ucation

1. Introduction

The term function in mathematics is defined as any relationship between two or
more variables that can be represented graphically. Function learning provides students
in Compulsory Secondary Education (ESO) with their first contact with the identification,
visualization, and interpretation of the relationship between two independent variables
and is therefore a key point of transition within mathematical development figure [1].
The cognitive transition of graphically representing a constant, linear, affine, quadratic,
exponential, absolute value, inverse proportionality, and logarithmic function from its
algebraic expression is included in the curriculum of this educational stage and tends to be
a challenge for most students.

This study is based on research integrating ICT in the classroom, where we can detect
their benefits and drawbacks, design resources to help implement these technological
tools, collect and analyze data, and reflect on the results. These action research elements
provide a backdrop for teachers to recreate a digital and proactive environment in the
classroom within a contextualized methodology that favors the teaching-learning processes
of mathematics, with the aim of making students the protagonists in the construction of
their knowledge.

Several studies claim that the inclusion of ICT in the teaching and learning of mathe-
matics helps students to visualize how changes in one variable affect others immediately,
thus improving their experience and interaction with learning compared to solving formu-
las so as to obtain the answer [2–6]. It is common for students to associate the representation
of functions with a collection of isolated points rather than a single entity, making it difficult
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to visualize and interpret graphically [7–9]. As a consequence, students often do not visual-
ize and interpret correctly the representations of graphic functions as a solution in itself,
therefore they do not manage to conceive the transition process from algebraic language to
visual language and vice versa. Therefore, we pose the following questions: How could
ICT based on augmented reality facilitate the process of representation, visualization, and
analysis of algebraic functions? Is this cognitive-visual process linked to students’ spatial
intelligence?

1.1. Spatial Intelligence

According to Bishop’s theory, an individual acquires the capacity for spatial visu-
alization through three distinct stages of development [10]. In the first stage, children
learn topological spatial visualization, where they can understand the relationship be-
tween different objects in space, i.e., the location of an object within a group of objects, the
isolation of the object, etc. In the second stage of development, they acquire projective
representation, where they can conceive how an object will look from different perspectives.
Finally, the final stage of the development of spatial visualization is based on combining
spatial projection skills with distance measurement.

On the other hand, spatial intelligence corresponds to one of the eight intelligences of
the model proposed by Gardner [11] in the theory of Multiple Intelligences (MI). This type
of intelligence implies having the capacity to perceive the visual world with accuracy, to
mentally recreate objects or models, even in the absence of physical stimuli, and to carry
out transformations or modifications of them.

In the study of the so-called knowledge areas of Science, Technology, Engineering,
and Mathematics, better known by its popular homonym in English as STEM, this type of
intelligence is fundamental for students to develop the ability to transfer numerical data
and two-dimensional projections to three-dimensional objects with ease [12,13]. Within the
contents of the subjects of Secondary Education, this skill has numerous applications, such
as the conception and construction of spatial models, the analysis of geometric objects, the
interpretation of diagrams, and the identification of functions among others.

The term spatial intelligence covers five fundamental skills: Spatial visualization,
mental rotation, spatial perception, spatial relationship, and spatial orientation [14].

Spatial visualization [15] denotes the ability to perceive and mentally recreate two-
and three-dimensional objects or models. Several authors [16,17] use the term spatial
visualization to indicate the processes and abilities of individuals to perform tasks that
require seeing or mentally imagining spatial geometric objects, as well as relating these
objects and performing geometric operations or transformations with them.

Shepard and Metzler [18] define mental rotation as the cognitive ability to rotate ideal
representations of dimensional and/or three-dimensional objects or models, and can be
described as the movement of representations through the brain to help conceive each of
its views or perspectives regarding a turn.

According to Gibson [19], spatial perception is defined as the ability to visually
perceive and understand external spatial information, such as characteristics, properties,
measurements, shapes, the position, and movement of an object in relation to an individual.

On the other hand, the spatial relationship determines how an object is located in space
in relation to another reference object and this skill is the basis of cognitive development
for walking and trapping objects in space [20].

Finally, we can refer to spatial orientation as a fundamental ability to move and
locate oneself in space [21,22], being necessary for such common activities as writing
straight, reading, differentiating between right and left, and, in general, locating objects
and orienting them in space.

These five skills are malleable and can therefore be reinforced through the use of
multi-sensory tools or applications that stimulate and improve these abilities [23]. How-
ever, the traditional method for teaching visual and spatial skills to students is based on
analyzing and interpreting two-dimensional images, orthogonal views, and graphics on a
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blackboard or paper. This method has obvious limitations, as it hinders the conceptualiza-
tion and assimilation of contents due to the lack of interaction between students and the
representations [24].

This study relates the development of spatial skills to the representation of two and
three-dimensional functions in mathematics, and demonstrates that augmented reality
technology contributes to the improvement of spatial skills and the understanding of highly
visual content. This might be due to the observation and experimentation of the models
from different angles and relative positions, respecting the individual learning pace of
each student. Some studies [25,26] state that visual and spatial abilities can be improved
by emerging technologies such as augmented reality. The integration of this technology
in the classroom favors a constructivist approach to learning by allowing teachers to
introduce tangible and proactive experiences in the classroom where students interact
and manipulate with the learning object. As educators, we must show a positive attitude
towards the integration of ICT in education, as it effectively changes the way students
learn [27], however, a lot of work still needs to be done in order to achieve a systematic
development of augmented reality for educational purposes.

1.2. Augmented Reality as a Methologocial Resource in Teaching-Learning Processes

Augmented Reality, AR henceforth, offers multiple benefits that support the teaching-
learning process. The applications of AR allow the human-machine interaction to be more
natural by enabling the preservation of the user’s environment, providing a real frame
of reference which the user can rely on to perform certain actions. This process can be
achieved through the superimposition of virtual objects in a real environment. Students
can experience the ability to combine their real environment with a virtual one designed,
in this case, by themselves.

This technology allows any real environment to be enriched with digital information
through the use of a camera and software that in recent years has focused its development
on mobile devices which, due to their portability, contribute to off-site learning, where any
scenario can be transformed for training purposes [26,28,29].

The reports of New Media Consortium [30–35] that identify and describe the trends,
challenges, and technological advances in education, estimate that AR technology will be
established in secondary and higher education classrooms in the short term as an information
access tool that will generate new applications of technology in the learning process.

This indicator, together with the omnipresence of mobile devices, which have become
the main tool for accessing information in different formats and in an immediate form,
can be used as access portals to Open Educational Resources (OER) that adapt the pace
of learning to the needs of each user; it combines an AR-mobile device binomial that
equates access to learning opportunities and facilitates the provision of mobile, interactive,
individualized, and adapted learning services [26].

The integration of AR technology into the field of education has enabled an evolution
of the educational model. Initially, this technology was used only as a tool for immedi-
ate access to digital information, involving students in the theories of behaviorism and
objectivism. Recently the applications of this technology are undergoing some changes,
with students moving from being recipients to providers of knowledge and the teacher
taking on the role of guide and tutor with the objective that students generate knowledge
using this technology in an interactive way, where the main theories of this new model are:
Cognitivism, constructivism, and constructionism [36].

The fact that the educational scene is one in which the acquisition of digital compe-
tences is particularly relevant must be noted [37], although the vast majority of techno-
logical tools and resources do not promote the same learning opportunities for all. The
Sustainable Development Goal 4 aims to ensure inclusive, equitable, and quality education
and promote continuous learning opportunities for all. Mobile devices are driving a rev-
olution in education, allowing learners to access learning resources anywhere, anytime.
Therefore, the role of mobile learning is relevant, as it has the ability to help break down eco-
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nomic barriers, differences between rural and urban areas, as well as functional limitations.
The omnipresence of mobile devices is changing the way people interact with information
and their environment. In addition, the continuous improvement of the hardware of these
devices and their reduction in cost, positions them as the first tool for accessing the most
widespread information worldwide [26]. Consequently, in order to conduct this study,
mobile devices were chosen as the learning platform, since all students had one or had
access to them, thus guaranteeing access to training for all students.

Thanks to new technologies, we enter for the first time a place where we interact
with real objects and at the same time with virtual ones, which allow us to remember
previous learning and restructure our thinking, thus giving meaning to what we perceive
from the surrounding world. As Vigotsky [38] stated, people develop ways of interpreting
and strategies to relate to physical and cognitive space in such a way that this type of
interaction can be established with tools and systems that provide various types of stim-
ulation, thus it is certain that the use of AR will lead to substantial changes in the way
knowledge is accessed, interpreted, and communicated, which must be considered in the
field of education [39].

AR as an integrated technology in teaching acquires a dimension that emphasizes sensory
transformation, so if it is integrated into the teaching-learning processes it could promote
meaningful and contextualized learning acquired through multiple sensory experiences [40].

This technology can be used in education to represent 3D models of objects that,
because of their size, cost, danger, distance and tangibility, are not within the real reach
of students. Moreover, working in contexts with AR, there is a direct interaction with the
environment or the object of study, making learning more meaningful.

With the representation of objects in 3D through AR technology we have the freedom
of spatial exploration, so students can really perceive and understand space as it is. In
addition to spatial perception, students can view models in space and modify parameters
that alter their geometry. In this way, the spatial visualization is exercised and they can
rotate or flip these representations to visualize each of their perspectives or views, thus
promoting spatial rotation. At the same time, and while the user observes the parameters
that correlate various objects recreated in space and places the designs in the plane, the
skills of spatial relationship and orientation are also developed. With all this, we stimulate,
work, and enhance all the fundamental fields of spatial skills established by Maier in
1994 [14] through a multi-sensorial tool, such as AR and mobile devices.

1.3. Geogebra AR as a Tool to Support the Learning of Mathematical Functions

In accordance with the constructivist theory, it is believed that technology can help
students in teaching-learning processes. One of the first technological tools for learning
functions is graphical calculators, which emerged as an instrument to enable students to
solve systems of equations, represent graphs, and perform other tasks with variables [41].
Despite their benefits, these calculators have limitations when solving and representing
certain expressions due to their small output interface. In addition, they must be imple-
mented cautiously, as many students have difficulties when using symbols, which can be
counterproductive and slow down the resolution of operations [42].

The most recent graphical interfaces offer direct manipulation mechanisms for the
representation of mathematical functions, allowing users to interact intuitively and directly
in the visualization they are editing, providing immediacy and simplicity when obtaining
results, and helping their interpretation and learning. The term direct manipulation
describes a style of interaction that stands out for the following characteristics: Continuous
representation of objects and actions of interest; change from complex command syntax to
manipulation of objects and actions; fast, incremental, and reversible actions that have an
immediate effect on the selected object [43]. Therefore, direct manipulation is, by far, the
most common type of interaction in mobile applications, and it is found to a greater extent
in AR interfaces, since it provides us with an immediate handling of virtual objects in our
real environment.
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Numerous research studies claim that didactics through AR applications positively
influence students’ attitude and motivation towards learning [44–53], providing an active
teaching environment where the capacity for enquiry and research is encouraged, while
promoting the development of autonomous student work in their learning [26,54]. Like-
wise, several studies state that the correct integration of AR applications in the classroom
improves students’ learning results [55–59].

Despite the numerous research studies cited on AR resource didactics, few are con-
cerned with the possible impact of AR technology on spatial intelligence [12,60] and, thus,
there is an interest in conducting research so as to determine if there is a real contribution
of AR to the acquisition of spatial skills.

In order to explore the development of spatial intelligence in relation to mathematical
learning, our classroom experience revolves around the open source application, Geogebra
AR, for mobile devices which helps students learn analysis, geometry, algebra, and calcu-
lus. This mathematical application is specifically designed for educational purposes. It
allows the dynamic drawing of geometric constructions of all kinds, as well as the graphic
representation, algebraic treatment, and calculation of functions in a simple and effective
way, which permits us to use it as a support tool for the study, promoting mathematical self-
learning. There is a large volume of research that has shown that Geogebra, in its version
for personal computers, has been effective for the teaching-learning of mathematics [61–65],
improving the understanding of abstract concepts and enabling their correlation through a
meaningful and effective learning experience.

In its AR version, it allows us to generate 3D objects and mathematical functions,
which we can place on an imaginary plane in our real environment (Figure 1a) and then
experiment with them in a tangible way, being able to visualize and rotate them with total
freedom, which helps to improve the understanding of the function itself through manipu-
lative learning. The user interface of the Geogebra AR application is direct and intuitive.
At the bottom of the screen, it includes a section where we can introduce the algebraic
expressions of our naturally defined functions, as they appear in the textbooks or as they
are written by the teacher on the blackboard, through a virtual keyboard incorporated in
the mobile device, generating immediately the graphic representations of the introduced
functions (Figure 1b).
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Figure 1. Geogebra AR (Augmented Reality) interface: (a) Surface detection and (b) introduction and representation
of functions.

Through the application menu, located in the upper left corner, we can search and
open existing resources, save and share our work, as well as make changes to the program
settings (hide or show axes, change the coordinate grid, distances between axes, hide or
show descriptions or labels, etc.).

The application design promotes the learning and analysis of mathematical functions,
not only generating them in AR, but also emphasizing the cognitive-visual process that
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occurs when an object is built in space. In particular, introducing the algebraic expression
of defined functions, representing them in space and interacting with them in AR, is a
major cognitive step in the transition from algebraic expression, through 2D linear designs,
to the 3D object representation that covers the five fundamental skills of Maier’s spatial
intelligence [14].

2. Materials and Methods
2.1. Researh Design

The research approach adapted for this study is based on a quasi-experimental design.
Two pre-test/post-test models were applied to each of the two ordinary class groups,
formed by students who do not have any type of special educational need, that participated
in the study: One to assess the level of spatial ability and the other to determine the level of
learning of mathematical functions. The experimental group underwent a contextualized
methodology that integrated the binomial RA-mobile devices for the use of the Geogebra
AR application in the study of mathematical functions, while in the control group, a
traditional teaching-learning methodology was used. At the end of the experience, the
experimental group completed a questionnaire in order to obtain the students’ perceptions
after using Geogebra AR.

2.2. Researh Objectives

The research question posed is whether there is a significant difference between
students who use the application of Geogebra AR in a contextualized methodological
environment and those who use traditional teaching-learning methods with regard to their
spatial intelligence and the level of learning acquired. In order to assess the scope of these
research objectives, the following hypotheses are established:

- H0 (null hypothesis): There is no statistically significant difference in the performance and
spatial intelligence scores of students exposed to the Geogebra AR application and those not
exposed to it;

- H1 (alternative hypothesis): There is a statistically significant difference in the performance
and spatial intelligence scores of students exposed to the Geogebra AR application and those
not exposed to it.

2.3. Sample

The total number of participants was 48 students, who were taking the subject Aca-
demic Mathematics in their 4th year of ESO, taught by one of the teachers who conducted
this study. Out of the total number of participants, the 47.92% (f = 23) belonged to the
experimental group and 52.08% (f = 25) belonged to the control group, presenting no
significant curricular adaptations. The sample used in the research is non-probabilistic and,
as a consequence, the results cannot be generalized with statistical precision [66].

2.4. Data Collection Instrument

The study uses three different instruments to collect information: A pre-test/post-test
model to evaluate spatial intelligence, a second pre-test/post-test model, which is a written
test to detect previous knowledge, and another one to evaluate the learning standards of
the functions block within the curriculum of the subject Academic Mathematics in the 4th
year of ESO. Finally, the students were given a questionnaire to detect the motivation levels
of the experimental group.

There are several standardized tests to measure a person’s ability in the first two stages
of spatial development. For our study the Purdue Spatial Visualization Test: Rotations
(PSVT:R) has been used because of its design to evaluate a person’s ability in the second
stage of spatial development [67]. Figure 2 presents a random question extracted from
the PSVT:R test. This 12-item test has been used as an evaluation instrument at the
beginning and end of the experience in the experimental and control group, with the aim of
identifying the level of visualization and spatial rotation that the students started from, and
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to evaluate the impact on the spatial intelligence of the students through the experience in
the classroom with the Geogebra AR application, as an aid for the analysis and study of
mathematical functions.
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Figure 2. Sample Purdue Spatial Visualization Test: Rotations (PSVT:R) test question (correct answer D).

Likewise, and in the perspective of evaluating the learning of mathematical functions
within the block of contents of functions in the curriculum of Academic Mathematics in
the 4th year of ESO in Spain established by the Royal Decree 1105/2014 [68], an individual
written test of detection of an initial assessment of knowledge and another final assessment
test made up of 8 items that includes the evaluable learning standards were used as data
collection instruments, having been both instruments designed by the authors of the study.

After the final test, the experimental group carried out a 10-item Likert scale ques-
tionnaire with 6 answer options so as to identify the feasibility, motivation, and students’
perception of the experience, thus evaluating the AR enriched learning environment. The
questionnaire focused mainly on determining the following aspects:

1. The use of AR technology in the teaching-learning process;
2. The contribution of AR tools for a better visualization of the contents;
3. Impact of AR technology on the degree of motivation;
4. The difficulty of using the Geogebra AR application.

Finally, the reliability of the evaluation instruments designed by the authors of the
research (written test and Likert questionnaire) is established by means of Cronbach’s
internal consistency coefficient α [69], considered by several researchers to be one of the
most appropriate statistical methods to obtain quality values [51,70,71]. Table 1 shows that
the internal consistency reliability indexes are adjusted to a high level for each one of the
scales that constitute the evaluation instruments elaborated.

Table 1. Internal consistency reliability coefficient for designed tests.

Dimension Cronbach’s α

Curriculum evaluable learning standards 0.893
AR as a teaching-learning tool 0.762

AR as a spatial visualization tool 0.838
Motivation and stimulation of learning through AR 0.921

Difficulty using the app 0.874

Once the data from the PSVT:R test and the individual written test were collected,
they were analyzed using descriptive and inferential statistics. The descriptive statistics
are composed of the mean obtained from the pre-test and post-test results, the standard
deviation, the range, etc. On the other hand, for inferential statistics, a student t-test with a
5% confidence level is used along with a bilateral test to test the study hypothesis.

2.5. Learning Experience

In May 2019, the classroom experience was carried out with 4th year ESO Academic
Mathematics students, distributed in 12 class sessions within a three-week period. The
objective of this trial was to determine the scope and limitations of integrating the mobile
device in the classroom with the Geogebra AR application (Figure 3), as a support for the



Mathematics 2021, 9, 369 8 of 19

analysis and study of mathematical functions, in addition to checking its impact on the
spatial intelligence of the students.
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The learning standards that are evaluated within the block of content of functions
of the curriculum of the subject of Academic Mathematics in the 4th of ESO in Spain,
established by Royal Decree 1105/2014, explicitly indicates that students must explain
and graphically represent the relationship model between two magnitudes for cases of
linear, quadratic, inverse proportionality, exponential, and logarithmic relationship, using
technological means, if necessary. This makes it flexible enough to allow the introduction
of other teaching methods such as approaches based on new technologies, in our case
Geogebra AR, which facilitates the exploration, representation, and analysis of functions
among other things. Therefore, by integrating Geogebra AR as a support to the teaching-
learning of functions, students can explore and develop cognitive schemes that allow
them not only to draw graphs of functions, but also to enhance proactive self-learning
by achieving a progression in the development of analysis, application, reflection, and
interpretation of knowledge.

2.6. Generated Material

To carry out the experience in the classroom, worksheets were generated, integrating
the mobile device as a platform for access to classroom learning through the application
Geogebra AR in order to solve the proposed activities. In relation to the above, it should
be noted that the teachers do not necessarily have to follow the textbook, but they can
create their own work material, in this case cards linked to objects in AR. In order to do
this, teachers must have enough knowledge. In this sense, some authors design their
own activity cards or OER work materials in what they call “production of augmented
materials” which is generally systematic and sequential, adapting to the learning rhythm
and needs of each user [12].

The collection of contents generated deals with aspects such as the representation,
study, and analysis of functions such as: Constant, affine, linear, quadratic, absolute value,
inverse proportionality, exponential, logarithmic, and trigonometric. These materials were
used in paper format (Figure 4), so that the students could solve the activities in written
form while superimposing in the work card the graphic representations in AR generated
by Geogebra AR. A QR code was located at the bottom of each worksheet, giving access to
downloading the application.
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In this way, students interact directly with the object of study with total freedom of
spatial exploration, rotating or flipping the representations to visualize the function in total
detail and from any perspective. It is important to emphasize that the activities that are
part of the collection of exercises are not far from a traditional teaching methodological
framework of mathematical functions, which gives a great advantage when integrating
technological AR tools as Geogebra AR.

Although students had never used interactive mathematical software in AR as a
teaching tool before, Geogebra AR’s smooth learning curve allowed us to design a class-
room experience with a discovery-based learning format. Therefore, instead of dedicating
teaching sessions to explain the operation, tools, or elements of the program interface, a
routine was established in the classroom based on brief instructions and directed activities
through proactive and tangible learning that made students gradually master the software
according to the demands of each activity, their needs, and inquiry. As in the development
of any other training unit, students were assigned tasks to perform outside school hours.
The use of the binomial RA-mobile devices allows students to access information regardless
of where they are, thus combining classroom work with online work, which results in an ed-
ucational model closer to the needs of new generations known as b-learning [72]. This has
a greater significance nowadays due to the change of paradigm that the educational system
is facing in times of Covid-19, and due to the leading and essential role that technologies
have taken, we are facing a scenario in which we must help strengthen self-learning and
autonomy in students, as well as motivate them to help capture their interest and enhance
their desire to investigate [73].

3. Results

During the execution of the experience it was observed in the experimental group that,
firstly, the students quickly learned to generate graphic functions through the application
as an alternative to the traditional system of representation. Secondly, students learned to
visualize and analyze graphical solutions as an alternative to algebraic solutions. Thirdly,
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students moved from conceiving a graph as a collection of isolated points, to thinking of a
graph as an entity, which caused them to begin doing comprehensive studies and analysis
of function behavior. Fourthly, students understood the conceptualization of a function and
understood the relationship of variables over them. Fifthly, it was detected that the students
experimented freely and autonomously with the Geogebra AR application and contributed to
the rest of the group with their perception of the operations carried out. It should be noted
that these interpretations were typical of students from higher education levels.

Finally, one of the findings observed in the experimental group is that students
related the different solutions between the systems of equations through their graphic
representations. This shows us that students are able to visualize and identify a point or a
line of intersection in a graph as a solution to a system of equations (Figure 5).
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3.1. Analysis of the Variation in the Teaching-Learning of Mathematical Functions

The descriptive statistical results of the initial knowledge assessment test within the
function content block for both the experimental and the control group are shown in Table 2.

Table 2. Descriptive statistics of the results obtained in the initial evaluation test.

Initial Eval. Test N Maximum Minimum Median Mean Std. Deviation Std. Error Mean

Experimental Control 23 8.7 2.3 5.8 5.7478 1.52729 0.31846
25 8.6 2.5 6.1 6.0921 1.58559 0.31712

The experimental group with 23 participants obtained a mean score in the initial
evaluation test of 5.7478, while the control group obtained a mean score of 6.0921. A t-test
for independent samples was carried out to determine if there was a significant difference
between the mean score of the two groups in the initial assessment test with a level of
reliability of 5%. These results are shown in Table 3.

According to the results of Table 3, the Levene test has a value of 0.818, which is
higher than 0.05, therefore assuming that the group variations are equal. The value of the
test for bilaterality for the experimental and control group is 0.448 for both cases, which
implies that the difference in measurements is not statistically significant at a probability of
0.05. The results show that there is no statistically significant difference (p > 0.05) between
the mean value of the two groups based on the results of the initial evaluation test. This
statistically indicates that students in both groups had similar performance levels at the
beginning of the research. Therefore, any difference in performance observed later can be
attributed to the use of the Geogebra AR application.
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Table 3. T-test of results obtained in the initial evaluation test.

Initial Eval. Test

Levene’s Test
for Quality
of Variance

t-Test for Equality of Means

F Sig. t df
Sig.

(2-Tailed)
Mean

Difference
Std. Error
Difference

95% Confidence
Interval of

the Difference

Lower Upper

Equal variance
assumed 0.054 0.818 −0.765 46 0.448 −0.34417 0.45014 −1.2503 0.5619

Equal variance
not assumed −0.766 45.895 0.448 −0.34417 0.44942 −1.2489 0.5605

Table 4 compares the descriptive statistics of both groups according to the results
obtained by the students in the final assessment test that collects the evaluable learning
standards. The experimental group obtained a mean score in the final test of 7.3391, a
standard deviation of 1.61125, and a mean error of 0.33597. On the other hand, the mean
score of the control group was 6.0841, the standard deviation was 1.52334, and the mean
error was 0.30467. The mean score obtained in the final evaluation test by the students of
the experimental group is significantly higher than that of the control group.

Table 4. Descriptive statistics of the results obtained in the final assessment test.

Final Eval. Test N Maximum Minimum Median Mean Std. Deviation Std. Error Mean

Experimental
Control

23 9.6 4.6 7.1 7.3391 1.61125 0.33597
25 8.7 3.2 6.1 6.0841 1.52334 0.30467

The results obtained from the t-test for independent samples are shown in Table
5. The statistic of the Levene test is 0.034, which is less than 0.05 and therefore, it is not
assumed that the group variations are equal with respect to the results obtained in the
final knowledge evaluation test. The bilateral value is less than 0.05, which implies that
the difference in means is statistically significant at a level of 0.05. These results indicate
that the students of the experimental group achieved higher scores than the students of
the control group. Therefore, according to the results of the t-test, we can reject the null
hypothesis (there is no statistically significant difference in the performance scores of the
students exposed to the Geogebra AR application and those who are not exposed to it)
in favor of the alternative hypothesis (there is a statistically significant difference in the
performance scores of the students exposed to the Geogebra AR application and those who
are not exposed to it).

After analyzing the existence of a relationship between the groups, it is worth asking
the intensity of their relationship, for which we use the mean of the effect size in ANOVA.
The results of this test are shown in Table 6, where it can be observed that 20.4% of the
variation in the teaching-learning of student functions can be attributed to the use of the
Geogebra AR application.
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Table 5. T-test of the results obtained in the final evaluation test.

Final Eval. Test

Levene’s Test
for Quality
of Variance

t-Test for Equality of Means

F Sig. t df
Sig.

(2-Tailed)
Mean

Difference
Std. Error
Difference

95% Confidence
Interval of

the Difference

Lower Upper

Equal variance
assumed 0.412 0.034 2.774 46 0.008 1.25513 0.45246 0.34438 2.16588

Equal variance
not assumed 2.767 45.102 0.008 1.25513 0.45354 0.34171 2.16855

Table 6. Measures of association between groups.

Teaching-Learning Process of Mathematical Functions Eta Eta Square

Experimental or Control Score 0.452 0.204

3.2. Analysis of the Variation of Visualization and Spatial Rotation Skills

In the same way, an analysis using descriptive statistics and the t-test of the pre-test
and post-test PSVT:R was carried out in order to find out if there were any significant
differences. By doing so, the impact of the Geogebra AR application is evaluated with the
aim of improving the capacity of visualization and spatial rotation of the students.

The descriptive statistical analysis of the pre-test based on the PSVT:R model for the
experimental and control groups is shown in Table 7. The participants in the experimental
and control groups obtained a mean score of 4.9643 and 5.3332, respectively.

Table 7. PSVT:R pre-test descriptive statistical results.

Pre-Test PSVT:R N Maximum Minimum Median Mean Std. Deviation Std. Error Mean

Experimental
Control

23 7.5 2.5 5 4.9643 1.40999 0.29400
25 8.33 2.5 5.83 5.3332 1.73455 0.34691

A t-test for independent samples was conducted so as to determine if there was any
significant difference between the mean score of the two groups of the pre-test based
on the PSVT:R model with a 5% confidence level, the results are shown in Table 8. The
Levene test had a value of 0.137 which, being higher than 0.05, means that the group
variations are equal. The result of the bilaterality test was 0.425 for equal variances and
0.422 for different variances, so the difference in the means is not statistically significant
with a probability of 0.05. Along with the results of the t-test carried out with the scores
of the initial evaluation test, it was detected that the groups had a similar level of spatial
intelligence at the beginning of the investigation. In this case, any difference detected later
in terms of the improvement of the students’ visualization and spatial rotation skills can be
attributed to the integration of the Geogebra AR application in the classroom methodology.
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Table 8. T-test results obtained in the PSVT:R pre-test.

Pre-Test PSVT:R

Levene’s Test
for Quality
of Variance

t-Test for Equality of Means

F Sig. t df
Sig.

(2-Tailed)
Mean

Difference
Std. Error
Difference

95% Confidence
Interval of

the Difference

Lower Upper

Equal variance
assumed 2.291 0.137 −0.804 46 0.425 −0.36885 0.45871 −1.29218 0.55448

Equal variance
not assumed −8.11 45.341 0.422 −0.36885 0.45474 −1.28455 0.54684

Table 9 shows the results of the descriptive statistical analysis according to the scores
obtained in the PSVT:R post-test for the two groups. The experimental group obtained a
mean score in the post-test of 7.0652, a standard deviation of 1.60574, and a mean error
of 0.33482. On the other hand, the mean of the control group was 5.6664, the standard
deviation was 1.73463, and the mean error was 0.34693. It should be noted that the mean
score obtained by the experimental group in the PSVT:R post-test was significantly higher
than that of the control group.

Table 9. PSVT:R post-test descriptive statistical results.

Post-Test PSVT:R N Maximum Minimum Median Mean Std. Deviation Std. Error Mean

Experimental
Control

23 9.17 4.17 7.5 7.0652 1.60574 0.33482
25 8.33 2.5 5.83 5.6664 1.73463 0.34693

The results obtained from the t-test for independent samples in relation to the scores
obtained from the two groups in the PSVT:R post-test are shown in Table 10. The value
of the Lenvene test is 0.029, which is lower than 0.05, so it is detected that the group
variations are not equal. The bilateral test has a value of less than 0.05, implying that
the difference in means is statistically significant at a probability of 0.05. For the results
obtained in the t-test in relation to the scores obtained in the final written test, the students
of the experimental group reached higher scores in the PSVT:R test than the students of the
control group, therefore, according to the results of the t-test, the null hypothesis (there
is no statistically significant difference in the level of spatial intelligence of the students
exposed to the Geogebra AR application and those not exposed to it) was rejected in favor
of the alternative hypothesis (there is a statistically significant difference in the level of
spatial intelligence of the students exposed to the Geogebra AR application and those not
exposed to it) with respect to the improvement of the students’ visualization and spatial
rotation skills.
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Table 10. T-test results obtained in the PSVT:R post-test.

Post-Test PSVT:R

Levene’s Test
for Quality
of Variance

t-Test for Equality of Means

F Sig. t df
Sig.

(2-Tailed)
Mean

Difference
Std. Error
Difference

95% Confidence
Interval of

the Difference

Lower Upper

Equal variance
assumed 0.101 0.029 2.892 46 0.006 1.39882 0.48373 0.42513 2.37251

Equal variance
not assumed 2.901 45.997 0.006 1.39882 0.48214 0.42831 2.36932

In addition, Table 11 shows the impact of the Geogebra AR application in the obtained
scores, which shows that 21.3% of the improvement of the visualization and spatial rotation
skills can be attributed to the integration of the Geogebra AR application in the classroom
methodology.

Table 11. Measures of association between groups for PSVT:R.

PSVT:R Eta Eta Square

Experimental or Control Score 0.462 0.213

3.3. Descriptive Analysis of the Evaluation Questionnaire

Finally, Table 12 presents the results obtained in relation to the data obtained from the
Likert scale questionnaire in order to determine the motivation, feasibility, and perception
of students in relation to the experience with AR technology. A total of 52.17% of students
agreed to use AR resources for content learning and 65.21% believe that AR tools have
helped improve their visualization and spatial rotation skills. It is noteworthy that virtually
all students report having worked with great motivation and interest, and the vast majority
of them confirm the ease of use of the application Geogebra AR.

Table 12. Descriptive analysis of the results of the application of the questionnaire.

Items
In Disagreement (%) Indifferent (%) In Agreement (%)

1 2 3 4 5 6

AR as a teaching-learning tool 4.36 13.04 30.43 34.78 17.39
AR as a spatial visualization tool 4.36 8.69 21.74 34.78 30.43

Motivation in learning through AR 4.36 8.69 52.17 34.78
Easy to use 8.69 21.74 39.14 30.43

4. Discussion

The results of the final evaluation test and the post-test demonstrate that there is a
statistically significant difference in the level of achievement reached by students in the
experimental group compared to those in the control group. From the findings of the study,
it is evident that students who were exposed to a learning methodology with Geogebra AR
(the experimental group) obtained better results both in the level of learning achieved in the
formative unit functions and in their visualization and spatial rotation skills, compared to
those students who were not exposed to learning supported by AR tools (the control group).
Therefore, this finding suggests that the use of the Geogebra AR application as a support
in the process of teaching and learning mathematical functions improved the academic
performance and spatial intelligence of the students. This finding is related to the findings
of Kaufmann and Schmalstieg [22] and del Cerro and Morales [12] about the effectiveness
of AR tools in the teaching-learning processes in STEM knowledge areas and, especially,
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in all subjects where spatial intelligence is fundamental for the development of learning.
In addition, the results of this study coincide with those obtained by Hohanwarter [74],
who through the use of graphic software improved student performance in the study of
functions. Likewise, the findings of this study also coincide with previous research where
the software Geogebra was used in its version for personal computers with the objective of
improving learning results in the subject of mathematics [61,75,76].

The students in the experimental group were exposed to a not yet fully established
educational technology, which most likely captured their attention and interest during the
lessons in which it was incorporated into classroom methodology. The interactive and
dynamic nature of Geogebra AR allowed students in the experimental group to represent,
visualize, rotate, analyze, and compare graphs of mathematical functions with ease. This
allowed students to better understand the concept of function, identifying a greater number
of characteristics of the function in relation to its form than the control group. In addition,
the integration of this technology managed to enhance the proactive learning of students, as
well as awakening their inquiry and need to know more. The students of the experimental
group had the possibility to verify and evaluate the correction and accuracy of the results
of their exercises in an autonomous way through Geogebra AR. Similarly, the experimental
group was able to draw and analyze several graphs at the same time without having to
perform algebraic calculations, tables of values, or draw by hand each one of them through
the application, Geogebra AR. This, in general, made them complete the proposed activities
in class in a shorter time than the control group, a factor that may have contributed to the
deepening of contents and the higher score in the final written test than the one obtained
by the control group.

For all these reasons, it is recommended that teachers integrate tools such as Geogebra
AR as support in the resolution of activities for teaching mathematical functions, since it
has proven to be effective in improving learning by reducing the effort of students in the
tedious task of drawing functions manually, allowing them to focus on other more relevant
elements, such as exploring and analyzing them.

Before the study, we discovered that not many ESO students could manipulate and
use mathematical software effectively due to their lack of training, but this was not the case
with Geogebra AR, in which most students excelled in its intuitive and simple operation,
obtaining great results.

The integration of tangible tools such as Geogebra AR in a classroom changes the role
of teachers, relocating them as a permanent guide that gives students more freedom and
autonomy, as well as encouraging critical and creative thinking, instead of just being a
transmitter of knowledge.

As authors, we can assert that the process of integrating Geogebra AR into classroom
methodology has been simple and satisfactory. However it must be taken into account
that educators must be well trained in the use and integration of ICT, such as mobile
devices [77] and AR, in the teaching-learning processes. In this sense, if they are applied in
an adequate way and always within a contextualized methodology, it can be very useful in
not only facilitating teaching-learning processes, but also making them more interactive,
motivating, and interesting [26].

5. Conclusions

Our study explicitly sought to transform the teaching-learning processes of mathemat-
ics, with the purpose of promoting mathematical skills linked to spatial intelligence, instead
of focusing only on learning specific mathematical content. The integration of Geogebra AR
through a contextualized methodology in the teaching-learning process of mathematical
functions meant a significant difference in the levels of academic achievement and spatial
intelligence of the students exposed to it [12,26]. The results also showed that the students
had a positive perspective on the use of the application which managed to capture their
attention and increase their motivation from the beginning.
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AR technology has come to transform the concept of what, until now, was not possible
to implement in the subject of mathematics, allowing efficient and effective learning
experiences in the classroom, which must be accompanied by appropriate resources and
methods to deepen and stimulate the skills of students [29]. The study evaluates the
academic and cognitive achievement of students through the scores obtained in each of the
tests and addresses other factors, such as motivation, which have influenced students to
obtain this performance. Therefore, we can say that the value of any technology integrated
in the classroom depends largely on the level of student engagement.

Lastly, Geogebra AR has proven to be an effective tool in teaching mathematical functions
and improving students’ spatial intelligence. Therefore, we recommend that teachers integrate
this software in the development of learning activities, which can also be adapted for the
development of other concepts, with other curricula at different teaching levels. Therefore, its
relevance in the field of mathematics covers a wide range of possible uses.

This study was developed around the subject Academic Mathematics of the 4th year
of ESO in order to investigate the effect of integrating Geogebra AR in the teaching-learning
of functions. Given the scope and potential of the models learned in an interconnected and
ubiquitous environment not yet established, the conclusions drawn from this work should
be taken with prudence [78]. Therefore, the generalization of the results of this study to
other content and levels of mathematical education should be made with caution.

Our findings can be used as a starting point for future research. For example, studies
can be carried out to analyze the impact of the Geogebra AR application through mobile
devices as part of the learning of mathematics in different situations and contexts inside
and outside the classroom (b-learning). This includes integrating our study to the current
educational context to effectively stimulate self-learning, improve levels of attention, and
motivate students through the paradigm shift caused by the Covid-19 pandemic.

Finally, we recommend that future studies perform qualitative meta-analyses to assess
educators’ perceptions towards the use and integration of emerging ICTs, such as AR, in
the teaching of STEM areas.
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