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Abstract: This paper is motivated by the perspective ideas proposed in our previous studies, where
some challenging problems, for instance qualitative analysis of the solution to nonlinear problems
and micro-macro asymptotic analysis, where posed. Our work focuses on the study of the interactions
between learning dynamics and other types of dynamics which can be modeled by kinetic theory
methods. The contents are presented in three parts. First, a general description of different theories
of learning dynamics within the framework of cognitive sciences is critically analyzed with the aim
of capturing the main features of the system towards modeling. Subsequently, the class of systems
which are the object of the modeling approach is defined by showing how the previous structure can
be developed, thanks to new conceptual ideas, including the concept of symmetric and asymmetric
learning, towards modeling. Finally, some applications are selected to show how the approach can be
methodologically applied.
Keywords: learning dynamics; kinetic theory; complex systems

1. Plan of the Paper
A mathematical approach to the collective learning dynamics has been developed in [1–3] to model
individual and collective learning by interactions involving individuals and groups of individuals.
The method combines the mathematical tools of the kinetic theory of active particles [4] and the
theoretical tools of evolutionary game theory [5,6]. In more detail, the sequential steps of the approach
are as follows:
1.

2.
3.

4.
5.

The level of learning of a certain knowledge is modeled, at the microscopic level, by a scalar
variable u ∈ [0, 1], where u = 0 represents the lowest level of achieved knowledge and u = 1 the
highest admissible level.
The whole system can be subdivided into functional subsystems, in which each one of them plays
a different role in the learning process.
The overall state of the system is delivered, i.e., a probability distribution function over the
microscopic state defines the collective state of the system, while macroscopic states are provided
by weighted moments of this probability distribution.
The dynamics develops through encounters which can be either individual-based, or between
individuals and the whole system.
The output of the interactions is modeled by developments of the theoretical tools of
the evolutionary game theory, in which players are probability distributions or their
averaged quantities.
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The probability distribution, mentioned in Item 3, is the dependent variable of a differential
system. Its dynamics is obtained by a balance of “living” particles in the elementary volume of
the microscopic states.

The interested reader is referred to [1] for additional information on the modeling approach, to the
survey [7] and to the book [4] for the related mathematical tools, while additional details will be given
in the next sections.
The contents of our paper rely on the observation that the perspective ideas proposed in [1] leave
open various problems that are definitely worth of future investigations. In more detail, this present
paper focuses on the study of the interactions between learning dynamics and other types of dynamics
that can be accounted for by kinetic theory tools. In fact, some recent papers have put in evidence how
models which involve interactions of different dynamics can generate even outputs that could not be
foreseen, but which are confirmed in reality.
A possible example is given in [8], where it is shown that an unfair wealth policy can lead to a
radicalization of the opposition to the governments which has produced such policy. The opposition
also ends up involving the social classes that apparently take advantage of the policy, however unfair
it is. Further applications are suggested in [9], focusing on the interactions between learning and
behavioral economy. An additional example is the study of the complex interaction between learning
in crowd dynamics, in which the walking strategy is induced by learning social-emotional behaviors.
These examples, discussed in the last section, motivate the contents of this paper which is devoted
to the modeling of the influence of learning dynamics on other types of dynamics. This is the main
novelty of our paper, where, in addition, the use of discrete states of learning dynamics and of the
variables of subsequent dynamics is developed, also exploiting a new metrics to model the distance
between the interacting entities. The contents are proposed through three other sections.
Section 2 provides a general description of the different theories of learning dynamics in the
framework of cognitive sciences. Some specific issues are extracted, without claim of completeness,
from a vast and heterogeneous literature that is still waiting for a unified interpretation. This section
attempts to open a dialogue between mathematics and cognitive sciences looking forward to a unified
approach generated by the mathematical sciences.
Section 3 defines the specific systems to be modeled and then shows how the approach proposed
in [1] can be developed, thanks to new conceptual approaches, towards the modeling of the class
of systems presented in Section 2. The conceptual novelties consist of using the discrete probability
distribution to describe the state of the system and the discrete stochastic games to model the
interactions, and in dealing with a hierarchy where learning precedes a consequent dynamics.
Section 4 deals with applications, selected among several possible ones, to show how the approach
can be specifically referred to modeling. These applications specifically refer to the two aforementioned
dynamics, firstly the modeling of wealth policy opposition to governments up to radicalization and
then the interaction between learning walking strategy in crowd dynamics. Lastly, we consider a third
application i.e., the immune competition in heterogenous multicellular systems, where learning
leads to proliferative and destructive events. The presentation of these case studies concludes
with a critical analysis that, starting from the theoretical achievements of our paper, looks ahead
to research perspectives.
2. State of the Art
This section introduces topics related to collective learning that constitute the basis for the
modeling approach developed in our paper. The contents are presented in three subsections.
The phenomenological description of collective learning is treated in the first subsection. An overview
of the existing mathematical approaches known in the literature is delivered in the second subsection.
The third subsection provides a critical analysis that defines more precisely the objectives of the
mathematical method proposed from Section 3.

Symmetry 2019, 11, 967

3 of 14

2.1. Phenomenological Description of Collective Learning
We start examining the interrelations between individual and social learning, which appear as two
different aspects of the same phenomenon of collective learning, to clarify how they are interconnected.
The concept of individual learning has come to be embedded into social and cultural contexts and
interactions, due to the growing interest in Vygotsky’s theory [10], to retrospective examinations of
the role of social interactions in [11], and in the subsequent Bandura’s revisiting [12]. Two strands are
involved: the “cognitive, acquisition-oriented” conception of individual learning with respect to the
“situative, participatory” concept [13]. Learning occurs in individuals’ minds and, as we elaborate later,
it takes place as a social and participatory process, offering two distinctively different points of view
on learning.
The idea of social learning originated with the development of psychology sciences [14] and occurs
when the individual learns new behaviors and concepts from others. Because of its lack of rigor, it has
been ignored by psychologists over the years, and it has been relegated, at best, to the study of the
background context, not exactly on a par with the learning of the individual [15]. Social learning
is often combined with other dynamics, for instance participation and pro-environmental behavior,
while, in general, small differences are referred to individual and social learning.
After this general presentation, we now provide, referring to [16], some characterizations of social
learning that can be useful for the modeling process that we want to develop later. The first aspect
to keep into account is the active social mediation of individual learning: a person or a team helps an
individual to learn e.g., a teacher and a child forming a joint learning system.
Another important characterization, which deserves to be mentioned, consists of considering the
social entity as a learning system. A good example is the case of a collective agency that, as a collective,
acquires more knowledge, understanding, or skill e.g., a business organization develops internal
procedures that satisfy the efficiency of customer requests.
Finally, the last aspect we wish to point out is learning to be a social learner: an important dimension
of learning to learn is how that participate in and capitalize on the social milieu.
Over the years, a frequent confusion has emerged between the concept of social learning itself
and its potential outcomes. The lack of clarity on this matter has reduced the possibility to distinguish
precisely the two, however different, types of learning [17]. For these reasons, in [18], the authors try
to answer the question: what is social learning?, and they identify three key problems with the term as it
is currently used in the literature:
•
•

Social learning can possibly occur even without any previously organized interaction, while social
networks can contribute to the interaction dynamics [19–21].
The quality, namely level of depth, of this type of learning can span from superficial levels to deep
conceptual levels which can involve groups at different scales [22,23].

In conclusion, social learning is effective if a change in understanding appears in the individuals
involved in the dynamics.
Closely connected with the previous analysis is the concept of collective learning which is a complex
dynamics that has been variously defined in different ways. It is mainly viewed as a dynamic and
cumulative process.
An interesting example is provided by the deep learning algorithms recently tested in the
diagnosis of skin cancers [24]. The algorithm combines visual processing with deep learning, a type of
artificial intelligence modeled by models of neural networks. Learning is then an evolutionary process
related to the dynamics of collective knowledge [25].
Among the characterizations of the collective learning, we want to bring the analysis done in the
context of transfer knowledge in technology milieu, where in [26] the author approaches a definition
of collective learning and its interpretation within spatial theories. First, collective learning to be
interpreted as a social process of cumulative knowledge [27,28].
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In conclusion, if learning is to be considered collective learning, then it must be cumulative and
interactive. Learning is a dynamic process, developed on the basis of an element of continuity over
time, on which knowledge rests and accumulates. Furthermore, the new knowledge of a first inventor
is transferred through other agents on the basis of an element of synergy and an interactive process,
giving rise to a cumulative process of knowledge creation.
2.2. A Brief Survey of Mathematical Approaches
Due to the lack of a socio-psychological theory on social learning, mathematical approaches also
differ significantly from one another, waiting for a possible uniformity. In this subsection, we present
some approaches, bearing in mind the three sequential steps that occur in the rough simplification of
learning dynamics in complex living systems toward modeling. The first step of learning dynamics
is the perception of inputs from other individuals. These inputs are perceived within an individual
domain within which the said inputs are effectively felt. Thus, interactions take place and trigger a
learning process that changes their level of knowledge.
From the point of view of theoretical modeling, very interesting studies have been carried out
in the framework of statistical physics methods in recent years. A very broad review concerning this
general framework was presented in [29], where the authors focus their attention on different aspects
emerging in social dynamics. All such aspects seem to be related to the fundamental issue of how
the interactions between social agents allow the emergence of a macroscopic order starting from a
disordered initial situation. In [29], the authors focus on some conceptually homogeneous topics,
sharing the common aspect according to which individuals are viewed as adaptive rather than rational
agents that communicate and interact with each other.
In the context of social dynamics, the agreement is one of its most important aspects. Everyday
life presents many situations in which it is necessary for a group to reach shared decisions.
One of the pioneer contributions to the modeling agreement/disagreement dynamics, which
might be referred to opinion dynamics, has been proposed by a model proposed by Weidlich [30].
Subsequently, a modification of the Ising model has been proposed to model specific features of opinion
dynamics [31,32], where the spin-spin coupling is deemed to model pairwise interaction, while a
background field represented the cultural majority or propaganda. Subsequently, a branch of opinion
dynamic is based on the so-called “voter model” [33], which was first considered in [34] as a model for
species competition. Kinetic models of continuous opinion formation involving both the exchange of
opinions between individual agents and dissemination of information are proposed in [35–37].
In the framework of stochastic models, the Axelrod model played a prominent role [38],
by enlightening the two mechanisms, which, according to his theory, are fundamental in understanding
of the dynamics of cultural assimilation, namely social influence and homophily.
Collective learning, on the other hand, has a very strong influence also in the modeling of collective
motion. This latter appears in nature with common effects, e.g., observation of flocks of birds and
swarms of insects motivated several studies in the past [39,40]. Humans display similar behavior
in many instances, such as pedestrian motion, panic and vehicular traffic. Pedestrian behavior has
been empirically studied since the 1950s [41]. The first physical modeling was proposed in [42] by
a comparison with Navier–Stokes equations, but already in [25] it has been observed that in the
dynamics of living entities energy and momentum are not generally conserved.
In more recent years, a new approach to behavioral-social dynamics for pedestrian crowds in the
framework of the kinetic theory of active particles has been developed by dealing with the modeling of
crowd dynamics to show that collective behaviors are induced by individual bases interactions [43,44].
The learning dynamics have an important role in crowd models as the walking strategy takes advantage
of what each individual learns from the other walkers [45]. In this approach, the level of stress is
not simply modeled as a parameter, but it is a variable whose dynamics is related to learning and
social contagion.
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2.3. Critical Analysis
The mathematical modeling of collective learning should provide a characterization of all the
fundamental aspects involved in the process and at the same time to be able to capture the fundamental
aspects that determine the dynamical evolution of the system. The main feature to tackle is the
complexity of the living systems. Indeed, the phenomenon we wish to describe can be represented
considering a large collection of living entities which interact among them at microscopic level, through
nonlinear interactions. The outcome of all the interactions determines the dynamical evolution of the
overall system at a macroscopic level.
The aim of the present paper is to construct a mathematical framework suitable to capture the
following aspects of the learning process:
•
•

•

The individual’s role in the collectivity. Collective learning modifies the individual’s ability to develop
interaction rules that evolve over time.
Learning dynamics. Living entities can learn not only by micro-scale interactions, but also from the
whole population. The key problem consists of referring the dynamics at a micro-scale to treat at
the macro-scale.
Role of networks. Networks can have an important influence on the learning dynamics,
as observed in [9] both exogenous and endogenous networks have to be considered corresponding,
respectively, to physically localized nodes and nodes generated by aggregations due to
affinity principles.

3. Mathematical Tools
The derivation of mathematical models to describe the dynamics of collective learning is developed
in two consecutive phases. Firstly, by defining a general structure capable of capturing the specific
features of the class of systems under examination, and subsequently by creating models related to
well defined learning phenomena. The derivation is obtained by refining the general structure by
inserting into it models suitable to describe the interactions among the subjects involved in the learning
dynamics. Examples of interactions between learning and social dynamics will be analyzed in the next
section, while only methodological aspects are treated here.
Further conceptual developments are needed, with respect to [1], because our paper addresses
complex dynamics for which learning is an important component, but only a preparatory step preceding
other dynamics. In fact, in addition to the variables that characterize the learning process, it is also
necessary to include more variables characterizing the induced dynamics.
This brief introduction defines the content of this section that will be dealt with in the following
subsections addressed to the main three themes:
1.
2.
3.

Characterization of the soft variables and representation of the system;
Modeling of interactions;
Derivation of a general structure suitable to describe the collective dynamics of interactions
between learning and social dynamics.

The study will be limited to the case where the microscopic variable is defined by two components,
i.e., learning and social. The methodological approach can then be generalized technically in the case of
a larger number of components as discussed in the last section of our paper. Hereafter, we will use the
following terminology: active particles (a-particles) to identify interacting entities; activity to indicate
their status at the microscopic scale (individual based); and functional subsystems (FSs) with reference
to the groups in which the population is divided.
3.1. Soft Variables and Representation
We consider a system of a large number of interacting entities with the following features:
•

The system is composed by living entities which interact in a spatially homogeneous dynamics;

Symmetry 2019, 11, 967

•
•

6 of 14

The microscopic scale corresponds to the state of each entity modeled as an a-particle [4];
Each a-particle interacts with the others at both the microscopic level and the collective set of all
the particles.

Therefore, according to [4], we introduce the activity, which is a vector variable with two
components w = {u, v}, where u is the component that characterizes the level of learning and v
is the social component whose dynamics are also induced by u. Both u and v can be defined, according
to an occasionally used jargon, soft variables.
In principles, although accounting for Sigmund’s important book [46], soft variables are not
measurable. However, we can conjecture and identify the minimum and maximum values that
these variables may reach by defining a suitable interval where values are observed. Therefore,
normalizing with respect to that domain it is obtained: u ∈ [0, 1] ≡ Du and v ∈ [0, 1] ≡ Dv . Moreover,
local measures cannot be effectively made, therefore it is convenient using discrete, rather than
continuous, variables.
For instance, a discrete, equally spaced collocation, can be used for the components u and v:
Cu = {u1 = 0, . . . , un = 1},

and

Cv = {v1 = 0, . . . , vn = 1}.

(1)

Therefore, the representation is delivered by the discrete probability distributions
n

f = { f ij (t) = f (ui , v j ; t)} with

n

∑ ∑ fij (t) = 1.

(2)

i =1 j =1

If f ij (t) is known, p-order moments are computed by weighted sums:

E p {u}(t) =

1
n

n

n

∑∑

i =1 j =1

p

ui f ij (t) and E p {v}(t) =

1
n

n

n

∑∑

i =1 j =1

p

v j f ij (t).

(3)

If active particles are subdivided into m FSs, the following notation is used:
fr = { f ijr (t) = f r (ui , v j ; t)} r = 1, . . . , m.

(4)

Our paper refers to systems where the total number of particles N is constant in time, so that the
normalization condition is written as follows:
m

n

n

∑∑∑

f ijr (t) = 1,

(5)

r =1 i =1 j =1

where each f ijr is a component of a probability as it has been divided by N.
3.2. Modeling Interactions
The first step of the modeling of interactions consists of selecting those interactions that play a
non-trivial role in the dynamics of the system, while the second step consists of taking into account also
a possible hierarchy among the activities u and v, and eventually in modeling the output of interactions.
The stochastic game theory [4] describes their dynamics by means of the frequency of the interactions
and the transition probability of microscopic states of the interacting active particles which pursue a
specific payoff consistent with the strategy they are able to develop. Moreover, rather than individual
entities chasing their own pay-off, the whole population operates to achieve a collective well-being,
where the advantage is shared by everyone. This concept is well expressed by the following quotation
from Ref. [5]:
Evolutionary game theory deals with an entire population of players, all programmed to use the same
strategy (or type of behavior). Strategies with higher payoff will spread within the population (this can
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be achieved by learning, by copying or inheriting strategies, or even by infection). The payoffs depend
on the actions of the co-players and hence on the frequencies of the strategies within the population.
Since these frequencies change according to the payoffs, this leads to a feedback loop. The dynamics of
this feedback loop is the object of evolutionary game theory.
This subsection shows how interactions can be described by suitable operators, to be subsequently
used in the derivation of the mathematical structure we are looking for. According to the kinetic
theory of active particles, the dynamics of interactions involve candidate, field, and test active particles.
In detail, we consider:
Test particles of the r-FS with microscopic state ui , v j and probability f ijr (t). These particles are
assumed to be representative of the whole system.
r ( t ) which are generic
Field particles of the r-FS with microscopic state u p , vq and probability f pq
particles for each r-FS.
k ( t ) which are generic
Candidate particles, of the k-FS with microscopic state uh , vk and probability f hk
particles for each k-FS deemed to take, due to interactions, the state of the test particles.

•
•
•

The modeling of learning interactions can be achieved by the interaction rate which describes the
number of encounters per unit time, and the transition probability which denotes the probability that a
candidate particle takes the state of the test particle due to interaction with field particles.
Dealing with these modeling issues leads straightforwardly to derive the governing evolution
equation which regulates the dynamics of the class of systems under consideration. If we consider the
simple case of one FS only, a formal expression of the aforementioned terms is as follows:
pq

ηhk is the interaction rate of a hk-particle with a pq-particle, namely between particles with states hk
and pq.
µhk is the interaction rate of a hk-particle with the mean state E of the whole system.
pq
Ahk (hk → ij) models the transition of a candidate hk-particle into the state of the test ij-particle due to
the interaction with a field pq-particle.
Mhk (hk → ij) models the transition of a candidate hk-particle into the state of the test ij-particle due
to the interaction with the mean value within the system.
A balance of particles in the elementary volume of the microscopic state yields:
d
f =
dt ij

n

∑

pq

h,k,p=1

pq

n

ηhk (f)Ahk (hk → ij)(f) f hk f pq − f ij

∑

p,q=1

pq

ηij (f) f pq

n

+

∑

µhk (f)Mhk (hk → ij)(f) f hk E(f) − f ij µij (f)E(f),

(6)

h,k =1

where all interaction terms might depend on f, while the dependent variables are a function of time.
Analogous calculations can be developed if the system is constituted by a number m of interacting
functional subsystems:
m
n
m
n
d r
pq
pq
pq
r
s
s
f ij = ∑ ∑ ηhk (r, s)(f)Ahk (hk → ij)(f) f hk
f pq
− f ijr ∑ ∑ ηij (f) f pq
dt
s=1 p,q=1
s=1 h,k,p,q=1
m

+∑

n

∑

s=1 h,k,=1

µijs (f)Mshk (hk → ij)(f) f hk Es (f) − f ijr

m

∑ µij (f) Es (f).

(7)

s =1

Still following the methodological style of presentation of our paper, some indications can be
given to show how a mathematical description of interactions leads to the derivation of the models.
Mainly qualitative indications are provided, leaving a detailed formalization to specific models.
Let us indicate how a possible interaction hierarchy can account for the sequential combination of
the two different dynamics, namely learning, which corresponds to the variable u, and the subsequent

Symmetry 2019, 11, 967

8 of 14

dynamics corresponding to v. We propose, without claiming full generality, an approach grounded
on the assumption that dynamics of the learning component u precedes and is independent of the
following dynamics, which, however, also depends on u. This assumption is not the most general one,
but it can cover. The modeling of the interaction rates and of the transition probability can account,
specifically, on the said assumption.
Let us now consider the modeling of the interaction rate which requires the definition of different
concepts of distance between interacting entities. Some concepts can be given, which can be applied
both to the distance between candidate and field particles and to that between test and field particles.
The hierarchy indicates that interactions within the same FS can be considered in sequence. Therefore,
the aforementioned distance can be considered: The micro-micro distance refers to the individual
microscopic states within the same functional subsystems, namely |ui − u p | and |v j − vq |, where the
subscripts p and q refer to the field particles in the same functional subsystem; and the micro-macro
distance refers to the interaction between the individual micro-state and the whole FS whose state
is defined through a suitable average, for instance the mean value. Then, one has that micro-macro
distances are given by |ui − Es | and |v j − Es |. As a consequence, the interaction rate can be modeled by
assuming that the interaction rate decays with the distance, between the interacting entities, measured
by a specific metrics. In more detail, the metrics can be obtained by an exponential decay with a
distances, either micro-micro or micro-macro from a basic value delivered when the distance is equal
to zero. Symmetric interactions appear if interaction rates depend on the metrics defined above, while
asymmetric interactions can be modeled by introducing a weight function depending on the localization
of the nodes.
Consider now the modeling of the transition probability which models the output of the interaction
of a-particles, with state uh , vk within the i-th FS due to interaction with other a-particles as well as with
the FS as a whole. The aforementioned hierarchy implies that the dynamics of the learning component
u precedes and is independent of the dynamics of the social component v, whose interaction dynamics,
however, depend on u. For this reason, the transition probability A is composed of the contribution of
two transition probabilities, namely the first one modeling the change of the level of knowledge of the
candidate particle and a second one which accounts for the subsequent dynamics conditioned by the
learning level. Therefore, the transition probability can be given as a factorization of the transition
probabilities over the discrete variables u and v.
The role of exogenous networks can be taken into account by the selection of the functional
subsystem to be related to the localization of the nodes as proposed in [47,48]; here, we use discrete
probability rather than continuous probability density. The problem of the creation of endogenous
networks generated by aggregations, which is one of the key problems posed in [49] cannot be
straightforwardly treated by the approach of this paper as it needs additional work.
The specific applications treated in the next section aims at showing how the aforementioned
general approach can be particularized towards specific case studies. In addition, it will be shown how
the further developments will be motivated by well defined applications. It is worth mentioning that
a common feature of all applications is the interaction of learning dynamics with a different type of
dynamics which precedes or follows learning. In mode details, three case studies follow—first, in social
dynamics, where welfare policy is an important influence over the learning dynamics underlying
the opinion formation. Second, collective learning modifies the mechanical rules by which crowds
move. Lastly, collective learning in multicellular systems modifies the proliferative and/or destructive
interactions in the immune competition.
4. Case Studies towards Perspectives
The literature critically analyzed in Section 2 has enlightened a wide class of possible learning
dynamics in view of a modeling approach. We do not naively claim that the methodological approach
proposed in our paper can cover the aforementioned whole variety. Therefore, we will focus on the
main objective of our description, namely the modeling of the interactions between learning dynamics
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and other types of dynamics which can be modeled by kinetic theory methods. This statement can be
made more precise by selecting three case studies, which present different features, to show how the
approach can be technically developed.
Firstly, we show how the learning dynamics, related to welfare distribution, can lead to a
distribution of support/opposition to governments, which, in turn, can even generate radical
opposition. Secondly, we refer to the interaction between learning and crowd dynamics, namely
between learning which leads to mechanical dynamics, namely walking strategies. Lastly, we consider
the immune competition in heterogenous multicellular systems, where learning leads to proliferative
and destructive events. Well defined hints will be given for each of them in view of research programs
which might take advantage of the suggestions of this section. As we shall see, some applications
might require further developments of the approach proposed in Section 3 as we will critically analyze
in the last subsection.
4.1. Social Conflicts and Radical Opposition
Let us firstly consider the modeling of a dynamics where a welfare policy can lead to social conflicts
and radical opposition. In more detail, let us consider the dynamics treated in [8], where a certain
welfare policy generates either support or opposition to the Government author of the said policy.
We consider an opinion formation process driven by the learning dynamics by which individuals
communicate and “learn”. Already, the authors in [8] have shown that the modeling approach should
account for nonlinearly additive interactions. This feature has been confirmed in some subsequent
papers that have developed this pioneer idea, for instance [50–52]. The approach of [8] models the
sequential interaction of two dynamics: wealth distribution which has been treated by various authors
e.g., [36,53,54] and opinion formation has been introduced in [37] and subsequently treated by various
authors, for instance [55,56]. A survey of the literature on this topic has been reviewed in [57].
The modeling of wealth distribution precedes the modeling of support or opposition to a
government. Our hint is that the modeling approach developed in [8] deserves a revisiting focused
on a deep analysis on the role of learning dynamics. In particular, the following research objectives
are proposed:
1.

2.

3.

Modeling the role of the individual learning from the whole population to understand how a
certain trend, which can be conditioned by the wealth distribution, can lead to radicalization of
the political contrast.
Modeling the transition, which can be viewed as a Darwinist mutation from a radical, however
democratic, opposition, to a segregation of individuals ready to break laws and bring their
opposition up to extreme levels.
Modeling the selection following mutations by an approach which might require the addition of a
new FS corresponding to security forces/actions to act against the aforementioned radicalization.

The learning dynamics presented in [8] were based on simple rules, while the modeling of the
mutations towards radicalization can be developed by introducing a threshold in the radicalization
level which identifies the transition to extremism.
4.2. Collective Learning and Dynamics of Crowds
The second case study refers to the interaction between learning dynamics which produces social
behaviors and the dynamics of crowds which is a mechanical system, where human behaviors [44] appear.
Learning can have an important influence over the walking strategy of individuals in the crowd as
it is shown in a recent paper [45], where a modeling approach includes the propagation of stress
conditions. In particular, it is shown how stress conditions can modify both the overall dynamics
and density patterns, inducing the formation of overcrowded zones, which is a bad event against
safety. The modeling approach proposed in [45] is based on tools of the kinetic theory initiated in [43]
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and further developed in [44], while the derivation of macroscopic equations from the underlying
description at the microscopic scale delivered by kinetic models has been obtained [58,59].
This topic deserves further research developments which might take advantage of the
following hints:
1.

2.

3.

The development of a learning dynamics in a crowd, where individuals communicate and learn
through small group awareness. Communications propagate stress, which in turn can generate
unsafe dynamics.
An additional interesting example is that of swarm’s dynamics where communications and
learning induce a collective motion with flocking properties [60]. Such specific interaction
between learning and mechanics might generate a motion suitable to optimize the swarm defense
against the attack of predators [61].
Collective learning should include nonlocal effects that have not yet been treated in [1] nor, in
full generality, in [45]. Therefore, this research perspective requires further developments of the
mathematical theory proposed in Section 3 to account for space dynamics and pattern formation.

4.3. Multicellular Systems and Immune Competition
Lastly, let us consider the dynamics of the immune system versus cells carriers of a pathology.
We consider, referring to [62], a multicellular system including three populations, namely epithelial,
immune, and cancer cells. Each population has a different internal variable. Immune cells can
proliferate and activate their internal variable which can correspond to the defence ability against
cancer cells. Cancer cells can proliferate and progress towards states with higher pathological states,
namely by increasing their proliferative ability up to metastatic competence [63,64]. Immune cells
have the ability of depleting cancer cells, which, in opposition, can inhibit the defence activity of
immune cells. The first learning process of the immune cells is the acquiring of immune competence
that enriches the innate immunity [65].
These complex dynamics have been studied in [62,66,67] which have been inspired by researchers
in the field of immunology [68] who motivated their conjecture by the idea that learning dynamics can
induce mutations both for cancer and immune cells. Subsequently, the dynamics of competition, which
ends up with proliferative and destructive events, induces selection. In particular, biologists argue
that the learning dynamics occurs not only across the competing species, but also within the same
population. For instance, active immune cells can learn from inhibited immune cells, and similarly
weakly progressing cancer cells can learn from highly progressing cancer cells.
The following hints are brought to the attention of the interested reader:
1.
2.

3.

A possible research program would be a deep analysis of the learning dynamics and the related
influence over the immune competition.
The approach with an additional difficulty consists of the modeling of a system with a variable
number of interacting living entities as proliferative and/or destructive encounters that appear
in this dynamics.
The number of interacting functional subsystem grows in time due to the onset, by mutations, of
new subsystems.

The mathematical tools proposed in Section 3 appear to be consistent with the requirements of
the first hint, while the second and third hint need developments of new theoretical tools.
4.4. Critical Analysis towards Perspectives
Our paper has shown how the kinetic theory approach to collective learning can be developed to
model cross interactions between learning and subsequent dynamics. Three specific applications
have been outlined focusing on different living systems, while possible hints have been given
to develop these applications. Therefore, looking at research perspectives, it is quite natural to

Symmetry 2019, 11, 967

11 of 14

tackle the challenging problems presented in this section by taking advantage of the said hints.
These applications indicate that the mathematical structures derived in Section 3 might need to be
further developed to account for some aspects of the Darwinist dynamics, space propagation and
proliferative/destructive events.
In addition to the above reasoning, it is worth mentioning that the approach cannot be limited
to modeling, but it should also require development of computational tools. Considering that the
approach refers to equations of the kinetic theory, Monte Carlo particle methods appear to be the
approach consistent with the structures of these types of equations. Therefore, one has to deal with the
development of pioneering works, for instance referring to the books [69,70] to recent applications
reported in [36,71,72]. Numerical simulations can also contribute to cover, however at a heuristic
level, issues that are not easily tractable, such as existence of equilibrium configuration and related
stability analysis.
Lastly, let us focus on the problem posed by a multiscale vision, where macro-scale models are
derived from micro-scale models as delivered by kinetic type models. A unified approach to this
specific multiscale problem has been proposed in [73,74]. It is a general analytic tool that can be further
specialized to a micro-macro derivation for the class of systems treated in our paper.
Author Contributions: Conceptualization, D.B. and S.D.L.; Methodology, D.B. and S.D.L.; Writing—original
draft, D.B.
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