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Abstract: An available novel system for studying the cellular mechanobiology applies an
equiaxial strain field to cells cultured on a PolyDiMethylSiloxane (PDMS) substrate
membrane, which is stretched over the deformation of a cylindrical shell. In its application
of in vitro cell culture, the in-plane strain of the substrate membrane provides mechanical
stimulation to cells, and out-of-plane displacement plays an important role in monitoring
the cells by a microscope. However, no analysis of the parameters has been reported yet.
Therefore, in this paper, we employ analytical and computational models to investigate the
mechanical behavior of the device, in terms of in-plane strain and out-of-plane
displacement of the substrate membrane. As a result, mathematical descriptions are given,
which are not only for quantitatively determining the applied load, but also provide the
theoretical basis for the researchers to carry out structural modification, according to their
needs in specific cell culture experiments. Furthermore, by computational study, the elastic
modulus of PDMS is determined to allow the mechanical behavior analysis of a fabricated
device. Finally, compared to the experimental results of characterizing a fabricated device,
good agreement is obtained between the predicted and experimental results.
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1. Introduction
Recent studies of cardiac mechanobiology have shown that to a certain extent mechanical
stimulation enhances the growth of stem-cell-derived cardiomyocytes in vitro [1–8]. Thus, different
types of devices have emerged for the purpose of mechanical stimulation for stem cells, such as
devices that use out-of-plane circular substrate distension, in-plane substrate stretching, or fluid shear
stress (FSS) [7,9,10]. Specifically, for example, Bottlang et al. [11] designed a four-point bending
system to deliver low strain to cells (about 3000 με), which was driven by shielded electromagnetic
actuators. The most widely used commercial device (Flexcell: FX-4000, Flexcell International Corp,
Hillsborough, NC, USA) utilized pneumatic pressure to stretch the soft substrate so as to apply the
tensile strain in cells [12]. Different from FX-4000, another differential pressure flexible-substrate
system that was driven by positive pressure was introduced by Winston et al. [13]. The mechanical
strain in this device was achieved by out-of-plane distension of the substrate membrane. Wang et al.
developed a cell-stretching device, which employed vacuum pressure to achieve either equiaxial or
uniaxial strain field in the substrate membrane [8]. In a recent study, the authors of the present paper
developed a pneumatically actuated device with concentric double-shell structure for cell stretching
and demonstrated the applicability of the developed stretching device for differentiation of human
pluripotent stem cells into cardiomyocytes in long-term cell experiments [6]. The device utilizes
vacuum pressure to achieve an equally distributed in-plane strain in a substrate membrane. However,
the application of this device is not only focused on cardiacmyocytes, but also any mechanosensitive
cells, such as osteoblasts, osteocytes, chondrocytes. In different applications, the thresholds of
mechanical strain for enhancing specific differentiations are different. For instance, Gopalan et al.
found that the cardiac differentiation was enhanced under the stretching strain of 10% [14], while a
mechanical strain of 5% is considered as a threshold for eliciting the osteogenic differentiation [15,16].
However, no mathematical basis has existed to quantitatively determine the applied loading so as to
achieve a needed strain in specific cell culture experiment. Furthermore, for example, the cellular
morphology and cytoskeleton distribution will be changed during differentiation, and therefore they
are important parameters to study. As they can be studied by imaging, the out-of-plane displacement of
the substrate membrane influences the imaging capability and thus, the capability of evaluating the cell
responses. Moreover, the in-plane strain and out-of-plane displacement of the substrate membrane are
intrinsically coupled. In different applications, different in-plane strains may be needed, which will result in
different out-of-plane displacement. In some cases, the out-of-plane becomes too large for the CCD camera
(Sony XCD-U100, Sony, Barrington, NJ, USA) to clearly detect the cells, and therefore the structure needs
to be modified. However, to date, no structural models of this type of devices have been reported.
Therefore, in order to provide a theoretical basis designing this type of devices, we hereby present
an analytical model based on continuum mechanics, which is derived by a minimum potential energy
principle for a thin circular membrane and a thin-wall cylindrical shell.
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In most studies, the computational models of the devices for cellular mechanical stimulation have
aimed for predicting the mechanical behavior of the device and quantifying the mechanical
stimulation [17–20]. For instance, Thompson et al. [17] developed a fluid structure interaction model
for a commercial device (FX-4000) to quantify the fluid shear stress and biaxial mechanical strain of the
substrate. Yoon et al. [18] presented a model of circular PolyDiMethylSiloxane (PDMS) microballoons
with ultra-large deflection, which was correlated to the device introduced by Winston et al. [13].
Zhao et al. [19] modeled a microfluidic platform of tunable microlens arrays (with a deformable
PDMS cover) to generate mechanical strains on cells. Furthermore, Vaughan et al. [20] characterized
parallel-plate flow chamber systems, which utilised FSS to stimulate cells by a mutiscale
fluid-structure interaction modeling approach. However, in this study, the computational model is
developed not only for predicting mechanical behavior of the cell stretching device, but also for
determining the elastic modulus of the material of the device (PDMS) by parametric variation study.
2. Methods
2.1. Experimental Characterisation of the Device
The concentric double-shell structure consisted of a PDMS substrate membrane, inner and outer PDMS
cylindrical shells, and a rigid glass layer (see Figure 1a). The working principle of this structure was based
on vacuum pressure, which deflected the inner shell as illustrated in Figure 1b,c. Consequently, the
substrate membrane on which the cells were grown was stretched equiaxially. With the deformation of
substrate membrane, the cells that adhered to the membrane were also stretched. The mechanical
stimulation effect on stem cells was directly related to the in-plane strain of the substrate membrane [2].
The out-of-plane displacement (d in Figure 1c) determined the visibility in an inverted microscope to
monitor the cells and influenced the adhesion of the cells on the substrate membrane.
Figure 1. (a) Photograph of a pneumatically actuated concentric double-shell structure for
mechanical cell stimulation. Side view of the structure (b) before and (c) after deformation.
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The in-plane strain and the out-of-plane displacement were measured in five locations on the
membrane using computer vision similar to the method in [6]. In the measurements, 16 static partial
vacuum pressures between 0 and 392 mbar were applied. After each pressure supply step, motorized
optics (12× motorized zoom with 3-mm motorized fine focusing, Navitar, Inc., Rochester, NY, USA)
were used for focusing on the membrane surface and a camera (Sony XCD-U100) for recording an
image. The in-plane strain of the membrane was determined using three manually selected landmark
points in each five locations. The (x,y) pixel coordinates of the centroids of the landmarks were
recorded and the strain vectors between each pair of them were calculated for each pressure. The
out-of-plane displacement was estimated from the displacement of the motorized focusing system.
2.2. Deformation Analysis of the Structure
The analytical model of the pneumatically actuated concentric double-shell structure was derived by
separating the problem into the mechanics of a thin circular substrate membrane and the mechanics of
a cylindrical shell. These two models were derived separately in Sections 2.2.1 and 2.2.2, and
incorporated to a model that described the entire structure. The geometric parameters of the structure
that were used were those given in Table 1 and illustrated in Figure 1b.
Table 1. Geometric parameters of the concentric double-shell structure.
Parameters
Values (mm)
Centreline radius of the inner cylindrical shell, a
6.75
Thickness of the inner cylindrical shell wall, t
1.5
Height of the cylindrical shells, h2
7
Thickness of the substrate membrane, h1
0.12
Width of the gap between the cylindrical shells, g
2

2.2.1. Substrate Membrane
The substrate membrane was attached to one end of the inner cylindrical shells. Due to the radial
outward bending of the inner shell wall, the circular membrane stretched uniformly outward. The
loading type was illustrated in Figure 2b. To simplify the analytical model, in this study, PDMS was
assumed as incompressible and linearly isotropic [18].
In the Cartesian coordinate system (Figure 2a), the strain energy Um of the circular membrane could
be calculated as:

=
Um

E
1 −ν 2
 2

ε + ε yy2 +
⋅ γ xy + 2νε xxε yy dxdydz
2 ∫∫∫  xx
2
2 (1 − ν ) V 


(1)

where, E was the Young’s Modulus of PDMS; ν was the Poisson’s ratio of PDMS, ν = 0.5 for
incompressible material; εxx and εyy were the normal strain in x and y directions, respectively; γxy was
the engineering shear strain.
After calculation, as presented in Appendix A, the strain energy of circular membrane could be
obtained as below:
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where h1 was the thickness of the membrane as shown in Figure 1b, D was the in-plane displacement
of the circular membrane at the position r = a − t/2 with the parameter a and t shown in Figure 1b.
Figure 2. (a) The substrate membrane in Cartesian (x,y,z) and cylindrical (r,θ,z) coordinates.
(b) Top view of the substrate membrane and its loading condition. (c) The inner cylindrical
shell in a cylindrical coordinate system with the wall thickness of t and centerline radius of a.
(d) Side layout view of half of the axial-symmetric structure after deflection, the dashed
line represents the structure before deflection, where F1 and F2 were the stretching forces,
g was the gap between two cylindrical shells, h2 was the height of the shell, α was the angle
of the shell wall bended over, and d was the out-of-plane displacement.

2.2.2. Cylindrical Shell
The inner cylindrical shell was subject to equally lateral stretching on the wall due to the vacuum
pressure and the uniaxial compression caused by the membrane, as shown in Figure 2c. In the
cylindrical coordinate system (Figure 2c), the strain energy Us of the inner cylindrical shell could be
computed by integration over the volume of the shell. As the ratio between the radius a and the
thickness t of the inner cylindrical shell was 4.5, the cylindrical shell could be considered as a
thin-walled cylindrical shell [21]. Therefore, the term rdθ was introduced in Equation (3).

=
Us

E
 2 2 1 −ν 2

ε + εθ +
γ zθ + 2ν ε z ε θ  ⋅ rdθdrdz
2 ∫∫∫  z
2
2 (1 − ν ) V 


(3)

where, εz was the normal strain in z direction; εθ was the normal strain in θ direction; γzθ was the
engineering shear strain.
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After calculation as presented in Appendix B, the strain energy of cylindrical shell could be
obtained as below:
πE
=
Us
1 −ν 2

2
2 2
 at 3
t
t 3  h2 D 2 t pg ( 2a + t + g ) h2 p g ( 2a + t + g )
2
2
⋅
+
+
 3 ⋅ D + (1 − ν ) ⋅  +
3 
12 Eh2a
16 E 2at
 a 12a  5
 3h2

2





(4)

2.2.3. In-Plane Strain and Out-of-Plane Displacement of Substrate Membrane
Incorporating models of the circular membrane and the inner cylindrical shell used a potential
energy method. Applying Rayleigh-Ritz method, the boundary value D could be solved by minimizing
the total potential energy of the entire structure [22]. The structure was assumed to deflect to a stable
configuration that minimizes the total potential energy.
The total potential energy of the entire structure was:
Π
= Um + Us + Ω

(5)

where, Um was the strain energy of the substrate membrane; Us was the strain energy of the inner
cylindrical shell; Ω was the work potential.
After the calculation in Appendix C, the work potential was obtained as Equation (6):
t

2πp  a +  h2 D
πg ( 2a + t + g ) pD 2
2

Ω = Ω1 + Ω 2 = −
−
3
4h2

(6)

Substituting Equations (2), (4) and (6) into Equation (5), we could obtain the expression of the total
potential energy П.
In the minimum total potential energy principle, an infinitesimal variation from the stable state did
not change the energy, which could be described by:
=
Ω) 0
δΠ δ(U m + U s +=

(7)

To solve the in-plane displacement D, we considered δП = 0 with respect to any infinitesimal
variation of D, and had:

∂Π
=0
∂D

(8)

Finally, we could get the expression of the in-plane displacement as:

D=

t

2πp  a +  h2
πt 2 pg ( 2a + t + g )
2

−
3
12 (1 − ν 2 ) h2a

t3  
2  t
−
+
ν
2
1
(
)  a 12a 3  h2  πpg ( 2a + t + g )

πE  ( 5 + 3ν ) h1 2at 3

 −
+ 3 +
2
1 −ν 
2
3h2
5
2h2






(9)

As stated in Section 2.1, the in-plane strain and the out-of-plane displacement of the substrate
membrane played significant roles in the application of this mechanical cell stimulation device.
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The in-plane strain ε of substrate membrane could be calculated as:
=
ε

w2
D
=
r
a−t /2
t

2πp  a +  h2
πt 2 pg ( 2a + t + g )
2

−
t
t


3 a − 
12 (1 − ν 2 ) h2 a  a − 
2
2


=
3

t
t  
2 (1 − ν 2 )  +
h
 5 + 3ν h
3  2
3
) 1 + 2at +
πE  (
 a 12a   − πpg ( 2a + t + g )
1 −ν 2 
2
3h23
5
2h2






(10)

where, w2 was the displacement of circular membrane in the radial direction (see Appendix A).
When the structure was placed in the working position as shown in Figure 1b,c, the out-of-plane
displacement d of the substrate membrane at z = h2 was calculated as Equation (11), which was based
on the calculation in Equation (B6) (see Appendix B).
=
d

pg ( 2a + t + g ) h2 ν h2 D tD
+
−
t h2
4 Eat
a−
2
t
 
 

 2π  a + 2  h2 π 2 pg ( 2a + t + g )   ν h
t 
2
−
− 

⋅
3
12 (1 − ν 2 ) h2a   a − t h2 

2

pg ( 2a + t + g ) h2

 
+
4 Eat

t3  
2  t
−
+
ν
2
1
)
(
 5 + 3ν h
 a 12a 3  h2  πpg 2a + t + g
) 1 + 2at 3 +
(
)
πE  (

 −
2
3
1 −ν 
2
3h2
5
2h2






(11)

For the specific structure with parameters as given in Table 1, the in-plane strain and the
out-of-plane displacement were:
1.8232 ⋅ p
=
ε
× 100%
(12)
378550 ⋅ E − 0.76 ⋅ p
=
d

40.835 ⋅ p
59 ⋅ p
+
3785.5 ⋅ E − 0.0076 ⋅ p 10000 ⋅ E

(13)

where, p, E, ε, d had the units of (Pa), (MPa), (%) and (μm), respectively.
2.3. Determination of the Elastic Modulus of PDMS
The elastic modulus of PDMS depended on the fabrication conditions [23–27]. In this study, PDMS
was prepared by mixing a silicone elastomer prepolymer (base) and a cross-linker (curing agent) with a
weight ratio of 10:1. Curing was processed in an oven (Binder GmbH, Tuttlingen, Germany) at 65 °C
for two hours. According to Fuard et al. [27], the elastic modulus of PDMS could vary from 0.8 MPa
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to 4 MPa based on the curing time and temperature. Therefore, the elastic modulus of the PDMS in
this study should be determined for the analytical model.
In this study, we used a computational approach for estimating the elastic modulus of the PDMS in
this device. A computational model of the device was developed in COMSOL 3.5 (COMSOL Inc.,
Burlington, MA, USA) by FE approach, and was used together with experimental data for determining
the elastic modulus for the analytical model.
2.3.1. Constitutive Model
Using the geometric parameters in Figure 1 and Table 1, a 3D model was created in COMSOL 3.5
as shown in Figure 3a,b.
As mentioned by Yoon et al. [18], PDMS was nearly incompressible after curing. In addition, when
the material underwent a strain larger than 1%–2%, nonlinear elastic theory was more accurate to
describe its mechanical behavior, wherein hyperelastic models were commonly applied [28]. In this
study, Neo-Hookean model was determined as the constitutive model of PDMS. The strain energy
density of incompressible Neo-Hookean material, W could be expressed as:

W = C1 ⋅ ( I1 − 3)

(14)

where, I1 was the first invariant of the left Cauchy-Green deformation tensor,

I1 = λ12 + λ 22 + λ 32

(15)

in which, λ1, λ2, λ3 were the principal stretch ratios in three directions. In the cylindrical coordinate system:
λ1 = 1 + ε r

(16a)

λ 2 = 1 + εθ

(16b)

λ3= 1 + εz

(16c)

where, εr, εθ and εz were strain components in cylindrical coordinates.
In Equation (14), the material constant C1 = G/2 was for incompressible material, where G was the
shear modulus. Because PDMS was incompressible, the Poisson’s ratio ν was 0.5 for incompressible.
However, in this study, ν was set as 0.49 for preventing a numerical error in computation.
2.3.2. Boundary Conditions and Mesh
To mimic the effect of the vacuum pressure, we applied lateral normally outward pressure on the
shell wall (blue areas in Figure 3b), varying from 0 to 40kPa. As depicted in Figure 1, one end of the
shell was attached to a glass layer, and the edge of the membrane was attached to the end of the outer
cylindrical shell. Neither of them had displacement, thus we could fix one end of the shell and the edge
of the membrane (red areas in Figure 3b).
The mesh consisted of 22,339 triangular elements (Figure 3a) with Lagrange quadratic basis
function in the whole structure was sufficient for the convergence purpose for the whole structure.
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Figure 3. (a) The mesh and (b) boundary conditions of the computational model. (c) The
deflected structure under the loading of 40,000 Pa. (d) The x-direction, (e) y-direction and
(f) z-direction (out-of-plane) displacements in the substrate membrane.

2.3.3. Estimation of the Elastic Modulus
As mentioned previously, the elastic modulus E sit within the range of [0.8, 4] MPa. Thus, a
parametric variation study of Young’s modulus was hereby carried out. In the Matlab script of the
computational model, Young’s modulus E was determined as a range of [0.8, 4] MPa, and the model
was revolved by COMSOL pre-processor. Moreover, to calculate the in-plane strain, we needed to
convert the displacements given in the Cartesian coordinates (e.g., in Figure 3d,e) into the cylindrical
coordinates as presented in Equation (17):

ε
=

d x2 + d y2
r

× 100%

(17)

where, ε was the in-plane strain; dx was the in-plane displacement in x direction at the point (x,y); dy
was the in-plane displacement in y direction at the point (x,y); r was the radial position,=
r

x2 + y2 .

Finally, after fitting all of the computational results to the experimental data, we found the
computational results at E = 2 MPa fitted the experimental data well with the root-mean-square
error (RMSE) of 0.2% and 16.4 μm on the in-plane strain and out-of-plane displacement, respectively
(see Figure 4a,b).
3. Analytical Model Validation
Applying E = 2 MPa to the analytical model (Equations (12) and (13)), the results were shown in
Figure 4c,d. A RMSE of in-plane strain and out-of-plane displacement was calculated as 0.33% and 18 μm,
respectively. The larger RMSE of analytical model than the computational model was mainly due to
the assumption of linear mechanical behavior of PDMS in creating the analytical model.
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Furthermore, to validate the analytical model with an increase in load, we calculated the relative
errors as shown in Figure 5. It was found that large relative errors occur at lower loading (small
deformation). This was because the substrate membrane attached to the cylindrical shell was initially
loose, and then tightened by increasing the load. Nevertheless, with the increase in loading, the linearity
improved and the analytical model predicted the deformation more accurately. In a typical use of the
analytical model, the capabilities of a certain structure to maximize the in-plane strain and minimize
the out-of-plane displacement with large pressure values were of interest. Therefore, the analytical model
predicted, with sufficient accuracy, the deformation behavior of these types of structures in the load
range within practical interest. Moreover, it was observed that larger error appears in the out-of-plane
displacement than that in the in-plane strain. One possible reason was the use of unaided-eye detection
in the measurement of out-of-plane displacement, rather than an automatic system.
Figure 4. Computational vs. experimental results on (a) in-plane strain and
(b) out-of-plane displacement. Analytical vs. experimental results on (c) in-plane strain and
(d) out-of-plane displacement.

Figure 5. The relative errors between experimental results and analytical results.
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4. Discussion
In this paper, an analytical model was developed to predict the mechanical behavior of the cell
stretching device that had been developed by Kreutzer et al. [6], according to which, the applied
loading could be quantitatively determined, or the structure might be modified to achieve a needed
strain in different cell specific applications. Additionally, we also developed a computational model in
this study not only to show the mechanical behavior of the device, but also to determine the
mechanical property of the material for fabricating this device (PDMS).
One of the main limitations in this study was the neglect of influence of medium. However, fluid
shear stress also serves as mechanical stimulation to the stem cells, which can enhance the
differentiation and proliferation of stem cells [29–31]. In addition, the assumption of slender
longitudinal-section of shell in the analytical model may limit the applicable range of the analytical
model. To predict the deformation of slender shell, Euler-Bernoulli beam theory was used, in which
the shear deformation and rotational inertia in the deformation analysis of the shell were not
considered. So, for the future structural modification purposes, if the stout longitudinal-section of shell
structure is involved, this analytical model will be less accurate to predict the mechanical behavior of
the structure. In this case, Timoshenko beam theory should be applied for analysis of the stout shell,
nevertheless, it will bring cumbersome computation to resolve the model. Finally, in our study, to
simplify the analytical model, PDMS was assumed as linearly isotropic. However, if the device is
more deformed, the assumption of linearly isotropic mechanical behavior of PDMS will limit the
predicted accuracy. Thus, hyperelastic constitutive model should be applied to describe the mechanical
properties of PDMS, and solved by numerical approach.
As mentioned in Section 1, different cell types may response to different levels of strain. In addition
to the application in cardiac cell mechanobiology, it is also suggested to use this device in the other
mechanosensitive cells culture. For example, a mechanical strain of 5% is considered as threshold for
enhancing the osteogenic differentiation [15,16]. Thus, to mechanically stimulate the bone cells, a
preferable loading of 20 kPa is suggested to be applied in our device, which will result in an out-of-plane
displacement of 170 μm. Das et al. showed a strain of 3% could stimulate the chondrocytes to a
biochemical response [32]. Corresponding to our prediction, a loading of 13 kPa needs to be applied to
this device so as to achieve a strain magnitude of 3%. Therefore, the proposed model can be used for
estimating the loads needed to achieve a certain strain. Furthermore, Wang et al. carried out the NIH/3T3
(National Institute of Health/3-day transfer, inoculum 3 × 105 cells) fibroblasts stimulation by applying
high-level equiaxial strains (12%–27%) to the cells [8]. Moreover, they employed an inverted
microscope (Leica DM16000, Leica Microsystems, Wetzlar, Germany) to view the cells, and performed
the scanning to obtain clear cell images [8]. In the device developed by Kreutzer et al. [6], according to
our prediction, to achieve such high-level strain, a loading up to 100 kPa is needed, which will result in
an out-of-plane displacement as high as 895 μm. Such large displacement has been beyond the detection
capability of CCD camera. One solution we suggest is to modify the structure of this device, so as to
guarantee the out-of-plane displacement is within the capability of CCD camera. Therefore, our
analytical model gives a theoretical basis for modifying the structure. More importantly, for most of
the cell stretching devices, the cell stimulation is achieved by stretching the substrate membrane under
pneumatic pressure [7,8,17]. Thus, to some extent, the mechanical analysis of the substrate membrane
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in this study will also be beneficial for modeling those devices. For instance, the strain energy of the
substrate membrane (Equation (2)) is applicable to most cell stretching device, according to which the
deformation-loading relationship can also be obtained using minimal potential energy principle.
Furthermore, in this study, using the computational model to determine the mechanical property of
the material that is used for fabricating the device has been proved practical and accurate. This method
is also considered suitable to determine the materials properties of other devices and actuators,
especially suitable for a device or actuator with complex structure.
5. Conclusions
This paper has presented both analytical and computational models of pneumatically actuated
concentric double-shell structures that can be used for mechanical stimulation of mechanosensitive
cells. The analytical model based on the linearly isotropic constitutive model presents the in-plane
strain and the out-of-plane displacement as a function of applied pressure, which allows people to
quantitatively determine the applied load, according to their specific needs in different cell culture
studies. Moreover, it provides insights to understand the behavior of the structure and, in so doing,
gives a theoretical basis for modifying the structure in some applications. The computational model in
this study not only shows the mechanical behavior of the device (i.e., the displacement distribution, etc.),
but also determines the Young’s modulus of the material of the device (PDMS). More importantly, not
limited to the device in this study, this method is also considered applicable to determine the materials
properties of many other devices and actuators with complex structures.
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Appendix A: Deformation Analysis of Circular Membrane
To obtain the strain energy function of the circular membrane in our study, the variables of εxx , εyy
and γxy in Equation (1) were calculated as follows. Firstly, these strains were converted from Cartesian
coordinate to cylindrical coordinates as below:

ε=
xx

du
=
dx

θ
( dw2 ) cos=
( dr ) cos θ

dw2
dr

(A1a)
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ε=
yy
γ xy =

dv
=
dy

θ
( dw2 ) sin=
( dr ) sin θ

dw2
dr

du dv dw2
dw
+
=
⋅ cot θ + 2 ⋅ tan θ
dy dx
dr
dr

(A1b)
(A1c)

where, εxx and εyy were the normal strain in x and y directions, respectively; γxy was the engineering
shear strain, u was the displacement in x direction, v was the displacement in y direction, and w2 was
the displacement in the radial direction.
Substituted Equation (A1a–c) into Equation (1) to obtain the strain energy for the circular substrate
membrane in cylindrical coordinates as:
 dw2  2  dw2  2
E
 dw2   dw2 
=
Um
 +
 + 2ν ⋅ 
⋅

2 ∫∫∫  
2(1 − ν ) V  dr   dr 
 dr   dr 
1 − ν  dw2
dw

+
⋅ cot θ + 2 ⋅ tan θ 

2  dr
dr


Considering the boundary conditions:
w2 r =0 = 0 and w2 r=

2

a −t /2


 r ⋅ drdθdz


(A2)

= D,

and the fact that the strain should be equally distributed in the membrane, a function for w2 was
obtained as:
w2= D ⋅

r
a−

t
2

(A3)

where, a was the centerline radius of the inner cylindrical shell as shown in Figure 1b; t was the wall
thickness of the inner cylindrical shell; D was the in-plane displacement of the circular membrane at
the position r = a − t/2.
Substituting Equation (A3) into Equation (A2) and integrated over the volume in the cylindrical
coordinate system, the strain energy expression of the circular substrate membrane under equally
outward stretching could be expressed as Equation (2).
Appendix B: Deformation Analysis of Cylindrical Shell
To calculate the normal strain in θ direction (εθ) of cylindrical shell, since the loading did not
involve torsion in the θ direction of the shell, the strain in θ direction could be expressed as:

εθ =

w1
r

(B1)

where w1 was the deflection of the shell wall.
In the longitudinal direction (z-direction), there was uniaxial compression due to the stretching of
the substrate membrane, as shown in Figure 2d. Therefore, the force exerted on the end of the
cylindrical shell was:
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'
F=
F=
2
2

p ⋅ A1
2

(B2)

where, p was the vacuum pressure; A1 was the cross-sectional area of the space, where the vacuum
pressure was applied; A1 = π[(a + g + t/2)2 − (a + t/2)2]; and g was the gap width, as shown in Figure 2d.
The strain due to F2 was:

ε z1 =

− F2
EA2

where A2 was the cross sectional area of the cylindrical shell, A2 = π[(a + t/2)2 − (a − t/2)2].
Therefore,
=
ε z1

− pA1 − pg ( 2a + t + g )
=
2 EA2
4 Eat

(B3)

The strain due to Poisson’s effect could be expressed as:

ε z 2 =−ν ⋅ ε θ =−ν ⋅

w1
r

(B4)

One end of the cylindrical shells was fixed to a rigid glass plate and the other was attached to the
substrate membrane. Thus, under vacuum pressure, the shell wall would not expand equally at
different heights. Here, the longitudinal-section of the shell wall was considered to be a beam shape
and deflected as shown in Figure 2d. The slenderness value (a ratio between the height h2 and the
thickness t) of the longitudinal section of the bending shell wall was approximately 5. According to
Kikidis et al. [33], the Euler-Bernoulli beam theory could be used to analyze the out-of-plane strain
due to bending, which was:

ε z 3 = ( a − r ) ⋅ w1, zz

(B5)

where w1,z represented the first derivative of w1 with respect to z, and w1,zz was the second derivative of w1.
By combining Equations (B3)–(B5), the total out-of-plane strain was obtained as:
=
εz

− pg ( 2a + t + g )
w
− ν ⋅ 1 + ( a − r ) ⋅ w1, zz
4 Eat
r

(B6)

As no torsion was exerted on the shell, the shear strain γzθ = 0.
Considering the boundary conditions (one end of the cylindrical shell was fixed and the other end
was attached to the substrate membrane), we obtained:

w1 z =0 = 0 , w1, z

z =0

= 0 , w1 z =h = D
2

To satisfy the boundary conditions, the shape function of the wall of the inner cylindrical shell after
deformation was assumed to be:
 z 
w=
D ⋅ 
1
 h2 

Thus,

2

(B7a)
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w1, z =

2D ⋅ z
h22

(B7b)

2D
h22

(B7c)

w1, zz =

By substituting Equation (B7a–c) to the expressions of the strain components εz, εθ, γzθ, and then
substituting them into Equation (3), the strain energy of the shell was
Us

2
Dpg ( 2a + t + g )  2  4 D 2a 2  pg ( 2a + t + g ) 
E
 4 D 2 3 
2
 4 ⋅ r −  2a ⋅ w1, zz −
 ⋅ r +  h4 + 

4 Eat
Eh2at
2 (1 − ν 2 ) ∫∫∫
 h2




V 
 2

(B8)
1 − ν 2 ) D 2 z 4 1 
(
aDpg ( 2a + t + g ) 
−
⋅  dθdrdz
⋅r+
2 Eh22at
h24
r 

Logarithmic terms occurring in the integration were approximated by a series of ascending powers:
2 n +1

 t 
t 


∞ 
 1 + 2a 
2a 

= 2⋅∑
ln 
t 
n =0 2n + 1
1−

a
2



(B9)

Neglecting the terms with a power higher than two led to Equation (B10):
t 

 1 + 2a  t
t3
ln 
≈
+
t  a 12a 3
1−

2a 


(B10)

By integrating Equation (B8) over the volume of the inner cylindrical shell, we obtained the
expression of strain energy of cylindrical shell as Equation (4).
Appendix C: Calculation of Total Potential Energy
The total work potential was caused by (i) the vacuum pressure exerted on the shell wall (Ω1) and (ii)
the stretching force (Ω2) as shown in Figure 2d. The work potential generated by the vacuum pressure
could be calculated as:
h2 
t 

Ω1 =− ∫  2πp  a +  w1 dz
0
2 



(C1)

Substituting Equation (B7a) into Equation (C1) and integrating it led to
t

2πp  a +  h2 D
2

Ω1 =−
3

(C2)

The work potential due to the uniaxial stretching force F2 caused by the membrane (see Figure 2d)
was approximately:
α

Ω 2 =∫ Mdα
0

(C3)

Micromachines 2014, 5

883

where, M was the moment due to F2, which could be calculated as:
M = F2 ⋅ D =

πg ( 2a + t + g ) ⋅ p ⋅ D
2

(C4)

The angle α could be considered approximately as the angle that the wall of the inner cylindrical
shell bended over, which satisfied tanα = D/h2, as shown in Figure 2d. In this study, the angle α was
very small, and α ≈ D/h2.
Then,
dα =

dD
h2

(C5)

After substituting Equations (C4) and (C5) into Equation (C3) and integrating, we obtained:
Ω 2 =−

πg ( 2a + t + g ) ⋅ p ⋅ D 2
4h2

(C6)

Thus, the total work potential Ω could be obtained by combining Ω1 and Ω2 together as shown in
Equation (6).
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