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Abstract: We investigated the dynamics of a dispersion-managed, passively mode-locked,
ultrashort-pulse, Er-doped fiber laser using a single-wall carbon nanotube (SWNT) device.
A numerical model was constructed for analysis of the SWNT fiber laser. The initial
process of passive mode-locking, the characteristics of the output pulse, and the dynamics
inside the cavity were investigated numerically for soliton, dissipative-soliton, and
stretched-pulse mode-locking conditions. The dependencies on the total dispersion and
recovery time of the SWNTs were also examined. Numerical results showed similar
behavior to experimental results.
Keywords: fiber optics amplifiers and oscillators; nonlinear fibers; ultrafast lasers

1. Introduction
Single wall carbon nanotubes (SWNTs) are attractive saturable absorbers for mode-locked fiber
lasers. They have a wide operating bandwidth and fast response time. Both transmission-type and
reflection-type devices can be made using SWNTs. They are also cheap and easy to make. A number
of groups have been working on SWNT fiber lasers [1–11]. However, one of the problems with SWNT
devices is optical damage, making it difficult to realize high-power fiber lasers using SWNT devices.
High-power fiber lasers are important in applications such as laser processing, nonlinear microscopy,
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and material processing. Evanescent-type devices have been investigated to improve the damage
threshold [8,12,13].
We have been investigating passively mode-locked, ultrashort-pulse fiber lasers using polyimide
films containing dispersed SWNTs [14,15]. Recently, we demonstrated a dispersion-managed,
ultrashort-pulse fiber laser using an SWNT polyimide film. High-power operation at over 140 mW was
achieved with dissipative-soliton mode-locking operation [16]. We also achieved a dramatic increase
in power up to 285 mW by optimizing the cavity and using a higher-power pump laser [17].
Numerical analysis is an important approach for understanding the physical mechanisms of SWNT
fiber lasers and for improving the laser performance. So far, the dynamics of general ultrashort pulse
fiber lasers has been reported by a few groups [18–20]. Recently, the analysis of SWNT fiber laser
near zero cavity dispersion was reported by J. Wang et al. in terms of the pulse width [21].
An ultrashort-pulse SWNT fiber laser is a practical laser source that is already playing a role as a
useful pulse source in optical frequency combs, ultrahigh resolution optical coherence tomography,
and nonlinear microscopy [22–24]. Especially, the performance of an optical frequency comb depends
on the characteristics of the laser [25–27]. Therefore, analysis of SWNT fiber lasers is important for
optical frequency combs.
In this work, we carried out numerical analysis of a dispersion-managed, passively mode-locked
SWNT fiber laser. A numerical model of the laser was constructed based on an experimental setup.
The gain characteristics of an erbium-doped fiber (EDF) and the saturable absorption properties of an
SWNT film were experimentally observed, and the results were considered in the numerical model.
The initial process of passive mode-locking, the characteristics of the output pulses, and the dynamics
of the mode-locked pulse inside the cavity were investigated for several different dispersion
conditions. The dependencies on net cavity dispersion, recovery time, and modulation depth of the
SWNTs were also examined.
2. Methods
2.1. Setup of Ultrashort Pulse Fiber Laser with SWNT Film
Figure 1 shows the configuration of the passively mode-locked, Er-doped fiber laser using an
SWNT polyimide film. The cavity configuration used in Reference [16] was assumed in the numerical
model. A 1.2 m of high-concentration EDF with positive dispersion properties (LIEKKI 110/4) was
assumed as the gain medium. The second-order dispersion was +15 ps2/km, and the mode-field
diameter was 6.5 μm. The EDF was pumped by a high-power laser diode whose wavelength was
980 nm. The output of the EDF was spliced with an isolator and was then connected with an output
coupler. A variable coupler was used as the output coupler. A large part of the oscillating pulse was
coupled out as the output signal, and a small part was introduced back into the ring cavity. An
inline-type wavelength filter with a raised cosine bandpass function was used for constructing the
laser. A normal-dispersion fiber (NDF) was used before a wavelength division multiplexed (WDM)
coupler for dispersion management. The NDF had large normal dispersion properties, with
β2 = +162 ps2/km. The mode-field diameter was 3.0 μm. The length of the NDF was varied to control
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the magnitude of net cavity dispersion, DT. For simplicity, the polarization state of the circulating
beam was assumed to be in a stable, linearly polarized condition.

Figure 1. Configuration of passively mode-locked, Er-doped, ultrashort-pulse fiber laser
with SWNT polyimide film. WDM, wavelength-division-multiplexed coupler; EDF,
Er-doped fiber; NDF, normal-dispersion fiber.
As the SWNT device, in our work, we have been using a polyimide film containing dispersed
SWNTs [3]. After purification, several milligrams of the SWNTs were dispersed in N-methyl-2pyrrolidone solvent under very strong ultrasonication. Then, the solution was ultracentrifuged and the
supernatant was mixed with a varnish of block-copolymerized polyimide. The mixed SWNTpolyimide varnish was coated onto flat glass substrates and cured at 90 degree for 1 h and 180 degree
for 1 h. A self-standing film with a thickness of 25 μm and an area of 2 mm × 2 mm was prepared.
Figure 2 shows the observed absorption spectra and saturable absorption properties of the SWNTs. A
680 fs ultrashort pulse Er-doped fiber laser with a repetition rate of 50 MHz and a center wavelength
of 1.55 μm was used for the measurement.

(a)

(b)

Figure 2. (a) Absorption spectra and (b) saturable absorption properties of SWNT
polyimide film used in this work.
So far, we have been using SWNTs synthesized by the high-pressure CO (HiPco) method and the
laser ablation (LA) method. With the HiPco method, the synthesized SWNTs showed a broad
absorption spectra and a modulation depth of ~10%. On the other hand, with the LA method, SWNTs
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with a diameter of 1.2 nm were selectively synthesized, and they showed an intense absorption peak in
the wavelength region around 1.55 μm. As shown in Figure 2b, the linear absorption was 61% and the
10% saturation power density was 6 MW/cm2. A large modulation depth of ~20% was obtained for an
irradiation power of 5 mW. Owing to the low saturation power density and large modulation depth, the
SWNTs work as an effective mode-locker. In this work, we assumed SWNTs synthesized by the LA
method as the saturable absorber.
2.2. Numerical Model
In the numerical model, we used the extended nonlinear Schrödinger equation [28,29] for analyzing
the SWNT fiber laser:
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where A = A(z,T) represents the complex electric field envelope, z is distance, and T = t − β1z.
The symbols β1, β2, and β3 represent the magnitudes of first-, second-, and third-order dispersions.
The symbols α A,T) and g (A,T) correspond to the optical loss and gain, respectively. The observed
gain properties of the EDF were considered, and the parameters were determined to fit the
experimental results. The gain saturation and the gain spectrum were considered. In this work, the gain
saturation occurred for the average power, and it was given by
g

g0
1  Pav / Psg

(2)

where Pav is the average power, Psg is the saturation power, and g0 is the small signal gain,
respectively. For the SWNT device, the observed saturable absorption properties shown in Figure 2
were fitted by the following equation


1
α  α 0  α m 1 

 1  P / Psa 

(3)

where α0 is the linear loss, αm is the saturable loss (modulation depth), P is the peak power, and Psa is
the saturation power of SWNT film. The recovery time of the SWNT device was assumed to be
instantaneous, except for the case described in Section 3.5.
The right-hand side represents the nonlinear effects. The individual terms correspond to self-phase
modulation, self-steepening, and Raman scattering. The split-step Fourier method was used for the
numerical simulation [28]. The step size of the calculation for pulse propagation was 1–5 mm.
In this work, amplified spontaneous emission (ASE) noise was assumed as the initial condition.
The ASE noise field was obtained using a random function. A Gaussian-like spectrum centered at
1.55 μm was generated by the gain properties of the EDF and a wavelength filter. For the variable
coupler, an output coupling ratio of 90% was assumed, which was the value used in the previous
experimental work in Reference [16].
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3. Results and Discussions
3.1. Soliton Mode-Locking Regime (DT < 0)
First, we examined the anomalous dispersion regime, in which DT = −0.05 ps2. The length of the
NDF was 0.2 m, and the repetition rate was 30.8 MHz. We achieved single-pulse soliton mode-locking
operation.
Figure 3 shows the variation of the pulse duration and peak power for the initial process of passive
mode-locking in this regime. The bandwidth of the wavelength filter was set to be 25 nm full width at
half-maximum (FWHM). The variations of the spectral and temporal shapes of the circulating pulse
for the initial mode-locking process are shown as movies in Media 1 and 2. ASE noise circulated
around the ring cavity and was amplified at the EDF for every round-trip. At the SWNT film, the
intense component suffered low absorption loss owing to the saturable absorption property. Therefore,
the intense component survived and was amplified at the EDF, and above a certain threshold, the
amplified pulse component suffered the soliton effect, resulting in pulse compression and pulse
shaping. The temporal width decreased and the peak power and spectral width rapidly increased at
around 700 rounds of circulation. Then, since this intense pulse dominated the gain of the EDF, the
low-power background noise component gradually decreased. Finally, a stable sech2-shaped, single
ultrashort soliton pulse with Kelly sidebands was generated. Figure 4 shows the spectral and temporal
waveforms of oscillating pulses at the laser output. As the numerical results, the temporal width was
265 fs, and the spectral width was 9.3 nm FWHM. The average power was 6.8 mW. In the
experiments, the temporal width, spectral width, and average power were 249 fs, 10.0 nm, and
2.9 mW, respectively, when DT = −0.032 ps2 and the repetition rate was 39.4 MHz [16]. The output
characteristics showed similar behavior to the experimental ones. Multiple pulse oscillation was
observed when the pumping power was increased.

Figure 3. Variation of temporal width and peak power of output pulse for initial passive
mode-locking process in soliton mode-locking regime (DT = −0.05 ps2).
As shown in Figure 3, many peaks arose in the temporal width, and a stable short pulse width and
high peak power were achieved due to the soliton effect. Similar behavior was almost always
observed, and the same mode-locked pulse was always exactly obtained regardless of the initial ASE
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noise condition. In this analysis, a stable, clean passively mode-locked pulse was obtained after ~1000
circulations. The required number of circulations decreased as the output coupling ratio was decreased.

(a)

(b)

(c)

(d)

Figure 4. Characteristics of output pulse for soliton mode-locking regime without
wavelength filter. (a,b) Spectral shapes on linear and log scales. (c,d) Temporal shapes on
linear and log scales. Variations of spectral and temporal shapes of output pulse for initial
mode-locking process are shown as movies in Media 1 and 2.
For the pulse spectra, a clear sech2-shaped spectrum with Kelly sidebands was obtained. The
magnitude of chirping was small owing to the soliton effect. In the temporal shape, a wide pedestal
component below −35 dB was observed. From information about the instantaneous wavelength and
group delay, we can see that the Kelly sideband components propagated just before and after the main
pulse component, and the instantaneous wavelength of the pedestal components at the front of the
main pulse was shorter than that at the center wavelength, whereas that at the back was longer.
Therefore, it is considered that the pedestal components consist of Kelly sideband components.
The same correspondence was also observed experimentally by frequency resolved optical gating
(FROG) in Reference [15].
Figure 5 shows the mode-locked pulse spectrum and its temporal waveform when we used a
narrow-band wavelength filter to reduce the Kelly sideband components. The filter bandwidth was set
to 7.8 nm FWHM to fit the spectral shape. We can see that the Kelly sideband components were
effectively reduced by the wavelength filter, resulting in the elimination of temporal pedestal
components in Figure 5. From this result, we confirmed that Kelly sideband components form the
pedestal components of the output pulses in the soliton mode-locking regime.
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As experimentally shown in Reference [16], when DT = −0.02 ps2, the magnitude of the
Kelly sidebands and the corresponding pedestal component were small compared with those when
DT = −0.05 ps2.

(a)

(b)

Figure 5. (a) Spectral and (b) temporal shapes of output pulses on log scale when a
wavelength filter was used to remove the Kelly sideband components.
Figure 6 shows the variation of the pulse duration and peak power for a cavity round-trip in the
stable soliton mode-locking regime. It is interesting to note that almost the shortest pulse was achieved
at the output coupler. Since the output coupling ratio was 90%, a large part of the pulse energy was
picked out at the output coupler. Thus, soliton compression did not occur after the output coupler, and
the pulse started to broaden due to anomalous dispersion. Then, the pulse was compressed in the NDF
by normal dispersion. At the EDF, the pulse was rapidly amplified by ~13 dB in this case. After the
EDF, soliton compression occurred up until the pulse reached the output coupler owing to the high
peak power. The laser output was a sech2-shaped, almost-chirp-free pulse. The spectral width was
almost constant at 9.2 ±0.3 nm.

Figure 6. Dynamics of pulse propagation inside the fiber laser cavity for soliton
mode-locking regime.
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3.2. Dissipative-Soliton Mode-Locking Regime (DT > 0)
Next, we examined the strong normal dispersion regime. The length of the NDF was 100 cm and DT
was +0.08 ps2. In this condition, dissipative-soliton mode-locking operation was achieved, and a
high-energy picosecond pulse was generated [16,30–32]. The repetition rate was 27.4 MHz. The filter
bandwidth was set to 25 nm FWHM.
Figure 7 shows the variation of the pulse duration and peak power for the initial process of
passive mode locking. The variations of the spectral and temporal shapes of the circulating pulse are
shown as movies in Media 3 and 4. Initially, both the temporal width and peak power increased as the
circulation number increased. Then, the formation of a mode-locked pulse was achieved in a relatively
small number of round trips (~300) even for a large output coupling ratio of 90%. After that, the
background noise level gradually decreased, and a clean, stable mode-locked dissipative soliton pulse
was generated at ~1100 rounds.

Figure 7. Variation of temporal width and peak power of output pulse for initial passive
mode-locking process in dissipative-soliton mode-locking regime (DT = +0.08 ps2).
Figure 8 shows the spectral and temporal shapes of the output pulses. The spectral shape had steep
edges at both sides and an inclined smooth roof. The spectral width was 19.2 nm, and the temporal
width was 4.54 ps FWHM. The average power was 111 mW. For the temporal shape, a Gaussian-like,
almost linearly up-chirped picosecond pulse was generated. It is interesting to note that there was no
pedestal component around the main pulse.
The shaping process of the circulating pulses can be seen in Media 3 and 4. Multiple spectral
peaks appeared due to self-phase modulation (SPM) in the process of shaping the mode-locked
pulse in Media 3. The variation of the temporal shape was similar to that for the soliton mode-locking
regime.
Figure 9 shows the variation of the pulse duration and peak power for a cavity round-trip. The pulse
had the minimum width at the input of the NDF and rapidly broadened, taking the maximum width at
the output of the EDF. Then, the pulse width continuously decreased in other anomalous-dispersion
fibers. Additional temporal narrowing can be seen at the SWNT film and the wavelength filter. The
peak power was rapidly amplified at the EDF by ~20 dB, and the 90% component was picked off as
the output. Since the peak power was suppressed, except for in EDF, the amount of induced SPM was
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well-suppressed. The high output coupling ratio is also effective in protecting against optical damage
in the SWNT film. The spectral width was almost constant at 18.9 ±0.5 nm.
As the bandwidth of the filter was reduced, the temporal width of the mode-locked pulse was also
reduced. In the experiments, the temporal width, spectral width, and average power were 3.05 ps,
15.6 nm, and 105 mW, respectively, when DT = +0.082 ps2 and the repetition rate was 33.8 MHz [16].
The numerical results showed similar behavior to the experimental ones.

(a)

(b)

(c)

(d)

Figure 8. Characteristics of output pulse for dissipative-soliton mode-locking regime.
(a,b) Spectral shapes on linear and log scales. (c,d) Temporal shapes on linear and log
scales. Variations of the spectral and temporal shapes of the output pulse for the initial
mode-locking process are shown as movies in Media 3 and 4.

Figure 9. Dynamics of pulse propagation inside the fiber laser cavity for dissipativesoliton mode-locking regime.
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3.3. Stretched-Pulse Mode-Locking Regime (DT ~ 0)
Finally, we examined the near-net-zero dispersion condition. In experiments reported in
References [16,33], although multiple pulse oscillation was observed, stable single-pulse mode-locking
was not achieved. In the numerical analysis, single-pulse mode-locking was also not observed for the
actual properties of the SWNT film, similar to the experiment. When we assumed a deeper modulation
depth twice as large as that achieved in the LA-SWNT film, single-pulse mode-locking operation was
observed for the stretched-pulse mode-locking regime [33,34]. Here, we assumed 55 cm of NDF.
The net dispersion was DT = +0.007 ps2. The corresponding repetition rate was 29.2 MHz.
The bandwidth of the wavelength filter was set to be as wide as 100 nm to obtain the widest pulse
spectrum.
Figure 10 shows the variation of the pulse duration and peak power for the initial process of passive
mode-locking. The variations of the spectral and temporal shapes of the circulating pulse are shown as
movies in Media 5 and 6. The pulse duration increased as the number of circulations increased, and it
suddenly started decreasing while showing a smooth curve. At the same time, the peak power also
suddenly increased, and then stable mode-locking was achieved. A small periodical modulation of
~2% was observed in the peak power and pulse width.

Figure 10. Variation of temporal width and peak power of output pulse for initial passive
mode-locking process in dissipative soliton mode-locking condition (DT = +0.02 ps2).
Figure 11 shows the spectral and temporal shapes of the mode-locked pulses at the laser output for
the stretched-pulse mode-locking regime. A broad pulse spectrum with a single smooth peak was
observed. As mentioned above, since the temporal shape showed almost linear up-chirping properties,
the temporal shape was similar to the spectral one. An almost linear up-chirping pulse without a
pedestal component was achieved. The spectral width was 22.9 nm, and the temporal width was 390
fs. The largest spectral width was observed in terms of DT. The spectral width was almost constant
during the cavity round trip at 23.1 ± 0.8 nm. As the modulation depth increased, the spectral width
increased.
Figure 12 shows the variation of the pulse duration and peak power for a cavity round-trip.
There were two points where the temporal width was minimum: one is in the anomalous dispersion
region, and the other is in the normal dispersion region. This behavior is characteristic of stretched-
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pulse mode-locking. Generally, the minimum point in normal dispersion region occurs in the EDF. For
the cavity in this work, since the magnitude of normal dispersion in NDF is so large, the minimum
point was observed in the NDF. The pulse showed the minimum width around the SWNT film and
then started broadening. After the EDF, the pulse started narrowing, and the peak power increased. The
highest peak power was achieved at the output coupler.

(a)

(b)

(c)

(d)

Figure 11. Characteristics of output pulse for stretched-pulse mode-locking regime.
(a,b) Spectral shapes on linear and log scales. (c,d) Temporal shapes on linear and log
scales. Variations of the spectral and temporal shapes of the output pulse for the initial
mode-locking process are shown as movies in Media 5 and 6.

Figure 12. Dynamics of pulse propagation inside the fiber laser cavity for the
stretched-pulse mode-locking regime.
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3.4. Dependence on Net Dispersion, DT
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With the setup shown in Figure 1, we examined the dependence of the laser performance on the net
dispersion, DT. As in Reference [16], the length of the NDF was varied to control the amount of DT.
Figure 13 shows the variation of the maximum average power for single-pulse mode-locking and the
temporal width of the output pulse as a function of DT. For the region where DT~0, the modulation
depth was assumed to be twice as large as that in the actual LA-SWNT film. In agreement with the
experimental results reported in Reference [16], the achievable maximum power for single-pulse
oscillation and the temporal width both increased as DT increased. We can see that, in order to achieve
high pulse energy, the strong normal dispersion regime is adequate, owing to the high single-pulse
oscillation limit. The maximum power was limited by the available pump power of 900 mW in the
experiment. In a recent experiment, when we used 1.7 W pump power, a maximum output power of up
to 285 mW was observed [17]. In terms of temporal width, the short pulses of 220-310 fs were
obtained at |DT| < 0.04 ps2. The shortest pulse of 220 fs was obtained for DT = −0.015 ps2.

0 .1

T o ta l d isp e rsion DT (p s2 )

Figure 13. Variation of maximum average power and temporal width of output pulse as a
function of net dispersion, DT.
3.5. Effect of Response Time and Modulation Depth of SWNT Film
Generally, the recovery time of an SWNT film is from sub-picosecond to a few picoseconds, which
is sometimes slower than the temporal width of mode-locked pulses. By the characteristic control of
SWNT, such as chirality, diameter, and ratio of metallic and semiconducting SWNT, there is a
possibility to control the response time of SWNT film. Thus, it is worth to investigating the effect of
response time of SWNT film for fiber laser performance.
In this work, we examined the dependence of the laser performance on the response time of the
SWNT film for the three mode-locking regimes that we investigated in the previous sections. Here, the
recovery time up to the 90% level was varied from 10−13 to 10−10 s, exponentially.
When the recovery time was less than 10−12 s, clear mode-locked pulses were achieved for all three
regimes. Figure 14a shows the temporal shape of the oscillating pulse and the temporal response of
saturable absorption in the SWNT film for the soliton mode-locking regime. The obtained pulses were
exactly the same as those for an instantaneous recovery time. The recovery time of conventional
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SWNTs is ~1 ps, which is considered fast enough not to degrade the mode-locked pulses in all three
regimes. This means that the pulse formation is determined by the properties of the cavity, such as
nonlinear effects, chromatic dispersion, and the characteristics of the wavelength filter.
When the recovery time of SWNT is as fast as 10−11 s, the behavior depends on the value of DT.
For the soliton mode-locking regime, passive mode-locking was achieved, and the temporal width of
the mode-locked pulse was the same as that for the instantaneous recovery time. However, if we look
at the pulse carefully, there is a small noise component in the background of the mode-locked pulse, as
shown in Figure 14b [35]. When the recovery time becomes slower, 10−10 s, a small sub-pulse arises
after the main pulse, as shown in Figure 14c. It is considered that these effects are due to the slow
recovery time of the SWNT film. For the dissipative-soliton mode-locking regime, when the recovery
time was slower than the temporal width of the mode-locked pulse, the temporal width was broadened
as the recovery time was increased. For the stretched-pulse mode-locking regime, passive modelocking was not observed when the recovery time was larger than 10−11 s.

(a)

(b)

(c)
Figure 14. Temporal shapes of mode-locked pulse and variation of absorption loss at
SWNT film for recovery times of (a) 0.7 ps; (b) 7 ps; and (c) 70 ps in soliton mode-locking
regime.
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We also examined the effect of modulation depth for mode-locking. As mentioned previously, the
large modulation depth was required to achieve stretched pulse mode-locking. For the soliton
mode-locking regime, the mode-locking was achieved for the wide range of modulation depth. When
the magnitude of modulation depth was smaller than 1%, the background noise increased. The
properties of the mode-locked pulse, however, were determined by the cavity condition, and they were
independent of the modulation depth. For the dissipative soliton mode-locking regime, as the
modulation depth was increased, the temporal width was decreased and the spectral width was increased.
4. Conclusions
In this work, we conducted numerical analysis of the dynamics of a passively mode-locked,
Er-doped fiber laser using a single wall carbon nanotube (SWNT) film. A numerical model of the
SWNT fiber laser was constructed based on an experimental setup. The initial passive mode-locking
process, the characteristics of the output pulses, and the pulse evolution inside the cavity were
investigated for soliton, dissipative-soliton, and stretched-pulse mode-locking regimes.
The dynamics of the mode-locked pulse inside the cavity strongly depended on the net dispersion,
DT. For the soliton mode-locking regime (DT < 0), sech2-shaped, nearly transform-limited pulses with
Kelly sidebands were generated. It was confirmed that the Kelly sideband components formed the
pedestal component in the temporal domain. For the dissipative-soliton mode-locking regime (DT > 0),
almost linearly up-chirped pulses with a temporal width of a few picoseconds were generated. For the
stretched-pulse mode-locking regime (DT ~ 0), a larger modulation depth was required in the SWNT
film to achieve single-pulse passive mode-locking. The widest pulse spectra with up-chirping
properties were obtained in this regime.
We examined the dependence on the net dispersion and confirmed that a high-energy pulse could be
obtained in the strong normal dispersion region. The numerical results showed similar behavior to the
experimental ones.
We also examined the effect of the recovery time and modulation depth of the SWNTs, and
confirmed that the mode-locked pulse was mainly formed due to the properties of the cavity, such as
self-phase modulation and chromatic dispersion, and was not strictly affected by the recovery time of
the SWNT in the region less than 10−12 s. For a recovery time larger than 10−11 s, degradation of the
mode-locked pulse arose, such as increased background noise and temporal broadening.
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