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Abstract: This study focuses on the simultaneous stiffening and percolating characteristics of the
interphase section in polymer carbon nanotubes (CNTs) systems (PCNTs) using two advanced models
of tensile modulus and strength. The interphase, as a third part around the nanoparticles, influences
the mechanical features of such systems. The forecasts agree well with the tentative results, thus
validating the advanced models. A CNT radius of >40 nm and CNT length of <5 µm marginally
improve the modulus by 70%, while the highest modulus development of 350% is achieved with the
thinnest nanoparticles. Furthermore, the highest improvement in nanocomposite’s strength (350%)
is achieved with the CNT length of 12 µm and interfacial shear strength of 8 MPa. Generally, the
highest ranges of the CNT length, interphase thickness, interphase modulus and interfacial shear
strength lead to the most desirable mechanical features.

Keywords: polymer CNTs systems; interphase section; percolation onset; mechanics

1. Introduction

Carbon nanotubes (CNTs) have attracted considerable interest due to their outstand-
ing physical and mechanical features [1–7]. Since the CNTs have an exceptionally high
Young’s modulus and tensile strength, they are used as fortifications in polymers to form
polymer nanocomposites (PCNTs) [8–12]. Nevertheless, the CNTs incline to form agglom-
erates owing to van der Waals attraction, which reduces their surface area, disturbs net
formation and eventually, weakens the mechanical features of nanocomposites [13]. There-
fore, a satisfactory CNT dispersion is essential to exploit the potential of nanoparticles as
reinforcing agents.

The joined net of the CNTs is produced after the percolation onset [14–16]. In fact,
the percolation onset is the minimum filler concentration that can lead to net formation
in a medium. Moreover, the electrical conductivity of the system increases prominently
after the percolation onset. Studies have attempted to obtain a low percolation onset by
altering material- and fabrication-related factors [16,17]. The percolation onset can affect
the mechanical features of systems [18–20]. Favier et al. [21] correlated the high shear
modulus of films composed of cellulose whiskers to the percolation onset and formation of
the net. Accordingly, development of the percolated microstructures significantly enhances
the mechanical features of such materials. Most models for estimating the percolation
onset have the functional form of a power law [22]. These models, which fairly predict the
electrical conductivity of composites, have been used to model the mechanical features of
composites since percolation of electrical conductivity tends to occur along with mechan-
ical percolation. However, they do not consider microstructural mechanisms other than
connectivity in the modeling process.
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The interface/interphase section in the system originates from a perturbation of media
in the presence of nanoparticles (interfacial bonding between phases) or interference in
the mobility of long polymer chains [23–25]. Actually, the extremely large surface area
per unit volume of nanoparticles and the robust interfacial connections lead to formation
of a significant third phase as an interphase section in the nanocomposites [26–30]. The
interphase is created between the polymer matrix and nanoparticles, which is different from
both the polymer and nanoparticles. The interphase section is tougher than the polymer
matrix reinforcing the nanocomposites. It was reported that the viscoelastic behavior of
the PCNTs depends on the interface state and consequently, the functionalization of CNT
surfaces is essential for using the CNTs [31]. Hence, the interphase should be considered
to realize unforeseen trends in the features of a nanocomposite. Figure 1 schematically
depicts a CNT and the surrounding interphase in a polymer system.
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Figure 1. Schematic diagram of a CNT and the surrounding interphase in systems.

Many researchers have attempted to characterize the interface/interphase features.
Generally, it has been reported that the dimensions and stiffness of the interphase are the
main factors affecting the mechanical behavior of systems. Therefore, the interphase plays a
reinforcing role in the mechanical testing of systems. The percolation onset may occur in the
interphase section since it accelerates formation of a connected structure before the physical
assembly of nanoparticles. The positive effect of interfacial interaction on the percolation
onset has been confirmed and it is indicative of interphase percolation [32]. Interphase
percolation has been studied based on the extension of the filler-excluded volume [33,34].

Although existing studies have considered the reinforcing feature of the interphase,
percolation of the interphase section has not been clarified adequately. The interphase
section can accelerate the percolation onset in PCNTs, resulting in a new approach for
the formation of the network structure and significant improvement in the mechanical
features. In this work, two advanced models of the tensile modulus and strength of systems
are proposed to express the stiffening and percolating characteristics of the interphase in
PCNTs. Likewise, the excluded volume of nanoparticles assumes the role of the interphase
section in the percolation onset. The predictions of the proposed advanced models are
compared to the tentative ranks of several examples. Finally, the influences of various
factors on the mechanical features of systems are plotted considering the strengthening
and percolating roles of the interphase section. The advanced models are helpful and
valuable to predict and optimize the tensile modulus and strength of the PCNTs assuming
the stiffening and percolating characteristics of the interphase section.
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2. Upgrading of Models and Equations

The Halpin–Tsai model supposes the perfect stress transference between the polymer
medium and a filler and the random three-dimensional (3D) arrangement of the filler [35]
as:

EL = Em(
1 + 2αηϕ f

1 − ηϕ f
) (1)

ET = Em(
1 + 0.5ϕ f

1 − ϕ f
) (2)

η =
E f /Em − 1

E f /Em + 2α
(3)

α =
l
d

(4)

where EL and ET are the moduli in the longitudinal and transverse directions, respectively.
Moreover, Em and Ef denote the Young’s moduli of the polymer media and the filler,
respectively and ϕ f denotes the filler volume fraction. In addition, α is the aspect ratio of
the filler and l and d denote the length and diameter of the particles, respectively. Moreover,
ER the relative modulus (nanocomposite’s modulus per media modulus) for a random 3D
arrangement of the fillers is as follows:

ER =
1
5

EL
Em

+
4
5

ET
Em

(5)

This model does not consider the reinforcing effect of the interphase section. Therefore,
it incorrectly predicts the modulus of systems. The above equations can be improved by
assuming the interphase section. Accordingly, the interphase is considered as a separate
phase that reinforces the systems apart from the nanoparticles. In fact, the dimensions
and concentration of the interphase are assumed to be similar to those of the nanoparticles
since both the nanoparticles and the interphase section reinforce a system simultaneously.
The advanced equations are given as:

EL = Em(
1 + 2α f η f ϕ f + 2αiηi ϕi

1 − η f ϕ f − ηi ϕi
) (6)

ET = Em(
1 + 0.5ϕ f ++0.5ϕi

1 − ϕ f − ϕi
) (7)

η f =
E f /Em − 1

E f /Em + 2α f
(8)

ηi =
Ei/Em − 1

Ei/Em + 2αi
(9)

αi =
l
t

(10)

where the subscripts f and i denote the filler and the interphase, respectively. Moreover,
αi denotes the aspect ratio of the interphase around the nanoparticles and t denotes the
thickness of the interphase section. These equations express the reinforcing effect of the
interphase in systems. The interphase modulus (Ei) is an intermediate quantity between Ef
and Em and its value provides information on the quality of the interphase section. The
modulus of a nanocomposite, calculated using this model, depends on ϕ f , R, l, Ef and
Em, which are the factors of the classical Halpin–Tsai model, as well as on the additional
factors due to the interphase section, namely, t and Ei. The advanced model assuming the
interphase area does not consider the perfect stress transfer between the polymer and the
filler since it correlates the extent of stress transferred to the interphase features.
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For systems containing cylindrical fillers, the volume portion of the interphase ϕi is
defined [36] as:

ϕi = ϕ f [(1 +
t
R
)

2
− 1] (11)

where R is the radius of the nanotubes (R = d/2). By substituting Equation (11) into
Equations (6) and (7), the modulus can be correlated to the characteristics of the polymer
media, nanoparticles and interphase section.

Chatterjee [37] proposed a relationship between the percolation onset and the aspect
ratio of CNTs as follows:

ϕp ≈ 1
α f

(12)

By substituting αf (the aspect ratio of the CNT as l/d) from Equation (12) into Equation (6),
the modulus can be expressed in terms of the percolation onset. However, the interphase
section swells the CNT nets and accelerates the percolation onset. Assuming the existence of
interphase section, the percolation onset of nanoparticles in the PCNTs can be expressed in
terms of the CNT volume (V) and excluded volume around CNTs (Vex) [38] as:

ϕp =
V

Vex
=

πR2l + (4/3)πR3

32
3 π(R + t)3[1 + 3

4 (
l

R+t ) +
3

32 (
l

R+t )
2
]

(13)

Clearly, the CNT volume does not change due to the interphase part, while the
excluded volume is assumed to increase to R + t due to the interphase section. When this
equation is compared to the tentative rank of percolation onset, the value of t is obtained,
whereas Equation (12) does not consider the interphase section. Moreover, it is possible
to calculate the percolation onset in a sample using the CNT dimensions and interphase
thickness. It is necessary to precisely determine the percolation onset to compute the
minimum CNT concentration required for the formation of CNT nets in systems. We added
the interphase part to the terms EL, ET and ϕp and developed the terms ηi, αi and ϕi by
assuming the interphase section. All of these terms assume the role of the interphase section
in the stiffening of systems. By substituting ϕp from the above equation into Equations (6)
and (8) (αf = 1/ϕp), the modulus of PCNTs can be expressed by assuming the reinforcing
and networking effects of the interphase section.

We proposed a model to determine the tensile strength of the PCNTs by assuming the
interphase features in our previous work [39]:

σc = ηoα f τ(1 +
t
R
)ϕ f + σm[1 − (1 +

t
R
)

2
ϕ f ] (14)

where σm denotes the media strength. In addition, ηo is an orientation factor (1 for full
filler arrangement, 3/8 for arbitrary in-plane 2D location and 1/5 for haphazard 3D filler
organization). Moreover, τ denotes the interfacial shear strength. This equation considers
the reinforcing effect of the interphase in PCNTs.

By substituting αf (αf = 1/ϕp) from Equation (13) into the above model, the tensile
strength can be expressed by simultaneously considering the stiffening and percolating
influences of the interphase section. The relative strength (nanocomposite’s strength per
media strength) can be computed by rearranging Equation (14) as:

σR = 1 +
ηoα f τ(1 + t

R )ϕ f

σm
− (1 +

t
R
)

2
ϕ f (15)

Moreover, it was suggested that τ is correlated to the interfacial factor, B in the
Pukanszky model [39] as:

τ =
σm(B − 2.04)

ηoα f
(16)
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By substituting τ from Equation (16) into Equation (15), one can calculate the relative
strength as follows:

σR = 1 + (B − 2.04)(1 +
t
R
)ϕ f − (1 +

t
R
)

2
ϕ f (17)

Pukanszky [40] recommended the following model to determine the strength of a
system by:

σR =
1 − ϕ f

1 + 2.5ϕ f
exp(Bϕ f ) (18)

where B displays a measurable rank for filler–media interaction/linkage as:

B = (1 + Acd f t) ln(
σi
σm

) (19)

where Ac and df are the specific surface area and density of the filler, respectively. Similarly,
σi is the interphase strength. The Pukanszky model can be restructured as follows:

ln(σR
1 + 2.5ϕ f

1 − ϕ f
) = Bϕ f (20)

One can calculate B based on the linear association between ln(σR
1+2.5ϕ f

1−ϕ f
) and ϕ f .

The value of B is calculated using the tentative ranks of strength determined using the
latter relationship. This rank is then used in Equation (17) to express the tensile strength
in terms of the interphase thickness and other material factors. There are many types of
CNTs such as single-walled nanotubes (SWNTs) and multi-walled nanotubes (MWNTs).
The improved models can be applied for all types of long CNTs.

3. Results and Discussion
3.1. Confirming Views

The concurrent stiffening and percolating features of the interphase section in the
PCNTs are described in this section using the proposed advanced models. The models
are first applied to estimate the modulus and strength of some specimens described in the
literature. The tentative ranks of samples are fitted to the proposed models. Based on the
fitting results, the values of all of the interphase terms are calculated. The ranks of t and
Ei are obtained by fitting Equations (6)–(10) to the tentative ranks. Additionally, τ and B
are calculated by fitting Equations (16) and (17) to the tentative ranks of strength. These
equations may yield dissimilar values of each interphase term, but we report the average
and reasonable ranks for the examples considered herein. Moreover, the models are used
to demonstrate influences of all the factors on the modulus and strength of PCNTs.

3.2. Tensile Modulus

Figure 2 shows the tentative points of the relative modulus and the forecasts made
using the advanced model (Equations (6)–(10)) for the polyamide 6 (PA6)/multi-walled
carbon nanotubes (MWCNTs) [41], epoxy/MWCNTs [42], phenolic/MWCNTs [43] and
PA6/MWCNTs-NH2 [44] samples. The forecasted values agree well with the tentative
ranges, thus validating the ability of the advanced model to calculate the modulus. This
model usually provides superior forecasts at low volume proportions of nanoparticles since
the deficient dispersion of nanoparticles at high filler percentages may lead to deviations
from the forecasts.
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(b) epoxy/MWCNTs [42], (c) phenolic/MWCNTs [43] and (d) PA6/MWCNTs-NH2 [44] samples.

According to the expressed equations, the advanced model can forecast the modulus
using suitable values of several factors. The material factors, such as R, Em and l can be
found in the original references reporting the mentioned samples. Moreover, the rank of Ef
is reflected as 1000 GPa according to [45]. Consequently, the values of the interphase factors,
including t and Ei, can be computed by applying the tentative ranks to the advanced model.
This technique forecasts the interphase features using the tentative outputs of the modulus.

In the case of the PA6/MWCNTs, t and Ei are calculated as 4 nm and 10 GPa, respec-
tively. Moreover, in the case of the epoxy/MWCNTs sample, t = 14 nm and Ei = 70 GPa,
based on the fitting of the tentative data to the advanced model. Moreover, the computed
values of t and Ei for the phenolic/MWCNTs system are 25 nm and 130 GPa, respectively,
while those for the PA6/MWCNTs-NH2 system are 25 nm and 50 GPa. As identified, the
interphase thickness cannot be higher than the radius of gyration of the macromolecules.
Moreover, the interphase modulus varies between the values of the media modulus and
the filler stiffness, that is, Em < Ei < Ef. According to these criteria, the calculations of the
interphase features are correct. Therefore, the advanced model provides correct ranks for
the interphase attributes of the PCNTs.

The calculations indicate different ranks of the interphase within the reported samples.
The best interphase is formed in the case of the phenolic/MWCNTs system, while the
poorest interphase is formed in the case of the PA6/MWCNTs sample. The interphase
thickness and modulus depend on the interfacial interaction/attachment between the
polymer media and the nanoparticles [46,47]. Researchers have applied different methods
to improve the interfacial features such as modification of the nanofiller surface or use
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of compatibilizers [48]. According to the above calculations, the best and the poorest
interfacial features are obtained in the case of the phenolic/MWCNTs and PA6/MWCNTs
samples, respectively.

Figure 3 reveals the effects of R and l on the modulus, computed using the advanced
model at the normal ranks of Em = 2 GPa, ϕ f = 0.02, Ef = 1000 GPa, Ei = 100 GPa and
t = 10 nm. The modulus is low when R is large and l is small, while the thinnest nanotubes
yield the highest modulus. These comments indicate the undesirable effects of thick and
small nanotubes and the desirable effects of thin nanoparticles on the modulus of PCNTs.
ER improves by approximately 70 % upon the addition of nanotubes with R > 40 nm and
l < 5 µm, while we get the best relative modulus of 4.5 when R = 5 nm. Therefore, it is
significant to use thin nanoparticles when producing these systems. However, the nanopar-
ticles tend to aggregate/agglomerate [49,50], which increases their thickness. Thus, the
aggregation/agglomeration of nanoparticles should be prevented to control their thickness.
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A low rank of R increases the extent of the surface area of nanoparticles, which
increases the interfacial area/interaction, since smaller nanoparticles induce stronger inter-
facial contact with the polymer media owing to the analogous sizes of the nanoparticles and
the macromolecules, which is also called the nano-effect [51]. Therefore, smaller nanoparti-
cles increase the interfacial/interphase area and strengthen the interfacial communication.
Since a larger and stronger interphase leads to stronger reinforcement in such systems, the
advanced model properly predicts the influence of nanoparticle size on the modulus.

Figure 4 additionally illustrates the roles of the interphase factors in the relative
modulus, as determined using the advanced model at Em = 2 GPa, ϕ f = 0.02, Ef = 1000 GPa,
l = 5 µm and R = 10 nm. The maximum modulus is observed at the uppermost ranks of t
and Ei. The relative modulus of 7.5 is obtained with t = 25 nm and Ei = 250 GPa. However,
the modulus decreases as the values of the interphase features decrease, for example,
t = 5 nm and Ei = 50 GPa lead to ER = 2.7. Therefore, the interphase features directly affect
the modulus according to the advanced model. These ranges are commonsensical since the
interphase acts as a reinforcing agent in the systems.
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A thicker interphase produces a stronger nanocomposite, since a thicker interphase
shows the stronger connections between the polymer matrix and nanoparticles, which can
bear and transfer more stress during loading [52,53]. In fact, a thick interphase reveals the
strong interfacial attachments reinforcing the samples. Moreover, the interphase section
helps accelerate the percolation onset in the PCNTs owing to the connections within the
section. Certainly, a denser interphase accelerates the formation of connections in the
interphase area, which advances the percolation onset. Therefore, the effect of interphase
thickness on the modulus is reasonable. Moreover, a strong interphase stops the separation
of nanoparticles from the polymer media in the loading process. Therefore, a greater
amount of stress can be transferred from the polymer media to the nanoparticles without
debonding, thus leading to a high range of modulus.

3.3. Tensile Strength

Figure 5 compares the tentative ranks of the relative strength with the forecasts obtained
using the advanced model (Equation (17)) for the poly (vinyl alcohol) (PVA)/MWCNTs [54],
polysilsesquioxane (PSE)/MWCNTs [55], chitosan/MWCNTs [56] and poly (phenylene sul-
fide) (PPS)/MWCNTs [57] systems. The forecasts follow the tentative ranges for all the
systems. Therefore, the advanced model can appropriately forecast the tensile strength.

By comparing the tentative ranks to the forecasts obtained using the proposed model,
the value of t can be calculated for the samples. To calculate τ from Equation (16), B should
be determined using the tentative ranks of strength and the Pukanszky model. B is calcu-
lated as 17.18, 145.5, 118.3 and 26.43, respectively, for the PVA/MWCNTs, PSE/MWCNTs,
chitosan/MWCNTs and PPS/MWCNTs systems. With the abovementioned values, the
values of τ are calculated to be 3.8, 3.54, 12.9 and 1.18 MPa, respectively for the mentioned
samples. Based on the values of B and those of other factors, such as R, l and σm reported in
the original references, the values of t are predicted as 4, 7, 8 and 10 nm, respectively, for the
PVA/MWCNTs, PSE/MWCNTs, chitosan/MWCNTs and PPS/MWCNTs systems. Hence,
the advanced model can be used to compute t by assuming the fortifying and percolating
characteristics of the interphase section. Moreover, the advanced model can be used to com-
pare the interphase conditions of several samples. The interphase condition is illustrative
of interfacial interaction/attachment, which controls the mechanical features of a system.
Among the samples, the PPS/MWCNTs system exhibits the best interfacial/interphase
features, while the PVA/MWCNTs system shows the poorest interphase section.
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Figure 6 shows the influences of R and ϕ f on the relative strength using Equation
(17) with σm = 40 MPa, l = 10 µm, B = 30 and t = 10 nm. As expected, a high volume
proportion of thin nanoparticles increase the strength greatly. The σR rank of 4.5 is achieved
with R = 5 nm and ϕ f = 0.05, whereas σR = 1.3 is obtained for R > 25 nm and ϕ f < 0.014.
Accordingly, the size and concentration of the CNTs significantly alter the strength of
systems. Small nanoparticles generate a large surface area, thus intensifying the inter-
facial interaction (nano-effect) [51]. The interphase power depends on the interfacial
communication/linkage and therefore, thin CNTs strengthen the interphase area in sys-
tems. Consequently, thin nanotubes increase the strength of systems owing to the higher
ranks of interfacial range/contacts/bonding between thinner CNTs and polymer media.

The overall strength of a sample depends on the interfacial/interphase features be-
tween the polymer media and the nanofillers [58,59] since the stress is transferred through
the interphase section. Moreover, a high nanoparticle content leads to a significant increase
in strength since the strength of the CNTs is considerably higher (11–50 GPa) than that of
polymer media (up to 60 MPa). However, good dispersion of nanoparticles is assumed
in the advanced model and the aggregation/agglomeration of nanoparticles at high ϕ f
may reduce the strength of a system. Generally, the advanced model shows the reasonable
effects of R and ϕ f on the strength by considering the stiffening and percolation of the
interphase section.
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Figure 7 shows the influences of l and τ on the relative strength as determined using
the advanced model at σm = 40 MPa, ϕ f = 0.02, R = 10 nm and t = 10 nm. The highest
relative strength of 4.5 is expectedly observed at the maximum ranks of l and τ, that is,
l = 12 µm and τ = 8 MPa. The poorest relative strength of 1.25 is observed at the least
ranks of l = 4 µm and τ = 2 MPa. Consequently, l and τ positively influence the strength of
the systems.
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A long nanotube can promote the interfacial extent, which enhances the mechanical
involvement between the polymer media and the nanoparticles. Moreover, it increases the
aspect ratio, which increases the overall system’s strength [60]. Furethermore, a high rank of
the interfacial shear strength τ indicates the strong interfacial interaction/adhesion, which
leads to formation of a strong interphase. As stated, a strong interphase mainly strengthens
the system due to the fortifying efficiency of the interphase as the third phase in addition
to the polymer media and the nanoparticles. The reinforcing effect of the interphase in
systems has been extensively validated in tentative and theoretical studies [61,62].

Figure 8 additionally shows the relative strength determined using the advanced
model in terms of the interfacial/interphase factors, t and B at σm = 40 MPa, ϕ f = 0.02,
l = 10 µm and R = 10 nm. The worst outputs are obtained for the lowest ranges of these
factors, while the best outputs are obtained for the highest values of t and B. Consequently,
these factors directly affect the tensile strength and a significant strength enhancement is
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achieved with a thick interphase and high B, that is, substantial interfacial features. The
maximum σR of 6.5 is observed at t = 25 nm and B = 90, whereas a slight improvement
in strength is achieved with the lowest ranks of t and B. This trend is sensible since the
high ranks of these factors promote the reinforcing and percolation effects of the interphase
section. A denser interphase leads to a greater interphase concentration in systems, which
increases the strength.
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The positive influence of a thick interphase on the mechanical features of systems has
been established in the literature [35,63]. Likewise, a thick interphase easily percolates in a
system, which accelerates the percolation onset. The networking of nanoparticles improves
the mechanical features considerably. Consequently, it is expected that a thicker interphase
will increase the strength. The direct relationship between the strength of a nanocomposite
and B is common in systems, according to the Pukanszky model (Equation (18)). The rank
of B reveals the features of the interphase section, such as t and σi (Equation (19)). A higher
value of B indicates a thicker and stronger interphase section, which leads to a stronger
system based on the strengthening and percolating influences of the interphase section.
Hence, the advanced equations accurately illustrate the effects of t and B on the strength of
a nanocomposite.

4. Conclusions

Two models were improved for determining the modulus and strength of systems and
used to investigate the fortifying and percolating characteristics of the interphase section in
PCNTs. The forecasts generated by both models exhibited a good match with the tentative
ranges, which validated the modulus and strength values calculated using the advanced
models. In addition, the tentative ranges and the advanced models were used to determine
the interphase features. The undesirable effects of thick and small nanotubes and the
desirable effects of thin nanoparticles on the modulus were observed. The ER improved by
only approximately 70% when R > 40 nm and l < 5 µm, but the maximum relative modulus
of 4.5 was obtained with the lowest value of R of 5 nm. Likewise, the best modulus was
detected with the highest ranges of t and Ei. The highest relative modulus of 7.5 was
achieved with t = 25 nm and Ei = 250 GPa. Consequently, t, Ei and l positively influenced
the stiffness of systems. A high concentration of thin nanoparticles led to considerable
increase in strength, as determined using the advanced model. A σR grade of 4.5 was
obtained with R = 5 nm and ϕ f = 0.05, whereas σR = 1.3 was obtained with R > 25 nm and
ϕ f < 0.014. The greatest relative strength of 4.5 was acquired with the maximum ranges of
l and τ. However, the poorest relative strength of 1.25 was observed at the minimum series
of l = 4 µm and τ = 2 MPa. Moreover, the best grades of the advanced model for strength
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were obtained with the highest ranks of t and B since they indicate the magnitude of the
interfacial/interphase features. Generally, the strength of a nanocomposite meaningfully
improves as the values of ϕ f , l, τ, t and B increase largely, although a high value of R (thick
CNTs) decreases the strength.
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