
symmetryS S

Article

Entropy Estimation of Inverse Weibull Distribution
under Adaptive Type-II Progressive Hybrid
Censoring Schemes

Rong Xu and Wenhao Gui *

Department of Mathematics, Beijing Jiaotong University, Beijing 100044, China; 16271056@bjtu.edu.cn
* Correspondence: whgui@bjtu.edu.cn

Received: 31 October 2019; Accepted: 25 November 2019; Published: 28 November 2019 ����������
�������

Abstract: This paper discusses entropy estimations for two-parameter inverse Weibull distributions
under adaptive type-II progressive hybrid censoring schemes. Estimations of entropy derived
by maximum likelihood estimation method and Bayes estimation method are both considered.
Different Bayes estimators using squared loss function, Linex loss function, general entropy loss function,
and balanced loss function are derived. Numerical results are derived by Lindley’s approximation
method. Especially, the interval estimation of entropy is derived through maximum likelihood estimation
method. To test the effectiveness of the estimations, simulation studies are conducted. These entropy
estimation methods are illustrated and applied to analyze a real data set.

Keywords: entropy; adaptive type-II progressive hybrid censoring scheme; inverse Weibull
distribution; maximum likelihood estimation; Bayes estimation; Lindley’s approximation

1. Introduction

In the life testing field, different data collection models are created to simulate various realistic
situations. Conventional censoring methods, type-I and type-II censoring schemes have evolved into
progressive forms and have been explored and applied extensively.

Theoretically, these data sets take the unintentional loss of observed units into consideration,
but in experiments, these conventional data sets are difficult to implement. Especially when the units
work for a long time, it has been proved that the sample size of the type-I censored data set is usually
small. At the same time, the progressive type-II censoring data set is difficult to realize as it may last
for a long time.

Suppose the experimenter provides a time T, which is the ideal total test time, but they
allow the experiment to last beyond it. If the number of failures that occur before time T reaches
the expectation, the experiment will stop earlier than T. Otherwise, once the experimental time
exceeds the time T, but the number of observed failures is still lower than m, we hope to terminate
the experiment as soon as possible. In response to this expectation, the experimenter would prefer
a design that ensures that m observed failure times are obtained to assure the efficiency of statistical
inference while the total test time is not too far from the ideal time T. According to the basic
characteristic of the censored sample, the smaller censored size, the shorter the experimental time.
Therefore, if we want to terminate the experiment earlier while fixing sample size m, we should keep
as many surviving items as possible in the test.

Introduced by the authors of [1], the adaptive type-II progressive hybrid censoring scheme was
designed to satisfy such an expectation, thus reasonably and effectively shortening the experiment
period. On the basis of the traditional type-II progressive censoring scheme, which removes
some of the remaining individuals at each failure time, the adaptive type-II progressive hybrid
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actively adjusts the experimental time by responding to the experimenter’s expected duration of
the experiment. It considers a traditional type-I censoring method that censors according to a specific
time. Therefore, this kind of censoring scheme speeds up the experiment after the certain time T,
improving the efficiency of the experiment.

In this kind of data set, at each failure time xi:m:n, Ri of remaining units will be removed. Although
observed failures m and censored sample size are preset according to n and R1 + R2 + ...+ Rm +m = n,
the censoring scheme Ri varies depends on the performance of each individual and constraint time T.
After setting threshold time T, appearances of adaptive type-II progressive hybrid censoring schemes
under different cases depend on whether the m-th failure occurs beyond T (case I) or before T (case II).

In case I, see Figure 1, the m-th failure happens after certain time T and the last failure before time
T occurs at xJ:m:n, where J + 1 < m and xJ:m:n < T < xJ+1:m:n. In this situation, RJ+1, RJ+2, · · · , Rm−1

are set as RJ+1 = RJ+2 = ... = Rm−1 = 0, meanwhile Rm = n−m−∑J
k=1 R∗k .

0
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R1

x1:m:n

R2

x2:m:n

R3

x3:m:n

· · ·

RJ

xJ:m:n T xJ+1:m:n xJ+2:m:n

· · ·

R∗m

xm:m:n

End

Figure 1. (I)Experiment terminates beyond T.

In case II, see Figure 2, the m-th failure happens before time T. Therefore, adaptive type-II
progressive hybrid censoring scheme degenerates into usual progressive type-II censoring data set,
terminating at time xm:m:n.
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RJ+1
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· · ·

Rm

xm:m:n

End
T

Figure 2. (II)Experiment terminates before T.

Given the descriptions of these two schemes above, the likelihood functions of two cases can be
written as

LI = K
m

∏
k=1

f (xk:m:n)
J

∏
k=1

[1− F(xk:m:n)]
Rk [1− F(xm:m:n)]

R∗m , (1)

LI I = K
m

∏
k=1

f (xk:m:n)[1− F(xk:m:n)]
Rk . (2)

where K = ∏m
i=1[n− i + 1−∑

max{i−1,J}
k=1 Rk], R∗m = n−m−∑J

k=1 Rk .

Detailed in [2], one of the basic properties of order statistics is that the fewer operating items are
withdrawn, the shorter total test time is expected. Thus, once the experiment lasts beyond expected
time, the procedure will be accelerated. Through these changes, the experimenter can control the test
time within a relatively short time interval without losing the number of observed failures.

Several distributions have been investigated under the adaptive type-II progressive hybrid
censoring scheme. The authors of [3] compared estimations of parameters of generalized Pareto
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distribution and analyzed their creditable intervals using this kind of data samples. The authors of [1]
contributed to computation of expected total test time and estimated failure rate for failure times
under exponential distribution using this kind of data set. In addition, the authors of [4] estimated
parameters, reliability functions, and hazard functions under adaptive type-II progressive hybrid
censoring schemes for exponentiated Weibull distribution.

Inverse Weibull distribution plays an important role in reliability engineering and life testing,
which was proposed to describe failures of mechanical components affected by degradation
phenomenon. It has been investigated from various aspects. Reference [5] applied classical
and Bayesian estimation procedures for estimations of parameters from Inverse Weibull distribution
based on the progressive type-II censored data set. Especially considering Bayesian method,
References [6] compared simulated risks of different estimators. References [7,8] devoted their efforts
to its extensive versions investigations, including generalized inverse Weibull distribution as well
as exponentiated generalized inverse Weibull distribution.

Inverse Weibull distribution has been explored from different perspectives. Many properties
of this distribution are presented graphically and mathematically by [9], including variance
and coefficients for variation, skewness, and kurtosis. Reference [10] estimated inverse Weibull
distribution under a new prior distribution, including the considerations in the range of shape
parameter and expected value of a quantile (reliable life) of the sampling distribution. Further extension
of involving two inverse Weibull distributions into hybrid model was especially detailed in [11].

Obtaining a random variable x from inverse Weibull distribution, we display its cumulative
distribution function and probability density function as

F(x; β, λ) = exp(−λx−β) β > 0, λ > 0, x > 0, (3)

f (x; β, λ) = βλ exp(−λx−β)x−(β+1) β > 0, λ > 0, x > 0. (4)

In which, shape parameter β and scale parameter λ ensure the flexibility and suitability of inverse
Weibull distribution in numerous applications.

Nowadays, in the application field, the inverse Weibull distribution is still suitable for fitting
numerous kinds of data resources. Depending on the value of the shape parameter, the hazard
function of the inverse Weibull distribution can be reduced or increased. Therefore, the inverse Weibull
distribution model is more appropriate in many conditions. The superiority of this distribution
in providing a satisfactory parameter fit is often emphasized in articles when the nonmonotonic
and unimodal hazard rate functions are strongly indicated in the data set. Reference [12] established
analysis models for the first-order reaction of lignocellulosic biomass through inverse Weibull
distribution. Regardless of various pre-exponential factors and activation energies, inverse Weibull
distributions perform better in reaction sequences description. Reference [13] preferred the hybrid
model based on inverse Weibull distribution to analyze the capacity of a cellular network in
a cellular system employing multi-input multi-output beam-forming in rich and limited scattering
environments. Such wide applications of inverse Weibull distribution are attributed to its flexible scale
and shape parameters.

Entropy, raised by Shannon during investigation on communication (see [14]), constitutes
the framework of information theory. The well-known Shannon entropy pioneers the information
measurement field and has been widely used and studied today. This entropy of lifetime distribution
can be calculated through

H( f ) = −
∫ ∞

0
f (x) ln f (x)dx. (5)

Entropy describes the uncertainty expressed by probability density function. Various distributions
have different entropy values, describing distributions from another perspective and grabbing
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extensive attention to it. However, only numerical description of the entropy can be used to improve
the practical experiments. Therefore, its calculation and estimation of different distributions are
important. Reference [15], focused on entropy estimations of multivariate normal distribution.
Reference [16] discussed estimations of Rayleigh distribution against criteria of bias, root mean squared
error and Kullback–Leibler divergence values. Also, the authors of [17] contributed to the entropy
estimations of Weibull distribution using generalized progressive hybrid censored samples.

Using inverse Weibull distribution, we derive the Shannon entropy of it directly from
Equations (4) and (5) as follows.

H( f ) =
γ + β + γβ− β ln β + ln λ

β
, (6)

where γ denotes the Euler–Mascheroni constant γ = 0.5772 · · ·
In this paper, we focus on the entropy estimation of inverse Weibull distribution when samples

derived under adaptive type-II progressive hybrid censoring schemes. Maximum likelihood estimation
and Bayes estimation with multiple loss functions are studied.

The rest of the article is organized as follows. In Section 2, maximum likelihood estimations
in different cases are obtained, including point estimation and approximate confidence interval
estimation. Then, in Section 3, Bayes estimations of entropy are also proposed. Three loss functions
and their balanced extension are considered. Lindley’s approximation method is used for calculation
of Bayesian estimates. Through Monte Carlo simulation, in Section 4, we present comparisons of
different estimators in tables and figures. In Section 5, a real data set is applied for illustrative purposes.
Finally, Section 6 summarizes with a short conclusion.

2. Maximum Likelihood Estimation

Using general likelihood functions (1) and (2), and functions of inverse Weibull distribution,
the likelihood functions of the censored sample are given by

• Case I

LI(β, λ) = K(βλ)m[1− exp(−λx−β
k:m:n)]

R∗m
m

∏
k=1

x−(β+1)
k:m:n exp(−λx−β

k:m:n)

J

∏
k=1

[1− exp(−λx−β
k:m:n)]

Rk . (7)

• Case II

LI I(β, λ) = K(βλ)m
m

∏
k=1

exp(−λx−β
k:m:n)x−(β+1)

k:m:n [1− exp(−λx−β
k:m:n)]

Rk . (8)

When considering various schemes, likelihood functions can be written as an expression with
different coefficients.

Lc(β, λ) = K(βλ)m
m

∏
k=1

exp(−λx−β
k:m:n)x−(β+1)

k:m:n [1− exp(−λx−β
k:m:n)]

Rc
k (9)

where K = ∏m
i=1[n− i + 1−∑

max{i−1,j}
k=1 Rc

k] and c = 1, 2 denotes different cases, within which schemes

have different appearances beyond RJ .

In case I, c = 1, R1
m = n− J −∑J

k=1 R1
k , and R1

J+1 = R1
J+2 = · · · = R1

m−1 = 0 are also required
besides the prerequisite R1 + R2 + · · ·+ Rm + m = n.

In case II, c = 2 and R2
k (where k > J) can be defined randomly as long as they meet
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the sum requirement.
Therefore, the log-likelihood function is

lc(β, λ) ∝ m ln(βλ)−
m

∑
k=1

λx−β
k:m:n − (β + 1)

m

∑
k=1

ln(xk:m:n) +
m

∑
k=1

Rc
k ln[1− exp(−λx−β

k:m:n)]. (10)

The corresponding score equations are

∂lc(β, λ)

∂λ
=

m
λ
−

m

∑
k=1

x−β
k:m:n −

m

∑
k=1

Rc
kx−β

k:m:nuk = 0, (11)

∂lc(β,λ)
∂β = m

β + λ
m
∑

k=1
x−β

k:m:n ln(xk:m:n)−
m
∑

k=1
ln(xk:m:n)− λ

m
∑

k=1
Rc

kx−β
k:m:nuk ln(xk:m:n) = 0. (12)

where uk = exp(−λx−β
k:m:n)[1− exp(−λx−β

k:m:n)]
−1.

2.1. Point Estimation of Entropy

However, it is difficult to derive explicit numerical solutions using Equations (11) and (12). Thus,
a numerical method should be used to figure out the values.

To begin with, through transformations, we obtain functional expressions of λ̂ and β̂ through

λ̂(β) =
m

∑m
k=1 x−β

k:m:n[1 + Rc
kuk]

, (13)

β̂ = h(β) = − m

λ̂(β)∑m
k=1 x−β

k:m:n ln(xk:m:n)[1− Rc
kuk]−∑m

k=1 ln(xk:m:n)
. (14)

Having the initial guess, β(0), we assume β(1) = h(β(0)). Following such recurrence, a sequence

of β(i) as β(i) = h(β(i−1) is produced. Stop the procedure once |β(i) − β(i−1)| < ε, where ε is a preset

tolerance. Taking β(i) as the estimated value β̂, we derive λ̂ as the estimation of λ as well. Once we have

β̂ and λ̂, the maximum likelihood estimation of entropy can be easily derived as

Ĥ( f ) =
γ + β̂ + γβ̂− β̂ ln β̂ + ln λ̂

β̂
. (15)

2.2. Approximate Confidence Intervals of Entropy

In statistics, the delta method is the result of an approximate probability distribution of
the asymptotic normal statistical estimator function from the limit variance of the estimator.
This method is well known for its generality in deriving the variances and approximate confidence
intervals of estimators by creating a linear approximation of maximum likelihood function.
Reference [18] used the Delta method for estimation of new Weibull–Pareto distribution based
on progressive Type-II censored sample. Reference [19] also used this method for estimation of
the two-parameter bathtub lifetime model. Different loss functions for Bayes estimation are considered
and realized through Monte Carlo method.

In this section, the Delta method is used to derive the confidence intervals of entropy H( f )
in the following Algorithm 1.

In Algorithm, D is calculated through
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∂H( f )
∂β

= − 1
β
− γ + ln λ

β2 ,
∂H( f )

∂λ
=

1
βλ

Algorithm 1 Entropy estimation using Delta method.

1: Derive vector D as
D =

(
∂H( f )

∂β , ∂H( f )
∂λ

)
β=β̂,β=λ̂

.

2: Calculate estimated variance of Ĥ( f ) as
V(Ĥ( f )) = [DI−1

c (β, λ)DT ],
where DT is the transpose of matrix D.

3: Calculate the approximate confidence interval of Ĥ( f ).(
Ĥ( f )− zθ/2

√
V(Ĥ( f )), Ĥ( f ) + zθ/2

√
V(Ĥ( f ))

)

I−1(β, λ) denotes the Fisher information matrix of the parameters, which could be further
calculated through the derivation in Equations (11) and (12).

Ic(β̂, λ̂) =

(
−I11 −I12

−I21 −I22

)
(16)

I11 =
∂lc(X̃|β, λ)

∂β2 = − m
β2 + λ

m

∑
k=1

x−β
k:m:n[ln(xk:m:n)]

2 − λ
m

∑
k=1

Rc
kx−β

k:m:nuk[ln(xk:m:n)]
2 (17)

+ λ
m

∑
k=1

Rc
kx−β

k:m:nuβ′

k ln(xk:m:n).

I12 =
∂lc(X̃|β, λ)

∂β∂λ
=

m

∑
k=1

x−β
k:m:n ln(xk:m:n)−

m

∑
k=1

Rc
kx−β

k:m:nuk ln(xk:m:n) (18)

+ λ
m

∑
k=1

Rc
kx−β

k:m:nuλ′
k ln(xk:m:n)

I21 =
∂lc(X̃|β, λ)

∂λ∂β
= −

m

∑
k=1

x−β
k:m:n ln(xk:m:n)−

m

∑
k=1

Rc
kx−β

k:m:nuk ln(xk:m:n) (19)

−
m

∑
k=1

Rc
kx−β

k:m:nuβ′

k ln(xk:m:n) (20)

I22 =
∂lc(X̃|β, λ)

∂λ2 = − m
λ2 −

m

∑
k=1

Rc
kx−β

k:m:nuλ′
k (21)

Within which the uβ′

k and uλ′
k represent the partial derivatives of equation uk for β and λ, respectively.

uβ′

k =
λ exp(−2λx−β

k:m:n) ln(xk:m:n)

xβ
k:m:n[exp(−λx−β

k:m:n)− 1]2
−

λ exp(−λx−β
k:m:n) ln(xk:m:n)

xβ
k:m:n[exp(−λ/x−β

k:m:n)− 1]
(22)
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uλ′
k =

exp(−λx−β
k:m:n)

xβ
k:m:n[exp(−λx−β

k:m:n)− 1]
−

exp(−2λx−β
k:m:n)

xβ
k:m:n[exp(−λx−β

k:m:n)− 1]2
(23)

3. Bayes Estimations

The Bayesian method provides a solution to derive the estimation of certain distribution based on
the prior information and the sample information. Prior information is processed into prior distribution.
Therefore, it can be combined with likelihood function to derive posterior distribution. During this
process, different estimators are evaluated through loss functions, which determine the criterion for
selecting the optimal estimator.

Prior distribution is an important factor in Bayes estimation since its influence cannot be
completely eliminated. In this paper, Gamma distributions are prior distributions for parameters
β and λ of inverse Weibull distribution. We assume that β follows Gamma distribution with
hyperparameters (s, t), meanwhile λ follows the Gamma distribution with hyperparameters (a, b).
Thus, their joint prior distribution can be derived directly.

π(β, λ) ∝ βs−1 exp(−tβ)λa−1 exp(−bλ) (24)

Based on Equation (9), the joint prior distribution of β, λ, and X̃ = (x1:m:n, · · · , xm:m:n) is

π(β, λ, X̃) ∝ βs−1 exp (−tβ)λa−1 exp(−bλ)(βλ)m

m

∏
k=1

exp (−λx−β
k:m:n)x−(β+1)

k:m:n [1− exp(−λx−β
k:m:n)]

Rc
k .

Given X̃, the posterior distribution of β and λ is apparently.

π(β, λ|X̃) ∝
π(β, λ, X̃)∫ ∞

0

∫ ∞
0 π(β, λ, X̃)dβdλ

In this section, we first use squared error loss function, Linex loss function, and general entropy
loss function to carry out Bayes estimations of inverse Weibull distribution under Gamma prior
distribution. On this basis, balanced loss function is also considered to promote the estimation. Then,
we use Lindley’s approximation to calculate results.

3.1. Three Loss Functions

The loss function determines the choosing of best estimator to a certain degree. In this section,
we consider three different loss functions and derive their estimation results of entropy for comparing
different Bayes estimations.

3.1.1. Squared Error Loss Function

Squared error loss (SEL) function is applicable when considering symmetric loss functions.
The loss function is shown as

LS(φ, σ) = (φ− σ)2, (25)

where φ is the estimation of parameter σ.
Therefore, under the squared error loss function, the Bayes estimates can be obtained

theoretically as

H̃S( f ) =

∫ ∞
0 H( f )π(β, λ, X̃)dβdλ∫ ∞
0

∫ ∞
0 π(β, λ, X̃)dβdλ

. (26)
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3.1.2. Linex Loss Function

The Linex loss function is applied when considering asymmetric loss functions. It plays
an important role in engineering evaluation when positive and negative errors have unequal influence
on the estimation. On the basis of discussions given in [20], the Linex loss function is shown as

LL(φ, σ) = exp(h(σ− φ))− h(σ− φ)− 1, h 6= 0. (27)

The constant h denotes the weight of errors on different directions. If h > 0, the positive errors
are more serious than negative ones. If h < 0, the lower estimations are more significant than higher
estimations. If h is close to 0, the Linex loss function is close to squared loss function.

The Bayes estimator using the Linex loss function is described as

φ̂L = −1
h

ln[Eφ(exp(−hφ)|X)]. (28)

Therefore, under the Linex loss function, Bayes estimates can be obtained theoretically as

H̃L( f ) = −1
h

ln[

∫ ∞
0 exp(−hH( f ))π(β, λ, X̃)dβdλ∫ ∞

0

∫ ∞
0 π(β, λ, X̃)dβdλ

]. (29)

3.1.3. General Entropy Loss Function

General entropy loss function is also a widely used asymmetric loss function introduced in [21]
and extended in [22]. Endowing flexibility to location parameter and scale parameter in measurement,
this modified Linex function is also popular in lots of fields. The general entropy loss function is
shown as

LE(φ, σ) ∝ (
σ

φ
)q − q ln(

σ

φ
)− 1, q 6= 0. (30)

The constant q also denotes how much influence that an error will have. If q > 0, positive errors
cause more serious consequences than negative ones. On the other hand, if q < 0, negative errors
affect the consequences more seriously.

The Bayes estimator using General entropy loss function is described as

φ̂E = [Eφ(φ
−q|X)]−1/q. (31)

Therefore, under the general entropy loss function, Bayes estimates can be obtained theoretically as

H̃E( f ) = [

∫ ∞
0 H( f )−qπ(β, λ, X̃)dβdλ∫ ∞

0

∫ ∞
0 π(β, λ, X̃)dβdλ

]−1/q. (32)

3.2. Bayes Estimation Using Balanced Loss Function

Based on the different loss functions, general balanced loss function gives out an uniform
expression of different Bayes estimates. Such loss function is in the form of

Lρ,w,σ0(φ, σ) = wρ(σ0, σ) + (1− w)ρ(φ, σ), (33)

where ρ is a general expression of any conventional loss function and σ0 is a target estimator of σ.
With transformations of expression in balanced loss function, all the estimators mentioned above,

including maximum likelihood estimation, symmetric, and asymmetric Bayes estimation, can be
presented as special cases. When ρ denotes different functions, such as (φ− σ)2, exp(h(σ − φ))−
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h(σ− φ)− 1, or ( σ
φ )

q − q ln( σ
φ )− 1, function (33) describes the squared error estimation, Linex loss

function, and general entropy loss function.
In addition, through different values of w, the balanced loss function reflects the proximity of

estimation towards target estimator σ0 or unknown parameter φ. Thus, this loss function is more
general, as artificial preferences can be attached to this kind of function. Wide applications of it can be
detected through [23,24].

According to [17], the approximate Bayes estimations based on the balanced loss functions are
given as

ĤBS( f ) = wĤ( f ) + (1− w)Ĥs( f ), (34)

ĤBL( f ) = −1
h

ln[w exp[−hĤ( f )] + (1− w) exp[−hĤL( f )]], (35)

ĤBE( f ) = [wĤ−q( f ) + (1− w)Ĥ−q
E ( f )]−1/q. (36)

3.3. Lindley’s Approximation

All the initial appearances of Bayes estimation above are ratio of two integrals which are not
feasible to obtain the explicit results directly. Therefore, Lindley’s approximation is used to figure out
the numerical solutions. This method has been used extensively (see [25,26]) as it gives out numerical
result through simplifying transformation.

In the two-parameter case, according to the authors of [17], Lindley’s approximation is written as

L̂B(θ) =
1
2
(Q + y30S12 + y03S21 + y21P12 + y12P21) + p1Q12 + p2Q21 + L̂(θ), (37)

where τij denotes the (i, j)-th element of the matrix [−∂2l/∂θi
1∂θ

j
2]
−1, l denotes the log-likelihood

function, and

Q = ∑2
i=1 ∑2

j=1 uijτij, Qij = uiτii + ujτji,

Sij = (uiτii + ujτij)τii,

Pij = 3uiτiiτij + uj(τiiτjj + 2τ2
ij),

yij =
∂l(θ1,θ2)

∂θi
1∂θ

j
2

, pi =
∂p
∂θi

, ui =
∂L̂(θ)

∂θi
, uij =

∂L̂(θ)
∂θiθj

, p = ln π(θ1, θ2),

i, j = 0, 1, 2, 3.

Based on these equations, we can calculate the Lindley’s approximation of entropy estimation of
inverse Weibull distribution:

y30 =
∂3l
∂β3 =

2m
β3 − λ

m

∑
k=1

x−β
k:m:n(ln(xk:m:n))

3 − λ
m

∑
k=1

Rc
kukx−β(ln(xk:m:n))

3

− 2λ
m

∑
k=1

Rc
kuβ′

k x−β(ln(xk:m:n))
2 − λ

m

∑
k=1

Rc
kuβ′′

k x−β(ln(xk:m:n))
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y21 =
∂3l

∂β2∂λ
= −

m

∑
k=0

x−β
k:m:n(ln(xk:m:n))

2 −
m

∑
k=1

Rc
kujx−β(ln(xk:m:n))

2

−
m

∑
k=1

Rc
j u

λ′
k x−β(ln(xk:m:n))

2 −
m

∑
k=1

Rc
ku
′
jx
−β(ln(xk:m:n))

− λ
m

∑
k=1

Rc
kuβ′λ′

k x−β(ln(xk:m:n))

y20 =
∂2l
∂β2 = − m

β2 − λ
m

∑
k=1

x−β
k:m:n(ln(xk:m:n))

2 − λ
m

∑
k=1

Rc
kukx−β

k:m:n(ln(xk:m:n))
2

− λ ∑
k=1

mRc
kuβ′

k x−β
k:m:n ln(xk:m:n)

y11 = − ∂2l
∂β∂λ

=
m

∑
k=1

x−β
k:m:n ln(xk:m:n)−

m

∑
k=1

Rc
kukx−β

k:m:n ln(xk:m:n)− λ
m

∑
k=1

Rc
kuλ′

k x−β
k:m:n ln(xk:m:n)

y12 =
∂3l

∂β∂λ2 = −
m

∑
k=1

Rc
kuλ′

k x−β
k:m:n ln(xk:m:n) −

m

∑
k=1

Rc
kuλ′

k x−β
k:m:n ln(xk:m:n)

− λ
m

∑
k=1

Rc
kuλ′′

k x−β
k:m:n ln(xk:m:n)

y03 =
∂3l
∂λ3 =

2m
λ
−

m

∑
k=1

x−β
k:m:nuλ′′

k y02 =
∂2l
∂λ2 = − m

λ2 −
m

∑
k=1

x−β
k:m:nuλ′

k

τ11 = − y02

y20y02 − y2
11

τ22 = − y20

y20y02 − y2
11

τ12 = τ21 = − y11

y20y02 − y2
11

uβ′

k and uβ′′

k are first and second derivative of uk by β, respectively; also, uλ′
k and uλ′′

k are the first

and second derivative of uk by λ, respectively. For convenience of illustration, we display uβ′′

k .

uβ′′

j =
3λ2 exp(−2λx−β

k:m:n)(ln(xk:m:n))
2

x(2β)
k:m:n(exp(−λx−β

k:m:n)− 1)2
−

λ2 exp(−λx−β
k:m:n)(ln(xk:m:n))

2

x2β
k:m:n(exp(−λx−β

k:m:n)− 1)

−
2λ2 exp(−3λx−β

k:m:n)(ln(xk:m:n))
2

x2β
k:m:n(exp(−λx−β

k:m:n)− 1)3

+
λ exp(−λx−β

k:m:n)(ln(xk:m:n))
2

(xβ
k:m:n(exp(−λx−β

k:m:n)− 1))

−
λ exp(−2λx−β

k:m:n)(ln(xk:m:n))
2

xβ
k:m:n(exp(−λx−β

k:m:n)− 1)2

Using the Lindley’s approximation shown above, we can calculate the approximation results of
Bayes estimates against different loss functions.

Under the squared error loss function,

L(β, λ) = H( f ) =
γ + β + γβ− β ln β + ln λ

β
.
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u1 = ∂L
∂β = − γ

β2 − 1
β −

ln λ
β2 u2 = ∂L

∂λ = 1
λβ u22 = ∂2L

∂λ2 = − 1
λ2β

u21 = u12 = ∂2L
∂β∂λ = − 1

λβ2 u11 = ∂2L
∂β2 = 2(γ+ln λ)

β3 + 1
β2

Using Equation (37), the approximate Bayes estimation ĤS( f ) can be derived as

ĤS( f ) = Ĥ( f ) + 0.5[l30(u1τ11 + u2τ12)τ11 + l03(u2τ22 + u1τ21)τ22

+ l21{3u1τ11τ12 + u2(τ11τ22 + 2τ2
12)}+ (u11τ11 + 2u12τ12 + u22τ22)]

+ p1(u1τ11 + u2τ21) + p2(u2τ22 + u1τ12).

(38)

Under the Linex loss function,

L(β, λ) = exp[−hH( f )] = exp[−h(
γ + β + γβ− β ln β + ln λ

β
)].

u1 = ∂L
∂β = −h[− γ

β2 − 1
β −

ln λ
β2 ] exp[−hH( f )] u2 = ∂L

∂λ = − h
λβ exp[−hH( f )]

u11 = ∂2L
∂β2 = −h{ 2γ

β3 + 1
β2 +

2 ln λ
β3 − h[− γ

β2 − 1
β −

ln λ
β2 ]2} exp[−hH( f )]

u21 = u12 = ∂2L
∂β∂λ = h

λβ2 exp[−hH( f )] + h2

λβ [−
γ
β2 − 1

β −
ln λ
β2 ] exp[−hH( f )]

u22 = ∂2L
∂λ2 = − h

λβ exp[−hH( f )][− h
λβ −

1
λ ]

Using Equation (37), the approximate Bayes estimation ĤL( f ) can be derived as

ĤL( f ) = −1
h

ln{exp[−hĤ( f )] + 0.5[l30(u1τ11 + u2τ12)τ11 + l03(u2τ22 + u1τ21)τ22

+ l21{3u1τ11τ12 + u2(τ11τ22 + 2τ2
12)}+ (u11τ11 + 2u12τ12 + u22τ22)]

+ p1(u1τ11 + u2τ21) + p2(u2τ22 + u1τ12)}.

(39)

Under the general entropy loss function,

L(β, λ) = [H( f )]−q = (
γ + β + γβ− β ln β + ln λ

β
)−q.

u1 = ∂L
∂β = −q(− γ

β2 − 1
β −

ln λ
β2 )H−(q+1)( f ) u2 = ∂L

∂λ = −q( 1
λβ )H−(q+1)( f )

u21 = u12 = ∂2L
∂β∂λ = q( 1

λβ )H−(q+2)( f )[ 1
β H( f )− (q + 1)(− γ

β2 − 1
β −

ln λ
β2 )]

u11 = ∂2L
∂β2 = −qH−(q+2)( f )[( 2γ

β3 + 1
β2 +

2 ln λ
β3 )H( f )− (q + 1)(− γ

β2 − 1
β −

ln λ
β2 )2]

u22 = ∂2L
∂λ2 = −q(− 1

λβ )H−(q+2)[ 1
λ H( f ) + (q + 1)( 1

λβ )]

Using Equation (37), the approximate Bayes estimation ĤE( f ) can be derived as

ĤE( f ) = [Ĥ( f )−q + 0.5[l30(u1τ11 + u2τ12)τ11 + l03(u2τ22 + u1τ21)τ22

+ l21{3u1τ11τ12 + u2(τ11τ22 + 2τ2
12)}+ (u11τ11 + 2u12τ12 + u22τ22)]

+ p1(u1τ11 + u2τ21) + p2(u2τ22 + u1τ12)]
−1/q.

(40)
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4. Simulation Results

Monte Carlo method is an important procedure of statistical analysis that provides a certain
method for simulation through generating random variables under a certain distribution. In this
section, we compare the performances of different estimations using this method.

At the beginning, we derive Algorithm 2 to generate adaptive type-II progressive hybrid censored
sample under inverse Weibull distribution following the method proposed in [1].

Algorithm 2 Generating adaptive type-II progressive hybrid censoring data under inverse
Weibull distribution.

1: For each i ∈ [1,m], generate Wi following uniform distribution.
2: For each i ∈ [1,m], generate Vi:m:n through relationship with Ri and Wi as

V1 = W1/1+Rm
1 ,

V2 = W1/(2+Rm+Rm−1)
2 ,

· · · · · · ,
Vm = W1/(m+Rm+Rm−1+···+R1)

m .
3: For each i ∈ [1,m], generate Ui:m:n through relationship with Vi as

U1 = 1−Vm,
U2 = 1−VmVm−1,
· · · · · · ,
Um = 1−VmVm−1 · · ·V1 .

4: For each i ∈ [1,m], derive x1:m:n, x2:m:n, · · · , xm:m:n following xi:m:n = F−1(Ui),
where F−1 denotes the inverse Weibull distribution’s inverse cumulative functional expression
with parameters (β,λ).(i = 1, 2, · · · , m)

5: When XJ:m:n < T < XJ+1:m:n, set index J and record X1:m:n, · · · , XJ+1:m:n
6: Record XJ+2:m:n, · · · , Xm:m:n, as first m − J − 1 order statistics following truncated distribution

f (x)/[1− F(xJ+1)] with sample size (n− J − 1−∑J
k=1 Rc

j ).

Without loss of generality, we set parameters of the inverse Weibull distribution to β = λ = 1.
Next, we create adaptive type-II progressive hybrid censoring schemes by setting the schemes

and threshold time T. It is used to display the estimation appearances under different cases of adaptive
type-II progressive hybrid censoring data set. Therefore, we take different T into consideration by
setting them to T = 0.7, 1.5, respectively.

Meanwhile, this paper also considers various adaptive type-II progressive hybrid censored data
set through three kinds of censoring schemes. Schemes themselves have different versions in case I
and case II. However, for illustration convenience, they are displayed in Table 1. As the proportions of
the censored samples and observed samples also influence the entropy values, various m and n are set
to n = 30, 40, 60, m = 10, 15. Also, to avoid over censoring, we chose s = 1 when n = 30, 40, while
s = 3 when n = 60.

Table 1. Censoring schemes.

Schemes Case I Case II

a. Rm = n−m, Ri = 0(i 6= 0) Rm = n−m, Ri = 0(i 6= 0)

b.
Rm = n− js

Rj+1 = Rj+2 = · · · = Rm−1 = 0
R1 = R2 = · · · = Rj = s

Rm = n− (m− 1)s
Ri = s, (i 6= m)

c.
Rm = n− j, Rj = j

Rj+1 = Rj+2 = · · · = Rm−1 = 0
R1 = R2 = · · · = Rj−1 = 0

Rm = n−m + 1, Rj = j
Rj+1 = Rj+2 = · · · = Rm−1 = 1

R1 = R2 = · · · = Rj−1 = 0
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Finally, in the computation of each estimation, we use noninformative prior distribution with
parameters h and q set to h = −1.5, 0.5, 1 (for Linex loss function); q = −1.5, 0.5, 1 (for general entropy
loss function); and w = 0.2, 0.5, 0.8 (for balanced loss function).

In interval estimation, we derive the variances of estimated entropy, indicating the approximate
interval of entropy of different progressive type-II censoring schemes. Under different conditions,
the lengths of estimation interval are tabulated in Table 2.

Table 2. Approximate variance of entropy V(Ĥ( f )).

m = 10 m = 15

n Scheme T = 0.7 T = 1.5 n Scheme T = 0.7 T = 1.5

30 a. 0.1545 0.1431 30 a. 0.1069 0.0732
b. 0.1145 0.0789 b. 0.0887 0.0630
c. 0.1139 0.0893 c. 0.0713 0.0730

40 a. 0.1624 0.1766 40 a. 0.1193 0.0766
b. 0.1491 0.1090 b. 0.1068 0.0692
c. 0.1415 0.1027 c. 0.1319 0.0671

60 a. 0.1707 0.1322 60 a. 0.1097 0.1570
b. 0.1256 0.1284 b. 0.0993 0.0779
c. 0.1705 0.1092 c. 0.1063 0.0867

According to results, it is reasonable to assume that the censoring pattern, the censored size,
and the time limitation T are apparently related to the interval estimation.

1. With the growth of time constraint T, the lengths of approximate confidence intervals of
entropy decrease.

2. When observed failure amount increases while sample size is fixed, the lengths of approximate
confidence intervals of entropy decrease.

3. Censoring scheme c. usually leads to shorter estimation intervals.

In point estimation, following the method for computation using descriptions of β̂ and λ̂ as in
Equations (13) and (14), we derive the estimates under maximum likelihood estimations method
and Bayes estimation methods against squared error loss function, Linex loss function, and general
entropy loss function. According to discussions in Section 3, balanced loss function-based estimations
against three loss functions above are also calculated through Lindley’s approximation. Using Monte
Carlo method, we replicate the procedures 1000 times in each case to present the comparisons. All
the estimations are compared by presenting their mean squared error (MSE) (units is 0.1) and bias
(units is 0.1) in Tables 3–10.

As can be seen from tables, the properties of the estimates under all of the above conditions are
as follows.

1. All the maximum likelihood estimates and Bayesian estimates are lower than true values.
2. With the growth of time constraint T, the estimates seem to be more accurate.
3. When sample size increases while observed failures amount is fixed, the MSE values show a

decreasing tendency.
4. When the observed failure amount increases while sample size is fixed, the MSE values

decrease generally.
5. q = 1 is more appropriate value of general entropy loss function for estimation.
6. w = 0.5 is more suitable for balanced loss function under the noninformative prior inverse

Weibull distribution.
7. Censoring scheme c. usually performs better.
8. General entropy estimation performs better under most conditions.
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To display the conclusions, we plot the performances of MSE when sample size is increasing with
different censored sizes, censoring schemes, weight of errors, and proximity of estimation towards
target estimator or unknown parameter. Besides, the influence of expected experiment time T can also
be observed in the figures. Trends are shown in Figures 3 and 4 (values come from Tables 3, 5, 7, and 9).

Figure 3. Mean squared error (MSE) of entropy estimation under censoring scheme c., in the case of
T = 0.7, when m = 10 (left) and m = 15 (right).

Figure 4. MSE of entropy estimation under censoring scheme c., in the case of T = 1.5, when
m = 10 (left) and m = 15 (right).

Table 3. MSE of entropy estimations when T = 0.7, m = 10.

m n Scheme w Ĥ ĤS
ĤL ĤE

h = −1.5 h = 0.5 h = 1.0 q = −1.5 q = 0.5 q = 1.0

10 30 a. 5.5834 5.8013 4.8717 5.1579 5.3347 4.8151 5.2370 5.5881
0.2 4.7238 4.7146 5.7314 4.6978 4.6930 4.9730 4.7081
0.5 5.4397 4.7380 5.4193 5.2400 4.7207 5.5030 5.3608
0.8 5.6253 4.8129 5.2045 5.4964 4.7968 5.2215 5.5844

b. 4.9670 5.0379 4.7579 4.6605 4.8932 4.7265 4.6593 4.9653
0.2 5.1131 4.6121 6.2208 4.9581 4.6105 6.6617 5.0398
0.5 4.9410 5.1070 4.6543 4.8733 4.7622 4.9542 4.8088
0.8 5.0993 4.7845 5.2391 4.9885 4.7578 5.2926 5.0510

c. 4.9127 4.9764 4.6049 4.6577 4.8529 4.6028 4.6566 4.9129
0.2 4.9339 4.8444 4.9953 4.8356 4.7997 4.5952 4.8837
0.5 4.9807 4.7239 4.6584 4.9472 4.7158 4.8581 4.6667
0.8 4.9250 4.6022 4.6557 4.8972 4.6018 4.8555 4.7127

10 40 a. 5.3287 5.4959 5.0391 4.9315 5.1424 5.0138 4.9601 5.3268
0.2 4.6121 5.1124 4.9155 4.9088 4.7445 4.9356 4.9091
0.5 5.4960 4.9966 5.3349 5.2695 4.9353 4.8782 4.8179
0.8 5.3608 4.9382 4.9408 5.2673 4.9055 4.9466 4.9283

b. 4.8729 4.9311 4.6865 4.6075 4.8207 4.6676 4.6078 4.8724
0.2 4.6564 5.6843 4.7821 4.6452 4.7845 4.7866 4.6486
0.5 4.6962 4.6498 4.8830 4.6971 4.6434 4.7743 4.6873
0.8 4.8841 4.6655 4.6069 4.8595 4.6610 4.8925 4.5961
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Table 3. Cont.

m n Scheme w Ĥ ĤS
ĤL ĤE

h = −1.5 h = 0.5 h = 1.0 q = −1.5 q = 0.5 q = 1.0

c. 4.5980 4.5979 4.5599 4.6279 4.5973 4.7093 4.6277 4.5977
0.2 4.8234 4.6021 4.7297 4.7710 4.6017 4.7304 4.7950
0.5 4.8091 4.6718 4.6235 4.7797 4.6634 4.6235 4.5741
0.8 4.57490 4.6808 4.6273 4.5978 4.5128 4.6272 4.6979

10 60 a. 4.8374 5.2519 4.7822 4.7292 5.0138 4.7423 4.7304 5.1381
0.2 4.7904 4.6672 4.6607 4.7466 4.6557 4.6596 4.7659
0.5 4.9067 4.6390 4.8137 4.8480 4.6346 4.7080 4.6845
0.8 5.1594 4.7385 4.7270 5.1007 4.7275 5.1375 4.7272

b. 4.6841 4.7009 4.8136 4.8542 4.6775 4.7699 4.8673 4.6856
0.2 5.0596 4.8256 4.7127 4.9176 4.7847 4.7128 4.9905
0.5 5.0649 4.7451 4.8146 4.9612 4.7241 4.8189 4.6182
0.8 4.6873 4.7655 4.8555 4.6827 4.7533 4.8581 4.6844

c. 4.5098 4.6124 5.0811 4.6408 4.6096 4.4795 4.3395 4.3107
0.2 4.6886 5.0519 4.6552 4.6679 4.9626 4.3543 4.2744
0.5 4.6103 4.9757 4.6386 4.5098 4.9410 4.2383 4.2100
0.8 4.6959 4.6624 4.7859 4.6826 4.3307 4.4888 4.2876

Table 4. Bias of entropy estimations when T = 0.7, m = 10.

m n Scheme w Ĥ ĤS
ĤL ĤE

h = −1.5 h = 0.5 h = 1.0 q = −1.5 q = 0.5 q = 1.0

10 30 a. −2.1167 −2.0952 −2.1118 −2.1206 −2.0979 −2.0915 −2.0888 −2.1280
0.2 −1.9939 −2.1061 −2.1014 −1.9939 −2.0653 −2.0920 −2.1280
0.5 −2.0716 −2.0869 −2.1011 −2.0716 −2.0648 −2.0915 −2.0869
0.8 −2.0979 −2.1118 −2.1206 −2.0979 −2.1294 −2.1325 −2.1240

b. −2.1113 −2.1093 −2.0888 −2.0958 −2.1109 −2.1297 −2.1324 −2.1239
0.2 −2.0776 −2.0321 −2.1328 −2.0776 −2.0800 −2.0787 −2.0722
0.5 −2.0720 −2.1229 −2.1064 −2.0720 −2.0776 −2.0799 −2.0794
0.8 −2.1109 −2.0888 −2.0958 −2.1109 −2.0910 −2.1280 −2.0653

c. −2.0986 −2.1153 −2.1119 −2.0827 −2.1164 −2.0764 −2.1074 −2.1119
0.2 −2.0968 −2.1355 −2.0829 −2.1070 −2.1196 −2.0767 −2.0675
0.5 −2.0987 −2.0589 −2.0706 −2.1058 −2.1041 −2.0639 −2.0767
0.8 −2.1164 −2.1119 −2.0827 −2.0707 −2.0280 −2.0129 −2.0776

10 40 a. −2.1051 −2.1025 −2.1242 −2.0850 −2.1046 −2.0432 −2.1004 −2.0772
0.2 −2.1146 −2.0912 −2.1121 −2.1146 −2.1073 −2.1059 −2.1196
0.5 −2.1105 −2.0823 −2.1367 −2.1075 −2.1198 −2.0764 −2.1074
0.8 −2.1046 −2.1242 −2.0850 −2.0982 −2.0891 −2.0386 −2.1010

b. −2.0802 −2.0766 −2.0754 −2.0652 −2.0742 −2.0680 −2.0646 −2.0608
0.2 −2.0624 −2.0684 −2.0616 −2.0624 −2.0642 −2.0592 −2.0584
0.5 −2.0613 −2.0687 −2.0629 −2.0617 −2.0615 −2.0541 −2.0535
0.8 −2.0642 −2.0654 −2.0632 −2.0644 −2.0607 −2.0572 −2.0589

c. −2.0462 −2.0449 −2.0503 −2.0510 −2.0419 −2.0419 −2.0412 −2.0448
0.2 −2.0521 −2.0392 −2.0444 −2.0402 −2.0412 −2.0318 −2.0315
0.5 −2.0351 −2.0335 −2.0371 −2.3651 −2.0359 −1.9737 −1.9419
0.8 −2.0491 −2.0432 −2.0402 −2.0379 −2.0375 −2.0278 −2.0253

10 60 a. −2.0719 −2.0663 −2.0979 −2.1074 −2.0708 −2.1057 −2.0764 −2.1058
0.2 −2.0609 −2.1206 −1.9785 −2.0999 −2.1014 −2.1012 −2.1006
0.5 −2.0741 −2.0436 −2.1078 −2.1054 −2.0807 −2.0767 −2.0639
0.8 −2.0708 −2.0979 −2.1074 −2.0697 −2.0852 −2.1102 −2.1059
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Table 4. Cont.

m n Scheme w Ĥ ĤS
ĤL ĤE

h = −1.5 h = 0.5 h = 1.0 q = −1.5 q = 0.5 q = 1.0

b. −2.0335 −2.0230 −2.0876 −2.0524 −2.0400 −2.1215 −2.0822 −2.0417
0.2 −2.0970 −2.1007 −2.0072 −2.0560 −2.0503 −1.9847 −1.9246
0.5 −2.0410 −2.0969 −2.0334 −2.0580 −2.0860 −1.9478 −1.8593
0.8 −2.0314 −2.0876 −2.0524 −2.0124 −1.9702 −1.9698 −1.9309

c. −2.0107 −2.0121 −2.0024 −2.0051 −2.0019 −2.0002 −2.0019 −1.9412
0.2 −2.0151 −2.0125 −2.0009 −2.0026 −2.0023 −2.0040 −1.9215
0.5 −2.0166 −2.0064 −2.0017 −1.9684 −1.9822 −1.9185 −1.9141
0.8 −2.0125 −2.0047 −2.0048 −1.9987 −1.9857 −1.9641 −1.9371

Table 5. MSE of entropy estimations when T = 0.7, m = 15.

m n Scheme w Ĥ ĤS
ĤL ĤE

h = −1.5 h = 0.5 h = 1.0 q = −1.5 q = 0.5 q = 1.0

15 30 a. 5.3587 5.4747 4.7044 5.4151 5.2040 4.6881 5.5387 5.3588
0.2 4.8056 5.6898 5.0572 4.7671 5.5077 5.0876 4.7847
0.5 4.6618 5.0632 4.6518 4.6574 5.0033 4.6594 4.6517
0.8 5.1712 4.9866 5.4919 5.1293 4.9829 5.5193 5.1872

b. 4.8131 5.1988 4.6289 4.8633 5.0443 4.6245 4.8720 5.1316
0.2 4.8952 4.6424 4.6815 4.5951 4.8371 4.7809 4.7514
0.5 4.7496 4.8011 4.6203 4.7344 4.7788 4.7199 4.6752
0.8 5.1448 4.6239 5.1086 4.8655 4.6229 4.8673 4.7392

c. 4.7332 4.7500 4.8249 4.8442 4.7212 4.7867 4.8523 4.9332
0.2 4.6153 4.9042 4.6128 4.6137 4.8578 4.6130 4.6145
0.5 4.6796 4.6948 4.6423 4.6727 4.6849 4.6029 4.5471
0.8 4.7365 4.6854 4.8471 4.7306 4.7757 4.8487 4.7332

15 40 a. 4.9819 5.2159 5.0837 4.7810 5.6577 4.9943 4.7847 5.9775
0.2 4.7240 4.9494 4.9567 4.7033 4.8898 4.9754 4.7113
0.5 4.6540 4.5970 4.7587 4.6494 4.5970 4.7599 4.6508
0.8 6.0272 4.9934 4.7805 5.8640 4.9660 4.7812 5.9810

b. 4.8778 4.9155 5.3158 4.7955 4.8388 5.1865 4.9102 4.8772
0.2 4.5960 5.5896 4.5961 4.5959 5.4222 4.5961 4.5959
0.5 4.9684 4.6670 4.6297 4.9132 4.6597 4.6293 4.5439
0.8 4.8852 5.1905 4.9009 4.8685 5.1479 4.9039 4.8777

c. 4.5205 4.8524 4.7231 4.6732 4.7917 4.7009 4.6727 4.8202
0.2 4.4954 4.5178 4.5713 4.5806 4.5662 4.5033 4.4859
0.5 4.4602 4.5011 4.5574 4.5538 4.5485 4.5126 4.4556
0.8 4.5267 4.4990 4.5717 4.6138 4.5936 4.5116 4.5165

15 60 a. 4.9223 4.9708 4.6493 4.8144 4.8694 4.6401 4.8209 4.9208
0.2 4.6882 4.9246 5.1417 4.6716 4.8693 5.1914 4.6768
0.5 4.8509 4.7064 4.8962 4.8149 4.6947 4.9037 4.8330
0.8 4.9318 4.6390 4.8148 4.9091 4.6370 4.8161 4.9220

b. 4.6086 4.6519 4.6449 4.6696 4.6603 4.5203 4.4683 4.5063
0.2 4.6733 4.6877 4.6928 4.6194 4.5570 4.5922 4.4961
0.5 4.6171 4.6038 4.6214 4.6172 4.6179 4.5209 4.3178
0.8 4.6257 4.6185 4.6673 4.6967 4.6124 4.5670 4.4081

c. 4.3531 4.3624 4.3845 4.3613 4.3498 4.2704 4.2638 4.2531
0.2 4.3006 4.3149 4.3439 4.3607 4.2370 4.2665 4.3486
0.5 4.3559 4.3139 4.2722 4.1505 4.2067 4.1139 4.1052
0.8 4.3549 4.3171 4.3688 4.3524 4.3256 4.2616 4.2531
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Table 6. Bias of entropy estimations when T = 0.7, m = 15.

m n Scheme w Ĥ ĤS
ĤL ĤE

h = −1.5 h = 0.5 h = 1.0 q = −1.5 q = 0.5 q = 1.0

15 30 a. −2.0884 −2.0856 −2.0929 −2.1351 −2.0878 −2.0592 −2.1075 −2.0672
0.2 −2.1192 −2.1018 −2.0814 −2.1336 −2.0807 −2.1269 −2.1336
0.5 −2.0919 −2.1082 −2.0750 −2.1114 −1.9852 −2.1111 −2.1127
0.8 −2.0878 −2.0929 −2.1351 −2.0531 −2.0611 −2.1157 −2.0600

b. −2.0700 −2.0657 −2.1016 −2.0973 −2.1336 −2.0792 −2.1270 −2.1336
0.2 −2.0977 −2.0794 −2.1055 −1.9974 −2.1111 −2.1124 −2.0877
0.5 −2.0958 −2.0992 −2.0902 −2.0656 −2.1157 −2.0557 −2.0436
0.8 −2.0692 −2.1016 −2.0973 −2.0807 −2.1269 −2.1336 −2.0629

c. −2.0517 −2.0452 −2.0625 −2.1173 −2.0549 −2.0847 −2.0488 −2.0580
0.2 −2.0629 −2.0348 −2.0976 −2.0682 −2.1037 −2.0981 −2.1066
0.5 −2.0963 −2.0548 −2.0489 −2.0478 −2.0560 −2.1108 −2.0584
0.8 −2.0504 −2.0625 −2.1173 −2.1336 −2.1336 −2.0792 −2.1270

15 40 a. −2.0596 −2.0552 −2.1161 −2.0802 −2.0567 −2.1193 −2.0832 −2.0785
0.2 −2.1322 −2.1121 −2.1024 −2.1019 −2.1001 −2.0266 −2.1290
0.5 −2.0936 −2.0895 −2.1167 −2.1021 −2.0309 −2.0664 −2.0647
0.8 −2.0587 −2.1161 −2.0802 −2.0548 −2.1181 −2.1290 −2.1019

b. −2.0455 −2.0391 −2.1031 −2.0355 −2.0442 −2.0605 −2.0898 −2.0752
0.2 −2.0870 −2.0353 −2.0594 −2.0870 −2.1028 −2.0506 −2.0626
0.5 −2.1071 −2.0681 −2.1086 −2.1041 −2.0785 −2.0371 −2.0343
0.8 −2.0442 −2.1031 −2.0355 −2.0442 −2.1029 −2.0998 −2.1121

c. −2.0019 −2.0093 −2.0052 −1.9820 −1.9911 −1.9806 −1.9750 −1.9835
0.2 −1.9887 −1.9807 −1.9893 −1.9905 −1.9866 −1.9790 −1.9721
0.5 −1.9903 −1.9925 −1.9907 −1.9839 −1.9790 −1.9719 −1.9674
0.8 −1.9953 −1.9902 −1.9820 −1.9911 −1.9956 −1.9750 −1.9735

15 60 a. −1.9920 −1.9892 −1.9415 −1.8043 −1.9915 −1.9329 −1.8928 −1.8893
0.2 −1.9950 −1.8212 −1.9844 −1.9893 −1.9867 −1.9286 −1.8920
0.5 −1.8153 −1.9736 −1.9988 −1.9898 −1.9329 −1.9128 −1.8873
0.8 −1.9915 −1.9415 −1.8043 −1.8170 −1.9776 −1.9985 −1.8979

b. −1.8803 −1.8769 −1.8912 −1.8802 −1.8873 −1.8820 −1.8984 −1.8977
0.2 −1.8092 −1.8940 −1.8902 −1.8874 −1.8986 −1.8975 −1.8800
0.5 −1.8097 −1.8897 −1.8917 −1.8911 −1.8708 −1.8761 −1.8727
0.8 −1.8796 −1.8912 −1.8852 −1.8975 −1.8847 −1.8984 −1.8977

c. −1.8664 −1.8532 −1.8666 −1.8735 −1.8121 −1.8110 −1.7498 −1.8769
0.2 −1.8581 −1.7491 −1.8797 −1.8622 −1.8785 −1.8498 −1.8421
0.5 −1.8669 −1.8494 −1.8741 −1.8524 −1.8538 −1.8341 −1.8287
0.8 −1.8558 −1.8666 −1.8795 −1.8602 −1.8613 −1.8527 −1.8536

Table 7. MSE of entropy estimations when T = 1.5, m = 10.

m n Scheme w Ĥ ĤS
ĤL ĤE

h = −1.5 h = 0.5 h = 1.0 q = −1.5 q = 0.5 q = 1.0

10 30 a. 4.7775 4.8150 5.0485 4.7595 4.7492 4.9544 4.7633 4.7771
0.2 5.0814 4.7914 5.3556 4.9271 4.7533 5.4889 5.0064
0.5 4.7485 5.1714 4.7922 4.7264 5.0795 4.7956 4.7359
0.8 4.7847 4.9520 4.7587 4.7708 4.9211 4.7595 4.7774

b. 4.5614 4.4382 4.5476 4.4990 4.6514 4.5617 4.4925 4.4228
0.2 4.5840 4.4418 4.4094 4.4356 4.6363 4.4095 4.5381
0.5 4.4750 4.4293 4.4216 4.3650 4.4427 4.4237 4.3987
0.8 4.4146 4.4460 4.4306 4.4312 4.4098 4.4943 4.4594
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Table 7. Cont.

m n Scheme w Ĥ ĤS
ĤL ĤE

h = −1.5 h = 0.5 h = 1.0 q = −1.5 q = 0.5 q = 1.0

c. 4.3967 4.3966 4.3965 4.3971 4.3967 4.3962 4.3968 4.3966
0.2 4.4129 4.4625 4.7070 4.6099 4.3517 4.4069 4.3102
0.5 4.4025 4.4122 4.3800 4.377 4.4102 4.3794 4.2841
0.8 4.3967 4.3960 4.3968 4.3967 4.3959 4.3967 4.3967

10 40 a. 4.6974 4.7189 5.0037 4.5961 4.6851 4.9190 4.5963 4.6968
0.2 4.7883 4.4660 4.5711 4.9405 4.8348 4.7577 4.7183
0.5 4.5690 4.4739 4.5031 4.7051 4.4012 4.5137 4.4285
0.8 4.6016 4.9154 4.5961 4.6947 4.8882 4.5962 4.6973

b. 4.3023 4.3027 4.3197 4.3154 4.3029 4.3151 4.3158 4.3015
0.2 4.2900 4.3331 4.2987 4.2896 4.2907 4.2205 4.2058
0.5 4.3327 4.3995 4.3240 4.3122 4.2891 4.2147 4.2013
0.8 4.3024 4.3139 4.3146 4.3024 4.3129 4.2709 4.3021

c. 3.9204 3.9387 3.9205 3.8265 3.9056 3.8134 3.8323 3.8267
0.2 3.9140 3.9775 3.8662 3.8177 3.9532 3.8793 3.8385
0.5 3.8664 3.8026 3.7238 3.8653 3.8945 3.8111 3.8257
0.8 3.9240 3.8135 3.8338 3.9171 3.8084 3.8364 3.8294

10 60 a. 4.1600 4.1182 4.1343 4.1128 4.1127 4.1042 4.0931 4.1290
0.2 4.1637 4.1308 4.1356 4.1371 4.1279 4.1054 4.0957
0.5 4.0716 4.0934 4.0974 4.0925 4.0846 4.0761 4.0552
0.8 4.1700 4.0915 4.1217 4.1381 4.0938 4.0911 4.0798

b. 3.8720 3.8923 3.8959 3.8597 3.8254 3.8886 3.8596 3.8621
0.2 3.8134 3.8185 3.8153 3.8096 3.8731 3.8439 3.8289
0.5 3.8032 3.7921 3.7410 3.7726 3.7659 3.7647 3.7615
0.8 3.8219 3.7931 3.7967 3.8042 3.7946 3.7938 3.7621

c. 3.6717 3.6964 3.6384 3.9019 3.6430 3.6232 3.9022 3.6721
0.2 3.6480 3.6486 3.6440 3.6418 3.6402 3.6489 3.6360
0.5 3.6431 3.6437 3.6459 3.6428 3.6418 3.6372 3.6032
0.8 3.6564 3.6528 3.6495 3.6413 3.6416 3.6396 3.6378

Table 8. Bias of entropy estimations when T = 1.5, m = 10.

m n Scheme w Ĥ ĤS
ĤL ĤE

h = −1.5 h = 0.5 h = 1.0 q = −1.5 q = 0.5 q = 1.0

10 30 a. −2.1368 −2.1367 −2.1300 −2.1287 −2.1368 −2.0969 −2.1359 −2.0393
0.2 −2.1196 −2.1085 −2.0973 −2.1196 −2.0969 −2.1358 −2.1196
0.5 −2.0873 −2.1204 −2.1026 −2.0873 −2.0581 −2.0975 −2.0943
0.8 −2.1368 −2.1300 −2.1287 −2.1368 −2.1410 −2.1189 −2.1284

b. −2.0902 −2.0860 −2.0753 −2.0916 −2.0893 −2.1359 −2.1360 −2.0354
0.2 −2.0631 −2.0919 −2.0311 −2.0631 −2.0969 −2.1359 −2.0945
0.5 −2.0937 −2.0619 −2.0861 −2.0937 −2.0471 −2.1056 −2.0327
0.8 −2.0893 −2.0753 −2.0916 −2.0893 −2.1409 −2.1184 −2.0393

c. −2.0203 −2.0027 −2.0119 −2.0275 −2.0180 −2.0354 −2.0104 −2.0138
0.2 −2.0317 −2.0345 −2.0264 −2.0138 −2.0269 −2.0242 −2.0050
0.5 −2.0212 −2.0483 −2.0124 −2.0232 −2.0101 −2.0115 −1.9743
0.8 −2.0180 −2.1109 −2.0275 −2.0189 −2.0345 −2.0345 −2.0117

10 40 a. −2.0814 −2.0766 −2.1012 −2.1199 −2.0804 −2.0863 −2.0950 −2.1032
0.2 −2.0423 −2.0545 −2.1068 −2.0423 −2.1027 −2.0874 −2.0838
0.5 −2.0909 −2.0909 −2.0775 −2.0909 −2.1037 −2.0780 −2.0607
0.8 −2.0804 −2.1012 −2.1199 −2.0804 −2.0787 −2.1128 −2.1174
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Table 8. Cont.

m n Scheme w Ĥ ĤS
ĤL ĤE

h = −1.5 h = 0.5 h = 1.0 q = −1.5 q = 0.5 q = 1.0

b. −2.0009 −1.9977 −1.9783 −2.0297 −2.0002 −2.0075 −1.9874 −1.9907
0.2 −1.9626 −1.9461 −1.9741 −1.9626 −2.0027 −1.9869 −1.9626
0.5 −1.9449 −1.9680 −1.9607 −1.9449 −2.0029 −1.9763 −1.9869
0.8 −2.0002 −1.9783 −2.0297 −2.0002 −2.0369 −2.0370 −1.9792

c. −1.9413 −1.9416 −1.9195 −1.9188 −1.9414 −1.9828 −1.9636 −1.9562
0.2 −1.9557 −1.9475 −1.9265 −1.9557 −1.9428 −1.9542 −1.9164
0.5 −1.9958 −1.9396 −1.9154 −1.9358 −1.9369 −1.9292 −1.9180
0.8 −1.9414 −1.9195 −1.9188 −1.9414 −1.9390 −1.9369 −1.9186

10 60 a. −2.0775 −2.0750 −2.0621 −2.0437 −2.0770 −2.0877 −2.0692 −2.0750
0.2 −2.1062 −2.0720 −1.9312 −2.1062 −2.0749 −2.0594 −2.1165
0.5 −1.9563 −2.0725 −2.0186 −1.9563 −2.0369 −2.0406 −2.0378
0.8 −2.0770 −2.0621 −2.0437 −2.0770 −2.0378 −2.0469 −2.0396

b. −1.8803 −1.9756 −1.8805 −1.9369 −1.8793 −1.8585 −1.8539 −1.8540
0.2 −1.8469 −1.9045 −1.8339 −1.8469 −1.9208 −1.8988 −1.8675
0.5 −1.9137 −1.9298 −1.8808 −1.9137 −1.9170 −1.8540 −1.8521
0.8 −1.8793 −1.8805 −1.9369 −1.8793 −1.8576 −1.9160 −1.8989

c. −1.8269 −1.8159 −1.8475 −1.9321 −1.8247 −1.8989 −1.8602 −1.8568
0.2 −1.8439 −1.8529 −1.8705 −1.8439 −1.8322 −1.8215 −1.8188
0.5 −1.8668 −1.8428 −1.8427 −1.8368 −1.8176 −1.8166 −1.8156
0.8 −1.8247 −1.8566 −1.9001 −1.8247 −1.8568 −1.8289 −1.8302

Table 9. MSE of entropy estimations when T = 1.5, m = 15.

m n Scheme w Ĥ ĤS
ĤL ĤE

h = −1.5 h = 0.5 h = 1.0 q = −1.5 q= 0.5 q = 1.0

15 30 a. 4.6027 4.6040 4.7509 4.6342 4.6148 4.7253 4.6332 4.6028
0.2 4.6137 4.5929 4.6075 4.6114 4.5259 4.6069 4.5071
0.5 4.6248 4.6044 4.6658 4.6224 4.6038 4.5854 4.5473
0.8 4.6029 4.7246 4.6330 4.6027 4.7185 4.6329 4.6027

b. 4.2963 4.3386 4.3739 4.3139 4.2964 4.3601 4.3131 4.2872
0.2 4.3132 4.3347 4.3643 4.3107 4.3127 4.2633 4.1749
0.5 4.3091 4.3033 4.3113 4.3080 4.2026 4.1109 4.1081
0.8 4.2964 4.3589 4.3130 4.2963 4.2558 4.2128 4.1963

c. 4.0958 4.5957 4.0210 4.0317 4.1014 4.0167 4.0307 4.0957
0.2 4.1275 4.1284 4.1799 4.1537 4.0996 4.0110 3.9761
0.5 4.0725 4.0260 4.0071 4.0108 4.0231 4.0068 3.9206
0.8 4.0958 4.0462 4.0303 4.0095 4.1053 4.0041 3.9652

15 40 a. 4.4875 4.4998 4.5952 4.4108 4.4807 4.5137 4.4103 4.3672
0.2 5.3656 5.1100 4.4738 5.1543 5.0233 4.4728 4.3773
0.5 4.5954 4.4352 4.5992 4.5954 4.4319 4.5990 4.2954
0.8 4.4899 4.5951 4.4100 4.4861 4.5951 4.4098 4.4865

b. 4.0778 4.0890 4.3351 4.0319 4.0716 4.0941 4.0310 4.0773
0.2 4.1028 4.1023 4.1009 4.1017 4.0913 4.0638 4.0580
0.5 4.0816 4.1279 4.0388 4.0565 4.0249 4.0395 4.0018
0.8 4.1800 4.0933 4.3307 4.0794 4.0828 4.0405 4.0777

c. 3.9988 3.9957 3.9992 3.9368 3.9785 3.9987 3.9362 3.9657
0.2 3.9762 4.0493 3.9730 3.9643 4.0139 3.9823 3.9680
0.5 4.0164 3.9099 3.9606 4.0259 3.9084 3.8602 3.8358
0.8 3.9974 3.9983 3.9357 3.7456 3.9683 3.8355 3.8558
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Table 9. Cont.

m n Scheme w Ĥ ĤS
ĤL ĤE

h = −1.5 h = 0.5 h = 1.0 q = −1.5 q = 0.5 q = 1.0

15 60 a. 4.1287 4.1453 4.1145 4.1117 4.0266 4.1124 4.1059 4.0854
0.2 4.1438 4.8124 4.2951 4.1351 4.1242 4.2951 4.0067
0.5 4.1705 4.0980 4.1088 4.0748 4.0948 4.1035 4.0023
0.8 4.1319 4.1524 4.1173 4.1260 4.1124 4.1020 4.1086

b. 3.7303 3.7443 3.7639 3.5967 3.7207 3.7398 3.5967 3.7308
0.2 3.6666 3.6117 3.6240 3.6589 4.0328 3.8204 3.6614
0.5 3.6565 3.5975 3.5960 3.6530 3.5973 3.5960 3.5642
0.8 3.6371 3.7324 3.5966 3.7195 3.7328 3.5874 3.6304

c. 3.6398 3.6455 3.1276 3.5517 3.6382 3.0340 3.7057 3.6403
0.2 3.6953 3.6164 3.5976 3.6833 3.6149 3.5978 3.5882
0.5 3.6964 3.5996 3.4127 3.4872 3.3992 3.4154 3.3738
0.8 3.6410 3.5351 3.4500 3.5395 3.5068 3.4849 3.4399

Table 10. Bias of entropy estimations when T = 1.5, m = 15.

m n Scheme w Ĥ ĤS
ĤL ĤE

h = −1.5 h = 0.5 h = 1.0 q = −1.5 q = 0.5 q = 1.0

15 30 a. −2.1294 −2.1287 −2.1081 −2.1194 −2.1292 −1.9889 −2.0558 −1.9818
0.2 −2.1194 −2.0978 −2.1054 −2.1194 −2.1094 −2.0892 −2.0641
0.5 −2.1210 −2.1242 −2.1199 −2.1210 −2.1002 −1.9818 −1.9704
0.8 −2.1292 −2.1081 −2.1194 −2.1292 −2.0765 −2.0438 −2.0884

b. −1.9355 −1.9352 −1.9186 −1.9139 −1.9354 −2.0503 −2.0940 −2.0754
0.2 −1.9402 −1.9261 −2.0958 −1.9402 −1.9169 −1.9227 −2.0444
0.5 −1.9197 −1.9159 −1.9217 −1.9197 −2.0294 −2.0348 −1.9332
0.8 −1.9354 −1.9186 −1.9139 −1.9354 −2.0236 −2.0403 −2.0131

c. −1.9242 −1.9235 −2.0976 −1.9132 −1.9240 −2.0529 −2.0622 −1.9795
0.2 −1.9192 −2.0742 −1.9214 −1.9192 −1.9889 −2.0616 −2.0558
0.5 −1.9156 −1.9235 −1.9057 −1.9156 −2.0804 −2.0497 −2.0382
0.8 −1.9240 −2.0976 −1.9132 −1.9240 −2.0936 −2.0910 −2.0736

15 40 a. −1.9025 −1.9005 −1.9326 −1.9206 −1.9021 −1.8503 −1.8940 −1.8754
0.2 −1.8451 −1.8660 −1.9035 −1.8451 −1.9176 −1.9231 −1.8397
0.5 −1.9346 −1.9135 −1.9263 −1.9346 −1.8940 −1.8754 −1.8547
0.8 −1.9021 −1.9326 −1.9206 −1.9021 −1.9333 −1.8827 −1.8693

b. −1.8941 −1.8922 −1.8893 −1.9139 −1.8937 −1.8725 −1.8681 −1.8263
0.2 −1.9241 −1.9249 −1.8990 −1.9241 −1.8947 −1.8899 −1.8619
0.5 −1.8897 −1.9154 −1.8938 −1.8897 −1.8902 −1.8693 −1.8113
0.8 −1.8937 −1.8893 −1.9139 −1.8937 −1.8716 −1.8267 −1.8394

c. −1.8355 −1.8353 −1.8273 −1.8126 −1.8355 −1.8794 −1.8736 −1.8264
0.2 −1.8498 −1.8576 −1.8417 −1.8504 −1.8566 −1.8430 −1.8396
0.5 −1.8422 −1.8212 −1.8367 −1.8422 −1.8327 −1.8131 −1.8097
0.8 −1.8355 −1.8273 −1.8126 −1.8355 −1.8236 −1.8264 −1.8142

15 60 a. −1.7963 −1.7941 −1.8203 −1.8201 −1.7959 −1.8196 −1.7792 −1.8724
0.2 −1.8114 −1.7641 −1.7332 −1.7128 −1.7915 −1.7960 −1.7724
0.5 −1.7570 −1.7726 −1.7852 −1.7570 −1.7957 −1.7934 −1.7647
0.8 −1.7959 −1.8203 −1.7201 −1.7959 −1.8186 −1.8170 −1.7915

c. −1.7117 −1.7104 −1.7484 −1.7272 −1.7115 −1.7495 −1.7444 −1.7431
0.2 −1.7012 −1.7188 −1.7278 −1.7312 −1.7460 −1.7425 −1.7365
0.5 −1.7279 −1.7265 −1.7347 −1.7279 −1.7265 −1.7357 −1.7273
0.8 −1.7115 −1.7484 −1.7272 −1.7115 −1.7484 −1.7488 −1.7457

c. −1.6225 −1.6197 −1.6343 −1.6914 −1.6239 −1.6309 −1.6344 −1.6365
0.2 −1.6102 −1.6300 −1.6286 −1.6327 −1.6316 −1.6357 −1.6331
0.5 −1.6135 −1.6284 −1.6274 −1.6215 −1.6265 −1.6357 −1.6273
0.8 −1.6175 −1.6329 −1.6316 −1.6297 −1.6376 −1.6350 −1.6362
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5. Real Data Analysis

To illustrate the estimations intuitively, we use a data set obtained through realistic experiment.
The research started when people realized that guinea pigs are highly susceptible to human tuberculosis.
Although guinea pigs do acquire resistance, even a few deadly tubercle bacilli will cause progressive
disease and death. The initial focus of this investigation was the relation between numbers of tubercle
bacilli infected individuals and survival time. Reference [27] used this data to test whether they can be
regarded as samples from inverse Weibull distribution. According to the result, it is reasonable to use
inverse Weibull distribution to analyze.

The listed values are the survival times (in days) of the guineas placed in the environment of
4.0 × 106 bacillary units per 0.5 mL. Those 72 observations are shown as follows; 12, 15, 22, 24, 24, 32,
32, 33, 34, 38, 38, 43, 44, 48, 52, 53, 54, 54, 55, 56, 57, 58, 58, 59, 60, 60, 60, 60, 61, 62, 63, 65, 65, 67, 68, 70,
70, 72, 73, 75, 76, 76, 81, 83, 84, 85, 87, 91, 95, 96, 98, 99, 109, 110, 121, 127, 129, 131, 143, 146, 146, 175,
175, 211, 233, 258, 258, 263, 297, 341, 341, 376.

We first generate progressive type-II censoring scheme with (R1, · · · , R18) = (4, 4, · · · , 4),
and the sample is 15, 22, 32, 43, 48, 56, 60, 65, 68, 76, 87, 99, 121, 127, 146, 175, 233, 297.

For case I data set, we assume T = 90, R1
1 = R1

2 = ... = R1
11 = 4, while R1

12 = ... = R1
17 = 0

and R1
18 = 28.

For case II data set, we assume T = 300 and scheme changes into R2
1 = R2

2 = ... = R2
18 = 4.

Some other values about the inverse Weibull distribution and the loss function must be given
before estimations. Without informative prior, we choose a = b = s = t = 0. Meanwhile, the influence
of overestimation and underestimation are inexplicit, so against different loss functions, for consistency,
we use the same h and q in simulation analysis, such that h = −1.5, 0.5, 1, q = −1.5, 0.5, 1. In addition,
we still use w = 0.2, 0.5, 0.8 to carry out different balanced loss functions for estimations.

Table 11 presents the estimations of entropy under adaptive type-II progressive hybrid censoring
schemes, considering all the conditions mentioned above. For convenience, we display the interval
estimation entropy derived by maximum likelihood method in the same tabel.

Table 11. Maximum likelihood estimations and Bayes estimations of entropy.

Case w Ĥ ĤS ĤL ĤE

h = −1 h = 0.5 h = 1 q = −1 q = 0.5 q = 1

I 9.0277 (±0.6263) 18.2529 11.5492 6.7928 7.2355 10.1397 9.8190 9.6931
0.2 16.4079 11.3460 7.4097 7.5011 9.9173 9.6526 9.5523
0.5 13.6403 10.9333 8.9715 8.1108 9.5837 9.1781 9.1534
0.8 10.8727 10.2184 12.3640 9.9425 9.2501 9.4109 9.3486

II 8.1621 (±0.5510) 20.0291 10.8475 5.1610 5.9572 9.9985 9.9056 9.8461
0.2 17.6557 10.6413 5.7220 6.2083 9.6312 9.5148 9.4559
0.5 14.0956 10.2204 7.0519 6.7671 9.0803 8.4719 8.4512
0.8 10.5355 9.4793 12.8314 8.1483 8.5294 8.9707 8.9254

According to the simulation study, we prefer the general entropy loss function-based Bayes
estimation, where q = 1 and w = 0.5 to estimate the entropy of progressive type-II censored
data reported by the infected tubercle bacilli, which has been tested to follow the inverse
Weibull distribution.

6. Conclusions

Entropy of inverse Weibull distribution under different conditions are calculated and estimated
in this paper. Adaptive type-II progressive hybrid censoring schemes are focused on, as they
satisfy the experiment time limitation and can also be used to simulate different practical situations.
Theoretically, maximum likelihood estimations, including point estimation as well as interval estimation,
and Bayes estimations using three kinds of loss function, including squared error loss function, Linex
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loss function, and general entropy loss function, are given. Also, in general condition, considering
the preference of the proximity of the target estimator to the unknown parameters, balanced loss
function-based Bayes estimates are also computed. As these estimations are difficult to obtain by direct
calculation, Lindley’s approximation method is applied to solve the problem numerically.

In expectation of clear comparison among all the estimations, we compute the interval length,
MSE, as well as bias of them by simulation. From the results, some suggestions about estimation
choices for inverse Weibull distribution without informative prior information under adaptive type-II
progressive censoring schemes can be obtained. Finally, for illustration, a real data set, which has been
proved following inverse Weibull distribution, is used for estimation application.

Macroscopically, although all the estimation errors are within a short interval, the ratio between
observed failures and censored samples as well as supposed time limitation T are influential factors
of estimates. The higher ratio of observed failures against censored samples, the larger T, the more
accurate estimation is.

More specifically, under both MSE and bias criteria, Scheme c. is usually superior to other schemes
and w = 0.5 is more suitable for balanced loss function under the noninformative prior inverse Weibull
distribution. Furthermore, for noninformative inverse Weibull distribution, Bayes estimations are
preferable in most conditions and general entropy estimation with parameter q = 1 is usually the most
reasonable estimation.
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