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Abstract: This work aims to diagnose the crack size of a nonlinear rotating shaft system based on
the qualitative change of the system oscillatory characteristics. The considered system is modeled
as a two-degree-of-freedom horizontally supported nonlinear Jeffcott rotor system. The influence
of the crack size on the system whirling motion for the primary, superharmonic, and subharmonic
resonance cases are investigated utilizing the bifurcation diagram, Poincaré map, frequency spectrum,
and whirling orbit. The obtained numerical results revealed that the cracked system whirling motion is
subjected to a continuous qualitative change as the crack size increases for the superharmonic resonance
case, where the system can exhibit period-1, period-2, quasi-periodic, period-3, period-doubling,
chaotic, and period-2 motions, sequentially. In addition, an asymmetry is observed in the system
whirling orbit due to both the shaft weight and shaft crack. Moreover, it is found that the disk
eccentricity does not affect the nature of these motions. Accordingly, we illustrated a simple method
to diagnose the existence of such a crack and to quantify its size via monitoring the system lateral
vibrations at the superharmonic resonance. Finally, all the obtained numerical results are concluded
and a comparison with already published work is included.

Keywords: transverse crack; crack diagnosis; quasi-periodic motion; chaotic motion; frequency
spectrum; torus bifurcation

1. Introduction

Rotating machines cover a wide range of engineering applications that provide the backbone
of numerous industries such as steam turbines, generators, gas turbines, aerospace, pumps,
turbomachinery, automobile engines, high-speed compressors etc. Such machines need to run safely
under different operational conditions to ensure their continued productivity and to prevent any
catastrophic failure. Nonlinear vibration is one of the main reasons that can cause a destructive failure
for the rotating machinery. The imbalance of the rotating shaft, the shaft asymmetry, the shaft cracks,
the bearings looseness, the bearings wear, and the misalignments due to the thermal expansion are the
main factors of the rotating machinery vibrations. Many research papers have been dedicated to analyze
and investigate the rotating machinery nonlinear vibrations, where Ganesan [1] investigated the effect of
the bearing clearance asymmetry on stability of the Jeffcott rotor system. Kim and Noah [2] applied the
modified harmonic balance-alternating frequency time method to obtain the quasi-periodic response
for a Jeffcott rotor system having bearing clearance nonlinearities. Yabuno et al. [3], and Saeed et al. [4]
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studied the nonlinear lateral vibrations and the corresponding whirling motions of a horizontally
supported Jeffcott rotor model having nonlinear restoring forces using the normal form and multiple
time scales methods. Saeed [5,6], investigated the nonlinear oscillations of an asymmetric Jeffcott rotor
system. Recently, Luo et al. [7–12] introduced a pioneering work to obtain the n-period response of
the Jeffcott rotor system using a semi-analytical technique. The authors have obtained the period-1,
period-2, period-3, period-8, quasiperiodic, and chaotic responses of the system analytically utilizing
the shaft spinning speed as a bifurcation control parameter. Because of the dangerous vibrations on
these machines, many research papers investigated the possibility of controlling the oscillations of
such systems [13–19]. In addition, more advanced control techniques that can be applied in future
work can be found in references [20–23].

One other important reason for the rotating machinery vibrations is the shaft cracks that are the
subject of this article. The development and propagation of the cracks in mechanical systems is one of
the incipient losses of structural integrity. Small imperfections or micro-cracks (due to machining) on the
surface of the mechanical bodies or inside their material, besides the high mechanical stresses, are the
main reasons for the propagation of the cracks. The propagation of cracks in mechanical structures
and their speed and direction of propagation are the main problems to which many research papers
have been devoted in the last five decades. Screening by ultrasonics, X-rays, and penetrating dyes
are common non-destructive tests utilized to exclude the cracked systems. However, for complicated
mechanical structures, a test based on the dynamical interactions is used for revealing the existence
of cracks. One of the special cases of damage in the mechanical systems is the transverse cracks that
develop and propagate on the shaft of the rotating machinery. Screening difficulties of the rotating
shafts during the operation of the machines make the diagnosis in such machines a more difficult task
than it would be for the static structures. Accordingly, a different technique to inspect the cracks in
rotating machines was developed, that is typically based on the vibrations of their shafts. Wauer [24]
and Dimarogonas [25] investigated the nonlinear lateral vibrations and the corresponding whirling
orbits of the cracked Jeffcott-rotor system. Gasch [26] explored the nonlinear vibration of a cracked
Jeffcott-rotor system. The author applied a simple hinge model to simulate the cracked shaft stiffness.
Jun et al. [27] investigated the dynamical behaviors of a Jeffcott-rotor model. The authors utilized the
switching crack model to simulate the periodic change of the shaft stiffness coefficient. They concluded
that the harmonic component that can be measured close to the second harmonic resonant speed is an
indication of the shaft crack existence. Sinuous et al. [28–31] studied different cracked system models,
applying different methods to diagnose the rotating shafts cracks. Chen et al. [32] showed that the
cracked shaft dynamical behaviors are very sensitive to the crack size for the case of superharmonic
harmonic resonance. However, the crack size has a negligible effect on the rotating shaft vibrations as
the primary reason case. Han et al. [33] explored the oscillatory behaviors of a Jeffcott–rotor system
having two cracks on its shaft. The authors reported that the double cracks shafts have different
dynamical behaviors than the single crack ones. Khorrami et al. [34] analytically investigated the
dynamical behaviors of a rotor disk-bearing system with one and two cracks. The authors applied
the modified harmonic balance method to explore the system lateral vibrations for the primary and
secondary resonance cases. The influences of the crack depth, the crack location, and the crack
relative angular position on the system dynamics were explored. The oscillatory behaviors of the
cracked rotor system were compared with those of the intact shaft to identify potential measures
for detecting cracks. The authors reported that the existence of a second crack could change the
system’s critical speed. Moreover, a crack’s relative angular position can influence the shaft center
orbit. Dai and Chen [35] explored the dynamic stability of a cracked shaft having asymmetric support.
They applied the incremental harmonic balance method to investigate the proposed model, where the
shaft nonlinear stiffness coefficient, the shaft mass, and the disk mass were included in the studied
model. Lin and Chu [36] studied the flexural vibrations of a nonlinear Jeffcott-rotor system that had
either a transverse or a slant crack when subjected to torsional excitation. AL-Shudeifat et al. [37]
discussed the nonlinear oscillatory behaviors of a cracked rotating shaft system using the harmonic
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balance method. The authors employed the breathing crack model to simulate the periodic change
of the shaft stiffness coefficient. The authors reported that the breathing crack model can accurately
simulate the shaft transverse cracks when the length and diameter of the rotating shaft are large and
have a narrow transverse crack. It is well known that the analysis of the dynamical behaviors of a
cracked shaft system is complicated. Important numerical techniques for analyzing such systems can
be found in references [38–40]. Jun and Gadala [41] and Jun [42] explored the nonlinear oscillations of
a simple rotor model having a transverse crack. The authors investigated their model by applying the
transfer matrix method. Ishida [43] discussed the different resonance conditions that arises due to
the shaft cracks on a simple Jeffcott-rotor system. Hou et al. [44] studied dynamical behaviors of a
cracked aircraft rotor when subjected to the maneuvering load. The authors modeled their system as a
simple Jeffcott rotor system, where the 1:2 and 1:3 superharmonic resonance cases were investigated.
Cheng et al. [45] explored the effect of the angle between the imbalance direction and crack direction
on the oscillatory behaviors of a cracked rotating shaft system. They reported that the maximum
oscillation amplitude occurs when the imbalance and crack are in the same directions, while the
minimum vibration amplitude happens when the imbalance and crack are in opposite directions.
Saeed and Eissa [46] studied the case of lateral vibrations of a nonlinear horizontally supported Jeffcott
rotor system having a shaft with a transverse crack at the primary resonance. The authors reported
that the cracked system exhibited both backward and forward whirling motion at a small crack depth,
while the backward whirling motion may disappear as the crack depth increases. Saeed and Eissa [47]
studied the dynamical behaviors of a cracked vertically supported Jeffcott-rotor system for the primary,
superharmonic, and subharmonic resonance cases. The authors reported that the main cause of the
system vibrations in secondary resonance cases were the parametric forces that were induced due
to the shaft crack. Different methods for crack diagnosis are introduced in Refs. [48–51]. In most
previously published work [24–37,41–51], the main target was to diagnose whether the rotating shaft
has a transverse crack or not based on the change of the vibratory behaviors of the cracked shafts for
different resonance cases.

Within this article, the nonlinear oscillations of a cracked horizontally supported Jeffcott-rotor
system for the primary, superharmonic, and subharmonic resonance cases are investigated. A new
strategy is proposed not only to inspect the existence of a crack on the rotating shafts but also to predict
the crack size based on the qualitative change of the system’s whirling motions when the crack size
increases. Bifurcation behaviors of the considered system are explored utilizing the crack size as a
bifurcation control parameter. The effects of increasing both the disk eccentricity and nonlinearity
stiffness coefficient on the system whirling orbit are studied for different crack sizes. The main obtained
results show that the considered system can perform a continuous qualitative change for its whirling
motion when the crack size increases for the superharmonic resonance case, as reported in [31,32].
Accordingly, we illustrate the possibility not only to distinguish if the system has a transverse crack
or not but also to predict the crack size based on the whirling orbit form when Ω = 2

3ω1. It is
worth mentioning that the presented study may be applicable for simple rotor systems such as the
experimental model that has been studied by Yabuno et al. [3]. However, the obtained results may not
be applicable in the case of complicated rotor models, where many system parameters such as the
bearings clearance, and the varying loads may affect the system dynamics [52].

2. Mathematical Model

The differential equations that govern the nonlinear vibrations of the Jeffcott-rotor shown in
Figure 1a are given as follows [3,4]:

m
..
x1 + c1

.
x1 + k1x1 + k2x3

1 + k2x1x2
2 = medω

2 cos(ωt) (1)

m
..
x2 + c2

.
x2 + k1x2 + k2x3

2 + k2x2
1x2 = medω

2 sin(ωt) −mg (2)
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where c1 and c2 represent the linear damping coefficients, k1x1 and k1x2 denote the shaft linear restoring
forces, k2

(
x3

1 + x1x2
2

)
and k2

(
x3

2 + x2
1x2

)
represent the system nonlinear restoring forces, ed denotes

the shaft eccentricity, ω represents the shaft spinning speed, and mg denotes the shaft weight.
We have

..
x1 =

..
x2 =

.
x1 =

.
x2 = x1 = ω = 0 at static equilibrium. Substituting these conditions into

Equations (1) and (2), we have
k1xss + k2x3

ss = −mg (3)

where xss is the shaft deflection due to the disk weight as shown in Figure 1a. Accordingly, G(0, xss)

represents the center of the rotating shaft at equilibrium. Now, let u1, and u2 represent the deviations
of the shaft geometric center away from the point G(0, xss), we have x1 = 0 + u1, x2 = xss + u2.
Substituting these relations into Equations (1) and (2) considering Equation (3), we get

m
..
u1 + c1

.
u1 + (k1 + k2x2

ss)u1 + 2k2xssu1u2 + k2(u3
1 + u1u2

2) = medω
2 cos(ωt) (4)

m
..
u2 + c2

.
u2 + (k1 + 3k2x2

ss)u2 + k2xss(u2
1 + 3u2

2) + k2(u3
2 + u2

1u2) = medω
2 sin(ωt) (5)

where O−U1 U2 is a stationary frame, O− u1 u2 is the instantaneous locus of the shaft geometric center,
and O −U3 U4 is a rotational frame that has the same spinning-speed (ω) as shown in Figure 1b,c.
By supposing that the rotating shaft has a transverse crack, Equations (4) and (5) can be modified to:

m
..
u1 + c1

.
u1 + (k1 + k2x2

ss)u1 + 2k2xssu1u2 + k2(u3
1 + u1u2

2) − F1 = medω
2 cos(ωt + γ) (6)

m
..
u2 + c2

.
u2 + (k1 + 3k2x2

ss)u2 + k2xss(u2
1 + 3u2

2) + k2(u3
2 + u2

1u2) − F2 = medω
2 sin(ωt + γ) (7)

where F1 and F2 are the parametric forces due to the shaft crack, and γ is the orientation angle between

the crack (i.e., OU3 axis) and imbalance (
→

Ge) directions as shown in Figure 1b.
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Figure 1. (a) Jeffcott-rotor system, (b) coordinate system of the disk, and (c) schematic diagram of the
cracked shaft cross-section.

Crack-Breathing Mathematical Model

It is supposed that the initial position of the rotating frame U3U4 coincides with the stationary
frame U1U2 as shown in Figure 1c. Therefore, the exerted forces F1 and F2 due to the transverse crack
can be expressed as follows [44–47]:

F1 = f (ωt)∆k u3 cos(ωt) = f (ωt)∆k[u1 cos(ωt) + u2 sin(ωt)] cos(ωt) (8)

F2 = f (ωt)∆k u3 sin(ωt) = f (ωt)∆k[u1 cos(ωt) + u2 sin(ωt)] sin(ωt) (9)

where ∆k denotes the lack in the shaft linear stiffness coefficient k1 due to the crack breathing,
and f (ωt) simulates the crack breathing as a function of the shaft rotation angle (ωt) that is given as
(references [46,47]):

f (ωt) = (1− sin(ωt))/2 (10)
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During the shaft rotation, the crack opens and closes according to the rotational angle as shown
in Figure 2. The crack is considered fully opened at the rotational angle ωt = 0◦, while at ωt = 180◦,
the crack is considered fully closed. Substituting Equation (10) into Equations (8) and (9), and then
inserting the resulting equations into Equations (6) and (7), we have

m
..
u1 + c1

.
u1 + (k1 + k2x2

ss −
∆k
4 )u1 + 2k2xssu1u2 + k2(u3

1 + u1u2
2) = medω

2 cos(ωt + γ)

+∆k
4

[
−

1
2 u1 sin(ωt) − 1

2 u2 cos(ωt) + u1 cos(2ωt) + u2 sin(2ωt) − 1
2 u1 sin(3ωt) + 1

2 u2 cos(3ωt)
] (11)

m
..
u2 + c2

.
u2 + (k1 + 3k2x2

ss −
∆k
4 )u2 + k2xss(u2

1 + 3u2
2) + k2(u3

2 + u2
1u2) = medω

2 sin(ωt + γ)

+∆k
4

[
−

3
2 u2 sin(ωt) − 1

2 u1 cos(ωt) − u2 cos(2ωt) + u1 sin(2ωt) + 1
2 u2 sin(3ωt) + 1

2 u1 cos(3ωt)
] (12)
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Introducing the dimensionless parameters y1 = u1
xss

, y2 = u1
xss

, t∗ = ωct : ωc =

√
k1
m into

Equations (11) and (12), yields the following dimensionless equations of motions.

..
y1 + µ1

.
y1 +ω2

1y1 + 2δy1y2 + δ(y3
1 + y1y2

2) = EΩ2 cos(Ωt + γ)

+ 1
8λy1[− sin(Ωt) + 2 cos(2Ωt) − sin(3Ωt)]
−

1
8λy2[cos(Ωt) − 2 sin(2Ωt) − cos(3Ωt)]

(13)

..
y2 + µ2

.
y2 +ω2

2y2 + δ(y2
1 + 3y2

2) + δ(y3
2 + y2

1y2) = EΩ2 sin(Ωt + γ)

−
1
8λy1[cos(Ωt) − 2 sin(2Ωt) − cos(3Ωt)]

+ 1
8λy2[−3 sin(Ωt) − 2 cos(2Ωt) + sin(3Ωt)]

(14)

where µ1 = c1√
k1m

, µ2 = c2√
k1m

, E =
ed
xss

, δ =
k2x2

ss
k1

, λ = ∆k
k1

, Ω = ω
ωc

, ω1 =
√

1 + δ− λ
4 ,

ω2 =
√

1 + 3δ− λ
4 . Equations (13) and (14) are analyzed utilizing the multiple scales perturbation

method as in Appendix A. It is found that the system resonance conditions are: (1) primary resonances
(Ω � ω1 and Ω � ω2), (2) superharmonic resonances (Ω � 2

3ω1 and Ω � 2
3ω2), and (3) subharmonic

resonances (Ω � 2ω1 and Ω � 2ω2).

3. Numerical Analysis, Results, and Discussions

The nonlinear dynamical behaviors of the cracked Jeffcott-rotor system are analyzed numerically
utilizing the bifurcation diagram for the primary, superharmonic, and subharmonic resonance
cases. The numerical integrations for the system Equations (13) and (14) are performed utilizing
the standard Matlab solver ODE45. The bifurcation diagrams are obtained via the temporal
simulation of the system response up to t = 6000, discarding the interval 0 ≤ t ≤ 400, to get
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the steady-state motion [53–56]. The parameter λ that characterizes the crack size is employed as the
main bifurcation control parameter. The system parameters are chosen according to references [3,4]
as: µ1 = 0.015,µ2 = 0.025, δ = 0.05, ω1 =

√
1 + δ− (λ/4), ω2 =

√
1 + 3δ− (λ/4), E = 0.025.

In nonlinear dynamical systems, a small quantitative change in the system parameters may result in a
huge qualitative change in the system response. In the following, the influence of increasing the crack
size (λ) on the whirling orbits of the considered system is investigated at all reported resonance cases
(i.e., at primary, superharmonic, and subharmonic resonance cases).

3.1. Horizontal Superharmonic Resonance (Ω = 2
3ω1)

The bifurcation diagram at horizontal superharmonic resonance case Ω = 2
3ω1 is shown in

Figure 3 utilizing λ as a bifurcation control parameter. The figure shows a rich bifurcation structure
where period-doubling bifurcation occurs at λ � 0.7215 as in Figure 3a,d. It is clear from the figure that
the system can perform period-1 motion as long as λ < 0.192, while at 0.192 ≤ λ ≤ 0.204 the system
exhibits period-2 motion. Further increasing λ, the system loses its periodical motion to respond
with a quasi-periodic motion as long as 0.204 < λ ≤ 0.2206. Moreover, when λ is beyond 0.2206 the
system executes period-3 motion up to λ = 0.7215, beyond λ = 0.7215, period-doubling bifurcation
occurs that is the route to chaotic motion where period-6, period-12, and period-24 are noticed in the
interval 0.7215 < λ < 0.7835. More increasing of the bifurcation control parameter causes the chaotic
response of the system, which appears at the interval 0.7835 ≤ λ ≤ 0.97, while at λ > 0.97 the system
goes again into its regular response with period-2 oscillation as long as 0.97 < λ ≤ 1.
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at λ > 0.97 the system goes again into its regular response with period-2 oscillation as long as 0.97 <λ ≤ 1. 
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Figure 3. System bifurcation diagrams for E = 0.025 and δ = 0.05 at Ω = 2
3ω1: (a) bifurcation diagram,

(b) zooming of (a) for 0 ≤ λ ≤ 0.3, (c) zooming of (a) for 0.2 ≤ λ ≤ 0.225, and (d) zooming of (a)
for 0.721 ≤ λ ≤ 0.8.

According to the bifurcation diagram given in Figure 3, the system whirling orbits, Poincaré map
(red color), and the frequency spectrum of the cracked system when λ = 0.5, 0.76, 0.8, and 0.99 are
illustrated in Figure 4. It is clear from the figure that the system can perform period-3 motion at the
crack size λ = 0.5, period-6 motion at λ = 0.76, chaotic motion at λ = 0.8, and period-2 motion at
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λ = 0.99. By comparing Figures 3 and 4, one can notice the excellent correspondence between the
two figures.
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Figure 4. System whirling orbits, Poincaré map (red color), and frequency spectrum according to the
bifurcation diagram given in Figure 3 (i.e., E = 0.025 and δ = 0.05 ): (a–c) period-3 motion at λ = 0.5,
(d–f) period-6 motion at λ = 0.76, (g–i) chaotic motion at λ = 0.8, and (j–l) period-2 motion at λ = 0.99.
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Figure 5 shows a full bifurcation scenario for the cracked shaft vibrations when increasing the
crack size (λ) from λ = 0.15 to λ = 1.0 according to the obtained results in Figure 3. It is noticed
from Figure 5a that the cracked system can perform a period-1 motion as in the case of the intact
system as long as λ is within the interval [0, 0.192). Accordingly, it is not possible to distinguish
between the cracked and intact system as long as the crack size λ belongs to the interval [0, 0.192).
However, if the considered system exhibits a period-2 motion having a small amplitude, this means
that the crack size is within the interval [0.192, 0.204] as shown in Figure 5b. In addition, when the
system oscillates with quasi-periodic motion this implies that the value of the crack size may be
within the range [0.204, 0.2206], while the system period-3 motion indicates that λ is within the
interval (0.2206, 0.7215] as illustrated in Figure 5c–e. When the system responds with period-6
motion it confirms that λ is within the range (0.7215, 0.7745], while the appearance of the period-12
(as in Figure 5g) or period-24 (as in Figure 5h) implies that λ is within the interval (0.7745, 0.781] or
(0.781, 0.7825], respectively. Moreover, the chaotic oscillations of the cracked shaft indicate that the
crack size is within the range (0.7825, 0.97] as in Figure 5i,j, but when the system executes period-2
motion with high vibration amplitudes as in Figure 5k,l, this means that λ is within the range (0.97, 1].
Accordingly, the noticed qualitative changes of the system motion as the bifurcation control parameter λ
increases may be utilized to predict the crack-size depending on the nature of the system motions
and the corresponding vibration amplitudes. One of the important notes from Figures 4 and 5 is the
existence of an asymmetry in the system whirling orbit due to both the shaft weight and the shaft crack.
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Figure 5. System whirling orbits (blue color) and Poincaré map (red color) according to the bifurcation
diagram given in Figure 3 (i.e., E = 0.025 and δ = 0.05 ) at different values of λ: (a) period-1, (b) period-2,
(c–e) period-3, (f) period-6, (g) period-12, (h) period-24, and (i,j) chaos, (k,l) period-2.
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One of the main parameters whose magnitude may differ from one system to another is the
disk eccentricity (E). Figure 6 shows the effect of increasing the disk eccentricity on the bifurcation
diagram obtained in Figure 3, where Figure 6a–c shows the bifurcation diagrams at E = 0.05, 0.075,
and 0.1, respectively. It is noticed from Figure 6 that the disk eccentricity has a negligible effect on
the bifurcation diagrams for the superharmonic resonance case; that agrees with the results obtained
by Saeed and Eissa [46]. The influences of nonlinearity magnitude (δ) on the bifurcation diagram are
depicted in Figure 7. By tracking the bifurcation diagrams in Figure 7 as λ increases, it is found that
the system follows the same bifurcation scenario regardless of the nonlinearity magnitude. However,
the interval of λ at which the system may respond with period-1, period-3 . . . etc., changes depending
on the magnitude of δ. Accordingly, Figures 6 and 7 confirm the existence of continuous qualitative
change for the system motion as the crack size increases at the horizontal superharmonic resonance
case regardless of the eccentricity and nonlinearity magnitudes.
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Figure 7. Influences of the nonlinearity coefficient (δ) on the system bifurcation diagram at
superharmonic resonance Ω = 2

3ω1: (a) δ = 0.025, (b) δ = 0.075, and (c) δ = 0.1.

3.2. Vertical Superharmonic Resonance (Ω = 2
3ω2)

Within this section, bifurcation behaviors of the cracked system are analyzed at the vertical
superharmonic resonance case (i.e., Ω = 2

3ω2). Figure 8 shows the system bifurcation diagram for the
same values of system parameters that are utilized to obtain Figure 3. It is noticed from Figure 8 that
the cracked system executes period-1 motion as long as λ < 0.36, while for 0.36 ≤ λ ≤ 0.366, the system
exhibits period-2 motion. Further increasing of λ is resulting in losing the periodic motion, where the
system responds with a quasi-periodic one as long as 0.366 < λ ≤ 0.39. However, when 0.39 < λ ≤ 0.422
the system executes period-3 motion, but for 0.422 < λ ≤ 0.45 the system exhibits a quasi-periodic
motion again. In addition, the system loses its chaotic motion via a period-halving bifurcation at
the narrow interval 0.4597847 ≤ λ ≤ 0.45978475 as in Figure 8b to perform a period-3 motion at the
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interval 0.45 < λ ≤ 0.669. Moreover, at λ = 0.669 a period-doubling bifurcation occurs leading to
chaotic motion along the interval 0.773 ≤ λ ≤ 0.99, where the increase of λ beyond 0.99 results in a
regular period-3 motion again.
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Figure 9 illustrates a complete bifurcation scenario via plotting the whirling orbits and the frequency
spectrum of the considered system at the vertical superharmonic resonance according to Figure 8. The figures
confirm the qualitative change of the system motion as λ increases, where the system can execute period-3
motion at three different isolated ranges of the crack size (i.e., at 0.39 < λ ≤ 0.422, 0.45 < λ ≤ 0.669,
and λ > 0.99). By comparing the system bifurcation diagrams shown in Figures 3 and 8, it is noticed
that the system executes period-1 motion for λ < 0.192 at Ω = 2

3ω1, but at Ω = 2
3ω2 the system exhibits

period-1 motion as long as λ < 0.36. Moreover, at the vertical superharmonic resonance, the system
performs period-3 motion at three different isolated ranges of λ as shown in Figures 9 and 10, which may be
misleading for estimating the crack size. Accordingly, the system oscillations at horizontal superharmonic
resonance are more sensitive to small crack sizes than is the case for the vertical superharmonic resonance.

The influence of both disk eccentricity (E) and the nonlinearity coefficient (δ) on the bifurcation
diagram at the vertical superharmonic resonance is illustrated in Figures 10 and 11, respectively. It is
clear from Figure 10 that there is a negligible effect from E on the bifurcation diagram, while δ has a
noticeable influence on the system bifurcation scenario as shown in Figure 11.
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3.3. Horizontal Subharmonic Resonance (Ω = 2ω1)

In this section, the considered system bifurcation diagram is analyzed at the horizontal subharmonic
resonance case (Ω = 2ω1). The effect of the nonlinearity coefficient (δ) on the bifurcation behaviors as
the crack size increases is illustrated in Figure 12. The figure shows a simple bifurcation scenario for
the cracked system, where the reported lateral vibrations are period-1, quasi-periodic, and sometimes
period-2 motions, depending on the magnitude of δ. In addition, the dominant whirling motion for
a wide range of crack sizes is period-1. Accordingly, it is not possible to utilize this resonance case
(i.e., Ω = 2ω1) to characterize the crack size. It is worth mentioning that Figure 12a,b shows the origin
of a torus bifurcation [57], where a sudden change from period-1 to the quasi-periodic motion has
occurred during the increase of λ.
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subharmonic resonance Ω = 2ω1: (a) δ = 0.025, (b) δ = 0.05, (c) δ = 0.075, and (d) δ = 0.1.

A full bifurcation scenario for the system motion according to the bifurcations diagram in
Figure 12b (i.e., δ = 0.05) is illustrated in Figure 13 when the crack size increases from λ = 0.2
to λ = 0.61. By comparing Figures 12b and 13, one can find an excellent correspondence between the
two figures. Figure 14 shows the effect of increasing the disk eccentricity (E) on the cracked system
bifurcation diagram when Ω = 2ω1. The figure illustrates that an increase of E has a negligible effect
on the bifurcation structure for the subharmonic resonance case, as reported in [46].
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The system bifurcation behaviors for the vertical subharmonic resonance case (Ω = 2 ) are 
discussed in this section. Figure 15 illustrates the system bifurcation diagram at four different values 
of the nonlinearity coefficient (δ). In general, Figure 15 shows a simple bifurcation scenario, where 
the system executes period-1 motion as the crack size (λ) increases from zero to unity except at a small 

Figure 13. The system whirling orbits (blue color) and Poincaré map (red color) according to the
bifurcation diagram given in Figure 12b (i.e., E = 0.025 and δ = 0.05 ) at different values of λ: (a) period-1,
(b) period-2, (c,d) period-1, (e,f) quasi-periodic (i.e., a torus bifurcations occurred ), (g,h) period-1,
(i,j) quasi-periodic (i.e., a torus bifurcations occurred ), and (k,l) period-1.
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3.4. Vertical Subharmonic Resonance (Ω = 2ω2)

The system bifurcation behaviors for the vertical subharmonic resonance case (Ω = 2ω2) are
discussed in this section. Figure 15 illustrates the system bifurcation diagram at four different values
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of the nonlinearity coefficient (δ). In general, Figure 15 shows a simple bifurcation scenario, where the
system executes period-1 motion as the crack size (λ) increases from zero to unity except at a small
interval of λ where the system may exhibit quasi-periodic motion. In addition, Figure 16 confirms the
negligible effects of increasing the disk eccentricity on the system bifurcation diagram for the vertical
subharmonic resonance case.
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3.5. Primary Resonance Cases (Ω = ω1 and Ω = ω2)

The bifurcation diagram at the horizontal primary resonance case (Ω = ω1) is illustrated in
Figure 17 at four different values of the nonlinearity coefficient (δ). The figure shows that the system
executes period-1 motion only, where there is no qualitative change for the system motion as the crack
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size increases. Figure 18 shows the effect of increasing the disk eccentricity on the system bifurcation
diagram when Ω = ω1. The figure illustrates that increasing the disk eccentricity does not influence
the nature of the system motion and the system can perform a period-1 motion.
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Figure 19 shows the system bifurcation diagrams at four different values of δ when (Ω = ω2).
The figure confirms that the system may perform period-1 motion only or both period-1 and
quasi-periodic motions as the crack size increases, depending on the nonlinearity magnitude, where the
system can perform period-1 motion only when the crack size increases from zero to unity at δ = 0.025,
while at δ = 0.05, 0.075 and 0.1, there is an interval of crack sizes λ at which the system can execute
quasi-periodic motion as in Figure 19b–d. Finally, a summary for all obtained results is given in Table 1.
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Table 1. Summary of the obtained results.

No Resonance Case System Motion For Different Crack Size Applicable for
Cracks Diagnosis

Applicable for Crack
Sizes Prediction

1. Horizontal superharmonic
resonance (Ω = 2

3ω1) Period-n, quasiperiodic, and chaotic motions Yes Yes

2. Vertical superharmonic
resonance (Ω = 2

3ω2) Period-n, quasiperiodic, and chaotic motions Yes No

3. Horizontal subharmonic
resonance (Ω = 2ω1) period-1, period-2, and quasi-periodic motions No No

4. Vertical subharmonic
resonance (Ω = 2ω2) period-1, period-2, and quasi-periodic motions No No

5. Horizontal Primary
resonance (Ω = ω1) period-1, and quasi-periodic motions No No

6. Vertical Primary
resonance (Ω = ω2) period-1, and quasi-periodic motions No No

4. Conclusions

The main purpose of this research is to determine how to diagnose the existence of a transverse
crack on the rotating shaft of a horizontally supported nonlinear Jeffcott rotor and how to predict
its size via the dynamical interactions of the cracked system. A mathematical model governing the
lateral vibrations of the considered system was derived, where the stiffness nonlinearity, shaft weight,
shaft eccentricity, and breathing of the shaft crack are included. Applying asymptotic analyses,
the nonlinear resonance cases were determined; namely the primary, superharmonic, and subharmonic
resonance. Numerical exploration for the system lateral vibrations when the crack size increases is
performed utilizing a bifurcation diagram, a frequency spectrum, a Poincaré map, and whirling-orbits.
Influences of the disk eccentricity and the nonlinearity coefficient on the bifurcation diagram were
investigated. Based on the obtained results, we may conclude the following remarks:
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1. Increasing the disk eccentricity does not influence the nature of the system motions at
superharmonic and subharmonic resonances, but it can increase the oscillation amplitude
at the primary resonance case only.

2. The cracked system executes period-1 motions for different crack sizes for the horizontal primary
resonance case, where there is no qualitative change for the system motion.

3. The system motions are mostly period-1 for different crack sizes at the vertical primary resonance.
However, the system may execute quasi-periodic motion at specific ranges of the crack size
depending on the nonlinearity magnitude.

4. In subharmonic resonance cases, the cracked system exhibits period-1 motion except at two
isolated ranges of the crack size for which the system executes period-2 or quasi-periodic motion,
depending on the nonlinearity magnitude.

5. A continuous qualitative change for the system motion is noticed as the crack size increases in
the superharmonic resonance cases, where the system starts with period-1 motion, then exhibits
period-2 followed by a quasi-periodic motion. The system exhibits period-3 motion followed by
period-doubling bifurcation that led to a chaotic response, and finally, a sudden transition to the
regular motion occurs.

6. The system vibration for the horizontal superharmonic resonance case is more sensitive to small
crack sizes than in the vertical superharmonic resonance.

7. Based on the concluded points (1) to (6), the best resonance case that can be utilized to predict
the crack size magnitude is the horizontal superharmonic resonance case (i.e., when Ω = 2

3ω1),
in which when the crack size increases, the system executes period-1, period-2, quasi-periodic,
period-3, period-doubling, chaotic, and period-2 motions, sequentially.
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Nomenclature

y1,
.
y1,

..
y1 Displacement, velocity, and acceleration of the disk geometric center in the U1-direction.

y2,
.
y2,

..
y2 Displacement, velocity, and acceleration of the disk geometric center in the U2-direction.

µ1, µ2 Linear damping coefficients in the U1 and U2–directions, respectively.
ω1,ω2 Linear natural frequencies of the horizontal and vertical directions, respectively.
δ Quadratic and cubic nonlinearities coefficient.
Ω Disk spinning speed.
E Disk-eccentricity magnitude.

λ
A parameter representing the relative reduction of the shaft linear stiffness coefficient due
to the crack.

γ Orientation angle between the crack and imbalance directions

Appendix A

Utilizing perturbation methods [58,59], one can obtain an approximate solutions to Equations (13) and (14)
up to the second-order in the form:

y1(t; ε) = εy11(T0, T1, T2) + ε2y12(T0, T1, T2) + ε3y13(T0, T1, T2) + O(ε4) (A1)
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y2(t; ε) = εy21(T0, T1, T2) + ε2y22(T0, T1, T2) + ε3y23(T0, T1, T2) + O(ε4) (A2)

where ε is a book-keeping dimensionless perturbation parameter, and Tn = εnt, n = 0, 1, 2 are fast and slow time
scales. In terms of T0, T1, and T2, the time derivatives of Equations (13) and (14) can be expressed as:

d
dt

= D0 + εD1 + ε2D2,
d2

dt2 = D2
0 + 2εD0D1 + ε2(D2

1 + 2D2D0), D j =
∂
∂T j

, j = 0, 1, 2 (A3)

Accordingly, the system parameters can be scaled as follows:

µ1 = ε2µ̂1, µ2 = ε2µ̂2, λ = ε2λ̂, E = ε3Ê (A4)

Substituting Equations (A1)–(A4) into Equations (13) and (14) and equating coefficients of like powers
of ε, yields:
O (ε1):

(D2
0 +ω2

1)y11 = 0 (A5)

(D2
0 +ω2

2)y21 = 0 (A6)

O (ε2):
(D2

0 +ω2
1)y12 = −2D0D1y11 − 2δy21y11 (A7)

(D2
0 +ω2

2)y22 = −2D0D1y21 − δy2
11 − 3 δy2

21 (A8)

O (ε3):

(D2
0 +ω2

1)y13 = −2D0D1y12 − (D2
1 + 2D2D0)y11 − µ̂1D0y11 − 2δy21y12 − 2δy22y11 − δy2

21y11 − δy3
11

+ÊΩ2 cos(ΩT0 + γ) + 1
8 λ̂y11(− sin(ΩT0) + 2 cos(2ΩT0) − sin(3ΩT0))

−
1
8 λ̂y21(cos(ΩT0) − 2 sin(2ΩT0) − cos(3ΩT0))

(A9)

(D2
0 +ω2

2)y23 = −2D0D1y22 − (D2
1 + 2D2D0)y21 − µ̂2D0y21 − 2δy11y12 − 6δy21y22 − δy21y2

11 − δy3
21

+ÊΩ2 sin(ΩT0 + γ) + 1
8 λ̂y21(−3 sin(ΩT0) − 2 cos(2ΩT0) + sin(3ΩT0))

−
1
8 λ̂y11(cos(ΩT0) − 2 sin(2ΩT0) − cos(3ΩT0))

(A10)

The solution of Equations (A5) and (A6), can be expressed as:

y11(T0, T1, T2) = A1(T1, T2)eiω1T0 + A1(T1, T2)e−iω1T0 (A11)

y21(T0, T1, T2) = A2(T1, T2)eiω2T0 + A2(T1, T2)e−iω2T0 (A12)

The coefficients A1(T1, T2) and A2(T1, T2) are unknown functions of T1, and T2. Substituting
Equations (A11) and (A12) into Equations (A7) and (A8), yields:

(D2
0 +ω2

1)y12 = −2iω1eiω1T0 D1A1 + 2iω1e−iω1T0 D1A1 − 2δA1A2ei(ω1+ω2)T0 − 2δA1A2e−i(ω1+ω2)T0

−2δA1A2ei(−ω1+ω2)T0 − 2δA1A2ei(ω1−ω2)T0
(A13)

(D2
0 +ω2

2)y22 = −2iω2eiω2T0 D1A2 + 2iω2e−iω2T0 D1A2 − δ(A2
1e2iω1T0 + A1

2
e−2iω1T0 + 2A1A1)

−3 δ(A2
2e2iω2T0 + A2

2
e−2iω2T0 + 2A2A2)

(A14)

The solvability conditions for Equations (A13) and (A14) are:

D1A1 = 0, D1A2 = 0⇒ A1(T1, T2) = A1(T2), A2(T1, T2) = A2(T2) (A15)

Accordingly, the solutions of Equations (A13) and (A14) are given as:

y12(T0, T2) = 2δ
ω2(2ω1+ω2)

(A1A2ei(ω1+ω2)T0 + A1A2e−i(ω1+ω2)T0 ) + 2δ
ω2(ω2−2ω1)

(A1A2e−i(ω1−ω2)T0

+A1A2ei(ω1−ω2)T0 )
(A16)

y22(T0, T2) =
δ

4ω2
1 −ω

2
2

(A2
1e2iω1T0 + A1

2
e−2iω1T0 ) +

δ

ω2
2

(A2
2e2iω2T0 + A2

2
e−2iω2T0 ) −

2δ
ω2

2

A1A1 −
6 δ
ω2

2

A2A2 (A17)
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Substituting Equations (A11), (A12), (A16) and (A17) into Equations (A9) and (A10), we have

(D2
0 +ω2

1)y13 = −2iω1eiω1T0 D2A1 − iµ̂1ω1A1eiω1T0 − ( 4δ2

ω2(2ω1+ω2)
+ 4δ2

ω2(ω2−2ω1)
−

12δ2

ω2
2

+2δ)A1A2A2eiω1T0 − ( 2δ2

4ω2
1−ω

2
2
−

4δ2

ω2
2
+ 3δ)A2

1A1eiω1T0 − ( 4δ2

ω2(ω2−2ω1)
+ 2δ2

ω2
2

+δ)A1A2
2e−i(ω1−2ω2)T0 − ( 4δ2

ω2(2ω1+ω2)
+ 2δ2

ω2
2
+ δ)A1A2

2ei(ω1+2ω2)T0 − ( 2δ2

4ω2
1−ω

2
2

+δ)A3
1e3iω1T0 + 1

2 ÊΩ2ei(ΩT0+γ) + 1
16 λ̂A1(iei(Ω+ω1)T0 + 2ei(2Ω+ω1)T0 + iei(3Ω+ω1)T0 )

+ 1
16 λ̂A1(iei(Ω−ω1)T0 + 2ei(2Ω−ω1)T0 + iei(3Ω−ω1)T0 ) − 1

16 λ̂A2(ei(Ω+ω2)T0 + 2iei(2Ω+ω2)T0

−ei(3Ω+ω2)T0 ) − 1
16 λ̂A2(ei(Ω−ω2)T0 + 2iei(2Ω−ω2)T0 − ei(3Ω−ω2)T0 ) + cc

(A18)

(D2
0 +ω2

2)y23 = −2iω2eiω2T0 D2A2 − iµ̂2ω2A2eiω2T0 − ( 4δ2

ω2(2ω1+ω2)
+ 4δ2

ω2(ω2−2ω1)
−

12δ2

ω2
2

+2δ)A1A1A2eiω2T0 − ( 4δ2

ω2(2ω1+ω2)
+ 6δ2

4ω2
1−ω

2
2
+ δ)A2

1A2ei(2ω1+ω2)T0 − ( 4δ2

ω2(ω2−2ω1)

+ 6δ2

4ω2
1−ω

2
2
+ δ)A2

1A2ei(2ω1−ω2)T0 + ( 30 δ2

ω2
2
− 3δ)A2

2A2eiω2T0 − ( 6δ2

ω2
2
+ δ)A3

2e3iω2T0

−
i
2 ÊΩ2ei(ΩT0+γ) + 1

16 λ̂A2(3iei(Ω+ω2)T0 − 2ei(2Ω+ω2)T0 − iei(3Ω+ω2)T0 ) + 1
16 λ̂A2(3iei(Ω−ω2)T0

−2ei(2Ω−ω2)T0 − iei(3Ω−ω2)T0 ) − 1
16 λ̂A1(ei(Ω+ω1)T0 + 2iei(2Ω+ω1)T0 − ei(3Ω+ω1)T0 ) − 1

16 λ̂A1(ei(Ω−ω1)T0

+2iei(2Ω−ω1)T0 − ei(3Ω−ω1)T0 ) + cc

(A19)

According to Equations (A18) and (A19), the system resonance cases are the primary resonances (Ω � ω1
and Ω � ω2), superharmonic resonances (Ω � 2

3ω1 and Ω � 2
3ω2), and subharmonic resonances (Ω � 2ω1

and Ω � 2ω2) cases.
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