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Abstract: Clustering is more popular than the expert knowledge approach in Interval Fuzzy Type-2
membership function construction because it can construct membership function automatically with
less time consumption. Most research proposed a two-fuzzifier fuzzy C-Means clustering method to
construct Interval Fuzzy Type-2 membership function which mainly focused on producing Gaussian
membership function. The other two important membership functions, triangular and trapezoidal,
are constructed using the grid partitioning method. However, the method suffers a drawback of
not being able to represent actual data composition in the underlying dataset. Some research pro-
posed triangular and trapezoidal membership functions construction using readily formed Fuzzy
Type-1 membership functions, which means it remains unclear how the membership functions are
heuristically constructed using fuzzy C-Means outputs. The triangular and trapezoidal membership
functions are important because previous works have shown that they may produce superior perfor-
mance than Gaussian membership function in some applications. Therefore, this paper presents a
structured literature review on generating triangular and trapezoidal Interval Fuzzy Type-2 member-
ship functions using fuzzy C-Means. Initially, 110 related manuscripts were collected from Web of
Science, Scopus, and Google Scholar. These manuscripts went through the identification, screening,
eligibility, and inclusion processes, and as a result, 21 manuscripts were reviewed and discussed in
this paper. To ensure that the review also covers the important components of fuzzy logic, this paper
also reviews and discusses another 49 manuscripts on fuzzy calculation and operation. Further-
more, this paper also discusses the contributions of the conducted review to the body of knowledge,
future research directions and challenges, with the aim to motivate the future works of constructing
the methods to generate Interval Fuzzy Type-2 triangular and trapezoidal membership functions
using fuzzy C-Means. The methods imply flexibility in choosing membership function type, hence
increasing the effectiveness of fuzzy applications through leveraging the advantages that each of the
three membership function types could provide.

Keywords: fuzzy C-Means; Interval Fuzzy Type-2; membership function; triangular MF; trape-
zoidal MF

1. Introduction

The innate nature of information, by default, is tied to the concept of uncertainty.
The factor for this uncertainty is information insufficiency which may be in the form of
incomplete, unreliable, ambiguous, fragmented, or a combination of these forms [1,2].
Attempting to formalize this uncertainty led to the introduction of fuzzy set theory which
proposes that elements of a set have a degree of association in a subset [3]. Mathematically,
rather than being either 0 or 1 in truth value, it can be subjectively belong to a set, for
instance µA(y) = 0.6. This means that the degree of membership of y in fuzzy set A is 0.6,
and this kind of structure is known as Fuzzy type-1 (FT1) [4]. However, it is shown that
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even though the membership degree is within the 0 and 1 range, the value is still considered
a crisp value—which can represent a limited amount of uncertainties and fuzziness. It
limits the capability of FT1 to address complex uncertainty problems and has become the
main argument in the research community. This has led to the introduction of Fuzzy type-2
(FT2) set whereby a membership degree is also represented in the form of fuzzy value.
This is made possible because FT2 contains a third dimension known as the footprint of
uncertainty (FOU) that provides more degrees of freedom, hence making it capable of
handling complex uncertainties present in a system. For instance, the previous FT1 set may
be represented in FT2 as µÃ(y) = [0.5, 0.7] whereby the membership degree is in the range
of 0.5–0.7. This range represents FOU, while 0.5 and 0.7 are, respectively, known as Lower
MF (LMF) and Upper MF (UMF).

Despites having superior capability than FT1 in handling nonlinearities and uncertain-
ties, FT2′s main drawback is its high computational cost, resulting from its third dimension
computation. Another fuzzy set, which is an extension of FT2 known as Interval Fuzzy
type-2 (IT2) was then introduced. In IT2, the third dimension of FT2 is ignored, and left
only with the FOU [5]. This means that all characteristics of FT2 remain in IT2, except
that the third dimension value is set to the same value for all data points. In other words,
IT2 is the extension of FT1 but having a better capability to produce accurate and precise
computations, with good computational cost. Concern about FT2 and IT2, and their appli-
cations have become central issues in fuzzy and uncertainty domains, and as a result many
studies in recent years have focused on these two methods. Figure 1 shows the number
of publications related to FT2 and IT2 has been growing since 2010 (numbers for 2020 are
by November 2020). The graph in Figure 1 contains data from the three major databases,
namely Web of Science, Scopus, and Google Scholar. This paper focuses on the review of
IT2 method.

Symmetry 2021, 13, x FOR PEER REVIEW 2 of 25 
 

 

and this kind of structure is known as Fuzzy type-1 (FT1) [4]. However, it is shown that 
even though the membership degree is within the 0 and 1 range, the value is still consid-
ered a crisp value—which can represent a limited amount of uncertainties and fuzziness. 
It limits the capability of FT1 to address complex uncertainty problems and has become 
the main argument in the research community. This has led to the introduction of Fuzzy 
type-2 (FT2) set whereby a membership degree is also represented in the form of fuzzy 
value. This is made possible because FT2 contains a third dimension known as the foot-
print of uncertainty (FOU) that provides more degrees of freedom, hence making it capa-
ble of handling complex uncertainties present in a system. For instance, the previous FT1 
set may be represented in FT2 as µÃ(y) = [0.5, 0.7] whereby the membership degree is in 
the range of 0.5–0.7. This range represents FOU, while 0.5 and 0.7 are, respectively, known 
as Lower MF (LMF) and Upper MF (UMF). 

Despites having superior capability than FT1 in handling nonlinearities and uncer-
tainties, FT2′s main drawback is its high computational cost, resulting from its third di-
mension computation. Another fuzzy set, which is an extension of FT2 known as Interval 
Fuzzy type-2 (IT2) was then introduced. In IT2, the third dimension of FT2 is ignored, and 
left only with the FOU [5]. This means that all characteristics of FT2 remain in IT2, except 
that the third dimension value is set to the same value for all data points. In other words, 
IT2 is the extension of FT1 but having a better capability to produce accurate and precise 
computations, with good computational cost. Concern about FT2 and IT2, and their ap-
plications have become central issues in fuzzy and uncertainty domains, and as a result 
many studies in recent years have focused on these two methods. Figure 1 shows the 
number of publications related to FT2 and IT2 has been growing since 2010 (numbers for 
2020 are by November 2020). The graph in Figure 1 contains data from the three major 
databases, namely Web of Science, Scopus, and Google Scholar. This paper focuses on the 
review of IT2 method. 

 
Figure 1. Number of publications related to FT2 and IT2 in major databases (2010–2020). 

Application of fuzzy logic can be found as fuzzy inference system (FIS) as shown in 
Figure 2. One of the components of an FIS is fuzzifier, where inputs are compared against 
membership function (MF) to obtain membership degree [6]. The membership degree will 

0

100

200

300

400

500

600

700

2010 2011 2012 2013 2014 2015 2016 2017 2018 2019 2020

No
 o

f a
rt

icl
es

Year

WOS GS SCOPUS

Figure 1. Number of publications related to FT2 and IT2 in major databases (2010–2020).

Application of fuzzy logic can be found as fuzzy inference system (FIS) as shown in
Figure 2. One of the components of an FIS is fuzzifier, where inputs are compared against
membership function (MF) to obtain membership degree [6]. The membership degree
will go through a fuzzy rules inference engine for further processing of decision making.
There are three main types of MF—Gaussian, triangular, and trapezoidal. Table 1 presents
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the examples of implementation of MFs, which proves that each of the three MF types is
relevant. Table 1 also shows that each of the MF types are able to provide good and, in
some cases, better solutions, than the other MFs.
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Table 1. Example of Gaussian, triangular, and trapezoidal MFs implementation.

MF. Source Description

Gaussian
Rubio and Castillo, 2013 [7] This paper shows that Fuzzy C-Means (FCM) can handle uncertainty in data

clustering, and the MF generated by FCM presented a significant FOU.

Rodríguez-Sánchez et al., 2018 [8] Equations for seismic noise correlation were applied and fuzzy logic was used
to estimate the error in the recovery of the Green’s function.

Triangular

Ahmad et al., 2018 [9]
Fuzzy classification system was applied as a decision making technique to

classify the Harumanis fruit quality based on fruit contour. An algorithm for
generating MFs and If-Else()fuzzy rules for fruit classification were proposed.

Ghani et al., 2018 [10]
Fuzzy logic was applied to find customers’ loyalty and their decision making.
A set of MFs and rule-based system of fuzzy sets were used to classify data in

types of loyalties.

Trapezoidal
Pancardo et al., 2018 [11]

A heart rate-based personalized method to assess perceived exertion in
workplaces was proposed and fuzzy logic was used as a method to manage

imprecision and uncertainty in the used variables.

Subbotin, 2014 [12] Fuzzy logic was applied for the assessment in learning process such as grading
and assessing students’ work.

MF can be constructed by either one of two methods; expert knowledge or data-centric
generation [13]. The construction through expert knowledge suffers from loss of accuracy
due to subjective opinions among individuals or conflict between experts [14]. It is also
time consuming [1] and may not always available [6]. For example, MF construction using
arbitrary partitioning by expert opinion is exposed to risk of loss of accuracy due to bias
by the expert because human semantics and knowledge are limited to what they know
and have experienced [15]. Hence, it is not suitable for FIS solutions that require MFs to be
adaptively constructed based on recent data or the systems that require rapid, frequent
and dynamic MF construction.

Therefore, most research has been focusing on the data-centric approach because
it allows automatic MF construction by learning through historical trends. One of the
common methods of data-centric MF construction is a clustering algorithm such as Fuzzy
C-means (FCM). The importance of FCM in the construction of MF has been demonstrated
by its application in various fields such as classification [16], IT2 improvement [17], and
forecasting [18]. FCM clusters the underlying datasets, and its outputs are used to generate
MFs. However, the limitation of FCM is that it only produces Gaussian MF [5,19]. It does
not produce triangular and trapezoidal MFs, which have been used in numerous research
such as antenna positioning fuzzy controller [15], crime prevention analysis [20], gesture
monitoring [21], fuzzy cognitive map [22,23], and fuzzy PI/PD controller [24]. These two
MF types are important because they may produce superior performance in some FIS
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implementations as discussed previously and shown in Table 1. For instance, a study
conducted by Ali et al. (2015) [25], which aimed at investigating the effectiveness of each of
the three MF types in an antenna azimuth controller system, concluded that triangular and
trapezoidal MFs respond better than Gaussian due to the nature of antenna signal reception
having an effective window by using the two MF types. This shows the significance of
non-Gaussian MFs in certain FIS use cases.

Most of previous works have focused only on generating Gaussian IT2 MF using FCM
or applying the Gaussian IT2 MF generated by FCM in their solutions. There remains
a need to conduct a study to enhance FCM-based IT2 MF generation method so that it
will have the capability to produce triangular and trapezoidal MFs. The method implies
flexibility in choosing MF type, hence increasing the effectiveness of FIS through leveraging
the advantages that each of the three MF types could provide.

The objective of this paper is to present a structured literature review to motivate
the future works of constructing IT2 triangular and trapezoidal MFs with FCM. In this
paper, 21 manuscripts are reviewed, which were collected from the three main databases,
namely Scopus, Web of Science, and Google Scholar. To ensure that the review also includes
important components of fuzzy logic, this paper also reviews and discusses another 49
manuscripts on fuzzy calculation and operation, which were also gathered from the three
main databases mentioned above. This paper also discusses the contributions of the
conducted review to the body of knowledge, and future research directions and challenges.
This paper is organized as follows; Section 2 presents the background of the related methods
whereby it begins with the review on existing works on IT2 MF constructions, followed by
IT2, fuzzy MFs and FCM. Section 3 presents the discussion on the reviewed literature and
their contributions and limitations. Section 4 discusses the challenges and future research
works. Section 5 summarizes the outcomes of this paper.

2. Background
2.1. Existing Works on the Construction of IT2 MF

The construction of IT2 MF requires the formation of its FOU. At the moment:

• The blurring method is applied on the readily constructed FT1 MF as shown in
Figure 3 [5]. The original FT1 MF in Figure 3a is blurred to the left and right which
produces the shape as shown in Figure 3b. Then, the blurred MF is improved so
that the FOU of IT2 MF is properly formed as shown in Figure 3c. To relate this
construction of IT2 MF with FCM, the original FT1 MF in Figure 3a can be constructed
using the outputs of FCM and a heuristic method. As discussed above, this approach
only produces Gaussian FT1 MF, hence imposing a blurring method on it will generate
Gaussian IT2 MF. Existing research proposed that the triangular and trapezoidal MFs
construction is carried out using the grid partitioning method. Although the grid
partitioning method can fulfill those objectives, its generated MFs lack representation
of the actual composition of the underlying data set because the width of all clusters is
equally distributed or spread out. Hence, an alternative approach on how to construct
triangular and trapezoidal IT2 MFs from FCM should be investigated.

• Another possible method to form the MF FOU is through adaptive network-based
fuzzy inference system (ANFIS). Unfortunately, applying ANFIS directly to IT2 FIS is
not possible, and optimization of FT1 needs to be performed in order to generate the
MF [26]. Moreover, the MF type produced is Gaussian type [26]. Hence, there remains
a need for a study to extend the capability of FCM in generating more than a single
type of MF.

• Most research proposed a double fuzzifier FCM method to form IT2 FOU [7,27]. This
was achieved by applying FCM clustering using two different fuzzifier values upon
a single data set [28]. This means that an MF constructed with one fuzzifier value
will represent the LMF and another MF constructed with another fuzzifier value will
generate the UMF of an FOU. However, this method is also based on FCM, hence it
generates Gaussian IT2 MF type only.
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2.2. Interval Fuzzy Type-2

FT2 was introduced in 1975 with the motivation to enhance FT1 that is still bound to
crisp membership degree value, thus raises concern that FT1 is not capable of handling
higher complexity of uncertainties [29–31]. The factor that differentiates FT2 from FT1 is
the inclusion of FOU. FOU defines FT2 by adding another dimension of fuzziness to the MF.
The added dimension results in the membership degree of a variable being represented in a
fuzzy value (range) form instead of a crisp degree as in FT1. Figure 4 shows the difference
between FT1 and FT2 MFs whereby FT1 MF is represented by a single line. In contrast, FT2
MF is represented by two lines known as UMF and LMF. The shaded area between these
two lines is FOU. The FOU can be constructed by several means such as histogram [32],
double clustering [7,27,33], and double center shift [13].
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As mentioned above, IT2 was then introduced to provide an alternative to FT2 because
the computational complexity of FT2 can significantly be reduced by IT2. One of the
factors that simplifies IT2 from FT2 is that its fuzziness only concerns within its FOU (two
dimensions) instead of the full three dimensions within FT2. The difference is visualized
in Figure 5, whereby in the third dimension of FT2, all data points are assigned with
varying membership degrees. In contrast, the third dimension of IT2 is represented by the
rectangle-looking shape shown in Figure 5b, which means all data points are assigned with
an equal value of membership degree (normally the value is set to 1).
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Figure 5. (a) FT2 and (b) IT2.

An FT1 fuzzy set F can be described as follows; assuming X is the universe with
collections of x objects, a fuzzy set F is defined as the following:

F = (x, µF(x))|x ∈ X, µF(x) ∈ [0, 1] (1)

The notation µF(x) in Equation (1) is an MF, which contains the membership degree of
each element in X. The value of membership degree is within the range of 0 and 1.

Taking the same scenario where X is the universe with collections of x objects, the MF
of IT2 sets takes the following form:

Ã =
{(

(x, u), µÃ(x, u)
) ∣∣x ∈ X, u ∈ Jx, Jx ⊆ [0, 1]

}
Where µÃ(x, u) = 1 (2)

In Equation (2), X and Jx denote the primary and secondary domains, respectively.
The notation µÃ(x, u) denotes the secondary MF, in which all values are set to 1 for
u ∈ Jx ⊆ [0, 1]. As mentioned above, in FT2, these values vary instead of all being equal to
1. Therefore, IT2 function shown in Equation (2) can be redefined as FT2 as the following:

Ã = {((x, u), 1)|x ∈ X, u ∈ Jx, Jx ⊆ [0, 1]} (3)

2.3. Fuzzy Membership Function

An MF is a function that specifies the degree of an input function that belongs to a
set. It can also be defined as a curve that determines how each point in the input space is
mapped to a membership degree between 0 and 1. The concept of MF was first introduced
by Zadeh (1965) [34].

As discussed above, MFs can be generated by two means: expert knowledge and
data-centric generation [1]. Expert knowledge-based MF depends on a group of experts de-
termining certain intervals of a set to partition and thus construct a function [35]. However,
expert knowledge-based MFs are open to several weaknesses, namely loss of accuracy due
to bias [1] and a high increase in fuzzy rules for higher-dimension problems [36]. In some
cases, conflicts of opinions may arise in the group of experts and thus will take a longer
time to agree upon decisions [37].

Another method to derive MF is through data-centric approaches. Examples of data-
centric MF generation method are grid partitioning and fuzzy clustering. Grid partitioning
is where the input space of the function is distributed evenly between curves (clusters).
This is shown in Figure 6 whereby all curves are distributed evenly in the input space for all
three types of MFs i.e., triangular, Gaussian, and trapezoidal. This characteristic has made
grid partitioning-based MF suffer from the problem of not giving the actual representation
of the underlying data especially if the data groupings are dissimilar in terms of volume.
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The alternative of the grid partitioning method is the clustering approach; an unsu-
pervised learning whereby data points are closely grouped together in clusters according
to metrics specified [38]. Examples of clustering include FCM [39] and possibilistic C-
Means [19]. As mentioned in the previous section, although FCM offers advantages over
other methods, it has a limitation in a way that it naturally forms a Gaussian MF [19].
Hence, it does not leverage on the advantages that the other two MFs, triangular and
trapezoidal MFs, may offer [26]. Triangular and trapezoidal, together with Gaussian, are
the most used MFs [11] and none of them can be declared as the best shape for all types
of FIS solutions. The selection of the best shapes of MFs usually depends on the problem,
type of data, and the experimental results [11,40]. This has become the main motivation of
our study, which is to investigate the method to construct triangular and trapezoidal MFs
from FCM.

As shown in Figure 7, a triangular MF is defined by a lower and upper limit, l and u,
and a center value, m, where l < m < u [41]. Figure 8, on the other hand, shows trapezoidal
MF, which is defined by a lower limit l, an upper limit u, a lower support limit m, and an
upper support limit n, where l < m < n < u [41,42]. Hence, a triangular MF is specified
by three parameters, l, c, and u as in Figure 7, while a trapezoidal MF is specified by four
parameters, l, a, b, and u as in Figure 8.
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2.4. Fuzzy C-Means

FCM was introduced by Dunn (1973) [14], and then improved by Bezdek et al.
(1984) [39]. FCM has been utilized in substantial number of studies such as in image
processing and pattern recognition [15]. It is an optimization-based method whereby it
executes the algorithm and improves the objective function repeatedly until the threshold
is reached. Based on the number of clusters predefined by the user, FCM assigns each data
point with a membership degree for each of the clusters [20].

In the process to cluster a set of data points, FCM iteratively executes three processes
until it reaches a goal to produce the minimum objective function. The processes are as
the following:

Process 1: Assume there are n data points represented by {X1, X2, . . . , Xn} and c
number of clusters. Firstly, FCM guesses the center of each cluster, ci, i = 1, 2, . . . , c. Next,
FCM computes and assigns each data point with a membership degree for each cluster [43].
This is computed based on Equation (4), and the generated membership degrees are stored
in matrix U.

µij =
1

∑c
k=1

( dij
dkj

)2/(m−1)
(4)

The notation dij = ||ci – xj|| is the Euclidean distance from jth data point to the ith
cluster center, while m is the fuzzy weighting exponent [43].

Process 2: FCM computes the objective function, which is defined in Equation (5).

J(U, c1, . . . , cc) =
c

∑
i=j

Ji =
c

∑
i=1

n

∑
j=1

µm
ij d2

ij (5)

This objective function determines the termination of FCM processes; a condition
when its value reaches the threshold i.e., the minimum value.

Process 3: If the objective function does not reach the threshold value yet, FCM
resumes its execution with computing the new value of the center of each cluster. This
newly generated set of cluster centers will overwrite the previous set of guessed values.
The computation is based on Equation (6).

∑n
j=1 µm

ij Xj

∑n
j=1 µm

ij
(6)

As mentioned above, FCM repeats the execution of processes 1 to 3 until the objective
function reaches its threshold value. In each repetition, the value of the objective function is
minimized, and the value of each cluster center is optimized. Hence, the final sets of cluster
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centers and membership degrees produced by FCM represent the optimum clustering state
of the underlying data set.

FCM has been proposed in numerous works. Egrioglu et al. (2013) [44] argued that the
dynamic and uncertain scenario such as in stock market index forecasting should be carried
out using fuzzy forecasting rather than using conventional hard computation. Hence, they
proposed time series forecasting based on FCM and neural network. FCM was used because
it removed the need of subjective measure for length of interval determination, which is
important for forecasting performance. On the other hand, Zhao et al. (2014) [45] argued
that the use of FCM in image segmentation is needed as compared to its counterpart,
namely hard computing. This is because FCM can retain more image information by
introducing fuzziness for the image pixel belongingness. They also found that FCM is the
most representative clustering algorithm, which has become the reason for adoption in
many image segmentations works. Furthermore, Babaei et al. (2016) [46] introduced soft
constraints for improving university timetable systems so that they can satisfy lecturers by
allowing them to set their priorities. This required data clustering implementation, and
they applied FCM that showed the ability to produce good results.

Another alternative for fuzzy data clustering is through subtractive clustering method.
Yazdani-Chamzini et al. (2013) [47] showed that Takagi–Sugeno FIS developed based on
subtractive clustering was used for road header prediction. The clustering method was
utilized in the study for the purpose of constructing the fuzzy rules of the FIS. Like FCM, the
subtractive clustering has also been implemented to solve image segmentation problems.
This was shown in Dhanachandra et al. (2015) [48], whereby subtractive clustering was
used to generate the cluster centers that were then used in K-Means algorithm to segment
the images. Generally, subtractive clustering method is applied in Takagi–Sugeno FIS.
However, it can also be used in Mamdani FIS. An example of the utilization of subtractive
clustering in Mamdani-based FIS was shown in Chu et al. (2015) [49].

Overall, all these reviewed studies show that data clustering methods have generated
considerable research interest. The studies also show that constructing MF from data
clustering is preferred over expert knowledge-based MF construction because it is faster
and less prone to subjectivity and uncertainties.

3. Materials and Methods
3.1. Methodology

The structured literature review was conducted by following four stages—identification,
screening, eligibility, and inclusion. These stages are described as the following:

3.1.1. Identification (Pi)

The manuscripts were gathered from the three main databases—Thompson Reuters
Web of Science, SCOPUS, and Google Scholar for all previous years until 2020. The review
began with framing the question for review so that the searching for literature became
specific, and the problems to be addressed can be firmed up. Hence, the review was done
only upon the literature related to triangular and trapezoidal fuzzy MF construction using
FCM or clustering method. The literature was searched using the keywords “clustering
AND triangular membership function”, “c-means AND triangular membership function”,
“clustering AND trapezoidal membership function”, and “c-means AND trapezoidal
membership function”. From this search 104 manuscriptswere collected, hence Pi1 = 104.

We carried out another search through random search, such as using other keywords,
referring from the listed references in the collected manuscripts, etc. This was to ensure
that we could conduct a more thorough review, and hence six more manuscripts were
collected, Pi2 = 6. Hence, the total number of manuscripts collected from this stage, Pi, was
Pi = Pi1 + Pi2 = 110 manuscripts.
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3.1.2. Screening (Ps)

In this stage, firstly, the collected manuscripts were filtered in order to remove dupli-
cation. This resulted in 16 manuscripts being removed, hence the number of remaining
manuscripts were Ps1 = 94. Next, we assessed the collected 94 manuscripts by reviewing
their title and abstract. As mentioned above, the manuscripts were excluded from being
reviewed if they did not meet the selection criteria: (1) the manuscripts must describe the
triangular MF construction using clustering or FCM method, and (2) the manuscripts must
describe the trapezoidal MF construction using clustering or FCM method. The result from
this screening was that the number of excluded manuscripts was Ps2 = 73. Among the
reasons for the exclusion of the manuscripts were the topic that does not focus on FCM or
clustering in MF construction, and the use of nonfuzzy solution such as Neural Network
and bio-inspired algorithms. Therefore, the number of manuscripts was reduced in this
stage, Ps = Ps1 – Ps2 = 21 manuscripts.

3.1.3. Eligibility (Pe) and Included (Pn)

In this stage, the 21 manuscripts from the screening stage were assessed for eligibility.
From the review that we conducted on these manuscripts, all of them were eligible to be
included for synthesis and analysis, Pe = 21 manuscripts.

Overall, a total of 21 manuscripts were further reviewed, synthesized, and analyzed
in the included stage. Hence, Pn = 21 manuscripts. The results of this review are presented
in the following section of this paper.

3.2. Results

Shukla and Muhuri (2019) [50] proposed IT2 implementation to cluster big data in
modeling gene expression. They generated FOU for the IT2 implementation with the aim to
account for all possible uncertainties that occurred in the big dataset of gene expression. In
the model, a novel algorithm was proposed for the generation of IT2 MF. This involved the
generation of primary MF to represent gene expression data containing different types of
uncertainty. There were several sources of noise producing uncertainty in the dataset, hence
one primary MF was generated to represent one type of uncertainty. All these primary
MFs were then combined to form the FOU of the IT2 MF. Specifically, the IT2 MF was
developed based on a heuristic approach. They firstly determined the two extreme points
of a trapezoidal MF by uniformly distributing the uncertainty values. These two values
were taken as a and d of the trapezoidal MF as formulated in Equation (6). Then, based
on these two values, the values of b and c as in Equation (6) were determined randomly
between the interval [a, b] and [c, d]. As a result, a type-1 trapezoidal MF was formed. IT2
MF was generated by “moving” the type-1 MF to the left and right using random scaling
factors between 0 and 1. For example, the type-1 MF was scaled 70% to the left and 50% to
the right. This eventually generated the IT2 trapezoidal MF. The similar processes were
also applied to generate triangular MF based on Equation (4). Overall, the work did not
focus on generating IT2 MF from FCM clustering as reviewed and discussed in the present
paper. Instead, the work proposed the heuristic approach and random scaling to the right
and left in order to generate the IT2 MF. FCM was proposed in the work only to carry out
cluster analysis, which intended to evaluate the generated IT2 MF.

Cao et al. (2013) [51] described the proposed fuzzy MF formation method using
clustering analysis. Firstly, the data were clustered using an improved density-based
clustering algorithm. Then, another clustering was conducted that formed intervals of the
data. These intervals were used to form the a, b, and c values of triangular MF based on
Equation (4). The a and c values were the values located at the leftmost and rightmost
of the clusters, respectively. The value of b was the projected centroid of cluster. The
proposed method was based on shared nearest neighbor similarity and density based
spatial clustering of application with noise (DBSCAN). However, this work did not base
on MF generation using FCM. Furthermore, the work also did not cover on the generation
of IT2 MF.
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Lv et al. (2017) [52] presented their work on fuzzy modeling of gas pipeline pressure,
by proposing a multiobjective clustering based MFs generation. The method involved
the formation of a single MF based on three objectives namely accuracy, complexity, and
interpretability. This means that the dataset was clustered using density clustering based
on local density and relative distance of the data points. Next, due to the complexity and
nonlinear relationships of industrial data they used, three objectives were evaluated upon
the clustering outcomes. Firstly, the model accuracy was evaluated based on root mean
squared error (RMSE). The second objective was to evaluate the model’s complexity. This
was carried out by measuring the number of fuzzy sets and fuzzy rules imposed in the
model. The third objective was model’s interpretability whereby the model was measured
based on the average coverage of the samples used. Overall, the work did not involve
FCM in generating the MF. Furthermore, the work only focused on type-1 MF generation
instead of IT2 MF.

Bulutsuz et al. (2015) [53] proposed a fuzzy model for predicting dynamic measure-
ment errors of coordinate measuring machines (CMM). The work proposed the use of
Mamdani FIS, and the generation of MF based on the mapping of the input parameters’
values into the MF plot. There were six input parameters used in the work, namely probe
diameter, probe velocity, measurement angle (x direction), measurement angle (y angle),
probed point number, and approach distance to probe. All these six input parameters con-
tained eight levels of values categorized as A–H. Hence, the MFs of each input parameters
contained eight clusters, whereby each cluster covered the range of values defined in its
category (A–H). The work, however, did not investigate the construction of IT2 MF from
FCM in their method.

Kowalczyk and Pelikant (2007) [54] investigated the implementation of automatic
MF generation based on grouping algorithms. They applied the model to enhance the
traditional SQL language for database queries by allowing the keeping of ambiguous
and imprecise data. The MF was generated based on K-Means and Mountain clustering
methods, by which the gathered information from databases were clustered accordingly to
generate trapezoidal MF. Kumar et al. (2008) [55], on the other hand, proposed Kohonen-
like self-organizing neural network known as unsupervised discrete clustering technique
(UDCT) and supervised discrete clustering technique (SDCT) to produce a nonuniform-
yet-normal and not-necessarily-convex fuzzy sets. The data were firstly clustered based on
unsupervised or supervised clustering method. The clustering results were plotted in a
graph, whereby the values of a, b, and c of Equation (4) were identified for all clusters. The
data points were assigned with a membership degree; the points near the cluster centroid
will be assigned with membership degree of close to 1, while the points near the cluster
edges will be assigned with membership degree of close to 0. The membership degree
values of all the data points were used to plot the graph to form the MF. Overall, these
works did not focus on FCM-based generation of IT2 MF as discussed in the present paper.

Heng and Jie (2012) [56] determined the method of piecewise liner MF based on inter-
val density cluster. In this work, the MF was generated by utilizing density clustering based
on interval method. The clustering will determine the cluster centers. Then, the values
of MF that touched the graph floor (membership degree 0) were determined according to
the vicinity principle. For example, assuming that there are three clusters, c1 – c3, in the
triangular MF where c1 is adjacent to c2, and c3 is adjacent to c2. Based on Equation (4) and
the vicinity principle, a value of c2 is equal to b value of c1, and a value of c3 is equal to b
value of c2. Through these steps, a type-1 MF will be generated. This work, however, did
not enhance FCM algorithm in generating triangular and trapezoidal IT2 MFs as being
focused on by the present paper. The work also did not focus on generating IT2 MF.

Rubio and Castillo (2013) [7] extended the FCM algorithm with the objectives to
enhance the algorithm’s capability in performing fuzzy clustering as well as handling
problems with higher degree of uncertainties. The proposed algorithm is the fundamental
of IT2FCM, which is used to generate IT2 MFs from FCM. This was done by carrying out
FCM upon the dataset with different fuzzifying values, m. These values are the parameters
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of FCM, and in the work conducted by Rubio and Castillo (2013) [7], the range of values
used were [1.5, 2.5]. The multiple MFs produced by FCM through different m values
became the components to construct the FOU of the IT2 MFs. Since the proposed algorithm
was based on FCM, hence only Gaussian MF was produced. There were no findings
towards generating non-Gaussian MFs from that of FCM algorithm.

Alemu (2018) [57] proposed a fuzzy model for chaotic time series prediction. Fuzzy
time series predictor development consisted of three steps, namely (1) defining universe
of discourse and partitioning interval, (2) defining fuzzy sets and fuzzifying time series,
(3) constructing the prediction model. The universe of discourse, U, was defined from the
minimum, maximum, and standard deviation of training data. From this U, the training
data was partitioned into k interval and the linguistic variables were then determined.
There are several methods that can be used to perform the interval partitioning. Alemu
(2018) [57] proposed that the task is performed by using FCM. The generated linguistic
variables and intervals were represented by triangular, modified triangular, or trapezoidal
MF. The optimum shape of MF was then determined by linearly searching the width of
the upper base of trapezoidal MF. The best shape was the one that yielded the smallest
mean squared error during training. This linear searching of the width of trapezoidal
MF was carried out until the minimum (i.e., 0) and maximum values. If the width is 0,
the trapezoidal MF will become a triangular MF. Then the fuzzy rules and prediction
model were defined and constructed. Overall, the work utilized FCM to perform interval
partitioning and determine the linguistic variables. There was no formulation of triangular
and trapezoidal IT2 MFs from FCM as being discussed in the present paper.

Moewes and Kruse (2013) [58] proposed evolutionary fuzzy rules for ordinal binary
classification. The main work was about using Rough Set Approach and applying K-means
clustering to generate the fuzzy rules. The work did not investigate the IT2 trapezoidal
and triangular MFs generation through FCM. Jang (1993) [6] proposed parameterized MFs
that were generated from clustered raw data. Heuristic approximation was introduced in
the study to estimate triangular and trapezoidal MFs from raw data. However, the study
did not involve IT2 MF generation and FCM. Chen et al. (2017) [36] investigated stability
analysis of polynomial fuzzy-model-based (PFMB) control systems whereby two sets of
MFs were generated for both polynomial fuzzy model and polynomial fuzzy controller.
General-formed MFs were introduced for nonlinear FIS, which were not generated through
data clustering. The work also did not focus on IT2 MF generation.

Khayatzadeh and Yelten (2018) [59] proposed a circuit to generate multiple MFs, which
were Gaussian, trapezoidal, triangular, S-shaped, and Z-shaped MFs. The generator was
circuit-based and did not depend on data, which would be suitable for a simple control
system. The work also did not focus on IT2 MF generation. Ruanpeng et al. (2017) [60]
produced a system which detected movements of humans and dogs by using Mamdani
inference system with automated generation of MFs. The system produced recognition
rate of 93.97% but with misclassification due to missing segmentation. It was limited to
type-1 Gaussian MF and not based on FCM.

Viattchenin et al. (2013) [61] constructed MF based on data through possibilistic
heuristic approach. Their work was based on their earlier research on the possibilistic
heuristic method [62]. The results of the work showed that the generated MF can be applied
in FIS and was able to produce correct outputs. However, in their work, they only focused
on constructing Gaussian MF. Furthermore, the work only produced type-1 MF instead of
IT2 MF.

The work by Bhatt et al. (2012) [63] described the importance of generating MF from
data clustering method since the raw outputs from the clustering process were hardly
useful to the users. In constructing the MF from FCM outputs, they argued that there were
limitations in the convex hull method for estimating trapezoidal membership functions
from the clustered raw data. These limitations gave effects to the MF in terms of either
becoming highly overlapped or highly separated. Hence, they proposed heuristic approach
whereby the outputs from FCM method, namely membership degrees and clusters’ centers
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were used in estimating the trapezoidal and triangular MFs. Overall, the work only
investigated the construction of two types of FT1 MF, instead of IT2 MFs. In another
perspective, it can be summarized that heuristically, formulating IT2 MFs from FT1 MFs
will involve some investigations on how to place the double clusters’ centers in Gaussian
and trapezoidal MFs, and the new x-axis points for triangular MF. Furthermore, the range
of UMF and LMF in the MF do affect the performance of FIS. Hence their effective range
should be examined so that the performance of FIS is not disregarded.

Liao (2017) [64] introduced an extended version of IT2 MF, based on minimum
and maximum MFs of FT1. It produces extended Gaussian, triangular, and trapezoidal
MFs. Their method was based on their earlier work known as fuzzy C-Means Variant
(FCMV) [65]. The FCMV determined the centers of each clusters in the MF and membership
degrees of all points in each cluster. Using heuristic methods, trapezoidal, triangular, and
Gaussian IT2 MFs were generated. Unfortunately, not all of the resultant shapes were
smooth and followed the correct shapes. Moreover, the proposed method lacks efficiency
and accurate defuzzification results, which requires further enhancements [64].

Koduru et al. (2020) [66] proposed triangular MF in brain images segmentation.
The fundamental concept of their work was the implementation of intuitionistic fuzzy
set in determining the early regions of brain tissue. This was achieved by applying the
triangular MF, at the initial stage, to identify the initial clusters and regions and help in
controlling the number of iterations used in segmentation. The regions produced by the
triangular MF were then used to find the centroid values that were required to execute
intuitionistic FCM. Their method successfully determined the brain tissues and produced
significant results in terms of accuracy and computational time. However, the work only
focused on using triangular MF for the initial stage of the method by which it generated
the parameters required for FCM. Using those parameters, FCM continued the image
segmentation processes. The work did not investigate the IT2 MF generation from FCM.

Mahdipour et al. (2013) [67] proposed a vector form of FCM (VFCM), a method that
can apply FCM on noncrisp numbers, with less complexity and reduced resources needed
for calculation. This was achieved through simplification processes of FCM. In evaluating
the generation of noncrisp numbers (i.e., fuzzy numbers), they performed the simulations
upon fuzzy numbers representation such as trapezoidal fuzzy set. Hence, the work did
not investigate the generation of IT2 MF generation from FCM to construct non-Gaussian
MF type.

Rajendran (2019) [68] proposed FCM based scheduler for assigning weights to local
PI controllers. The main purpose was to achieve control of the nonlinear process in a
wide operating range. The parameters of the local controller were determined based on
optimum fuzzy MF generated using FCM. The work emphasized the significant role of the
number and shape of MF in fuzzy clustering. The work also concluded that the proposed
method improved the existing method in a way that it generated MF by considering several
characteristics and parameters through FCM clustering, instead of using fixed triangular
MF. The method utilized FCM to determine the number of clusters for the MF. Using
the information, the MF was then constructed based on projection technique, whereby
the values of the controller gain and integral time parameters were varied. Based on
that process, all the required parameter values to construct triangular and trapezoidal
MFs can be approximated. Although the proposed approach produced multiple MF
types, its application on the noncontroller data remains unclear. The approach involved
varying parameters’ values and setting the minimum and maximum operating limits for
each cluster in order to approximate MF parameters. Other types of data may not have
the same premises as the controller data to allow for the approach to be implemented.
Furthermore, the work only utilized FCM in determining the number of clusters in the MF.
More explorations can be carried out such as the FCM outputs themselves can be used to
approximate the MF parameters.

Amsini and Rani (2020) [69] investigated breast cancer image enhancement, using type-
2 triangular intuitionistic fuzzy MF. Contrast Limited Adaptive Histogram Equalization
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(CLAHE) method was used in the first place to decrease noise, hence producing a better
result. CLAHE carried out its processes based on predefined clip limit value, which was
generated by using type-2 intuitionistic triangular fuzzy MF. The process then continued
with the segmentation by using FCM. Overall, the work did not focus on IT2 MF generation
using FCM.

Overall, the reviewed manuscripts can be summarized in Table 2.

Table 2. Summary of the reviewed manuscripts.

Manuscript Generate MF Using FCM? Generate Triangular/Trapezoidal MF
Using FCM? Generate IT2 MF?

Shukla and Muhuri (2019) [50] No Yes Yes
Cao et al. (2013) [51] No Yes No
Lv et al. (2017) [52] No Yes No

Bulutsuz et al. (2015) [53] No No No
Kowalczyk and Pelikant

(2007) [54] No No No

Kumar et al. (2008) [55] No Yes No
Heng and Jie (2012) [56] No No No

Rubio and Castillo (2013) [7] Yes No Yes
Alemu (2018) [57] Yes No No

Moewes and Kruse (2013) [58] No No No
Jang (1993) [6] No No No

Chen et al. (2017) [36] No No No
Khayatzadeh and Yelten

(2018) [59] No No No

Ruanpeng et al. (2017) [60] No No No
Viattchenin et al. (2013) [61] No No No

Bhatt et al. (2012) [63] Yes Yes No
Liao (2017) [64] Yes Yes Yes

Koduru et al. (2020) [66] Yes Yes No
Mahdipour et al. (2013) [67] Yes No No

Rajendran (2019) [68] Yes No No
Amsini and Rani (2020) [69] Yes No No

3.3. Fuzzy Calculation and Operation

To ensure that our review also covers the important components of fuzzy logic, namely
its calculation and operation, we extended the manuscript gathering by searching using
the keywords “fuzzy calculation” and “fuzzy operation”. As mentioned before, this search
was also conducted from the three main databases—Thompson Reuters Web of Science,
SCOPUS, and Google Scholar for all previous years until 2020. As a result, 49 manuscripts
were gathered, and the review is presented in Sections 3.3.1 and 3.3.2.

3.3.1. Fuzzy Calculation

Shi et al. (2014) [70] investigated the problem of transformers that are in the loss fault
period, with the aim to produce a more accurate assessment model. They combined the
implementation of the fault tree model and fuzzy calculation in their proposed model. The
fault tree model contained the probability importance and the weighting of each event.
Meanwhile, the fuzzy model functioned as the module to determine the operational status
of the transformers in bottom events (loss period). The fuzzy model was constructed
based on Gaussian MF type, whereby they were generated using statistical and probability
calculations, as well as opinions from experts. Yu and Xiang (2014) [71] proposed an ap-
proach to reduce the issues of subjectivity, time consuming, and errors in X-ray radiographs
evaluation, which is based on human experiences (clinician). Their work investigated the
classification of cervical spondylosis (CS) using fuzzy calculation. The main idea was to
produce an approach that can give evaluation upon any given CS based on diagnosis from
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a number of orthopedic experts, rather than from a single expert. In their work, the fuzzy
model was based on data from literature as well as the statistical analysis.

Ghazinoory et al. (2010) [72] applied the concept of fuzzy calculation to improve
portfolio analysis for a strategic decision making model. Their proposed solution was based
on fuzzy set theory, which took into account the limitations and problems of classic portfolio
analysis approach. This covered internal and external factors which were evaluated in
linguistic terms and in terms of fuzzy triangular numbers. The novelty of their work lies
in the combination of industry attractiveness–business strength matrix with the α-cuts of
fuzzy triangular numbers. Vostroknutov and Kaneda (2018) [73] presented an approach
that allows the computational capabilities of modern CASIO CG-50 graphical calculators to
solve complex mathematical problems. This was done using the aggregation of numerical
values of a complex of indicators based on fuzzy inferences. They proposed the calculation
of MFs values, the numerical values of linguistic variables, as well as the state of the object
in relation to the sets’ parameters.

Encheva (2014) [74] proposed the implementation of fuzzy calculation in cooperative
decision making, which involves a huge number of conditional attributes and alternative
solutions. The proposed solution was able to select options automatically. The solution
also has the capability to evaluate nonbinary options, i.e., other than “yes” and “no” or
1 and 0. Hamidreza et al. (2011) [75] proposed the use of fuzzy calculation in evaluating
qualitative alternatives for civil engineering scope of jobs. In their work, the qualitative
alternatives provided by the referees were categorized into nine linguistic variables. These
linguistic variables became the clusters implemented in their triangular-based MFs. Wei
et al. (2009) [76] proposed a solution utilizing computer software and fuzzy calculation
to establish fingerprint for controlling food products’ stability. The implementation of
fuzzy calculation was in combining the qualitative and quantitative data in order to reflect
the entire samplings’ chemical components and their distributions. However, detailed
implementation of fuzzy calculation was not presented in the paper.

Degrauwe et al. (2006) [77] proposed an improvement on fuzzy calculation to resolve
the issue of the same function being maximized and minimized with different bounds
for a repeated number of times. They introduced the Gradual _-level Decreasing (GαD)
algorithm that overcame the issue, which could be seen in the implementation applied
on a damage detection problem of a reinforced concrete (RC) beam by a FEM. Na et al.
(2010) [78] investigated the mix of consumption motivation type theory, fuzzy modeling,
and emotion of online review texts to establish fuzzy corpus. The work presented the
generation of fuzzy rules and antecedents for their solution to carry out the product
recommendation tasks. Wang and Wei (2020) [79] proposed an approach for evaluating
financial development based on convergence and spillover factors. In this work, they
proposed the implementation of ARMA-GARCH and fuzzy calculation, that was able to
verify several financial risks. However, their work did not involve FCM and non-Gaussian
MF constructions.

Ramos et al. (2009) [80] investigated the use of data mining techniques in predicting the
probability of failure of electrical equipment. In the work, the case study was using highly
uncertain data, which required the use of fuzzy calculation and monte carlo simulation.
The implementation of MFs and fuzzy rules was however not discussed in detail in the
paper. Yu et al. (2015) [81] studied gynecological chronic pelvic pain (CPP), whereby they
proposed an approach with accurate diagnosis results. In their solution, fuzzy logic based
on fuzzy matrix calculation was used. The generation of membership degrees was done
using weighting approach rather than FCM.

3.3.2. Fuzzy Operation

Yang et al. (2019) [82] studied the operation of just-in-time (JIT) production based on
processing and assembly scheduling. The operation time factor is highly uncertain; hence, it
is represented by fuzzy numbers. In this work, they proposed triangular fuzzy numbers to
represent operation time, while trapezoidal fuzzy numbers were used to represent delivery
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time. They also proposed the implementation of a genetic algorithm in the event that the
complexity of the problem occurs. Bocewicz et al. (2019), Bocewicz et al. (2015), Wojcik
et al. (2015), and Nielsen et al. (2016) [83–86] proposed a Grid-like Material Transportation
Network (GMTN) that allows heterogeneous means of transportation (Automated Guided
Vehicles (AGVs), hoists, lifts, etc.) to interact with each other. The main contribution of
their work was in terms of solving a constraint satisfaction problem addressing AGVs fleet
match-up scheduling subject to GMTN as well as fuzzy operation time constraints. In this
work, the operations execution time are represented by imprecise (fuzzy) data.

Chen and Wang (2017) [87] utilized the fuzzy operation time approach for scheduling
the process of weighing and handling of cement vehicles entering the plant. The fuzzy
operation time was needed due to the fact that there existed occurrence of operation time
of uncertain vehicles. Cheng and Huang (2006) [88] described the issue of uncertainty
in the operation time involved in supply-chain management (SCM). This had made time
estimation a daunting task. Eventually, this may have an impact on the SCM process since
the market is vigorous and requires quick response to customers’ requests. Therefore, this
work proposed triangular fuzzy numbers (TFNs) to represent these uncertain variables and
an order-fulfillment analysis model of a supply-chain system in an uncertain environment.

Reiser et al. (2016) [89] presented the quantum processes that provide a parallel model
for fuzzy connectives. The calculations involved in quantum states can be simultaneously
performed by the superposition of membership and nonmembership degrees of each
element of intuitionistic fuzzy sets. They proposed an approach to interpret Atanassov’s
intuitionistic fuzzy logic through quantum computing. They presented the involvement
of various fuzzy operations such as negation, conjunction, etc., in the proposed approach.
Ledeneva (2020) [90] presented the analysis of additive generators in the form of linear
fractional functions. The work was mainly focusing on proposing a new family of dual
triangular norms and conorms, rather than the FCM-based generation of MF.

Han et al. (2019) [91] proposed cellular neural networks with stochastic pertubations
and fuzzy operations model. This was constructed using semidiscretization technique of
differential equations. The model has the capability to generate a more accurate characteri-
zation for continuous-time models as compared to the Euler scheme. In their work, fuzzy
theory was implemented as a result of most real world applications involving dealing with
uncertain problems. The fuzzy operations, such as MIN, MAX, etc., were applied in the
model to complement the capability of neural networks. Meanwhile, Hu et al. (2018) [92]
proposed distance measures as factors to enhance and extend the capability of the complex
fuzzy set. In their work, they applied the proposed measures in several applications in
order to evaluate their effectiveness. Zernov and Mladov (2017) [93] introduced the asso-
ciative methods for fuzzy operations implementation, through multiple disjunction and
conjunction associative. The methods also comprised 2-argument fuzzy disjunction and
conjunction, as well as fuzzy negation. The methods were applied in modeling associative
operations in 3D associative information storage and processing devices.

Okmen and Oztas (2014) [94] dealt with uncertainty problems in construction project
activities. One of the examples was the duration of uncertainty due to variations in project
risks. Hence, they proposed the fuzzy set for representing the project duration parameter,
while fuzzy operations were utilized for network calculations in Critical Path Method
(CPM). They applied triangular and trapezoidal MFs in their fuzzy sets, and as for the
fuzzy operations some operations involved such as min, max, etc., to calculate project
lead/lag time. Pietraszek (2013) [95] introduced a novel formalism to perform fuzzy
operations on correlated assessments. The work allowed fuzzy values to be represented by
membership sequence pattern or scalar MF, while binary vector can be used to describe
fuzzy operations. Having these characteristics, fuzzy values and variables can have identity,
which is required for operations involving correlations. Zhu et al. (2013) [96] presented an
approach for centrifugal compressors safety evaluation. The evaluation process involves
subjective experts’ experience and knowledge, hence a fuzzy-based solution was required
to deal with this kind of linguistic values-based properties. The input for the fuzzy model
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were the compressors’ failure identification using failure mode and effects analysis (FMEA)
method. From these inputs, an expert-failure model was established. This was then used to
construct a fuzzy matrix using weightage index of fuzzy analytic hierarchy process (AHP).

Yoon and Choi (2013) [97] investigated fuzzy least squares estimation of the fuzzy
linear regression model. The focus was on models with fuzzy input-output data, containing
an error structure. The proposed fuzzy least squares estimators for regression parameters
were based on a suitable metric. In determining the estimators, they used a notion of
triangular fuzzy matrices whose elements are given as triangular fuzzy numbers, and also
provided some operations among all triangular fuzzy matrices. Simple computational
examples of this applications are given. Wang and Jeong (2012) [98] proposed a novel
deinterlacing algorithm based on adaptive bilateral filter with local intensity histogram
screening and generalized fuzzy operation. Adaptive bilateral filter with local intensity his-
togram screening can effectively prevent producing noise magnification or over-sharpening
artifacts. Generalized fuzzy operation can enhance image local contrast and prevent in-
volving noise. Experimental results demonstrate the proposed algorithm outperforms the
mostly popular algorithms.

Zhang et al. (2012) [99] proposed a mathematical morphology for digital image blind
forensic. The proposed solution was aimed at enhancing the technique for distinguishing
splice post-retouching images. The solution analyzed image edges and utilized homomor-
phic filtering enhance artificially fuzzy operation boundaries. It removed the interference
of natural fuzzy, and then detected the image edge of counterfeit tamper. Huang and
Huang (2011) [100], in their work, introduced an algorithm to adjust the output brightness
of a light emitting diode (LED) so that it could light along with improvement of brightness.
The MFs of the fuzzy model comprised sampling brightness in working area, brightness
in variation, and value of brightness adjustment. Saneifard (2011) [101] focused on de-
fuzzification problem on parametric interval approximation of fuzzy numbers. The work
introduced a novel ranking method to resolve the problem and used the interval as a crisp
approximation for a fuzzy quantity, which is able to rank various fuzzy numbers. Gal et al.
(2010) [102] proposed a new triangular t-norm and t-conorm, whereby the fuzzy operations
and the standard negation were combined to resolve practical problems. The algorithm
was based on triangular norms for a fuzzy flip-flop-based neuron, and fuzzy J-K and D
flip-flop-based neurons using algebraic connectives. Maturo (2009) [103] applied fuzzy
numbers in humanistic/social science systems, leveraging its capability in dealing with
indeterministics. The work considered the possible alternatives in the system’s operations
based on fuzzy extension principle. Rudas et al. (2008) [104] investigated parametric oper-
ations of fuzzy systems in the context of hardware implementation. The proposed method
involved parametric classes of fuzzy conjunctions and disjunctions through generators and
basic operations. They implemented a few generators of parametric fuzzy operations in
the research.

Xu and Xiao (2008) [105] focused on enhancing the assembly line balancing prob-
lem (ALBP), which normally works under uniform and certain conditions. However, in
some cases the assembly lines comprise fuzzy operation times and drifting operations,
which require a fuzzy model to be built. In their work, fuzzy simulation was integrated
with genetic algorithm (GA) to achieve the problem of the above-mentioned problem.
Cai et al. (2008) [106] argued that parametric fuzzy conjunction and disjunction operations
are not suitable for hardware implementation due to the fact that they utilize product and
computing powers of operations. Hence, they introduced a new approach of generation
of nonassociative conjunctions fuzzy operations in this study. Batyrshin et al. (2007) [107]
also studied fuzzy operations in hardware implementation, whereby they argued that in
most cases only basic operations such as min, max, etc., are used. Other more complicated
fuzzy operations are normally left out. Hence, their work proposed fuzzy parametric con-
junction and disjunction operations in digital hardware implementation. In other related
works, Su and Guo (2005) [108] investigated fuzzy operation’s properties with equality
constraints, Koprinkova-Hristova (2004) [109] studied fuzzy operations’ parameters influ-
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ence on fuzzy control systems as well as the MF shapes, Tang et al. (2004) [110] proposed a
fuzzy operation based on association for data in a multisensor array with severe errors,
Turken et al. (2002) [111] studied the practicality of nonassociativity operations with re-
gards to conjunctive normal form and disjunctive normal form, and Li and Rao (2001) [112]
presented conjunctive and disjunctive operations based on vague sets.

Older works on fuzzy operations include a study on fuzzy operations and their
effects in engineering [113], comparison look-ahead for fast fuzzy operations [114,115],
fuzzy inclusion and equality between fuzzy subsets [116], fuzzy numbers for design
varaibles [117], and computing fuzzy operations in high speed and high precision using
binary positive-digit number arithmetic operation [118].

Overall, the reviewed manuscripts on fuzzy calculation and operation can be summa-
rized in Table 3.

Table 3. Summary of the reviewed manuscripts on fuzzy calculation and operation.

Manuscript Generate MF Using FCM? Generate Triangular/Trapezoidal MF
Using FCM? Generate IT2 MF?

Shi et al. (2014) [70] No No No
Yu and Xiang (2014) [71] No No No

Ghazinoory et al. (2010) [72] No No No
Vostroknutov and Kaneda (2018) [73] No No No

Encheva (2014) [74] No No No
Hamidreza et al. (2011) [75] No No No

Wei et al. (2009) [76] No No No
Degrauwe et al. (2006) [77] No No No

Na et al. (2010) [78] No No No
Wang and Wei (2020) [79] No No No
Ramos et al. (2009) [80] No No No

Yu et al. (2015) [81] No No No
Yang et al. (2019) [82] No No No
Bocewicz et al. (2019) No No No
Bocewicz et al. (2015) No No No

Wojcik et al. (2015) No No No
Nielsen et al. (2016) No No No

Chen and Wang (2017) [87] No No No
Cheng and Huang (2006) [88] No No No

Reiser et al. (2016) [89] No No No
Ledeneva (2020) [90] No No No
Han et al. (2019) [91] No No No
Hu et al. (2018) [92] No No No

Zernov and Mladov (2017) [93] No No No
Okmen and Oztas (2014) [94] No No No

Pietraszek (2013) [95] No No No
Zhu et al. (2013) [96] No No No

Yoon and Choi (2013) [97] No No No
Wang and Jeong (2012) [98] No No No

Zhang et al. (2012) [99] No No No
Huang and Huang (2011) [100] No No No

Saneifard (2011) [101] No No No
Gal et al. (2010) [102] No No No
Maturo (2009) [103] No No No

Rudas et al. (2008) [104] No No No
Xu and Xiao (2008) [105] No No No

Cai et al. (2008) [106] No No No
Batyrshin et al. (2007) [107] No No No

Su and Guo (2005) [108] No No No
Koprinkova-Hristova (2004) [109] No No No

Tang et al. (2004) [110] No No No
Turken et al. (2002) [111] No No No
Li and Rao (2001) [112] No No No

Czogala and Kowalczyk (1996) [113] No No No
Han and Singh (1990) [114] No No No
Han and Singh (1990) [115] No No No

Wygralak (1983) [116] No No No
Arakawa et al. (2000) [117] No No No

Tabata et al. (2000) [118] No No No
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3.4. Contributions and Limitations of the Existing Works

The main contributions from the works on triangular and trapezoidal IT2 MFs genera-
tion from FCM are listed in Table 4.

Table 4. Contributions of the studies in this structured literature review.

Contribution Description

Alternative membership functions The triangular and trapezoidal MF provide alternatives for IT2-based applications
especially in the condition whereby Gaussian IT2 MF cannot produce good results.

Application By having more options of MFs, IT2 FIS can be applied to a wider range of
applications.

Performance
IT2 FIS generated from FCM can leverage on the benefit of learning from data, which
may help in producing good and representative results especially in data-based
applications such as forecasting and prediction systems.

The previous works such as Bhatt et al. (2012) [63] and their extended work presented
in Swathi et al. (2015) [119] had placed a good fundamental on the issue of IT2 MF
construction from FCM. Their method was based on approximation and heuristic, whereby
the output of FCM i.e., membership degrees of each data point in matrix U were used
to approximate the triangular and trapezoidal. Other works, Liao et al. (2003) [65], and
the extended work presented in Liao (2017) [64] showed that IT2 MFs can be constructed
through their enhanced version of FCM known as FCMV. They showed in their work that
triangular and trapezoidal IT2 MFs were generated using FCMV outputs and heuristic
methods. Unfortunately, the methods proposed by these works do not always guarantee
the correct triangular and trapezoidal shapes in their results. This limitation may also
affect the accuracy and precision of the generated results. Hence, there remains a need for
a method that is able to produce correct triangular and trapezoidal shapes regardless of the
type of the underlying dataset.

4. Challenges and Future Research

As discussed in the previous section, some limitations still exist in the current methods,
hence, alternative approaches are necessary. Some of the further research can be highlighted
as follows:

1. Introducing a method that can heuristically produce the correct triangular and trape-
zoidal shapes given any types of data. The improvement in terms of accuracy or
precision, for example, can be further explored.

2. The existing method of developing IT2 MF from FCM is based on double fuzzifiers
approach. There remains a need for exploring the development of IT2 MF from FCM
using other methods such as different mean values [13,64].

3. Optimizing IT2 FIS results through the application of optimization algorithms in MF
generation processes. The existing works mainly focused on finding the effective
range of LMF and UMF based on fuzzier values of FCM.

4. Exploring the application of the triangular and trapezoidal IT2 MFs in various appli-
cations such as prediction, classification, multiattribute decision making system, and
case-based reasoning system.

5. Investigating the IT2 MFs generated by FCM being applied in the general fuzzy
Type-2 FIS. The performance effects in various general fuzzy Type-2 applications can
be further explored.

Future research works come with challenges. Some of the challenges are as the follow-
ing:

1. FCM faces the challenges in managing different uncertainties associated with data and
getting trapped in local optima and fails to find optimal cluster centers when dealing
with large data. Qaiyum et al. (2019) [120] described this challenge and proposed
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an optimized Interval Type-2 Fuzzy C-Means (IT2FCM) using Ant Colony-based
Optimization (ACO). Therefore, while exploring the construction of triangular and
trapezoidal IT2 MF using FCM, the optimization issue needs to be of concern too.

2. Despite its simplicity and effectiveness in clustering, FCM suffers from being sensitive
to initial values and susceptible to noise. Many studies proposed the utilization of
bio-inspired algorithms such as particle swarm optimization (PSO) Dhanachandra
and Chanu (2020) [121] to tackle the issues. The study on IT2 FIS developed with
trapezoidal and triangular MF-based FCM may require further consideration in terms
of noise reduction, in order to ensure the results are accurate and acceptable.

3. FCM is thought to have a slight defect when dealing with large datasets [122]. Hence,
exploring the construction and application of IT2 triangular and trapezoidal MF based
on FCM will be a challenging issue when dealing with large datasets.

5. Conclusions

FCM is used to construct the MF for FIS due to its superior capability over the expert
knowledge-based approach in terms of time consumption and subjectivity in making
decisions. Despite these advantages, most of the existing works only showed the utilization
of FCM in produce Gaussian MF. The construction of the other two popular MFs, namely
triangular and trapezoidal, remains unclear. As shown in this paper, the triangular and
trapezoidal MFs are also able to produce superior results over the Gaussian MF in certain
applications. Other than that, there is also limited literature that investigates the construc-
tion of these three types of MFs using FCM in order to develop an IT2 application. Hence,
we conducted a structured literature review on these two scopes of FCM-based FIS, and
this paper presented and discussed the review results.

Although there were some papers presenting the proposed methods related to the
triangular and trapezoidal IT2 MF construction using FCM, some limitations still exist.
Hence, this paper presented some future works and their challenges. It is important to note
that these research scopes imply the development of a useful method that has flexibility
in choosing MF type, hence increasing the effectiveness of FIS through leveraging the
advantages that each of the three MF types could provide. It also implies the more robust
fuzzy method through IT2, which is not only faster and better at dealing with uncertainty
than FT1, but it will also have the capability of choosing the best MF type in solving
the problems.
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