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Abstract: We investigate the spontaneous emission of one atom placed near an oscillating reflecting
plate. We consider the atom modeled as a two-level system, interacting with the quantum
electromagnetic field in the vacuum state, in the presence of the oscillating mirror. We suppose
that the plate oscillates adiabatically, so that the time-dependence of the interaction Hamiltonian
is entirely enclosed in the time-dependent mode functions, satisfying the boundary conditions at
the plate surface, at any given time. Using time-dependent perturbation theory, we evaluate the
transition rate to the ground-state of the atom, and show that it depends on the time-dependent
atom–plate distance. We also show that the presence of the oscillating mirror significantly affects
the physical features of the spontaneous emission of the atom, in particular the spectrum of the
emitted radiation. Specifically, we find the appearance of two symmetric lateral peaks in the spectrum,
not present in the case of a static mirror, due to the modulated environment. The two lateral peaks
are separated from the central peak by the modulation frequency, and we discuss the possibility
to observe them with actual experimental techniques of dynamical mirrors and atomic trapping.
Our results indicate that a dynamical (i.e., time-modulated) environment can give new possibilities
to control and manipulate also other radiative processes of two or more atoms or molecules nearby,
for example their cooperative decay or the resonant energy transfer.

Keywords: spontaneous emission; dynamical environments; cavity quantum electrodynamics

1. Introduction

Recent advances in quantum optics techniques and atomic physics have opened new perspectives
for cavity quantum electrodynamics and solid state physics, making possible engineering systems
with a tunable atom-photon coupling. Nowadays, the possibility to tailor and control radiative
processes through suitable environments is of crucial importance in many different areas, ranging
from condensed matter physics to quantum optics and quantum information theory [1,2].

One of the most fundamental quantum processes is the spontaneous emission of radiation by
atoms [3]. Purcell in 1946 first suggested that spontaneous emission is not an unvarying property
of the atoms, but it can be controlled (enhanced or inhibited) through the environment [4]. Physical
properties of spontaneously emitted radiation depend strongly on the environment where the atom
is placed: modifying the photon density of states and vacuum field fluctuations allows for changing
the spontaneous emission rate [5,6]. Many physical systems have been explored in the literature to
investigate this important process. These include, for example, atoms in cavities or waveguides [5,7–10],
quantum dots in photonic crystals or in a medium with a photonic band gap [11–13], and quantum
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emitters in metamaterials [14]. Spontaneous decay of excited atoms in the presence of a driving
laser field has also been investigated [15]. Many experiments showing modifications of spontaneous
emission of atoms in external environments (a single mirror, optical cavities, photonic crystals and
waveguides, for example), have also been performed [16–20].

These investigations have shown how a structured environment, such as a cavity or a medium
with periodic refractive index, can be exploited to control and tailor the spontaneous decay, as well as
energy shifts of atomic levels, resonance, and dispersion interactions between atoms, or the resonant
energy transfer between atoms or molecules [21–26].

New interesting features appear when the boundary conditions on the field, or some relevant
parameter of the system, change in time. Dynamical environments, whose optical properties change
periodically in time, have been recently investigated, in particular in connection with the dynamical
Casimir and Casimir–Polder effects [27–30]. The dynamical Casimir effect has been first observed in
superconducting circuit devices [31,32] that are also very promising devices for observing Unruh and
Hawking effects, as well as other phenomena related to the quantum vacuum with time-dependent
boundary conditions [33]. The role of virtual photons exchange between moving mirrors in transferring
mechanical energy between them has been recently investigated [34]. In addition, time-dependent
Casimir–Polder forces under non-adiabatic conditions have been studied, showing that forces usually
attractive may become repulsive under non-equilibrium conditions [35–39].

The spontaneous emission rate and the emission spectrum of an atom inside a dynamical
(time-modulated) photonic crystal, when its transition frequency is close to the gap of the crystal, have
been recently investigated by the authors, finding modifications strictly related to the time-dependent
photonic density of states [40]. These findings suggested that a dynamical environment can give further
possibilities to control radiative processes of atoms, which is of fundamental importance for many
processes in quantum optics and its applications. In this framework, the main aim of the present paper
is to investigate the effects of a different kind of dynamical (time-dependent) environment, specifically
an oscillating mirror, on the spontaneous decay of one atom in the vacuum, discussing both the decay
rate and the emitted spectrum. As discussed later in this paper, this system appears within reach of
actual experimental techniques of atomic trapping and dynamical mirrors. Spontaneous emission of a
two-level atom near an oscillating plate has been recently investigated in [41] using a simple model,
where the quantized electromagnetic field is modeled as two one-dimensional fields, and in the rotating
wave approximation; in [41], it was also assumed that only field modes propagating within a small solid
angle toward the mirror, and reflected back onto the atom, are affected by the mirror oscillation, while
all other modes are assumed unaffected by its motion. These assumptions were justified by considering
a specific atom–mirror–detector experimental setup, and, in the spectrum, they evaluate the photon
population only in directions perpendicular and parallel to the atom–mirror direction. In our paper,
we instead consider a more general model, where the complete (three-dimensional, with all modes)
electromagnetic field is quantized with the time-dependent boundary conditions determined by the
(adiabatically) oscillating mirror. The contribution of all modes, whichever their propagation direction
with respect to the mirror, is thus included in our calculation of the decay rate and of the spectrum,
and we take into account the influence of the mirror’s motion on photons propagating in all directions;
in addition, a general orientation of the atomic dipole moment is considered. We also show that our
system and our model are feasible with current experimental techniques, allowing observation of the
effects we predict.

As mentioned above, we consider the full three-dimensional quantum electromagnetic field in the
presence of a reflecting wall that oscillates adiabatically, so that the time dependence of the Hamiltonian
is entirely enclosed in the time-dependent mode functions, satisfying the boundary conditions at the
oscillating plate at any given time. By using time-dependent perturbation theory, we first evaluate the
transition rate of the atom from the excited to the ground state, and show that, as a consequence of the
motion of the conducting mirror, it depends on time. Because of our adiabatic approximation, its time
dependence follows the law of motion of the plate. Moreover, we show that the oscillatory motion of
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the mirror significantly affects also other physical features of the spontaneous emission of the atom,
in particular the spectrum of the emitted radiation. We find that, for times larger than the inverse
of the mirror’s oscillation frequency, two lateral peaks in the spectrum appear; their distance from
the central peak is equal to the oscillation frequency of the mirror (smaller peaks at a distance twice
the mirror’s oscillation frequency are also present). These peaks, contrarily to the case investigated
in [40] for an atom in a dynamical photonic crystal, are symmetric with respect to the central peak.
All this allows a sort of fine-tuning of the emitted radiation exploiting the environment, and it could
be relevant when other resonant processes are considered—for example, the cooperative spontaneous
decay of two or more atoms, or the resonance energy transfer between two atoms or molecules.

The paper is organized as follows: in Section 2, we introduce our system and investigate the decay
rate of the two-level system in the presence of the oscillating mirror. In Section 3, we investigate the
spectrum of the radiation emitted by the atom, and discuss its main physical features. Section 4 is
devoted to our conclusive remarks.

2. Spontaneous Emission Rate of One Atom near an Oscillating Mirror

Let us consider an atom, modeled as a two-level system with atomic transition frequency ω0,
located in the half-space z > 0 near an infinite perfectly conducting plate. Let us suppose that the
mirror oscillates with a frequency ωp, along a prescribed trajectory a(t) = a sin(ωpt), where a is
the oscillation amplitude of the plate, and z = 0 is its average position. Although a mechanical
motion with high oscillation frequencies is very difficult to obtain, it can be simulated by a dynamical
mirror that is a slab whose dielectric properties are periodically changed (from transparent to
reflecting, for example), as obtained in proposed experiments for detecting the dynamical Casimir and
Casimir–Polder effect [29,42,43]. Dynamical mirrors have been recently obtained in the laboratory,
with oscillation frequencies up to several GHz. They are based on a superconducting cavity with
one wall covered by a specific semiconductor layer, having a high mobility of the carriers and very
short recombination times. A train of laser pulses, with multigigahertz repetition rate, is then sent
to the semiconductor layer: it creates a plasma sheet that periodically changes the semiconductor
layer from transparent to reflecting, thus simulating a mechanical motion of the cavity wall with
frequencies that cannot be reached through a mechanical motion [42,43]. The atom can be kept at a
fixed position by atomic trapping techniques [44]. Our physical system is pictured in Figure 1, showing
also relevant orientations, parallel, and perpendicular, of the atomic transition dipole moment with
respect to the plate.

𝑎 𝑡 = 𝑎 sin 𝜔(𝑡
|𝑒⟩w0

|𝑔⟩

atom

mirror �⃗�/�⃗�∥

z
z=z0

Figure 1. Sketch of the system: one atom, modelled as a two-level system, is placed in front an
oscillating mirror. The atomic dipole moment can be oriented parallel or perpendicular to the oscillating
reflecting plane.
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We wish to investigate the effect of the mirror motion on the decay features (mainly decay rate and
spectrum) of the two-level atom placed nearby, and interacting with the quantum electromagnetic field,
initially in its vacuum state. We assume that the reflecting plate oscillates adiabatically, and that its
maximum velocity is such that vp = aωp � c, in order to have a nonrelativistic motion. Our adiabatic
approximation is satisfied if the oscillation frequency of the plate ωp is much smaller than the
atomic transition frequency ω0, and is also much smaller than the inverse of the time taken by a
photon, emitted by the excited atom, to travel the atom–plate distance (ωp � c/z0, where z0 is the
average atom–plate distance). In this case, the atom instantaneously follows the plate’s motion. Real
photons’ emission from the oscillating mirror by the dynamical Casimir effect can be thus neglected.
These conditions are satisfied for typical values of the relevant parameters, currently achievable in
the laboratory: ω0 ∼ 1015 s−1, ωp ∼ 109 s−1, and z0 ∼ 10−6 m. Under these assumptions, the mode
functions of the field, satisfying the boundary conditions at the plate surface, depend explicitly on time.
We may obtain their expression by generalizing the usual expressions of the field mode functions for a
static mirror [3], to the dynamical case using the instantaneous time-dependent atom–plate distance.
The mode functions can be written in the following form, after separating their vector part,

[fkj(r(t))]` = [êkj]` f (`)(k, r(t)), (1)

where êkj are polarization unit vectors, k is the wavevector, j = 1, 2 the polarization index, and ` =

x, y, z. The expression of the scalar functions f (`)(k, r(t)) that do not depend on the polarization j is

f (x)(k, r(t)) = gx(kx, ky) sin [kzz(t)] , (2)

f (y)(k, r(t)) = gy(kx, ky) sin [kzz(t)] , (3)

f (z)(k, r(t)) = gz(kx, ky) cos [kzz(t)] , (4)

where we have indicated with g`(kx, ky) (` = x, y, z) the time-independent part of the mode functions
((2)–(4)), given by

gx(kx, ky) =
√

8 cos
[

kx

(
x +

L
2

)]
sin
[

ky

(
y +

L
2

)]
, (5)

gy(kx, ky) =
√

8 sin
[

kx

(
x +

L
2

)]
cos

[
ky

(
y +

L
2

)]
, (6)

gz(kx, ky) =
√

8 sin
[

kx

(
x +

L
2

)]
sin
[

ky

(
y +

L
2

)]
. (7)

In Equations (5)–(7), L is the side of a cubic cavity of volume V = L3, where the field is quantized
(the cavity walls are at x = ±L/2, y = ±L/2, z = 0 that is the average position of the oscillating
mirror, and z = L); then, the limit L→ ∞ is taken, in order to recover the single oscillating mirror at
z = 0. In addition, z(t) is the time-dependent atom–plate distance that changes in time according to
the equation of motion z(t) = z0 − a(t) = z0 − a sin(ωpt).

The Hamiltonian of our system, in the Coulomb gauge and in the multipolar coupling scheme,
within the dipole approximation [45–48], is:

H = h̄ω0Sz + ∑
kj

h̄ωk

(
a†

kjakj +
1
2

)
+ HI , (8)

where HI is the interaction term, given by

HI = −i

√
2πc
h̄V ∑

kj

√
k
[
µ · fkj(r, t)

]
(S+ + S−)

(
akj − a†

kj

)
. (9)
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In expression (9), µ is the matrix element of the atomic dipole moment operator between the
ground and the excited states (assumed real), Sz and S± the atomic pseudospin operators, and akj
(a†

kj) the bosonic annihilation (creation) operators of the electromagnetic field. We note that, due to the
adiabatic approximation, the interaction Hamiltonian is time-dependent through the mode functions
only, while the field operators are the same as in the static case.

We now calculate the probability that the atom, initially excited with the field in the vacuum
state, decays to its ground state at time t by emitting one photon with wavevector k and polarization j.
Time-dependent perturbation theory up to the first order in the atom-field coupling gives

|ckj(t)|2 =
2πck
h̄V

∫ t

0

∫ t

0
dt′dt′′

[
µ · fkj(r(t′))

] [
µ · fkj(r(t′′))

]
ei(ωk−ω0)(t′′−t′). (10)

After polarization sum, using the relation,

∑
j
(êkj)`(êkj)m = δ`m − k̂` k̂m, (11)

with `, m = x, y, z, Equation (10) becomes

|ck(t)|2 = ∑
j
|ckj(t)|2 =

2πck
h̄V ∑

`m
(δ`m − k̂` k̂m)µ`µm

×
∫ t

0

∫ t

0
dt′dt′′ f (`)(k, r(t′)) f (m)(k, r(t′′))ei(ωk−ω0)(t′′−t′). (12)

The expression (12) is valid for any orientation of the atomic dipole moment with respect to
the plate. In order to evaluate the decay probability, we sum the expression (12) over k, obtaining
|c(t)|2 = ∑k|ck(t)|2; then we take continuum limit V → ∞, ∑k → V/(2π)3

∫
dkk2

∫
dΩk.

We now consider the specific cases of a dipole moment oriented parallel or orthogonal to the
oscillating plate. If the dipole moment is along the x-direction, then only the components ` = m = x
are non-vanishing, and, after some algebra, we get

|c(t)|2x =
cµ2

x
(2π)2

∫ k0+∆ω/c

k0−∆ω/c
dkk3

∫
dΩk

[
1− sin2(θ) cos2(φ)

]
×
∫ t

0

∫ t

0
dt′dt′′ f (x)(k, r(t′)) f (x)(k, r(t′′))ei(ωk−ω0)(t′′−t′), (13)

where we have limited the integration over k to a band of width ∆ω/c around k0 = ω0/c. This is
justified by the fact that only (resonant) field modes with a frequency around the atomic transition
frequency ω0 = ck0 give a relevant contribution to the integral over k. At the end of the calculation,
we will take the limit ∆ω → ∞.

Substituting the explicit expression of the scalar mode functions (2) into Equation (13), after some
algebra, we find

|c(t)|2x =
2µ2

x
h̄

k3
0

[
2
3

t−
∫ t

0
dt′

sin(2k0z0 − 2k0a sin(ωpt′))
2k0z0 − 2k0a sin(ωpt′)

−
∫ t

0
dt′

cos(2k0z0 − 2k0a sin(ωpt′))
(2k0z0 − 2k0a sin(ωpt′))2 +

∫ t

0
dt′

sin(2k0z0 − 2k0a sin(ωpt′))
(2k0z0 − 2k0a sin(ωpt′))3

]
. (14)

For a dipole moment oriented along the y-direction, we obtain for symmetry the same result (14),
after substitution of µx with µy.
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In the case of a dipole moment orthogonal to the mirror that is ` = m = z, using the same
procedure above, from Equation (12), we obtain

|c(t)|2z =
cµ2

z
(2π)2

∫ k0+∆ω/c

k0−∆ω/c
dkk3

∫
dΩk[1− cos2(θ)]

∫ t

0

∫ t

0
dt′dt′′ f (z)(k, r(t′) f (z)(k, r(t′′))ei(ωk−ω0)(t′′−t′).

(15)
After some algebra, we get

|c(t)|2z =
2µ2

z
h̄

k3
0

[
2
3

t−
∫ t

0
dt′

cos(2k0z0 − 2k0a sin(ωpt′))
(2k0z0 − 2k0a sin(ωpt′))2 +

∫ t

0
dt′

sin(2k0z0 − 2k0a sin(ωpt′))
(2k0z0 − 2k0a sin(ωpt′))3

]
. (16)

We wish to stress that our results given by Equations (14) and (16) are valid within our
adiabatic approximation.

From Equations (14) and (16), we can obtain the corresponding decay rates by taking their time
derivative, Γx(y)(z0, t) = d

dt |c(t)|
2
x(y) for a dipole moment oriented parallel to the oscillating mirror

(i.e., oriented along the x- or y-direction), and Γz(z0, t) = d
dt |c(t)|

2
z for a dipole moment perpendicular

to the plate. For a dipole moment randomly oriented, µ2
x = µ2

y = µ2
z = µ2/3, we finally get the

(time-dependent) decay rate

Γ(z0, t) = Γx(z0, t) + Γy(z0, t) + Γz(z0, t) = A12

{
1−

sin[2k0(z0 − a sin(ωpt))]
2k0(z0 − a sin(ωpt))

−2
cos[2k0(z0 − a sin(ωpt))]
[2k0(z0 − a sin(ωpt))]2

+ 2
sin[2k0(z0 − a sin(ωpt))]
[2k0(z0 − a sin(ωpt))]3

}
, (17)

where A21 = 4µ2k3
0/3h̄ is the Einstein coefficient for spontaneous emission. Our result (17)

has a simple physical interpretation: it has the same structure of the rate for a static wall (see,
for example, Reference [3]), but with the atom–wall distance replaced by the time-dependent distance
z0 − a sin(ωpt), as indeed expected on a physical ground due to the adiabatic hypothesis.

For small oscillations of the plate, keeping terms up to the first order in a, we obtain

Γ(1)(z0, t) ' A21

[
1− sin(2k0z0)

2k0z0
− 2

cos(2k0z0)

(2k0z0)2 + 2
sin(2k0z0)

(2k0z0)3

]
+A21

a
z0

sin(ωpt)
[

cos(2k0z0)− 3
sin(2k0z0)

2k0z0
− 6

cos(2k0z0)

(2k0z0)2 + 6
sin(2k0z0)

(2k0z0)3

]
. (18)

Second and higher-order terms are negligible when a/z0 � 1, and k0z0 of the order of unity or
less. The expression above gives the total decay rate of our two-level atom near the oscillating mirror.
When compared to the analogous quantity in the static case, the main difference is the presence of
a time-dependent term. In particular, the quantity in the first line of Equation (18) is the familiar
decay rate of an atom near a static perfectly reflecting plate, whereas the other terms (second row of
Equation (18)) depend on time, and describe the effect of the adiabatic motion of the conducting plate.
They oscillate in time according to the oscillatory motion of the mirror, coherently with our adiabatic
approximation. These new terms are of the order of a/z0, and give a time and space modulation of the
decay rate directly related to the dynamics of the environment.

3. Spectrum of the Radiation Emitted

We now show that other relevant features appear in the radiation emitted by the atom in the
presence of the (adiabatically) oscillating boundary, specifically significant changes of its spectrum.
We now evaluate the probability amplitude c(kj, t) that the atom, initially prepared in the excited state
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with the field in the vacuum state, decays to its ground state by emitting a photon in the field mode
(kj). Time-dependent perturbation theory (at first order in the atom-field coupling) gives

ckj(t) =

√
2πck
h̄V

∫ t

0
dt′
(
µ · fkj(r(t′)

)
ei(ωk−ω0)t′ . (19)

As in the previous section, we make the approximation of small oscillations of the plate (a� z0),
and expand the mode functions of the field, keeping only terms up to the second order in a.
A straightforward calculation gives

[
fkj(r(t))

]
x(y) ' [êkj]x(y) gx(y)(kx, ky)

[
sin(kzz0)− kza cos(kzz0) sin(ωpt)

−1
2
(kza)2 sin(kzz0) sin2(ωpt)

]
, (20)[

fkj(r(t))
]

z ' [êkj]z gz(kx, ky)
[

cos(kzz0) + kza sin(kzz0) sin(ωpt)

−1
2
(kza)2 cos(kzz0) sin2(ωpt)

]
, (21)

where the functions gi(kx, ky) (i = x, y, z) have been defined in Equations (5)–(7). In the vector
notation, indicating with r0 = (0, 0, z0) the atom’s position, the instantaneous atom–mirror distance is
r(t) = r0 − a sin(ωpt), with a = (0, 0, a), and we have

fkj(r(t)) = f(0)kj (r0)− af(1)kj (r0) sin(ωpt) +
1
2

a2f(2)kj (r0) sin2(ωpt) + . . . , (22)

where f(0)kj (r0) = fkj(r0) are the mode functions for a static mirror at z = 0 [3,49], evaluated at

r0 = (0, 0, z0) (see Equations (1)–(4)), and f(1)kj (r0) and f(2)kj (r0) come from the first- and second-order
corrections in the expansion (22) of fkj(r(t)) in powers of a,

[f(1)kj (r0)]i =
∂

∂z0
[fkj(r0)]i, (23)

[f(2)kj (r0)]i =
∂2

∂z2
0
[fkj(r0)]i = −k2

z[f
(0)
kj (r0)]i, (24)

with i = x, y, z (see Equations (1)–(4)). Putting the expansion (22) into Equation (19), taking into
account the expressions (23) and (24), and, integrating over time, we obtain

ckj(t) '
√

2πck
h̄V

{
µ · f(0)kj (r0)

ei(ωk−ω0)t − 1
i(ωk −ω0)

− a
2

µ · f(1)kj (r0)

[
1− ei(ωk−ω0+ωp)t

ωk −ω0 + ωp
− 1− ei(ωk−ω0−ωp)t

ωk −ω0 −ωp

]
− 1

4
a2k2

zµ · f(0)kj (r0)

×
[

ei(ωk−ω0)t − 1
i(ωk −ω0)

+
1− ei(ωk−ω0+2ωp)t

2i(ωk −ω0 + 2ωp)
+

1− ei(ωk−ω0−2ωp)t

2i(ωk −ω0 − 2ωp)

]}
. (25)

By taking the squared modulus of Equation (25), we now evaluate the transition probability at
time t. After some algebra, and keeping only terms up to second order, we find

Pkj(ωp, t) = |ckj(t)|2 ' P(0)
kj (t) + P(dyn)

kj (ωp, t), (26)

where

P(0)
kj (t) =

2πck
h̄V

[µ · f(0)kj (r0)]
2 sin2[(ωk −ω0)t/2]

[(ωk −ω0/2)]2
(27)
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is the 0-th order contribution, coinciding with that obtained for a static boundary, while P(dyn)
kj (t) is the

change to the spectrum due to the motion of the plate. The dynamical correcting term is obtained as

P(dyn)
kj (ωp, t) = −2πcka

h̄V
[µ · f(0)kj (r0)][µ · f

(1)
kj (r0)]h1(ωk −ω0, ωp, t)

+
πcka2

2h̄V
[µ · f(1)kj (r0)]

2h2(ωk −ω0, ωp, t)

−πcka2k2
z

h̄V
[µ · f(0)kj (r0)]

2h3(ωk −ω0, ωp, t), (28)

where we have defined the functions

h1(ωk −ω0, ωp, t) = sin(ωpt/2)
sin[(ωk −ω0)t/2]

(ωk −ω0)/2

×
(

sin[(ωk −ω0 + ωp)t/2]
(ωk −ω0 + ωp)/2

+
sin[(ωk −ω0 −ωp)t/2]

(ωk −ω0 −ωp)/2

)
, (29)

h2(ωk −ω0, ωp, t) =
sin2[(ωk −ω0 + ωp)t/2])

(ωk −ω0 + ωp)2/4
+

sin2[(ωk −ω0 −ωp)t/2]
(ωk −ω0 −ωp)2/4

−2 cos(ωPt)
sin[(ωk −ω0 + ωp)t/2] sin[(ωk −ω0 −ωp)t/2)]

(ωk −ω0 + ωp)(ωk −ω0 −ωp)/4
, (30)

and

h3(ωk −ω0, ωp, t) =
sin2[(ωk −ω0)t/2]
[(ωk −ω0)/2]2

− cos(ωpt)
sin[(ωk −ω0)t/2]

ωk −ω0

×
(

sin[(ωk −ω0 + 2ωp)t/2]
ωk −ω0 + 2ωp

+
sin[(ωk −ω0 − 2ωp)t/2]

ωk −ω0 − 2ωp

)
. (31)

We stress that our results above include the effect of the mirror’s motion on photons propagating
in any direction. Inspection of Equations (27) and (28), taking into account expressions (29), (30) and
(31), clearly shows the modifications of the spectrum of the spontaneously emitted radiation: the
presence of two lateral peaks, at frequencies ωk = ω0 ± ωp, in addition to the ordinary resonance
peak at ωk = ω0. From expression (31), the presence of (smaller) lateral peaks at the frequencies
ωk = ω0 ± 2ωp is also evident, indicating a sort of nonlinear behavior of the system.

In order to obtain an explicit expression of the emitted spectrum as a function of the frequency,
we sum over polarizations and perform the angular integration, obtaining the probability density for
unit frequency. Keeping only terms up to second order in a (a < z0, k−1

0 ), a lengthy but straightforward
calculation gives

Pωk (ωp, t) =
V

(2π)3
ωk

2

c2 ∑
j

∫
dΩPkj(ωp, t) = P(0)

ωk (t) + P(dyn)
ωk (ωp, t), (32)

with

P(0)
ωk (t) =

1
2π

A21
sin2[(ωk −ω0)t/2]
[(ωk −ω0)/2]2

[
1− sin(2k0z0)

2k0z0
− 2

cos(2k0z0)

(2k0z0)2 + 2
sin(2k0z0)

(2k0z0)3

]
, (33)



Symmetry 2019, 11, 1384 9 of 13

and

P(dyn)
ωk (ωp, t) =

A21
2π

{ a
2z0

h1(ωk −ω0, ωp, t)
[

cos(2k0z0)− 3
sin(2k0z0)

2k0z0
− 6

cos(2k0z0)

(2k0z0)2 + 6
sin(2k0z0)

(2k0z0)3

]
+

(
ak0
2

)2
h2(ωk −ω0, ωp, t)

[
1
3
+

sin(2k0z0)

2k0z0
+ 4

cos(2k0z0)

(2k0z0)2 − 12
sin(2k0z0)

(2k0z0)3

−24
cos(2k0z0)

(2k0z0)4 + 24
sin(2k0z0)

(2k0z0)5

]
+
(ak0)

2

2
h3(ωk −ω0, ωp, t)

[
−1

3
+

sin(2k0z0)

2k0z0
+ 4

cos(2k0z0)

(2k0z0)2 − 12
sin(2k0z0)

(2k0z0)3

−24
cos(2k0z0)

(2k0z0)4 + 24
sin(2k0z0)

(2k0z0)5

] }
. (34)

Thus, in the dynamical case, we find, apart the usual peak at ωk = ω0, the presence of two lateral
peaks of the radiation emitted at frequencies ωk = ω0 ± ωp, related to the presence of the energy
denominators in Equation (34) (see also Equations (29) and (30)). Other, smaller, lateral peaks at
ωk = ω0 ± 2ωp are also present, given by the last term in Equation (34).

Our results above, being based on a second-order perturbative expansion on the oscillation
amplitude a of the mirror, are valid for small oscillations, a/z0 � 1, (ak0)

2 � 1, and for k0z0 of the
order of unity or less. These conditions are feasible for typical experimental values. For example,
if ω0 = ck0 ∼ 1015 s−1, we can reasonably take z0 ∼ 10−6 m and a ∼ 10−7 m. These values are also
fully compatible with our adiabatic assumption, using realistic values of ωp of a few GHz. Higher
oscillation amplitudes can be exploited in the case of Rydberg states, which have much lower values of
k0 [50]; in such a case, the oscillation frequency of the plate ωp must be smaller accordingly, due to our
adiabatic approximation.

Figure 2 shows a plot of the emitted spectrum by the excited atom in the limit of long times
(t � ω−1

p , but small enough to make valid our perturbative approach), as a function of ωk − ω0,
showing the two lateral peaks at ω = ω0 ± ωp. We found a similar behavior of the spectrum for a
two-level atom located inside a dynamical photonic crystal [40]; in that case, however, the two lateral
peaks were strongly asymmetric due to the different density of states at the edges of the the photonic
band gap. Instead, in the present case of an atom in the vacuum space near an oscillating boundary,
the two lateral peaks are symmetric because the photonic density of states is essentially the same at
the peaks’ frequencies (the rapid oscillations in the figure, as well as in the next Figure 3, come from
the fact that we are considering finite times; thus, the physical meaning should be extracted from the
envelope of the curve plotted).

Inspection of expression (34) shows that the lateral peaks become more and more evident for
times larger than ω−1

p . Figure 3 gives the spectral density as a function of time, for ωp = 1.5× 109 s−1,
clearly showing the lateral peaks growing with time, and becoming sharper and well identifiable when
t� 2πω−1

p .
In order to resolve the lateral peaks in the emitted spectrum, their distance ωp from the central

peak must be larger than the natural linewidth of the emission line. For example, if we consider the
optical transition between the levels n = 3 and n = 2 of the hydrogen atom, the natural width of the
line is ∼108 s−1, and an oscillation frequency of νp = ωp/2π ∼ 109 s−1 or more is thus sufficient to
resolve the lateral lines; such a frequency can be actually reached with the technique of dynamical
mirrors [42,43] mentioned in the Introduction. In the case of Rydberg atoms, the plate oscillation
frequency must be much smaller; however, also the natural linewidth of the transition can be very
small if the Rydberg atoms are prepared in a circular state [50]. In addition, actual experimental
techniques make feasible trapping of low-density gases of Rydberg atoms with micrometric precision,
and for sufficiently long times [29,51,52], as well as trapping atoms at submicrometric distances from
a surface [53]. This should make it easier to experimentally observe the effects found in the system
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here investigated, in particular the lateral peaks of the spectrum, rather than in the case of atoms in a
dynamical photonic crystal previously investigated [40].

-2×108 -1×108 0 1×108 2×108

ωk-ω0 [s-1 ]

P
ω
k
(ω
p
,t
)

[a
.u
.]

Figure 2. Plot of the spectrum Pωk (ωp, t) of emitted radiation from an atom near an oscillating mirror,
in arbitrary units, in terms of ωk −ω0. The two lateral peaks in the photon spectrum are symmetric,
and separated from the atomic transition frequency by the oscillation frequency of the plate (in the
figure, ωp = 1.5× 108 s−1; the other numerical values of the relevant parameters are: ω0 = 1015 s−1,
z0 = 10−6 m; a = 2× 10−7 m; t = 10−6 s).

Figure 3. Spectral density of the emitted radiation, in arbitrary units, in terms of ωk −ω0 and time t,
with ωp = 1.5× 109 s−1. The figure shows that the lateral peaks become more and more evident as
time goes on, specifically when t � 2πω−1

p . The other parameters are: ω0 = 1015 s−1, z0 = 10−6m;
a = 2× 10−7 m.

Our results show that spontaneous emission can be controlled (enhanced or suppressed)
by modulating in time the position of a perfectly reflecting plate, and that the spectrum of the
emitted radiation can be controlled through the oscillation frequency of the plate. This suggests
the possibility to control also other radiative processes through modulated (time-dependent)
environments—for example, the cooperative decay of two or more atoms, or the resonance energy
transfer between atoms or molecules. These systems will be the subject of a future publication.

4. Conclusions

In this paper, we have investigated the features of the spontaneous emission rate and of
the emitted spectrum of one atom, modeled as a two-level system, near an oscillating perfectly
reflecting plate, in the adiabatic regime. We have discussed in detail the effect of the motion of
the mirror on the spontaneous decay rate, and shown that it is modulated in time. We have also
found striking modifications of the emission spectrum that exhibits, apart from the usual peak at
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ω = ω0, two new lateral peaks separated from the atomic transition frequency by the oscillation
frequency of the plate. The possibility to observe these lateral peaks with current experimental
techniques of dynamical mirrors and atomic trapping has been also discussed. Our findings for the
spontaneous emission indicate that modulated environments can be exploited to manipulate and tailor
the spontaneous emission process; in addition, they strongly indicate that a dynamical environment
could be successfully exploited to also modify, activate, or inhibit other radiative processes of atoms or
molecules nearby.
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