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Abstract: This paper aims to investigate the effect of the Winkler-Pasternak elastic foundation
on the natural frequencies of Carbon Nanotube (CNT)-reinforced laminated composite plates
and shells. The micromechanics of reinforcing CNT particles are described by a two-parameter
agglomeration model. CNTs are gradually distributed along the thickness direction according to
various functionally graded laws. Elastic foundations are modeled according to the Winkler-Pasternak
theory. The theoretical model considers several Higher-order Shear Deformation Theories (HSDTs)
based on the so-called Carrera Unified Formulation (CUF). The theory behind CNTs is explained in
detail. The theoretical model presented is solved numerically by means of the Generalized Differential
Quadrature (GDQ) method. Several parametric studies are conducted, and their results are discussed.

Keywords: Functionally Graded Carbon Nanotubes; natural frequencies; Winkler-Pasternak elastic
foundations; numerical analysis; Higher-order Shear Deformation Theories

1. Introduction

In the last few decades, due to their high potential in terms of mechanical and thermal properties
such as tensile and yield strength, Carbon Nanotubes (CNTs) have attracted the interest of many
scientists and researchers trying to find convenient applications for these types of nanostructure [1–11].
The application of CNTs has mainly been as a reinforcement constituent of composite materials, which
are, nowadays, widely used, especially in the aerospace field and in the automotive industry [12–29].
This has led to the birth of a new class of composites called nanocomposites. In spite of the
numerous works that have been written on this subject, CNTs still remain an open topic for
discussion. The curiosity with regard to the effects of CNT reinforcement on various structures
has led to the development of different techniques and approaches for estimating these effects
as well as possible, optimized between the goals of simplicity and accuracy [27]. The theory of
mixtures, due to its simplicity, is the most common approach used to describe the mechanical
properties of these types of nanostructure [30,31]. Despite its simplicity, this approach neglects
several aspects of the micromechanics of CNT particles, which, due to their characteristic shape,
tend to agglomerate in different areas of the reinforced polymer composite. A more precise approach
has been proposed in the work by Shi et al. [32], presenting a two-parameter theoretical model
that closely describes the agglomeration effect of the CNT particles, whereby the homogenization,
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based on the Eshelby-Mori-Tanaka scheme for granular composite materials [33], and mechanical
properties are obtained. This scheme uses the so-called Hill’s elastic moduli [34,35] to describe the
constitutive relations of the CNT particles. For the sake of completeness, some examples concerning
the agglomeration of CNTs can be found in the papers [36–38].

The present paper aims to use this approach to study the effect of agglomeration on the natural
frequencies of functionally graded carbon nanotube-reinforced laminated composite plates and shells
resting on the elastic foundation. Although the high structural performance of plates and shells
made from conventional composites has been proved by a number of papers [39–56], by employing
CNTs as a reinforcing phase, their performance can be improved even further. A gradual variation of
the volume fraction of the CNT particles trough the thickness of the composite has been employed,
which is characteristic to functionally graded materials (FGMs). FGMs are a recent class of composite
materials designed to deal with problems of stress concentration and mechanical discontinuity [57–84].
Therefore, the term Functionally Graded Carbon Nanotubes (FG-CNTs) was introduced to refer on this
type of CNT-reinforced composite. For the sake of completeness, it should be mentioned that several
papers concerning structural models suitable for the mechanical analysis of these kinds of structure
have been published recently [85–93]. In particular, the gradient elasticity theory was proposed by
Barretta et al. [85] to this end. Alternatively, a nonlocal model can be used for this purpose, as proved
in the papers by Romano and Barretta [86], Romano et al. [87], Marotti de Sciarra and Barretta [88],
and Apuzzo et al. [89].

To capture the proper mechanical behavior of these structures, adequate structural models must
be considered. The use of classical shell theories may result in inaccurate results; therefore, the use
of Higher-order Shear Deformation Theories (HSDTs) is required. Recent developments in the area
of HSDTs are found in the works by Carrera [94–98], introducing the so-called Carrera Unified
Formulation (CUF). This formulation is explained in detail in the books by Tornabene et al. [99,100].
CUF represents one of the most efficient and complete approaches when studying the mechanical
behavior of multilayered composite beams, plates, and shells [101–110].

In this paper, various HSDTs based on the CUF Equivalent Single Layer (ESL) approach are
employed to investigate the effect of agglomeration on the natural frequencies of FG-CNT-reinforced
laminated composite plates and shells resting on the elastic foundation. The elastic foundation is
modeled according to the Winkler-Pasternak theory. Papers describing this type of linear elastic
foundation model can be found in [111–128]. As far as nonlinear analyses are concerned, the reader
can find further details in the works [129–135].

Due to its complexity, the problem is solved numerically by the means of the Generalized
Differential Quadrature (GDQ) method. The GDQ is an accurate, reliable, and stable numerical
technique developed by Shu in the nineties [136]. This numerical technique is described in detail in the
review paper by Tornabene et al. [137]. Further details concerning this numerical approach, as well as
several numerical applications, can be found in the papers [138–140]. Finally, it should be mentioned
that the present approach was implemented in MATLAB code [141].

2. Theoretical Model

2.1. Geometry

The two-dimensional shell model considered in this paper is defined by the vector r(α1, α2) over
the middle surface of the shell (Figure 1). The parameters α1, α2 stand for the orthogonal and principal
curvilinear coordinates of the middle surface of the shell. Examples for this notation can be found
in the books by Tornabene et al. [99,100]. As can be seen in Figure 1, the position vector R(α1, α2, ζ)

defines each point P of a generic three-dimensional shell element of constant thickness h. Position
vector R(α1, α2, ζ) is defined as

R(α1, α2, ζ) = r(α1, α2) + ζ n(α1, α2) (1)
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where ζ is the coordinate that identifies the normal direction along the shell thickness. The outward
unit normal vector n(α1, α2), defined along ζ, can be expressed as

n =
r,1 ∧ r,2

|r,1 ∧ r,2|
(2)

The symbol “∧” stands for the vector product, also r,i = ∂r/∂αi for i = 1, 2 is introduced.
The following limitations are included for i = 1, 2

αi ∈
[
α0

i , α1
i

]
(3)

where α0
i , α1

i denote respectively the minimum and the maximum values of the coordinates at issue.
The third coordinate ζ must be defined within the limits of the shell thickness; therefore, it is bounded as

ζ ∈ [−h/2, h/2] (4)

For a laminated composite structure made of l plies (Figure 1), the total thickness of the shell h
can be expressed as

h =
l

∑
k=1

hk (5)

where hk denotes the thickness of the k-th ply.
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Figure 1. Doubly-curved panel representation and lamination scheme.

With the defined position vector r(α1, α2), the Lamé parameters A 1(α1, α2) and A 2(α1, α2) of the
surface can be computed as

A 1 =
√

r,1·r,1, A 2 =
√

r,2·r,2 (6)

where the symbol “·” denotes the scalar product. Radii of curvature R 1(α1, α2) and R 2(α1, α2) of the
doubly-curved reference surface, due to the hypothesis of orthogonal and principal coordinates, can be
evaluated as follows

R 1 = − r,1·r,1

r,11·n
, R 2 = − r,2·r,2

r,22·n
(7)
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with the notation r,ii = ∂2r/∂α2
i , for i = 1, 2. The parameters H1(α1, α2, ζ) and H2(α1, α2, ζ), which must

be introduced to consider the three-dimensional size effect of the structure, are evaluated by

H1 = 1 +
ζ

R1
, H2 = 1 +

ζ

R2
(8)

2.2. Shell Formulation

The three-dimensional displacement field of the laminated composite shell can be expressed
by the Carrera Unified Formulation (CUF), which was conceived to study the structural response of
beams and plates. The displacement components, according to a general higher-order Equivalent
Single Layer (ESL) approach, are given by

U1(α1, α2, ζ, t) =
N+1
∑

τ=0
Fτ(ζ)u

(τ)
1 (α1, α2, t)

U2(α1, α2, ζ, t) =
N+1
∑

τ=0
Fτ(ζ)u

(τ)
2 (α1, α2, t)

U3(α1, α2, ζ, t) =
N+1
∑

τ=0
Fτ(ζ)u

(τ)
3 (α1, α2, t)

(9)

where U1, U2, U3 are the three-dimensional displacements; Fτ represents the thickness or the shear
functions and τ = 0, 1, 2, . . . , N, N + 1 stands for the order of kinematic expansion; u(τ)

1 , u(τ)
2 , u(τ)

3
are the generalized displacement components or degrees of freedom of the problem. The thickness
functions can be chosen freely or according to the functions listed in the book [99]. In this paper,
the thickness functions are given by the power function Fτ = ζ τ for τ = 0, 1, 2, . . . , N. The last order
of expansion or the (N + 1)-th order is related to the Murakami’s function, by which the so-called
zig-zag effect can be captured. More details about the zig-zag effect and the Murakami’s function can
be found in [96,97]. The Murakami’s function Z = Z(ζ) is defined as

Z = (−1)k
(

2
ζk+1 − ζk

ζ − ζk+1 + ζk
ζk+1 − ζk

)
(10)

where ζk and ζk+1 represent, respectively, the bottom and the top coordinates of the k-th layer
along the thickness direction, as shown in Figure 1. By varying the maximum order of kinematic
expansion N, one can obtain different shear deformation theories. For easier denotation of these
theories, the acronyms ED N and EDZ N are introduced, where “E” stands for the ESL approach,
“D” denotes the use of generalized displacement, and the letter “Z”, if present, denotes the use of the
Murakami’s function.

Once the displacement field (9) is set, the generalized strains evaluated on the shell middle surface
can be computed as follows

ε(τ) = DΩu(τ) (11)

in which vector u(τ) = u(τ)(α1, α2, t) collects generalized displacement components as

u(τ) =
[

u(τ)
1 u(τ)

2 u(τ)
3

]T
(12)

Also, the kinematic operator DΩ takes the following form

DΩ =


1

A 1
∂

∂α1
1

A 1 A 2

∂A 2
∂α1

− 1
A 1 A2

∂A1
∂α2

1
A 2

∂
∂α2

− 1
R 1

0 1 0 0

1
A 1 A 2

∂A 1
∂α2

1
A 2

∂
∂α2

1
A 1

∂
∂α1

− 1
A 1 A2

∂A2
∂α1

0 − 1
R 2

0 1 0
1

R 1
1

R 2
0 0 1

A 1
∂

∂α1
1

A 2
∂

∂α2
0 0 1


T

(13)
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All of the strains are collected in the algebraic vector ε(τ) = ε(τ)(α1, α2, t), defined as

ε(τ) =
[

ε
(τ)
1 ε

(τ)
2 γ

(τ)
1 γ

(τ)
2 γ

(τ)
13 γ

(τ)
23 ω

(τ)
13 ω

(τ)
23 ε

(τ)
3

]T
(14)

The relation between three-dimensional strain components collected in ε = ε(α1, α2, ζ, t) and
generalized strains (14) can be expressed as follows

ε =
N+1

∑
τ=0

Z(τ)ε(τ) (15)

where ε is described as
ε =

[
ε1 ε2 γ12 γ1n γ2n εn

]T
(16)

It should be specified that the subscript n in (16) denotes those strain components that involve
the direction perpendicular to the shell middle surface. The matrix Z(τ) is described, for each order of
kinematic expansion τ, as follows

Z(τ) =



Fτ
H1

0 0 0 0 0 0 0 0

0 Fτ
H2

0 0 0 0 0 0 0

0 0 Fτ
H1

Fτ
H2

0 0 0 0 0

0 0 0 0 Fτ
H1

0 ∂Fτ
∂ζ 0 0

0 0 0 0 0 Fτ
H2

0 ∂Fτ
∂ζ 0

0 0 0 0 0 0 0 0 ∂Fτ
∂ζ


(17)

The stress results for each order τ of kinematic expansion can be calculated over the generalized
strains (11) as

S(τ) =
N+1

∑
η=0

A(τη)ε(η) (18)

where the algebraic vector S(τ) = S(τ)(α1, α2, t) is taken as

S(τ) =
[

N(τ)
1 N(τ)

2 N(τ)
12 N(τ)

21 T(τ)
1 T(τ)

2 P(τ)
1 P(τ)

2 S(τ)
3

]T
(19)

The constitutive operator A(τη) is defined as follows

A(τη) =



A(τη)
11(20) A(τη)

12(11) A(τη)
16(20) A(τη)

16(11) 0 0 0 0 A(τη̃)
13(10)

A(τη)
12(11) A(τη)

22(02) A(τη)
26(11) A(τη)

26(02) 0 0 0 0 A(τη̃)
23(01)

A(τη)
16(20) A(τη)

26(11) A(τη)
66(20) A(τη)

66(11) 0 0 0 0 A(τη̃)
36(10)

A(τη)
16(11) A(τη)

26(02) A(τη)
66(11) A(τη)

66(02) 0 0 0 0 A(τη̃)
36(01)

0 0 0 0 A(τη)
44(20) A(τη)

45(11) A(τη̃)
44(10) A(τη̃)

45(10) 0

0 0 0 0 A(τη)
45(11) A(τη)

55(02) A(τη̃)
45(01) A(τη̃)

55(01) 0

0 0 0 0 A(τ̃η)
44(10) A(τ̃η)

45(01) A(τ̃η̃)
44(00) A(τ̃η̃)

45(00) 0

0 0 0 0 A(τ̃η)
45(10) A(τ̃η)

55(01) A(τ̃η̃)
45(00) A(τ̃η̃)

55(00) 0

A(τ̃η)
13(10) A(τ̃η)

23(01) A(τ̃η)
36(10) A(τ̃η)

36(01) 0 0 0 0 A(τ̃η̃)
33(00)



(20)
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where the elastic constant in (20) can be evaluated according to the following expressions

A(τη)
nm (pq) =

l
∑

k=1

ζk+1∫
ζk

B(k)
nmFη Fτ

H1 H2
Hp

1 Hq
2

dζ

A(τ̃η)
nm (pq) =

l
∑

k=1

ζk+1∫
ζk

B(k)
nmFη

∂Fτ
∂ζ

H1 H2
Hp

1 Hq
2

dζ

A(τη̃)
nm (pq) =

l
∑

k=1

ζk+1∫
ζk

B(k)
nm

∂Fη

∂ζ Fτ
H1 H2
Hp

1 Hq
2

dζ

A(τ̃η̃)
nm (pq) =

l
∑

k=1

ζk+1∫
ζk

B(k)
nm

∂Fη

∂ζ
∂Fτ
∂ζ

H1 H2
Hp

1 Hq
2

dζ

(21)

for τ, η = 0, 1, 2, . . . , N, N + 1, n, m = 1, 2, 3, 4, 5, 6, and p, q = 0, 1, 2. The superscripts η, τ on the
left-hand side of (21) denote the use of the corresponding thickness functions Fη , Fτ , where the
tilde denotes that the derivative of the corresponding thickness function with respect to ζ has been
used. Due to the dependence of all the quantities Fη , Fτ , H1, H2 in (21) on the thickness coordinate ζ,

the numerical method must be introduced to solve the problem. The notation B(k)
nm is related to the

elastic constants of the material C(k)
nm as follows

B(k)
nm = C(k)

nm for n, m = 1, 2, 3, 6

B(k)
nm = κC(k)

nm for n, m = 4, 5
(22)

where κ is the shear correction factor, the value of which will be specified in the notation representative
of the structural model through a proper superscript. This model assumes that each layer of the
laminated composite is made of linearly elastic and homogenous materials. The plies are perfectly
joined together, and both orthotropic and isotropic mediums can be taken into account. It should be

recalled that the elastic constants C(k)
nm are evaluated in the geometric reference system O′α1α2ζ through

proper transformations that take into account the orientation of the material [46,99]. If the k-th layer is
orthotropic, the stress-strain relation is given as

σ
(k)
1

σ
(k)
2

τ
(k)
12

τ
(k)
1n

τ
(k)
2n

σ
(k)
n


=



C(k)
11 C(k)

12 C(k)
16 0 0 C(k)

13

C(k)
12 C(k)

22 C(k)
26 0 0 C(k)

23

C(k)
16 C(k)

26 C(k)
66 0 0 C(k)

36

0 0 0 C(k)
44 C(k)

45 0

0 0 0 C(k)
45 C(k)

55 0

C(k)
13 C(k)

23 C(k)
36 0 0 C(k)

33





ε
(k)
1

ε
(k)
2

γ
(k)
12

γ
(k)
1n

γ
(k)
2n

ε
(k)
n


(23)

in which the elastic constants C(k)
nm can be related to the nine independent engineering constants of the

material—E(k)
1 , E(k)

2 , E(k)
3 , G(k)

12 , G(k)
13 , G(k)

23 , ν
(k)
12 , ν

(k)
13 , ν

(k)
23 —as specified in the book by Tornabene et al. [99].

It should be recalled that the hypothesis of plane stress is needed in lower-order theories, such as the
Reissner-Mindlin theory or First-order Shear Deformation Theory (FSDT). When needed, the reduced

elastic coefficients Q(k)
nm are used. The meaning of these coefficients is explained in detail in [99].

On the other hand, the elastic foundation, studied in this paper, is approximated by applying
uniformly distributed springs at the top and/or bottom surfaces of the shell (Figure 2). The stiffnesses



Appl. Sci. 2017, 7, 1228 7 of 55

of the springs are denoted by k(±)1 f , k(±)2 f , and k(±)3 f along the three coordinate directions α1, α2, and ζ,
respectively. Superscripts (+) or (−) denote that these springs are located on the top or the bottom
surface of the shell, respectively. The elastic foundation is modeled according to the Winkler-Pasternak
elastic foundation theory. In this paper, only the elastic foundations with the uniform thickness h(±)f
are considered. Further information about this theory can be found in the papers [126–128,135] and in
the book [99]. Forces produced by the springs along the three coordinate directions can be written in
the form of generalized external load vector of the foundation q(τ)

f as

q(τ)
f = −

N+1

∑
η=0

L(τη)
f u(η) −

N+1

∑
η=0

M(τη)
f

..
u(η) (24)

for τ = 0, 1, 2, . . . , N, N + 1, where the operators L(τη)
f and M(τη)

f are the stiffness matrix and inertia

matrix, respectively, of the linear elastic foundation. Vector
..
u(τ)

=
..
u(τ)

(α1, α2, t) collects the generalized
acceleration components that correspond to the generalized displacements

..
u(τ)

=
[

..
u(τ)

1
..
u(τ)

2
..
u(τ)

3

]T
(25)

The operator L(τη)
f takes the following form

L(τη)
f =


L(τη)α1

f 1 0 0

0 L(τη)α2
f 2 0

0 0 L(τη)α3
f 3

 (26)

with the quantities L(τη)α1
f 1 , L(τη)α2

f 2 , L(τη)α3
f 3 defined as follows

L(τη)α1
f 1 = k(−)1 f Fα1(−)

η Fα1(−)
τ H(−)

1 H(−)
2 + k(+)

1 f Fα1(+)
η Fα1(+)

τ H(+)
1 H(+)

2

L(τη)α2
f 2 = k(−)2 f Fα2(−)

η Fα2(−)
τ H(−)

1 H(−)
2 + k(+)

2 f Fα2(+)
η Fα2(+)

τ H(+)
1 H(+)

2

L(τη)α3
f 3 =

(
k(−)3 f − G(−)

f ∇
2
(−)

)
Fα3(−)

η Fα3(−)
τ H(−)

1 H(−)
2 +

(
k(+)

3 f − G(+)
f ∇

2
(+)

)
Fα3(+)

η Fα3(+)
τ H(+)

1 H(+)
2

(27)

where∇2
(±) represents the Laplacian operator in curvilinear orthogonal coordinates applied at the top

or the bottom surfaces of the shell defined below

∇2
(±) =

(
1

A2
1

(
H(±)

1

)2
∂2

∂α2
1
+ 1

A2
2

(
H(±)

2

)2
∂2

∂α2
2
+

(
1

A2
1 A 2

(
H(±)

1

)2
∂A 2
∂α1
− h

2A2
1R2

2

(
H(±)

1

)2
H(±)

2

∂R 2
∂α1

+

− 1

A3
1

(
H(±)

1

)2
∂A 1
∂α1

+ h

2A2
1R2

1

(
H(±)

1

)3
∂R 1
∂α1

)
∂

∂α1
+

(
1

A 1 A2
2

(
H(±)

2

)2
∂A 1
∂α2
− h

2A2
2R2

1

(
H(±)

2

)2
H(±)

1

∂R 1
∂α2

+

− 1

A3
2

(
H(±)

2

)2
∂A 2
∂α2

+ h

2A2
2R2

2

(
H(±)

2

)3
∂R 2
∂α2

)
∂

∂α2

) (28)

where
H(±)

1 = 1± h
2R1

, H(±)
2 = 1 +

h
2R2

(29)
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The quantity G(±)
f is the shear modulus of the elastic foundation, according to the Pasternak

model. On the other hand, the operator M(τη)
f is defined as

M(τη)
f =


I(τη)α1

f 1 0 0

0 I(τη)α2
f 2 0

0 0 I(τη)α3
f 3

 (30)

with the foundation inertial components I(τη)α1
f 1 , I(τη)α2

f 2 , I(τη)α3
f 3 defined as follows

I(τη)α1
f 1 = 1

3 ρ
(−)
f h(−)f Fα1(−)

η Fα1(−)
τ H(−)

1 H(−)
2 + 1

3 ρ
(+)
f h(+)

f Fα1(+)
η Fα1(+)

τ H(+)
1 H(+)

2

I(τη)α2
f 2 = 1

3 ρ
(−)
f h(−)f Fα2(−)

η Fα2(−)
τ H(−)

1 H(−)
2 + 1

3 ρ
(+)
f h(+)

f Fα2(+)
η Fα2(+)

τ H(+)
1 H(+)

2

I(τη)α3
f 3 = 1

3 ρ
(−)
f h(−)f Fα3(−)

η Fα3(−)
τ H(−)

1 H(−)
2 + 1

3 ρ
(+)
f h(+)

f Fα3(+)
η Fα3(+)

τ H(+)
1 H(+)

2

(31)

where ρ
(±)
f is the density of the elastic foundation.

Finally, the equations of motion and the corresponding boundary conditions are deduced [99].
For each order τ of kinematic expansion, the three equations of motion can be written in matrix form
as follows

D∗ΩS(τ) + q(τ)
f =

N+1

∑
η=0

M(τη) ..
u(η) (32)

in which D∗Ω represents the equilibrium differential operator defined as

D∗Ω =



1
A1

∂
∂α1

+ 1
A1 A2

∂A2
∂α1

− 1
A1 A2

∂A 1
∂α2

− 1
R 1

− 1
A1 A2

∂A 2
∂α1

1
A2

∂
∂α2

+ 1
A1 A2

∂A1
∂α2

− 1
R 2

1
A1 A2

∂A1
∂α2

1
A1

∂
∂α1

+ 1
A1 A2

∂A2
∂α1

0

1
A2

∂
∂α2

+ 1
A1 A2

∂A1
∂α2

1
A1 A2

∂A2
∂α1

0

1
R 1

0 1
A1

∂
∂α1

+ 1
A1 A2

∂A2
∂α1

0 1
R 2

1
A2

∂
∂α2

+ 1
A1 A2

∂A1
∂α2

−1 0 0

0 −1 0

0 0 −1



T

(33)

The inertia matrix M(τη) is defined as follows, for τ, η = 0, 1, 2, . . . , N, N + 1

M(τη) =


I(τη) 0 0

0 I(τη) 0

0 0 I(τη)

 (34)
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where the inertia terms I(τη) are evaluated for τ, η = 0, 1, 2, . . . , N, N + 1 once the mass density ρ(k) of
the k-th layer is introduced

I(τη) =
l

∑
k=1

ζk+1∫
ζk

ρ(k)Fτ Fη H1H2dζ (35)

All the results are summarized in the fundamental system of equations with the size of 3× (N + 2)
equilibrium equations, in which, for each order τ = 0, 1, 2, . . . , N, N + 1 of kinematic expansion,
the compact form is written as follows

N+1

∑
η=0

(
L(τη) − L(τη)

f

)
u(η) =

N+1

∑
η=0

(
M(τη) + M(τη)

f

) ..
u(η) (36)

where the fundamental operator L(τη) = D∗ΩA(τη)DΩ is a 3× 3 matrix defined as shown below

L(τη) =


L(τη)

11 L(τη)
12 L(τη)

13

L(τη)
21 L(τη)

22 L(τη)
23

L(τη)
31 L(τη)

32 L(τη)
33

 (37)

The explicit definitions of the term L(τη)
f g , for f , g = 1, 2, 3 can be found in the book by

Tornabene et al. [99]. To solve the elastic problem at hand, the proper boundary conditions must
be enforced for each order of kinematic expansion τ = 0, 1, 2, . . . , N, N + 1. In this work, only the
restrains of the whole edge are considered as completely clamped (C), simply-supported (S) or free (F).
If the edge is identified by α1 = α0

1 or α1 = α1
1, for α0

2 ≤ α2 ≤ α1
2, one gets:

C → u(τ)
1 = u(τ)

2 = u(τ)
3 = 0

S → N(τ)
1 = 0, u(τ)

2 = u(τ)
3 = 0

F → N(τ)
1 = N(τ)

12 = T(τ)
1 = 0

(38)

On the other hand, if the edge is characterized by α2 = α0
2 or α2 = α1

2, for α0
1 ≤ α1 ≤ α1

1,
the following conditions are obtained

C → u(τ)
1 = u(τ)

2 = u(τ)
3 = 0

S → N(τ)
2 = 0, u(τ)

1 = u(τ)
3 = 0

F → N(τ)
21 = N(τ)

2 = T(τ)
2 = 0

(39)

To generalize the boundary conditions applied, the notation XXXX is introduced, where X is
replaced either with C (clamped), S (simply-supported) or F (free). The edges are referred in the
sequence WSEN, where each edge is denoted by the following coordinates

West edge (W)

South edge (S)

East edge (E)

North edge (N)

→

→

→

→

α0
1 ≤ α1 ≤ α1

1, α2 = α0
2

α1 = α1
1, α0

2 ≤ α2 ≤ α1
2

α0
1 ≤ α1 ≤ α1

1, α2 = α1
2

α1 = α0
1, α0

2 ≤ α2 ≤ α1
2

(40)
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So, the boundary conditions noted as CCFF mean that the West and the South edges are clamped
and the last two edges are free.
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2.3. Functionally Graded Carbon Nanotube Reinforced Composite Structures

The characteristic shape of CNTs is one of the main factors that causes the agglomeration of
these particles when scattered in a polymer matrix [24–27,32]. Thus, in some regions of the Carbon
Nanotube-reinforced ply, the concentration of CNTs is higher than the average volume fraction in the
ply itself. According to the micromechanical model presented by Shi et al. [32], these areas can be
assumed to be spherically shaped inclusions with different elastic properties from the surrounding
matrix, as depicted in Figure 3a. Therefore, CNTs are contained both in the matrix and in the spherical
inclusions. The overall volume of the lamina W is given by the following relation

W = Wr + Wm (41)

in which Wm is the volume of the matrix. Wr denotes the volume of CNTs embedded in the lamina,
which can be further separated as

Wr = Win
r + Wm

r (42)

where Win
r and Wm

r indicate the volume of CNTs scattered in the inclusions and in the matrix,
respectively. The mass fraction of CNTs, wr, and of the matrix, wm, can be expressed by the theory of
mixture as

wr =
Mr

Mr + Mm
, wm =

Mm

Mr + Mm
(43)

Analogously, the volume fraction can be expressed as

Vr =
Wr

W
, Vm =

Wm

W
(44)

In which the relation Vr +Vm = 1 must hold. In this paper, Functionally Graded Carbon Nanotube
(FG-CNT)-reinforced composite is considered. This term specifies a structure with the reinforcing
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phase made of CNTs, which has a gradual distribution along the thickness direction. Further on, if the
FG-CNT-reinforced composite is to be considered, the volume fraction of CNTs Vr can be characterized
by a continuous gradual variation from the bottom to the top surface of the lamina assuming

Vr(ζ) = V∗r VC(ζ) (45)

where V∗r is the CNT volume fraction value and VC(ζ) is through-the-thickness distribution.
Depending on the CNT mass fraction wr and on the density of both CNT ρr and the matrix ρm,
CNT volume fraction value V∗r is given as

V∗r =

(
ρr

wrρm
− ρr

ρm
+ 1
)−1

(46)

On the other hand, the function VC(ζ) introduced in (45) can be defined by various distributions
as described in [75,83]. The superscript k will be introduced in the following to specify that
the through-the-thickness distribution VC(ζ) should be defined for each layer, when laminated

configurations are analyzed. In other words, the quantity at hand will be indicated as V(k)
C (ζ). In this

paper, the five-parameter exponential law (5P), two-parameter exponential (2P-E) and two-parameter
Weibull (2P-W) functions are considered. To describe through the thickness CNTs distribution the
following notation has been used

FG− CNTtop
bottom(distribution)(a(k)/b(k)/...)

(47)

where superscript “top” indicates the material on the upper surface of the lamina, while the subscript
“bottom” indicates the material on the lower surface of the lamina. The subscript “(distribution)”
designates instead the through-the-thickness distribution used to describe the volume fraction V(k)

C (ζ)

as (5P), (2P-E) or (2P-W), if the distribution is, five parameter exponential law, two parameter
exponential function or two parameter Weibull function, respectively. Finally, the expression
“(a(k)/b(k)/ . . .)” specifies the parameters that describe these distributions and control the volume
fraction profile along the thickness hk of the k-th lamina. Depending on the material used on the
top or bottom surfaces of the lamina, different expressions have to be used for all of the stated
distributions. In particular, if the top material is CNTs and the bottom material is polymer matrix (PM),
the through-the-thickness distributions V(k)

C (ζ) can be written as follows

Five-parameter exponential law FG− CNTCNT
PM(5P)(a(k)/b(k)/c(k)/d(k)/p(k))

V(k)
C (ζ) =

(
d(k) − a(k)

(
ζk+1 − ζ

hk

)
+ b(k)

(
ζk+1 − ζ

hk

)c(k)
)p(k)

(48)

Two-parameter exponential function FG− CNTCNT
PM(2P−E)(a(k)/b(k))

V(k)
C (ζ) =

 exp
(

a(k)
(

ζ−ζk−hk/2
hk

+ 1
2

))
− 1(

exp
(

a(k)
2

)
− 1
)(

exp
(

a(k) ζ−ζk−hk/2
hk

)
+ 1
)
b(k)

(49)

Weibull function FG− CNTCNT
PM(2P−W)(a(k)/b(k))

V(k)
C (ζ) = 1− exp

(
−
(

1
a(k)

ζ − ζk
hk

)b(k)
)

(50)
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Moreover, if top and bottom materials are reversed, the following distributions apply

Five-parameter exponential law FG− CNTPM
CNT(5P)(a(k)/b(k)/c(k)/d(k)/p(k))

V(k)
C (ζ) =

(
d(k) − a(k)

(
ζ − ζk

hk

)
+ b(k)

(
ζ − ζk

hk

)c(k)
)p(k)

(51)

Two-parameter exponential function FG− CNTPM
CNT(2P−E)(a(k)/b(k))

V(k)
C (ζ) = 1−

 exp
(

a(k)
(

ζ−ζk−hk/2
hk

+ 1
2

))
− 1(

exp
(

a(k)
2

)
− 1
)(

exp
(

a(k) ζ−ζk−hk/2
hk

)
+ 1
)
b(k)

(52)

Weibull function FG− CNTPM
CNT(2P−W)(a(k)/b(k))

V(k)
C (ζ) = exp

(
−
(

1
a(k)

ζ − ζk
hk

)b(k)
)

(53)

Further on, the total volume of the reinforcing phase Vr is separated as follows

Vr = Vin
r + Vm

r (54)

where Vin
r is the volume of CNTs in the inclusions and Vm

r is the volume of the nanoparticles scattered
in the matrix. Two parameters that characterize the agglomeration of CNTs have to be introduced

µ1 =
Win
W

, µ2 =
Win

r
Wr

(55)

The parameter µ1 specifies the effective volume of the inclusions Win with respect to the overall
volume of the layer W. Therefore, if µ1 = 1, there is no agglomeration, and the CNTs are uniformly
scattered in the polymer matrix. The second parameter µ2 defines the portion of CNT volume
embedded in the inclusions Win

r with respect to the total volume of CNTs Wr. Therefore, if µ2 = 1,
all the nanoparticles are allocated in the spherical inclusions. To obtain the intermediate cases between
the two limit cases, the following limitation must be introduced

µ2 ≥ µ1 (56)

It should be specified that it is possible to increase the CNT spatial heterogeneity for a generic
value of µ1 < 1 if higher values of µ2 are taken, meeting the requirement defined in (56). By the use of
the relations (44), (54) and (55), the following relations that correlate the agglomeration parameters can
be obtained

Win
r

Win
= Vrµ2

µ1

Wm
r

W−Win
= Vr(1−µ2)

1−µ1

(57)

for µ2 > µ1. After defining the micromechanics of the particle agglomeration, next step is to define
properties of the CNT-reinforced composite layer. In order to do so, the mechanical properties of
the polymer matrix and the hybrid inclusions have to be evaluated. For this purpose, in this paper,
the Eshelby-Mori-Tanaka approach is considered. Readers can find more information about other
methods in the work by Shi et al. [32]. This method assumes that CNTs are randomly oriented in the
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inclusions, and are made of a transversely isotropic material. The bulk modulus Kin and the shear
modulus Gin of the spherical inclusions are given by

Kin(ζ) = Km + Vrµ2(δr−3Kmαr)
3(µ1−Vrµ2+Vrµ2αr)

Gin(ζ) = Gm + Vrµ2(ηr−2Gm βr)
2(µ1−Vrµ2+Vrµ2βr)

(58)

The same moduli for the hybrid matrix are given by

Kout(ζ) = Km + Vr(1−µ2)(δr−3Kmαr)
3(1−µ1−Vr(1−µ2)+Vr(1−µ2)αr)

Gout(ζ) = Gm + Vr(1−µ2)(ηr−2Gm βr)
2(1−µ1−Vr(1−µ2)+Vr(1−µ2)βr)

(59)

where Km and Gm denote the bulk modulus and the shear modulus of the isotropic matrix. It should
be mentioned that the subscripts “in” and “out” are associated with the mechanical properties of the
inclusions and of the matrix enriched with scattered CNTs, respectively. From the theory of elasticity,
it is known that

Km =
Em

3(1− 2νm)
, Gm =

Em

2(1 + νm)
(60)

where Em is the elastic modulus and νm the Poisson’s ratio. The rest of the unknown quantities from
(58) and (59) are defined as

αr =
3(Km+Gm)+kr+lr

3(Gm+kr)

βr =
1
5

(
4Gm+2kr+lr

3(Gm+kr)
+ 4Gm

Gm+pr
+ 2(Gm(3Km+Gm)+Gm(3Km+7Gm))

Gm(3Km+Gm)+mr(3Km+7Gm)

)
δr =

1
3

(
nr + 2lr +

(2kr+lr)(3Km+Gm−lr)
Gm+kr

)
ηr =

1
5

(
2
3 (nr − lr) +

8Gm pr
Gm+pr

+ 2(kr−lr)(2Gm+lr)
3(Gm+kr)

+ 8mrGm(3Km+4Gm)
3Km(mr+Gm)+Gm(7mr+Gm)

)
(61)

where kr, lr, mr, nr, pr are the Hill’s elastic moduli of the nanoparticles. The reader can find further
descriptions of these quantities in [27]. In brief, the mechanical characterization of a single CNT is given
by the so-called Hill’s elastic moduli, since it is assumed to be an equivalent continuum cylindrical
shell, as shown in Figure 3b [7]. Values for these quantities are given for different Single-Walled
Carbon Nanotubes (SWCNTs) for various chiral indices that can be found in literature. In this paper,
only armchair-type SWCNTs are considered, as shown in Table 1 with the notation SWCNT(∆, ∆),
where ∆ stands for the chiral index. After obtaining values from (58) and (59), the Mori-Tanaka method
gives the effective bulk and shear modulus of the CNT-reinforced layer as

K(ζ) = Kout

(
1 +

µ
(

Kin
Kout
−1
)

1+(1−µ)
(

Kin
Kout
−1
)

1+νout
3−3νout

)

G(ζ) = Gout

(
1 +

µ
(

Gin
Gout
−1
)

1+(1−µ)
(

Gin
Gout
−1
)

8−10νout
15−15νout

) (62)

where νout is the Poisson’s ratio of the hybrid matrix defined as

νout(ζ) =
3Kout − 2Gout

6Kout + 2Gout
(63)
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The resulting reinforced layer, as specified in the works [24], is isotropic. Therefore, the Young
modulus E(ζ) and the Poisson’s ratio ν(ζ) are evaluated through the following expressions

E(ζ) =
9KG

3K + G
, ν(ζ) =

3K− 2G
6K + 2G

(64)

At the end, density ρ(ζ) of the reinforced layer is evaluated by Mixture theory as

ρ(ζ) = (ρr − ρm)Vr + ρm (65)

where ρr is the density of the CNTs and ρm density of the polymer matrix. Further details concerning
the present approach are illustrated in depth in the works by Tornabene et al. [24–27].Appl. Sci. 2017, 7, 1228  15 of 55 
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Table 1. Hill’s elastic moduli for several Single-Walled Carbon Nanotubes.

Carbon Nanotubes kr [GPa] lr [GPa] mr [GPa] nr [GPa] pr [GPa] Refs.

SWCNT (5,5) 536 184 132 2143 791 [9,12]
SWCNT (6,6) 9.9 8.4 4.4 457.6 27 [8]

SWCNT (10,10) 271 88 17 1089 442 [9]
SWCNT (15,15) 181 58 5 726 301 [9]
SWCNT (20,20) 136 43 2 545 227 [9,12]
SWCNT (50,50) 55 17 0.1 218 92 [9,12]

3. Numerical Scheme

After the fundamental system of Equation (36), along with the proper boundary conditions of
(38)–(40), is set, a numerical scheme has to be implemented in order to obtain the solution. In this
paper, the fundamental system of equations is solved by the Generalized Differential Quadrature
(GDQ) method. Although, only fundamental aspects of this techniques are presented in the current
paper, the reader can find further information about this method in [137]. Using this approach, the n-th
derivative at a generic point xi of a sufficiently smooth one-dimensional function f (x) is obtained as
a weighted linear sum of the function values at some chosen grid points

dn f (x)
dxn

∣∣∣∣
x=xi

∼=
I N

∑
j=1

ς
(n)
ij f

(
xj
)

(66)
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for i = 1, 2, . . . , IN , where quantities ς
(n)
ij represent the weighting coefficients of the sum. To obtain the

solution, weighting coefficients ς
(n)
ij have to be evaluated at each grid point, as highlighted in the review

paper by Tornabene et al. [137]. Additionally, if adequate solutions are to be acquired, proper grid
distribution is needed. In this paper, Chebyshev-Gauss-Lobatto grid distribution has been chosen
to discretize the domain under consideration. If Expression (66) is extended on a two-dimensional
problem, the points of the shell middle surface are placed according to the following Expressions along
the principal co-ordinates α1, α2

α1i =

(
1− cos

(
i− 1

IN − 1
π

))(
α1

1 − α0
1
)

2
+ α0

1 (67)

for i = 1, 2, . . . , IN with α1 ∈
[
α0

1, α1
1
]
, and

α2j =

(
1− cos

(
j− 1

IM − 1
π

))(
α1

2 − α0
2
)

2
+ α0

2 (68)

for j = 1, 2, . . . , IM with α2 ∈
[
α0

2, α1
2
]
, in which IN , IM are the total number of nodes along α1, α2,

respectively. To solve the fundamental system of equations the separation of variables is to be used.
The generalized displacements can be expressed as

u(τ)(α1, α2, t) = U(τ)(α1, α2)eiωt (69)

where U(τ) =
[

U(τ)
1 (α1, α2) U(τ)

2 (α1, α2) U(τ)
3 (α1, α2)

]T
denotes the mode shape vector, whose

components are the amplitude of the modes at issue, whereas ω is the circular frequency of the system,
which allows the natural frequency to be defined as f = ω/2π. If Expression (69) and its second-order
temporal derivative are substituted in (36), the fundamental system of Equation (36) becomes

N+1

∑
η=0

(
L(τη) − L(τη)

f

)
U(η) + ω2

N+1

∑
η=0

(
M(τη) + M(τη)

f

)
U(η) = 0 (70)

for τ = 0, 1, 2, . . . , N, N + 1. Once the GDQ method is applied, the following discrete form of Equation (70)
is obtained

Kδ = ω2Mδ (71)

in which K is the discrete global stiffness matrix, M is the discrete inertia matrix, δ the discrete mode
shape vector. It should be mentioned that K, M include the effect of the elastic foundation, too.

Finally, the numerical problem can be simplified by isolating the components related to the
boundary nodes (b) from the inner ones (d). Through the kinematic condensation of non-domain
degrees of freedom, System (71) can be rewritten as(

Kdd −Kdb(Kbb)
−1Kbd

)
δd = ω2Mddδd (72)

According to this approach, numerical instabilities and ill-conditioned matrices can be avoided.
It is well known that Expression (72) represents a set of linear eigenvalue problem that allow the
solution of the dynamic problem under consideration to be obtained in terms of natural frequencies.

4. Applications

In the current Section, a few applications are presented regarding the free vibration problem
of laminated doubly-curved shells and plates reinforced by Carbon Nanotubes resting on elastic
foundations. All of the results were obtained by MATLAB code [141]. This Section is subdivided into
four Subsections. Due to a lack of papers regarding this subject, in the first Subsection, a comparison
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with the FEM solution is provided. All the remaining Subsections deal with the parametric studies
for free vibration presented as follows. The first parametric studies aim to present the effect of CNT
volume fraction distribution, the second ones show the effect of the elastic foundation, and the last ones
show the effect of CNT agglomeration parameters. In all the following applications, a Single-Walled
Carbon Nanotube (SWCNT) with chiral index ∆ = 10 is assumed, for which values can be found in
Table 1; the density of the CNTs is taken to be ρr = 1400 kg/m3. Additionally, the matrix material has
the same values in all applications: Em = 2.1 GPa, ρm = 1150 kg/m3 and νm = 0.34. Figure 4 depicts
the structures that have been considered (square plate (Figure 4a), cylindrical surface (Figure 4b)
and helicoidal surface (Figure 4c)) along with the geometric parameters and position vectors r(α1, α2)

needed for the description of the reference surfaces of such structures. In all the applications, FG-CNT
material was used, the parameters and lamination schemes of which are depicted in Figure 5.
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For each structure, the position vector r(α1, α2) is shown, along with the geometric parameters that
describe the reference surface of the three structures under consideration: (a) rectangular plate;
(b) cylindrical surface; (c) helicoid.
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Figure 5. Distributions of the CNT-reinforcing phase along the thickness. For each layer, the parameters
for the distribution itself are shown: (a) (5P); (b) (2P-W); (c) (2P-E).

4.1. Comparison with FEM

The aim of this application is to validate the present approach by means of a comparison with
results obtained through a commercial FEM code. Two examples are conducted in this Subsection:
a CNT-reinforced fully clamped square plate (Figure 4a) made of single-ply of constant thickness
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(h = 0.1 m); and the same square plate with 3 layers (CNT/matrix/CNT) of various thickness
(0.02 m/0.06 m/0.02 m). The agglomeration parameters and mass fraction value of the CNTs are given
in Tables 2 and 3. All the phases were considered to be isotropic. The 3D FEM solution was obtained
by the commercial software Strand7. Several kinematic models were considered with reference to
the GDQ solution. In particular, in the first example, the following theories were used: FSDTκ=5/6

RS ,
ED2κ=5/6 and ED3; and in the second example, the following theories: FSDTZκ=1

RS , FSDTZκ=5/6
RS ,

EDZ2κ=1, EDZ2κ=5/6 and EDZ3. The notation RS means that reduced stiffness is used (hypothesis
of plane stress). Analogously, κ stands for the shear correction factor. It should be noted that the
zig-zag theories up to the second order of kinematic expansion are taken with and without the shear
correction factor. Further details concerning this choice can be found in the following papers [101–110].
The results of the comparison can be observed in Tables 2 and 3, showing good agreement between
GDQ solutions and FEM ones. It should be recalled that, in the second circumstance, only zig-zag
theories were used, since the structure has a soft-core. As highlighted in [109], sandwich structures
with soft inner cores require the Murakami’s function to be well analyzed.

Table 2. Comparison between the first ten natural frequency variations of a CCCC square plate made
of a single CNT-reinforced lamina of constant thickness h = 0.1 m given by GDQ method and FEM.
The 3D FEM solution was obtained by commercial software Strand7.

Uniform CNT Reinforcement Distribution

f [Hz] FSDTκ=5/6
RS ED2κ=5/6 ED3 3D FEM

1 120.787 120.982 121.091 121.155
2 241.448 241.821 242.199 242.324
3 241.448 241.821 242.199 242.324
4 349.728 350.238 350.992 351.162
5 421.114 421.732 422.774 422.987
6 423.751 424.381 425.403 425.619
7 520.239 520.961 522.499 522.739
8 520.239 520.961 522.499 522.739
9 652.917 653.821 656.100 656.432

10 652.917 653.821 656.100 656.432

Table 3. Comparison between the first ten natural frequency variations of a CCCC square plate made
of a 3-layered material (CNT/matrix/CNT) with various thickness h = 0.02 m/0.06 m/0.02 m given by
GDQ method and FEM. The 3D FEM solution was obtained by commercial software Strand7.

Lamination Scheme:(
FG− CNTPM

CNT(5P)(a(1)=1/b(1)=0/c(1)=0/d(1)=1/p(1)=0)
/PM/FG− CNTPM

CNT(5P)(a(3)=1/b(3)=0/c(3)=0/d(3)=1/p(3)=0)

)
f [Hz] FSDTZκ=1

RS FSDTZκ=5/6
RS EDZ2κ=1 EDZ2κ=5/6 EDZ3 3D FEM

1 105.243 103.892 105.559 104.188 105.498 105.482
2 204.169 200.091 204.815 200.691 204.637 204.608
3 204.169 200.091 204.815 200.691 204.637 204.608
4 289.471 282.386 290.400 283.241 290.096 290.038
5 343.586 334.061 344.730 335.112 344.322 344.246
6 346.354 336.858 347.512 337.923 347.104 347.037
7 418.461 405.747 419.848 407.016 419.308 419.190
8 418.461 405.747 419.848 407.016 419.308 419.190
9 514.520 496.736 516.310 498.371 515.554 515.393

10 514.520 496.736 516.310 498.371 515.554 515.393

4.2. Effect of Through-the-Thickness Distribution of CNTs

The following examples show the variation of the natural frequencies as a function of the volume
fraction distribution along the thickness of the lamina by varying the parameter p(1) of a five-parameter
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exponential law. A functionally graded CNT-reinforced fully clamped square plate (Figure 4a) made
of a single ply of constant thickness (h = 0.1 m) is assumed. The agglomeration parameters and mass
fraction value of the CNTs are given in Tables 4 and 5. Material was described with the five-parameter
exponential law defined in Figure 5a. At the bottom of the plate, elastic foundations were applied,
the parameters of which can be found in Tables 4 and 5.

Table 4. First ten natural frequency variations of a CCCC square plate (Figure 4a) made of one lamina
of constant thickness h = 0.1 m reinforced by CNTs distributed as in Figure 5a for the different
parameters p(1) = p. The mass fraction was wr = 0.05 and agglomeration parameters µ1 = µ2 = 1.
The Chebyshev-Gauss-Lobatto grid distribution was employed, with IN = IM = 21.

Elastic Foundation: ρ(−) = 1800 kg/m3, h(−)f = 0.1 m, k(−)3f = 75× 107 N/m3

f [Hz] p = 0 p = 1/5 p = 1/2 p = 1 p = 2 p = 5 p = 10 p = 15 p = 20

FSDTκ=5/6
RS

1 341.557 341.153 340.590 339.761 338.431 336.089 334.456 333.695 333.244
2 379.719 378.036 375.701 372.262 366.774 357.249 350.783 347.791 345.955
3 379.719 378.036 375.701 372.262 366.774 357.249 350.783 347.791 345.955
4 430.007 426.774 422.278 415.633 404.978 386.395 373.862 368.213 361.622
5 469.071 464.709 458.633 449.631 435.144 409.749 392.584 372.274 361.622
6 470.711 466.315 460.190 451.114 436.502 410.867 392.772 372.274 364.919
7 528.685 522.691 514.326 501.897 481.810 446.124 392.772 384.850 380.340
8 528.685 522.691 514.326 501.897 481.810 446.124 393.522 385.704 381.145
9 615.397 607.148 595.607 578.371 545.185 448.132 422.311 411.447 405.105

10 615.397 607.148 595.607 578.371 545.185 448.132 422.311 411.447 405.105

ED2κ=5/6

1 341.102 340.694 340.125 339.286 337.937 335.534 333.785 332.923 332.394
2 379.134 377.436 375.080 371.609 366.065 356.412 349.675 346.337 344.127
3 379.134 377.436 375.080 371.609 366.065 356.412 349.675 346.337 344.127
4 429.582 426.313 421.765 415.040 404.257 385.503 372.865 367.085 363.664
5 468.880 464.461 458.301 449.169 434.470 408.804 391.565 374.142 363.701
6 470.552 466.098 459.891 450.687 435.867 409.972 392.572 374.142 363.701
7 528.912 522.822 514.318 501.673 481.227 445.156 394.458 383.731 379.103
8 528.912 522.822 514.318 501.673 481.227 445.156 394.458 384.670 380.006
9 616.397 607.989 596.217 578.621 545.954 449.492 421.306 410.411 403.988

10 616.397 607.989 596.217 578.621 545.954 449.492 421.306 410.411 403.988

ED3

1 341.119 340.703 340.124 339.266 337.883 335.425 333.690 332.852 332.339
2 379.252 377.510 375.088 371.506 365.765 355.852 349.266 346.071 343.938
3 379.252 377.510 375.088 371.506 365.765 355.852 349.266 346.071 343.938
4 429.893 426.514 421.800 414.804 403.531 384.143 371.918 366.529 363.321
5 469.350 464.763 458.350 448.800 433.342 406.672 390.077 373.876 363.523
6 471.009 466.390 459.933 450.315 434.743 407.854 391.096 373.876 363.523
7 529.659 523.308 514.408 501.107 479.468 441.878 394.095 382.864 378.578
8 529.659 523.308 514.408 501.107 479.468 441.878 394.095 383.811 379.486
9 617.534 608.718 596.322 577.690 545.058 449.114 418.954 409.047 403.174

10 617.534 608.718 596.322 577.690 545.058 449.114 418.954 409.047 403.174

In this example, the following theories were used: FSDTκ=5/6
RS , ED2κ=5/6 and ED3. Since the

lamination scheme is characterized by only one layer, the Murakami’s function was not needed.
Tables 4 and 5 show the first ten natural frequencies for each theory for different values of the
parameter p(1) with two different parameters of elastic foundations. The overall behavior of the
through-the-thickness distribution variation can be observed more easily from the graphs depicted in
Figures 6 and 7.
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Table 5. First ten natural frequency variations of a CCCC square plate (Figure 4a) made of one lamina
of constant thickness h = 0.1 m reinforced by CNTs distributed as in Figure 5a for the different
parameters p(1) = p. The mass fraction was wr = 0.05 and the agglomeration parameters µ1 = µ2 = 1.
The Chebyshev-Gauss-Lobatto grid distribution was employed, with IN = IM = 21.

Elastic Foundation: ρ(−) = 1800 kg/m3, h(−)
f = 0.1 m, k(−)

3f = 75 × 107 N/m3, G(−)
f = 35 × 107 N/m

f [Hz] p = 0 p = 1/5 p = 1/2 p = 1 p = 2 p = 5 p = 10 p = 15 p = 20

FSDTκ=5/6
RS

1 612.245 611.801 611.176 607.409 545.860 447.819 392.661 372.062 361.264
2 694.928 674.844 647.287 607.409 545.860 447.819 392.661 372.062 361.264
3 694.928 674.844 647.287 610.241 608.718 533.861 465.074 439.250 425.671
4 841.143 816.155 781.879 732.290 655.761 606.022 571.512 541.063 525.069
5 882.978 881.931 880.480 878.335 796.786 652.772 604.140 603.198 592.152
6 882.978 881.931 880.480 878.335 874.733 737.097 645.461 611.039 592.152
7 1014.165 985.285 945.251 886.992 874.733 742.231 646.908 611.039 592.949
8 1091.717 1089.519 1065.496 1000.323 899.095 742.231 646.908 611.050 602.574
9 1141.685 1110.007 1085.265 1016.790 911.249 843.117 741.232 703.178 683.275

10 1167.091 1132.591 1085.265 1016.790 911.249 868.882 782.404 740.408 718.273

ED2κ=5/6

1 609.884 609.437 608.802 607.835 547.042 449.412 394.399 373.763 362.913
2 695.503 675.522 648.089 608.367 547.042 449.412 394.399 373.763 362.913
3 695.503 675.522 648.089 608.367 606.200 534.043 465.263 439.426 425.831
4 840.697 815.811 781.659 732.214 655.840 602.962 573.416 542.922 526.852
5 877.187 876.030 874.415 871.974 797.669 654.451 600.059 598.222 592.267
6 877.187 876.030 874.415 871.974 867.465 739.181 647.091 611.198 592.267
7 1011.509 983.749 944.615 887.136 867.465 742.301 647.091 611.198 595.047
8 1083.926 1080.617 1063.945 1000.169 900.119 742.301 647.765 613.263 596.846
9 1135.880 1106.652 1077.028 1016.506 911.740 844.974 744.339 706.795 687.261

10 1165.706 1131.497 1084.530 1016.506 911.740 859.755 784.023 742.118 719.888

ED3

1 610.023 609.540 608.848 607.782 547.049 449.104 394.016 373.474 362.709
2 695.772 675.763 648.289 608.502 547.049 449.104 394.016 373.474 362.709
3 695.772 675.763 648.289 608.502 605.958 534.106 465.302 439.471 425.888
4 841.121 816.194 781.989 732.474 656.005 602.386 573.017 542.643 526.687
5 877.414 876.191 874.471 871.845 797.862 654.157 599.484 597.759 592.395
6 877.414 876.191 874.471 871.845 866.972 738.858 647.157 611.288 592.395
7 1012.318 984.477 945.231 887.590 866.972 742.434 647.157 611.288 594.908
8 1084.191 1080.794 1064.835 1000.830 900.416 742.434 647.332 612.983 596.474
9 1137.009 1107.694 1077.065 1017.204 912.174 844.270 743.433 706.190 686.930

10 1166.848 1132.530 1085.420 1017.204 912.174 858.515 783.568 741.866 719.822
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Figure 6. Frequency variations of a CCCC square plate (Figure 3a) made of one lamina of constant thickness
h = 0.1 m; reinforced by CNTs distributed as in Figure 5a for the different parameters p(k). The mass
fraction was wr = 0.05, and the agglomeration parameters µ1 = µ2 = 1. The Chebyshev-Gauss-Lobatto grid
distribution was employed, with IN = IM = 21. The following mode shapes are considered: (a) 1st mode;
(b) 2nd mode; (c) 3rd mode; (d) 4th mode; (e) 5th mode; (f) 6th mode; (g) 7th mode; (h) 8th mode.
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Figure 7. Frequency variations of a CCCC square plate (Figure 3a) made of one lamina of constant thickness
h = 0.1 m reinforced by CNTs distributed as in Figure 5a for the different parameters p(k). The mass fraction
was wr = 0.05, and the agglomeration parameters µ1 = µ2 = 1. The Chebyshev-Gauss-Lobatto grid
distribution was employed, with IN = IM = 21. The following mode shapes are considered: (a) 1st mode;
(b) 2nd mode; (c) 3rd mode; (d) 4th mode; (e) 5th mode; (f) 6th mode; (g) 7th mode; (h) 8th mode.

4.3. Effect of Elastic Foundation

Following example show the variation of the natural frequencies as a function of the parameters
that define elastic foundations. A cylindrical surface with cycloidal profile, as shown in Figure 4b, is
assumed, with the boundary conditions CFCF. The agglomeration parameters and the mass fraction
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value of the CNTs are given in Tables 6 and 7. The applied layer schemes are shown in Figure 5b.
In this example, the following theories were used: FSDTκ=5/6

RS , FSDTZκ=1
RS , FSDTZκ=5/6

RS , ED2κ=5/6,
EDZ2κ=1, EDZ2κ=5/6 and ED3. Tables 6 and 7 show the first seven natural frequencies for each
theory for different values of the parameters of elastic foundation k(−)3 f , G(−)

f , respectively. The overall
behavior of the variation of these elastic foundation parameters can be observed from the graphs
depicted in Figures 8–11. In particular, Figures 8 and 10 show the variation of the first eight natural
frequencies as a function of the foundation parameters k(−)3 f and G(−)

f , respectively. In each graph,
all the aforementioned theories have been considered. On the other hand, Figures 9 and 11 present
seven different graphs (one for each structural theory), in which the variation of the first four natural
frequencies are presented in terms of the foundation parameters k(−)3 f and G(−)

f , respectively. Interesting
behaviors can be observed. With reference to Figure 9, it can be noted that, initially, f1 and f2—as
well as f3 and f4—are overlapped. Nevertheless, this feature changes when increasing the value of
k(−)3 f . Then, a bifurcation point appears, and the frequencies f1 and f4 are not overlapped anymore;
on the other hand, the curve related to f2 corresponds with that representing f3. Similar observations
can be made with reference to Figure 11. In particular, f1 and f2 exhibit an intermediate behavior in
which they are overlapped. Then, the bifurcation point occurs, following which f3 and f4 turn out to
be overlapped. In general, all these frequencies seem to follow specific paths due to the regularity of
the corresponding curves.
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Table 6. First seven natural frequency variations of a CFCF cylindrical surface (Figure 4b) reinforced by CNTs distributed as in Figure 5b for the different theories.
The mass fraction was wr = 0.25, and the agglomeration parameters µ1 = 0.5 and µ2 = 0.75. The Chebyshev-Gauss-Lobatto grid distribution was employed, with
IN = IM = 25.

Elastic Foundation: ρ(−) = 1800 kg/m3, h(−)
f = 0.15 m, G(−)

f = 35 × 107 N/m3, k(−)
3f −variable

f [Hz]
k(−)3f

[
N/m3]

0 5 × 107 10 × 107 15 × 107 20 × 107 25 × 107 30 × 107 45 × 107 60 × 107 75 × 107

FSDTκ=5/6
RS

1 184.846 193.075 198.086 202.754 207.129 203.898 201.873 200.118 199.564 199.304
2 184.846 193.075 198.086 202.754 207.129 218.873 228.965 247.087 263.245 277.736
3 187.652 193.116 200.969 208.448 215.588 222.419 228.965 247.087 263.245 277.736
4 187.652 193.116 200.969 208.448 215.588 222.419 229.316 254.784 277.237 298.078
5 291.992 296.947 301.785 306.506 311.109 315.589 319.940 332.058 333.621 334.612
6 308.036 314.347 320.622 326.916 329.655 330.471 331.129 332.548 341.794 346.791
7 317.753 323.442 327.997 328.691 333.351 340.424 346.842 356.790 356.725 362.405

FSDTZκ=1
RS

1 184.219 192.505 197.606 202.331 206.758 205.094 202.299 200.169 199.515 199.209
2 184.219 192.505 197.606 202.331 206.758 216.930 228.242 246.493 262.630 277.094
3 187.035 192.531 200.369 207.856 215.002 221.835 228.382 246.493 262.630 277.094
4 187.035 192.531 200.369 207.856 215.002 221.835 228.382 254.379 277.254 298.542
5 292.386 297.265 302.025 306.663 311.178 315.564 319.815 331.573 332.722 333.748
6 305.049 311.703 318.371 325.151 329.973 330.106 330.426 331.618 340.856 345.563
7 311.777 317.092 322.376 327.585 332.307 337.283 341.781 354.458 356.880 362.010

FSDTZκ=5/6
RS

1 184.143 192.384 197.472 202.209 206.646 205.475 202.410 200.177 199.496 199.178
2 184.143 192.384 197.472 202.209 206.646 216.319 227.920 246.397 262.518 276.967
3 186.872 192.430 200.295 207.781 214.925 221.755 228.298 246.397 262.518 276.967
4 186.872 192.430 200.295 207.781 214.925 221.755 228.298 254.221 277.187 298.572
5 292.751 297.607 302.342 306.955 311.444 315.803 320.024 331.380 332.482 333.513
6 304.559 311.295 318.060 324.970 329.916 329.984 330.249 331.673 340.785 345.315
7 310.759 316.081 321.356 326.558 331.575 336.339 340.884 353.649 356.910 362.032
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Table 6. Cont.

Elastic Foundation: ρ(−) = 1800 kg/m3, h(−)
f = 0.15 m, G(−)

f = 35 × 107 N/m3, k(−)
3f − variable

f [Hz]
k(−)3f

[
N/m3]

0 5 × 107 10 × 107 15 × 107 20 × 107 25 × 107 30 × 107 45 × 107 60 × 107 75 × 107

ED2κ=5/6

1 186.687 194.391 199.212 203.714 207.942 205.231 202.692 200.560 199.876 199.550
2 186.687 194.391 199.212 203.714 207.942 218.856 229.420 247.064 262.813 276.946
3 189.190 194.656 202.246 209.490 216.418 223.054 229.420 247.064 262.813 276.946
4 189.190 194.656 202.246 209.490 216.418 223.054 229.584 254.798 276.808 297.177
5 290.128 295.022 299.799 304.461 309.005 313.429 317.727 329.757 335.300 336.145
6 316.760 323.854 328.821 333.100 333.255 333.455 333.689 334.478 339.860 346.176
7 319.144 324.040 328.821 333.474 337.991 342.370 346.620 358.671 361.209 363.034

EDZ2κ=1

1 180.565 188.140 193.540 197.799 201.800 205.576 209.157 201.174 200.003 199.511
2 180.565 188.140 193.540 197.799 201.800 205.576 209.157 238.013 252.997 266.448
3 184.068 188.981 195.359 202.253 208.846 215.163 221.221 238.013 252.997 266.448
4 184.068 188.981 195.359 202.253 208.846 215.163 221.221 238.243 258.894 277.557
5 284.270 289.130 293.880 298.523 303.058 307.484 311.800 324.042 333.242 334.058
6 297.762 303.773 309.834 316.050 322.668 327.295 331.515 332.455 334.959 343.487
7 304.543 309.302 313.956 318.507 322.956 327.295 331.515 343.413 354.283 363.689

EDZ2κ=5/6

1 179.922 187.463 192.989 197.232 201.218 204.980 208.546 201.278 200.014 199.492
2 179.922 187.463 192.989 197.232 201.218 204.980 208.546 236.706 252.078 265.484
3 182.707 188.447 194.651 201.516 208.084 214.377 220.413 237.145 252.078 265.484
4 184.399 188.447 194.651 201.516 208.084 214.377 220.413 237.145 257.315 275.870
5 283.169 288.047 292.818 297.481 302.038 306.486 310.826 323.154 333.056 333.840
6 295.135 301.128 307.161 313.323 319.812 324.824 329.049 332.330 334.212 343.052
7 302.090 306.851 311.501 316.046 320.488 324.824 329.049 341.003 351.930 361.448
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Table 6. Cont.

Elastic Foundation: ρ(−) = 1800 kg/m3, h(−)
f = 0.15 m, G(−)

f = 35 × 107 N/m3, k(−)
3f − variable

f [Hz]
k(−)3f

[
N/m3]

0 5 × 107 10 × 107 15 × 107 20 × 107 25 × 107 30 × 107 45 × 107 60 × 107 75 × 107

ED3

1 179.944 187.380 193.021 197.186 201.102 204.802 208.310 201.470 200.132 199.585
2 179.944 187.380 193.021 197.186 201.102 204.802 208.310 235.652 251.237 264.508
3 183.773 188.567 194.473 201.250 207.737 213.954 219.919 236.463 251.237 264.508
4 183.773 188.567 194.473 201.250 207.737 213.954 219.919 236.463 256.022 274.312
5 282.467 287.316 292.059 296.696 301.229 305.655 309.975 322.256 333.312 334.076
6 297.790 303.700 309.683 315.855 321.671 325.916 330.051 332.599 333.315 342.323
7 303.658 308.319 312.872 317.323 321.671 325.916 330.051 341.758 352.475 361.807

Table 7. First seven natural frequency variations of a CFCF cylindrical surface (Figure 4b) reinforced by CNTs distributed as in Figure 5b for the different theories.
The mass fraction was wr = 0.25, and the agglomeration parameters µ1 = 0.5 and µ2 = 0.75. The Chebyshev-Gauss-Lobatto grid distribution was employed,
with IN = IM = 25.

Elastic Foundation: æ(−) = 1800 kg/m3, h(−)f = 0.15 m, k(−)3f = 35× 107 N/m3, G(−)
f − variable

f [Hz]
G(−)

f [N/m]

0 2.5× 107 5× 107 10× 107 15× 107 20× 107 25× 107 30× 107 40× 107 50× 107

FSDTκ=5/6
RS

1 168.599 173.281 178.405 191.003 199.948 205.025 202.136 201.329 200.784 200.568
2 168.830 174.502 180.563 194.562 199.948 205.025 217.847 228.065 242.029 254.510
3 179.422 186.012 191.354 194.562 203.783 212.375 220.454 228.065 242.029 254.510
4 196.850 197.574 197.383 198.293 203.783 212.375 220.454 228.422 247.988 266.838
5 209.081 220.508 231.570 251.683 269.487 285.418 299.759 312.664 332.575 333.808
6 217.985 229.196 239.947 260.269 279.357 297.576 315.303 329.404 333.975 345.403
7 221.416 231.995 242.131 261.435 279.879 297.945 316.271 333.309 357.922 362.186
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Table 7. Cont.

Elastic Foundation: ρ(−) = 1800 kg/m3, h(−)
f = 0.15 m, k(−)

3f = 35 × 107 N/m3, G(−)
f −variable

f [Hz]
G(−)

f [N/m]

0 2.5× 107 5× 107 10× 107 15× 107 20× 107 25× 107 30× 107 40× 107 50× 107

FSDTZκ=1
RS

1 167.461 172.625 178.139 193.361 199.328 204.487 202.887 201.673 200.941 200.662
2 167.979 173.419 179.590 193.361 199.328 204.487 216.113 227.290 241.490 253.984
3 176.909 183.501 188.640 193.859 202.715 211.470 219.686 227.404 241.490 253.984
4 194.506 196.746 196.730 193.859 202.715 211.470 219.686 227.404 247.563 267.238
5 204.223 215.187 226.865 248.291 267.196 283.977 298.937 312.247 331.707 333.025
6 208.658 220.248 231.469 252.756 272.838 292.152 311.175 329.757 333.664 344.345
7 211.364 222.921 233.901 254.767 274.935 295.786 317.795 331.099 357.960 362.235

FSDTZκ=5/6
RS

1 167.205 172.481 178.094 193.132 199.185 204.358 203.101 201.760 200.977 200.682
2 167.780 173.182 179.384 193.132 199.185 204.358 215.647 226.979 241.402 253.874
3 176.388 182.994 188.096 193.700 202.534 211.328 219.572 227.309 241.402 253.874
4 193.757 196.521 196.563 193.700 202.534 211.328 219.572 227.309 247.379 267.194
5 203.418 214.124 225.930 247.675 266.865 283.862 298.975 312.384 331.480 332.809
6 206.754 218.451 229.806 251.328 271.616 291.156 310.455 329.752 333.803 344.170
7 209.219 221.035 232.233 253.482 274.069 295.884 316.669 330.840 357.200 362.352

ED2κ=5/6

1 168.431 173.326 178.673 193.695 200.256 205.413 203.035 202.025 201.378 201.130
2 168.758 174.459 180.707 194.765 200.256 205.413 217.793 228.346 242.305 254.731
3 179.299 185.851 191.046 194.765 203.939 212.591 220.712 228.346 242.305 254.731
4 196.981 197.679 197.401 195.695 203.939 212.591 220.712 228.616 248.166 266.624
5 208.858 220.204 231.171 251.030 268.522 284.114 298.110 310.688 331.584 335.673
6 217.770 229.240 240.295 261.333 281.292 300.631 320.215 333.253 334.565 344.308
7 221.201 232.108 242.650 263.068 283.369 307.265 324.690 338.507 361.829 364.124
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Table 7. Cont.

Elastic Foundation: ρ(−) = 1800 kg/m3, h(−)
f = 0.15 m, k(−)

3f = 35 × 107 N/m3, G(−)
f −variable

f [Hz]
G(−)

f [N/m]

0 2.5× 107 5× 107 10× 107 15× 107 20× 107 25× 107 30× 107 40× 107 50× 107

EDZ2κ=1

1 167.236 172.472 178.124 192.146 197.888 202.183 206.026 205.652 202.944 202.326
2 167.833 173.074 179.034 192.146 197.888 202.183 206.026 213.362 228.492 239.412
3 176.814 183.084 187.585 193.078 200.557 208.161 215.056 221.326 232.261 241.442
4 194.584 196.747 196.648 193.078 200.557 208.161 215.056 221.326 232.261 241.442
5 204.112 214.709 225.898 246.080 263.541 278.882 292.555 304.866 326.035 333.636
6 208.625 220.225 231.364 252.173 271.301 289.110 306.087 323.596 332.584 342.169
7 211.286 222.873 233.855 254.761 275.619 298.544 312.422 324.837 344.900 360.170

EDZ2κ=5/6

1 166.980 172.326 178.114 191.798 197.625 201.857 205.617 207.691 203.273 202.552
2 167.631 172.827 178.800 191.798 197.625 201.857 205.617 210.240 226.537 236.924
3 176.294 182.547 186.920 192.855 200.153 207.674 214.466 220.620 231.306 240.237
4 193.813 196.497 196.455 192.855 200.153 207.674 214.466 220.620 231.306 240.237
5 203.317 213.613 224.859 245.162 262.660 277.984 291.624 303.911 325.148 333.478
6 206.723 218.389 229.604 250.495 269.621 287.349 304.151 321.276 332.459 341.815
7 209.133 220.933 232.078 253.265 274.647 296.656 310.380 322.564 342.275 357.154

ED3

1 167.259 172.489 178.170 192.009 197.704 201.876 205.559 208.802 203.701 202.970
2 167.856 173.068 178.993 192.009 197.704 201.876 205.559 208.802 225.123 234.634
3 176.871 183.085 187.476 192.984 200.265 207.662 214.302 220.272 230.507 238.906
4 194.680 196.763 196.639 192.984 200.265 207.662 214.302 220.272 230.507 238.906
5 204.223 214.827 225.954 245.940 263.121 278.119 291.422 303.369 323.983 333.744
6 208.851 220.422 231.538 252.312 271.396 289.125 305.978 323.453 332.735 340.344
7 211.554 223.103 234.067 255.009 276.214 298.269 311.825 323.781 342.863 357.017
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Figure 8. Frequency variations of a CFCF cylindrical surface (Figure 4b) reinforced by CNTs 
distributed as in Figure 5b. The mass fraction is 0.25rw = , and the agglomeration parameters 

1 0.5μ =  and 2 0.75μ = . The Chebyshev-Gauss-Lobatto grid distribution was employed, with 
25N MI I= = . The following mode shapes are considered: (a) 1st mode; (b) 2nd mode; (c) 3rd mode; 

(d) 4th mode; (e) 5th mode; (f) 6th mode; (g) 7th mode; (h) 8th mode. 

Figure 8. Frequency variations of a CFCF cylindrical surface (Figure 4b) reinforced by CNTs distributed
as in Figure 5b. The mass fraction is wr = 0.25, and the agglomeration parameters µ1 = 0.5 and
µ2 = 0.75. The Chebyshev-Gauss-Lobatto grid distribution was employed, with IN = IM = 25.
The following mode shapes are considered: (a) 1st mode; (b) 2nd mode; (c) 3rd mode; (d) 4th mode;
(e) 5th mode; (f) 6th mode; (g) 7th mode; (h) 8th mode.
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Figure 9. First four frequency modes of a CFCF cylindrical surface (Figure 4b) reinforced by CNTs 
distributed as in Figure 5b for the different theories: (a) 5 6FSDTRS

κ = ; (b) 1FSDTZRS
κ = ; (c) 5 6FSDTZRS

κ = ; 
(d) 5 6ED2κ = ; (e) 1EDZ2κ = ; (f) 5 6EDZ2κ = ; (g) ED3 . The mass fraction was 0.25rw = , and the 
agglomeration parameters 1 0.5μ =  and 2 0.75μ = . The Chebyshev-Gauss-Lobatto grid distribution 
was employed, with 25N MI I= = .  

Figure 9. First four frequency modes of a CFCF cylindrical surface (Figure 4b) reinforced by CNTs
distributed as in Figure 5b for the different theories: (a) FSDTκ=5/6

RS ; (b) FSDTZκ=1
RS ; (c) FSDTZκ=5/6

RS ;
(d) ED2κ=5/6; (e) EDZ2κ=1; (f) EDZ2κ=5/6; (g) ED3. The mass fraction was wr = 0.25, and the
agglomeration parameters µ1 = 0.5 and µ2 = 0.75. The Chebyshev-Gauss-Lobatto grid distribution
was employed, with IN = IM = 25.
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Figure 10. Frequency variations of a CFCF cylindrical surface (Figure 4b) reinforced by CNTs 
distributed as in Figure 5b. The mass fraction was 0.25rw = , and the agglomeration parameters 

1 0.5μ =  and 2 0.75μ = . The Chebyshev-Gauss-Lobatto grid distribution was employed, with 
25N MI I= = . The following mode shapes are considered: (a) 1st mode; (b) 2nd mode; (c) 3rd mode; 

(d) 4th mode; (e) 5th mode; (f) 6th mode; (g) 7th mode; (h) 8th mode. 

Figure 10. Frequency variations of a CFCF cylindrical surface (Figure 4b) reinforced by CNTs
distributed as in Figure 5b. The mass fraction was wr = 0.25, and the agglomeration parameters
µ1 = 0.5 and µ2 = 0.75. The Chebyshev-Gauss-Lobatto grid distribution was employed, with
IN = IM = 25. The following mode shapes are considered: (a) 1st mode; (b) 2nd mode; (c) 3rd mode;
(d) 4th mode; (e) 5th mode; (f) 6th mode; (g) 7th mode; (h) 8th mode.
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(d) 5 6ED2κ = ; (e) 1EDZ2κ = ; (f) 5 6EDZ2κ = ; (g) ED3 . The mass fraction was 0.25rw = , and the 
agglomeration parameters 1 0.5μ =  and 2 0.75μ = . The Chebyshev-Gauss-Lobatto grid distribution 
was employed, with 25N MI I= = . 

  

Figure 11. First four frequency modes of a CFCF cylindrical surface (Figure 4b) reinforced by CNTs
distributed as in Figure 5b for the different theories: (a) FSDTκ=5/6

RS ; (b) FSDTZκ=1
RS ; (c) FSDTZκ=5/6

RS ;
(d) ED2κ=5/6; (e) EDZ2κ=1; (f) EDZ2κ=5/6; (g) ED3. The mass fraction was wr = 0.25, and the
agglomeration parameters µ1 = 0.5 and µ2 = 0.75. The Chebyshev-Gauss-Lobatto grid distribution
was employed, with IN = IM = 25.
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4.4. Effect of CNT Agglomeration

The last example shows the variation of the natural frequencies as a function of the CNT
agglomeration parameters. The helicoidal surface, shown in Figure 4c, is considered, with the boundary
conditions CCFF. The agglomeration parameters and the mass fraction value of the CNTs are given
in Tables 8–21. The applied layer schemes are shown in Figure 5c. In this example, the following
theories have been used: FSDTκ=5/6

RS , FSDTZκ=1
RS , FSDTZκ=5/6

RS , ED2κ=5/6, EDZ2κ=1, EDZ2κ=5/6 and
ED3. Tables 8–14 show the first ten natural frequencies for the corresponding theories for different
values of the mass fraction and agglomeration parameter µ1. Tables 15–21 show the first ten natural
frequencies for the corresponding theories for different values of the mass fraction and agglomeration
parameter µ2. The overall behavior of the agglomeration parameter variation can be observed from the
graphs depicted in Figures 12 and 13. These graphs prove again what has been shown in the previous
paper by Tornabene et al. [24] and by Shi et al. [32].

Table 8. First ten natural frequency variations for FSDTκ=5/6
RS theory of a CCFF helicoidal surface

(Figure 4c) reinforced by CNTs distributed as in Figure 5c for different mass fractions wr when varying
the parameter of agglomeration µ1 with µ2 = 1. The Chebyshev-Gauss-Lobatto grid distribution was
employed, with IN = 31, IM = 21.

Theory: bmFSDTκ=5/6
RS

Elastic Foundation: ρ(−) = 1800 kg/m3, h(−)
f = 0.15 m, k(−)

2f = 20 × 107 N/m3, k(−)
3f = 35 × 107 N/m3

wr = 0.1

f [Hz] µ1 = 0.5 µ1 = 0.6 µ1 = 0.7 µ1 = 0.8 µ1 = 0.9 µ1 = 1.0
1 98.276 102.788 107.164 111.446 115.692 119.981
2 137.440 139.576 141.583 143.676 146.134 149.371
3 145.024 147.884 151.132 154.894 159.398 165.077
4 150.836 154.383 158.466 163.330 169.320 177.030
5 152.286 156.391 161.358 167.437 175.030 184.772
6 158.895 162.661 167.003 172.170 178.547 186.817
7 162.882 167.998 173.914 180.885 189.354 200.110
8 173.308 179.363 186.463 194.930 205.273 218.402
9 175.691 182.127 189.726 198.971 210.593 225.757

10 190.617 198.324 207.173 217.583 230.219 246.202

wr = 0.2

f [Hz] µ1 = 0.5 µ1 = 0.6 µ1 = 0.7 µ1 = 0.8 µ1 = 0.9 µ1 = 1.0
1 101.079 106.692 112.286 117.942 123.838 130.502
2 138.378 140.959 143.764 147.486 153.515 165.695
3 146.383 150.470 155.564 162.312 172.248 189.784
4 152.605 157.722 164.325 173.361 186.905 210.836
5 154.475 160.695 169.034 180.609 196.974 222.728
6 160.765 166.205 173.231 182.920 198.397 228.139
7 165.729 173.137 182.574 195.273 213.980 246.382
8 176.702 185.566 197.020 212.505 235.255 274.353
9 179.415 188.972 201.693 219.568 246.572 293.321

10 195.088 206.179 220.291 239.254 266.975 314.206

wr = 0.4

f [Hz] µ1 = 0.5 µ1 = 0.6 µ1 = 0.7 µ1 = 0.8 µ1 = 0.9 µ1 = 1.0
1 102.198 108.513 114.902 121.504 128.802 140.943
2 138.047 141.006 144.696 150.665 163.203 203.896
3 146.417 151.480 158.278 168.454 186.906 239.407
4 152.875 159.297 168.266 182.033 207.073 276.940
5 155.109 163.093 174.608 191.760 218.961 293.607
6 161.061 167.884 177.473 192.898 224.360 309.017
7 166.697 175.943 188.638 207.764 241.829 334.047
8 177.994 189.121 204.556 227.804 268.910 378.557
9 180.969 193.200 210.918 238.628 288.227 418.137

10 196.973 210.800 229.781 258.221 308.089 439.135
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Table 9. First ten natural frequency variations for FSDTZκ=1
RS theory of a CCFF helicoidal surface

(Figure 4c) reinforced by CNTs distributed as in Figure 5c for different mass fractions wr when varying
the parameter of agglomeration µ1 with µ2 = 1. The Chebyshev-Gauss-Lobatto grid distribution was
employed, with IN = 31, IM = 21.

Theory: FSDTZκ=1
RS

ρ(−) = 1800 kg/m3, h(−)
f = 0.15 m, k(−)

2f = 20 × 107 N/m3, k(−)
3f = 35 × 107 N/m3

wr = 0.1

f [Hz] µ1 = 0.5 µ1 = 0.6 µ1 = 0.7 µ1 = 0.8 µ1 = 0.9 µ1 = 1.0
1 98.298 102.811 107.187 111.469 115.713 119.996
2 137.451 139.584 141.591 143.685 146.142 149.379
3 145.054 147.911 151.155 154.912 159.410 165.078
4 150.895 154.437 158.517 163.375 169.355 177.044
5 152.340 156.449 161.416 167.491 175.072 184.794
6 158.975 162.741 167.079 172.237 178.595 186.833
7 162.962 168.086 174.004 180.966 189.414 200.125
8 173.457 179.516 186.619 195.077 205.387 218.445
9 175.786 182.215 189.798 199.022 210.623 225.766

10 190.891 198.599 207.435 217.814 230.391 246.273

wr = 0.2

f [Hz] µ1 = 0.5 µ1 = 0.6 µ1 = 0.7 µ1 = 0.8 µ1 = 0.9 µ1 = 1.0
1 101.103 106.718 112.314 117.970 123.860 130.511
2 138.388 140.969 143.776 147.502 153.533 165.698
3 146.418 150.503 155.595 162.338 172.263 189.771
4 152.671 157.789 164.394 173.427 186.953 210.818
5 154.542 160.769 169.109 180.679 197.030 222.701
6 160.863 166.308 173.337 183.020 198.462 228.129
7 165.836 173.262 182.709 195.403 214.068 246.329
8 176.891 185.781 197.257 212.735 235.416 274.285
9 179.521 189.065 201.763 219.618 246.601 293.314

10 195.423 206.534 220.649 239.582 267.204 314.140

wr = 0.4

f [Hz] µ1 = 0.5 µ1 = 0.6 µ1 = 0.7 µ1 = 0.8 µ1 = 0.9 µ1 = 1.0
1 102.225 108.544 114.936 121.538 128.828 140.942
2 138.058 141.018 144.714 150.693 163.240 203.866
3 146.456 151.521 158.320 168.495 186.938 239.360
4 152.949 159.379 168.359 182.133 207.159 276.830
5 155.186 163.180 174.703 191.870 219.073 293.470
6 161.176 168.014 177.619 193.040 224.456 308.923
7 166.828 176.106 188.829 207.969 241.997 333.815
8 178.222 189.403 204.888 228.156 269.192 378.214
9 181.083 193.297 210.996 238.692 288.273 418.095

10 197.364 211.239 230.258 258.706 308.475 438.735
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Table 10. First ten natural frequency variations for FSDTZκ=5/6
RS theory of a CCFF helicoidal surface

(Figure 4c) reinforced by CNTs distributed as in Figure 5c for different mass fractions wr when varying
the parameter of agglomeration µ1 with µ2 = 1. The Chebyshev-Gauss-Lobatto grid distribution was
employed, with IN = 31, IM = 21.

Theory: FSDTZκ=5/6
RS

Elastic Foundation: ρ(−) = 1800 kg/m3, h(−)
f = 0.15 m, k(−)

2f = 20 × 107 N/m3, k(−)
3f = 35 × 107 N/m3

wr = 0.1

f [Hz] µ1 = 0.5 µ1 = 0.6 µ1 = 0.7 µ1 = 0.8 µ1 = 0.9 µ1 = 1.0
1 98.258 102.763 107.129 111.399 115.630 119.900
2 137.423 139.559 141.565 143.651 146.095 149.306
3 144.961 147.806 151.038 154.781 159.261 164.908
4 150.722 154.248 158.302 163.122 169.052 176.676
5 152.192 156.267 161.202 167.242 174.783 184.461
6 158.713 162.436 166.724 171.823 178.108 186.246
7 162.674 167.720 173.550 180.412 188.742 199.310
8 172.955 178.916 185.883 194.170 204.279 217.108
9 175.487 181.897 189.485 198.730 210.350 225.500
10 189.997 197.568 206.251 216.455 228.826 244.456

wr = 0.2

f [Hz] µ1 = 0.5 µ1 = 0.6 µ1 = 0.7 µ1 = 0.8 µ1 = 0.9 µ1 = 1.0
1 101.058 106.661 112.241 117.881 123.755 130.393
2 138.363 140.943 143.740 147.441 153.421 165.480
3 146.318 150.387 155.461 162.179 172.065 189.504
4 152.491 157.578 164.133 173.093 186.507 210.178
5 154.374 160.560 168.856 180.372 196.491 221.839
6 160.575 165.960 172.908 182.477 197.904 227.479
7 165.499 172.819 182.135 194.662 213.093 244.971
8 176.324 185.050 196.302 211.504 233.824 272.136
9 179.221 188.769 201.492 219.361 246.331 292.986
10 194.446 205.368 219.252 237.885 265.088 311.348

wr = 0.4

f [Hz] µ1 = 0.5 µ1 = 0.6 µ1 = 0.7 µ1 = 0.8 µ1 = 0.9 µ1 = 1.0
1 102.177 108.481 114.854 121.439 128.715 140.784
2 138.034 140.989 144.665 150.596 163.036 203.369
3 146.352 151.398 158.173 168.310 186.680 238.914
4 152.764 159.151 168.062 181.727 206.558 275.716
5 155.007 162.957 174.425 191.415 218.244 292.008
6 160.873 167.636 177.132 192.481 223.841 307.863
7 166.463 175.613 188.170 207.075 240.709 331.549
8 177.609 188.579 203.785 226.685 267.137 374.759
9 180.793 193.025 210.746 238.435 287.960 417.583
10 196.341 209.988 228.709 256.731 305.792 434.336
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Table 11. First ten natural frequency variations for ED2κ=5/6 theory of a CCFF helicoidal surface
(Figure 4c) reinforced by CNTs distributed as in Figure 5c for different mass fractions wr when varying
the parameter of agglomeration µ1 with µ2 = 1. The Chebyshev-Gauss-Lobatto grid distribution was
employed, with IN = 31, IM = 21.

Theory: ED2κ=5/6

Elastic Foundation: ρ(−) = 1800 kg/m3, h(−)
f = 0.15 m, k(−)

2f = 20 × 107 N/m3, k(−)
3f = 35 × 107 N/m3

wr = 0.1

f [Hz] µ1 = 0.5 µ1 = 0.6 µ1 = 0.7 µ1 = 0.8 µ1 = 0.9 µ1 = 1.0
1 97.894 102.446 106.868 111.200 115.498 119.837
2 136.937 139.191 141.300 143.475 145.999 149.295
3 144.467 147.289 150.551 154.371 158.961 164.738
4 150.691 154.330 158.473 163.375 169.394 177.129
5 152.660 156.839 161.849 167.948 175.543 185.272
6 158.439 162.211 166.579 171.782 178.201 186.528
7 162.193 167.428 173.440 180.496 189.047 199.881
8 172.779 178.909 186.051 194.552 204.945 218.150
9 176.008 182.493 190.143 199.416 211.023 226.131
10 189.979 197.824 206.789 217.298 230.016 246.067

wr = 0.2

f [Hz] µ1 = 0.5 µ1 = 0.6 µ1 = 0.7 µ1 = 0.8 µ1 = 0.9 µ1 = 1.0
1 100.723 106.395 112.057 117.784 123.743 130.460
2 137.960 140.675 143.586 147.394 153.498 165.745
3 145.793 149.886 155.061 161.931 172.000 189.671
4 152.528 157.729 164.384 173.465 187.053 211.021
5 154.917 161.207 169.577 181.163 197.005 222.707
6 160.320 165.790 172.867 182.615 198.682 228.543
7 165.122 172.660 182.216 195.032 213.851 246.355
8 176.218 185.146 196.662 212.247 235.133 274.376
9 179.796 189.426 202.176 220.004 246.891 293.478
10 194.567 205.823 220.077 239.158 266.969 314.238

wr = 0.4

f [Hz] µ1 = 0.5 µ1 = 0.6 µ1 = 0.7 µ1 = 0.8 µ1 = 0.9 µ1 = 1.0
1 101.864 108.252 114.722 121.404 128.766 140.951
2 137.683 140.779 144.578 150.639 163.267 204.024
3 145.819 150.929 157.852 168.182 186.792 239.451
4 152.830 159.330 168.359 182.191 207.303 277.206
5 155.588 163.638 175.184 191.874 218.971 293.756
6 160.629 167.501 177.156 193.146 224.836 309.455
7 166.135 175.527 188.366 207.644 241.865 334.180
8 177.526 188.725 204.271 227.692 269.018 378.841
9 181.399 193.701 211.408 239.014 288.443 418.095
10 196.528 210.541 229.689 258.280 308.268 439.244
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Table 12. First ten natural frequency variations for EDZ2κ=1 theory of a CCFF helicoidal surface
(Figure 4c) reinforced by CNTs distributed as in Figure 5c for different mass fractions wr when varying
the parameter of agglomeration µ1 with µ2 = 1. The Chebyshev-Gauss-Lobatto grid distribution was
employed, with IN = 31, IM = 21.

Theory: EDZ2κ=1

Elastic Foundation: ρ(−) = 1800 kg/m3, h(−)
f = 0.15 m, k(−)

2f = 20 × 107 N/m3, k(−)
3f = 35 × 107 N/m3

wr = 0.1

f [Hz] µ1 = 0.5 µ1 = 0.6 µ1 = 0.7 µ1 = 0.8 µ1 = 0.9 µ1 = 1.0
1 97.929 102.482 106.906 111.238 115.534 119.867
2 136.950 139.200 141.307 143.481 146.006 149.300
3 144.509 147.330 150.589 154.405 158.988 164.754
4 150.770 154.404 158.543 163.437 169.442 177.151
5 152.733 156.916 161.926 168.019 175.601 185.303
6 158.543 162.319 166.686 171.882 178.284 186.574
7 162.309 167.555 173.571 180.620 189.145 199.925
8 173.013 179.150 186.294 194.784 205.141 218.262
9 176.110 182.593 190.232 199.487 211.072 226.155
10 190.373 198.233 207.198 217.684 230.345 246.283

wr = 0.2

f [Hz] µ1 = 0.5 µ1 = 0.6 µ1 = 0.7 µ1 = 0.8 µ1 = 0.9 µ1 = 1.0
1 100.761 106.436 112.101 117.828 123.783 130.485
2 137.972 140.685 143.597 147.408 153.514 165.743
3 145.840 149.935 155.110 161.977 172.037 189.677
4 152.615 157.817 164.474 173.550 187.116 210.997
5 155.004 161.301 169.673 181.251 197.102 222.702
6 160.445 165.927 173.012 182.761 198.767 228.535
7 165.268 172.831 182.402 195.216 213.991 246.317
8 176.498 185.457 197.000 212.586 235.403 274.373
9 179.911 189.536 202.270 220.078 246.941 293.483
10 195.033 206.330 220.609 239.682 267.404 314.329

wr = 0.4

f [Hz] µ1 = 0.5 µ1 = 0.6 µ1 = 0.7 µ1 = 0.8 µ1 = 0.9 µ1 = 1.0
1 101.905 108.297 114.773 121.456 128.812 140.966
2 137.694 140.791 144.595 150.667 163.304 203.979
3 145.872 150.986 157.914 168.247 186.854 239.424
4 152.926 159.435 168.475 182.314 207.407 277.054
5 155.685 163.747 175.301 192.048 219.143 293.615
6 160.772 167.667 177.348 193.306 224.958 309.332
7 166.309 175.740 188.617 207.919 242.106 333.912
8 177.849 189.109 204.718 228.181 269.452 378.513
9 181.523 193.819 211.512 239.105 288.515 418.060
10 197.055 211.143 230.364 259.003 308.927 438.971
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Table 13. First ten natural frequency variations for EDZ2κ=5/6 theory of a CCFF helicoidal surface
(Figure 4c) reinforced by CNTs distributed as in Figure 5c for different mass fractions wr when varying
the parameter of agglomeration µ1 with µ2 = 1. The Chebyshev-Gauss-Lobatto grid distribution was
employed, with IN = 31, IM = 21.

Theory: EDZ2κ=5/6

Elastic Foundation: ρ(−) = 1800 kg/m3, h(−)
f = 0.15 m, k(−)

2f = 20 × 107 N/m3, k(−)
3f = 35 × 107 N/m3

wr = 0.1

f [Hz] µ1 = 0.5 µ1 = 0.6 µ1 = 0.7 µ1 = 0.8 µ1 = 0.9 µ1 = 1.0
1 97.885 102.430 106.843 111.165 115.447 119.768
2 136.918 139.173 141.279 143.447 145.957 149.225
3 144.416 147.224 150.469 154.270 158.835 164.578
4 150.582 154.198 158.310 163.168 169.123 176.767
5 152.576 156.728 161.705 167.761 175.301 184.961
6 158.287 162.018 166.332 171.466 177.789 185.970
7 162.001 167.168 173.097 180.044 188.451 199.084
8 172.434 178.474 185.493 193.826 203.991 216.881
9 175.865 182.324 189.953 199.208 210.798 225.880
10 189.471 197.189 205.994 216.298 228.744 244.417

wr = 0.2

f [Hz] µ1 = 0.5 µ1 = 0.6 µ1 = 0.7 µ1 = 0.8 µ1 = 0.9 µ1 = 1.0
1 100.712 106.375 112.025 117.736 123.675 130.364
2 137.944 140.657 143.559 147.345 153.399 165.519
3 145.740 149.816 154.972 161.812 171.831 189.398
4 152.419 157.589 164.197 173.201 186.653 210.336
5 154.827 161.085 169.410 180.934 196.482 221.801
6 160.162 165.580 172.581 182.207 198.259 227.876
7 164.913 172.368 181.809 194.452 212.987 244.915
8 175.859 184.667 196.003 211.317 233.767 272.154
9 179.657 189.267 202.004 219.814 246.660 293.144
10 194.046 205.148 219.187 237.949 265.234 311.452

wr = 0.4

f [Hz] µ1 = 0.5 µ1 = 0.6 µ1 = 0.7 µ1 = 0.8 µ1 = 0.9 µ1 = 1.0
1 101.852 108.230 114.687 121.353 128.696 140.804
2 137.668 140.760 144.544 150.567 163.094 203.466
3 145.767 150.861 157.762 168.056 186.586 238.956
4 152.724 159.191 168.163 181.893 206.788 275.907
5 155.498 163.514 175.011 191.488 218.278 292.100
6 160.473 167.289 176.856 192.825 224.335 308.240
7 165.925 175.229 187.938 207.001 240.783 331.572
8 177.170 188.238 203.580 226.671 267.343 374.944
9 181.270 193.560 211.257 238.838 288.194 417.537
10 196.020 209.874 228.786 256.984 306.175 434.423
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Table 14. First ten natural frequency variations for ED3 theory of a CCFF helicoidal surface (Figure 4c)
reinforced by CNTs distributed as in Figure 5c for different mass fractions wr when varying the
parameter of agglomeration µ1 with µ2 = 1. The Chebyshev-Gauss-Lobatto grid distribution was
employed, with IN = 31, IM = 21.

Theory: ED3

Elastic Foundation: ρ(−) = 1800 kg/m3, h(−)
f = 0.15 m, k(−)

2f = 20 × 107 N/m3, k(−)
3f = 35 × 107 N/m3

wr = 0.1

f [Hz] µ1 = 0.5 µ1 = 0.6 µ1 = 0.7 µ1 = 0.8 µ1 = 0.9 µ1 = 1.0
1 97.923 102.473 106.891 111.217 115.504 119.827
2 136.934 139.186 141.291 143.462 145.979 149.257
3 144.473 147.288 150.539 154.345 158.914 164.658
4 150.692 154.316 158.439 163.309 169.280 176.935
5 152.674 156.842 161.834 167.905 175.458 185.121
6 158.437 162.191 166.531 171.690 178.038 186.241
7 162.172 167.380 173.350 180.339 188.783 199.441
8 172.777 178.869 185.949 194.350 204.580 217.512
9 176.005 182.475 190.106 199.356 210.936 226.005
10 190.036 197.833 206.719 217.102 229.616 245.330

wr = 0.2

f [Hz] µ1 = 0.5 µ1 = 0.6 µ1 = 0.7 µ1 = 0.8 µ1 = 0.9 µ1 = 1.0
1 100.754 106.423 112.081 117.800 123.744 130.430
2 137.958 140.670 143.577 147.376 153.454 165.609
3 145.803 149.890 155.056 161.909 171.944 189.519
4 152.534 157.720 164.351 173.387 186.879 210.591
5 154.937 161.215 169.564 181.109 196.806 222.172
6 160.330 165.785 172.831 182.518 198.515 228.142
7 165.116 172.631 182.140 194.863 213.485 245.460
8 176.245 185.139 196.587 212.033 234.619 273.071
9 179.805 189.423 202.157 219.962 246.808 293.288
10 194.677 205.897 220.072 238.989 266.438 312.725

wr = 0.4

f [Hz] µ1 = 0.5 µ1 = 0.6 µ1 = 0.7 µ1 = 0.8 µ1 = 0.9 µ1 = 1.0
1 101.896 108.283 114.751 121.426 128.773 140.880
2 137.680 140.775 144.569 150.619 163.202 203.647
3 145.834 150.940 157.858 168.175 186.743 239.132
4 152.843 159.332 168.340 182.124 207.101 276.269
5 155.614 163.655 175.181 191.816 218.751 292.619
6 160.653 167.516 177.150 193.096 224.659 308.601
7 166.148 175.525 188.329 207.518 241.480 332.332
8 177.584 188.767 204.265 227.558 268.497 376.181
9 181.419 193.713 211.408 238.996 288.374 417.729
10 196.689 210.692 229.793 258.242 307.773 436.109
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Table 15. First ten natural frequency variations for FSDTκ=5/6
RS theory of a CCFF helicoidal surface

(Figure 4c) reinforced by CNTs distributed as ing Figure 5c for different mass fractions wr when varying
the parameter of agglomeration µ2 with µ1 = 0.5. The Chebyshev-Gauss-Lobatto grid distribution was
employed, with IN = 31, IM = 21.

Theory: FSDTκ=5/6
RS

Elastic Foundations: ρ(−) = 1800 kg/m3, h(−)
f = 0.15 m, k(−)

2f = 20 × 107 N/m3, k(−)
3f = 35 × 107 N/m3

wr = 0.1

f [Hz] µ2 = 0.5 µ2 = 0.6 µ2 = 0.7 µ2 = 0.8 µ2 = 0.9 µ2 = 1.0
1 119.985 119.692 118.625 116.255 111.188 98.276
2 149.375 149.118 148.233 146.499 143.536 137.440
3 165.084 164.643 163.108 160.026 154.598 145.024
4 177.039 176.439 174.353 170.184 162.969 150.836
5 184.783 184.021 181.364 176.043 166.882 152.286
6 186.827 186.176 183.924 179.456 171.782 158.895
7 200.122 199.290 196.388 190.559 180.355 162.882
8 218.417 217.403 213.865 206.755 194.304 173.308
9 225.774 224.581 220.435 212.198 198.179 175.691
10 246.221 244.983 240.665 231.986 216.776 190.617

wr = 0.2

f [Hz] µ2 = 0.5 µ2 = 0.6 µ2 = 0.7 µ2 = 0.8 µ2 = 0.9 µ2 = 1.0
1 130.510 130.247 129.258 126.958 121.490 101.079
2 165.713 165.077 162.808 158.254 150.703 138.378
3 189.809 188.933 185.780 179.279 167.674 146.383
4 210.870 209.686 205.416 196.578 180.727 152.605
5 222.764 221.489 216.896 207.380 189.602 154.475
6 228.181 226.700 221.359 210.274 190.940 160.765
7 246.428 244.836 239.086 227.131 205.455 165.729
8 274.407 272.498 265.589 251.188 224.945 176.702
9 293.386 291.085 282.764 265.413 233.928 179.415
10 314.272 311.964 303.617 286.188 254.304 195.088

wr = 0.4

f [Hz] µ2 = 0.5 µ2 = 0.6 µ2 = 0.7 µ2 = 0.8 µ2 = 0.9 µ2 = 1.0
1 140.965 140.630 139.317 136.408 130.398 102.198
2 203.983 202.646 197.476 186.422 167.062 138.047
3 239.516 237.829 231.302 217.250 191.947 146.417
4 277.085 274.885 266.346 247.848 214.086 152.875
5 293.765 291.403 282.244 262.426 226.241 155.109
6 309.188 306.533 296.237 273.856 232.491 161.061
7 334.235 331.362 320.201 295.925 251.132 166.697
8 378.771 375.384 362.210 333.476 280.140 177.994
9 418.393 414.388 398.813 364.739 300.942 180.969
10 439.392 435.351 419.642 385.338 321.356 196.973
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Table 16. First ten natural frequency variations for FSDTZκ=1
RS theory of a CCFF helicoidal surface

(Figure 4c) reinforced by CNTs distributed as in Figure 5c for different mass fractions wr when varying
the parameter of agglomeration µ2 with µ1 = 0.5. The Chebyshev-Gauss-Lobatto grid distribution was
employed, with IN = 31, IM = 21.

Theory: FSDTZκ=1
RS

Elastic Foundations: ρ(−) = 1800 kg/m3, h(−)
f = 0.15 m, k(−)

2f = 20 × 107 N/m3, k(−)
3f = 35 × 107 N/m3

wr = 0.1

f [Hz] µ2 = 0.5 µ2 = 0.6 µ2 = 0.7 µ2 = 0.8 µ2 = 0.9 µ2 = 1.0
1 120.001 119.708 118.642 116.273 111.209 98.298
2 149.382 149.126 148.240 146.506 143.543 137.451
3 165.084 164.644 163.111 160.032 154.612 145.054
4 177.053 176.455 174.371 170.209 163.005 150.895
5 184.806 184.045 181.391 176.076 166.926 152.340
6 186.843 186.194 183.946 179.489 171.833 158.975
7 200.137 199.307 196.411 190.598 180.418 162.962
8 218.460 217.449 213.922 206.835 194.419 173.457
9 225.784 224.591 220.448 212.218 198.219 175.786
10 246.291 245.058 240.755 232.109 216.959 190.891

wr = 0.2

f [Hz] µ2 = 0.5 µ2 = 0.6 µ2 = 0.7 µ2 = 0.8 µ2 = 0.9 µ2 = 1.0
1 130.519 130.257 129.269 126.971 121.509 101.103
2 165.717 165.081 162.814 158.263 150.715 138.388
3 189.796 188.920 185.770 179.275 167.681 146.418
4 210.852 209.669 205.406 196.581 180.756 152.671
5 222.737 221.464 216.880 207.382 189.636 154.542
6 228.171 226.692 221.356 210.285 190.981 160.863
7 246.374 244.786 239.049 227.123 205.503 165.836
8 274.340 272.436 265.546 251.194 225.039 176.891
9 293.380 291.079 282.760 265.416 233.946 179.521
10 314.205 311.904 303.582 286.213 254.445 195.423

wr = 0.4

f [Hz] µ2 = 0.5 µ2 = 0.6 µ2 = 0.7 µ2 = 0.8 µ2 = 0.9 µ2 = 1.0
1 140.964 140.629 139.318 136.412 130.410 102.225
2 203.953 202.618 197.452 186.412 167.071 138.058
3 239.469 237.784 231.262 217.222 191.941 146.456
4 276.974 274.777 266.252 247.787 214.084 152.949
5 293.622 291.261 282.123 262.344 226.235 155.186
6 309.093 306.440 296.156 273.806 232.496 161.176
7 334.001 331.135 320.002 295.789 251.115 166.828
8 378.432 375.056 361.918 333.284 280.128 178.222
9 418.353 414.349 398.778 364.717 300.943 181.083
10 438.995 434.963 419.299 385.118 321.362 197.364
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Table 17. First ten natural frequency variations for FSDTZκ=5/6
RS theory of a CCFF helicoidal surface

(Figure 4c) reinforced by CNTs distributed as in Figure 5c for different mass fractions wr when varying
the parameter of agglomeration µ2 with µ1 = 0.5. The Chebyshev-Gauss-Lobatto grid distribution was
employed, with IN = 31, IM = 21.

Theory: FSDTZκ=5/6
RS

Elastic Foundations: ρ(−) = 1800 kg/m3, h(−)
f = 0.15 m, k(−)

2f = 20 × 107 N/m3, k(−)
3f = 35 × 107 N/m3

wr = 0.1

f [Hz] µ2 = 0.5 µ2 = 0.6 µ2 = 0.7 µ2 = 0.8 µ2 = 0.9 µ2 = 1.0
1 119.905 119.613 118.550 116.189 111.139 98.258
2 149.310 149.055 148.177 146.456 143.510 137.423
3 164.914 164.476 162.949 159.882 154.482 144.961
4 176.685 176.091 174.025 169.898 162.755 150.722
5 184.472 183.714 181.072 175.781 166.678 152.192
6 186.255 185.614 183.394 178.991 171.424 158.713
7 199.322 198.503 195.645 189.908 179.867 162.674
8 217.122 216.128 212.662 205.700 193.525 172.955
9 225.517 224.325 220.181 211.946 197.921 175.487
10 244.474 243.260 239.025 230.516 215.612 189.997

wr = 0.2

f [Hz] µ2 = 0.5 µ2 = 0.6 µ2 = 0.7 µ2 = 0.8 µ2 = 0.9 µ2 = 1.0
1 130.401 130.139 129.153 126.859 121.409 101.058
2 165.499 164.868 162.620 158.108 150.627 138.363
3 189.528 188.657 185.518 179.050 167.501 146.318
4 210.211 209.038 204.808 196.053 180.357 152.491
5 221.875 220.615 216.077 206.685 189.274 154.374
6 227.520 226.049 220.739 209.714 190.355 160.575
7 245.015 243.445 237.773 225.985 204.625 165.499
8 272.189 270.311 263.517 249.367 223.601 176.324
9 293.051 290.754 282.446 265.123 233.682 179.221
10 311.413 309.144 300.939 283.817 252.514 194.446

wr = 0.4

f [Hz] µ2 = 0.5 µ2 = 0.6 µ2 = 0.7 µ2 = 0.8 µ2 = 0.9 µ2 = 1.0
1 140.806 140.472 139.168 136.276 130.292 102.177
2 203.457 202.129 196.998 186.030 166.833 138.034
3 239.023 237.343 230.844 216.854 191.665 146.352
4 275.858 273.676 265.210 246.874 213.418 152.764
5 292.157 289.820 280.752 261.136 225.341 155.007
6 308.032 305.392 295.161 272.924 231.826 160.873
7 331.732 328.895 317.872 293.907 249.706 166.463
8 374.976 371.633 358.662 330.383 277.909 177.609
9 417.841 413.842 398.295 364.285 300.606 180.793
10 434.595 430.611 415.149 381.400 318.486 196.341
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Table 18. First ten natural frequency variations for ED2κ=5/6 theory of a CCFF helicoidal surface
(Figure 4c) reinforced by CNTs distributed as in Figure 5c for different mass fractions wr when varying
the parameter of agglomeration µ2 with µ1 = 0.5. The Chebyshev-Gauss-Lobatto grid distribution was
employed, with IN = 31, IM = 21.

Theory: ED2κ=5/6

Elastic Foundations: ρ(−) = 1800 kg/m3, h(−)
f = 0.15 m, k(−)

2f = 20 × 107 N/m3, k(−)
3f = 35 × 107 N/m3

wr = 0.1

f [Hz] µ2 = 0.5 µ2 = 0.6 µ2 = 0.7 µ2 = 0.8 µ2 = 0.9 µ2 = 1.0
1 119.841 119.545 118.466 116.069 110.942 97.894
2 149.299 149.038 148.139 146.372 143.330 136.937
3 164.745 164.298 162.741 159.608 154.079 144.467
4 177.138 176.537 174.443 170.259 163.011 150.691
5 185.283 184.524 181.870 176.547 167.376 152.660
6 186.538 185.881 183.612 179.118 171.391 158.439
7 199.894 199.057 196.136 190.266 179.969 162.193
8 218.165 217.145 213.588 206.439 193.931 172.779
9 226.149 224.960 220.829 212.616 198.606 176.008
10 246.086 244.843 240.509 231.791 216.481 189.979

wr = 0.2

f [Hz] µ2 = 0.5 µ2 = 0.6 µ2 = 0.7 µ2 = 0.8 µ2 = 0.9 µ2 = 1.0
1 130.468 130.204 129.208 126.889 121.370 100.723
2 165.764 165.125 162.846 158.268 150.654 137.960
3 189.696 188.816 185.646 179.102 167.383 145.793
4 211.055 209.869 205.590 196.734 180.844 152.528
5 222.742 221.466 216.862 207.340 189.995 154.917
6 228.585 227.103 221.754 210.641 190.801 160.320
7 246.401 244.805 239.039 227.046 205.276 165.122
8 274.433 272.514 265.582 251.123 224.751 176.218
9 293.544 291.248 282.949 265.649 234.278 179.796
10 314.304 311.994 303.637 286.186 254.233 194.567

wr = 0.4

f [Hz] µ2 = 0.5 µ2 = 0.6 µ2 = 0.7 µ2 = 0.8 µ2 = 0.9 µ2 = 1.0
1 140.974 140.637 139.321 136.403 130.365 101.864
2 204.112 202.773 197.597 186.528 167.124 137.683
3 239.561 237.871 231.332 217.249 191.860 145.819
4 277.350 275.148 266.600 248.083 214.282 152.830
5 293.907 291.539 282.365 262.506 226.243 155.588
6 309.626 306.969 296.668 274.281 232.903 160.629
7 334.366 331.491 320.317 296.010 251.139 166.135
8 379.065 375.671 362.470 333.682 280.207 177.526
9 418.354 414.354 398.797 364.771 301.090 181.399
10 439.507 435.463 419.749 385.442 321.432 196.528
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Table 19. First ten natural frequency variations for EDZ2κ=1 theory of a CCFF helicoidal surface
(Figure 4c) reinforced by CNTs distributed as in Figure 5c for different mass fractions wr when varying
the parameter of agglomeration µ2 with µ1 = 0.5. The Chebyshev-Gauss-Lobatto grid distribution was
employed, with IN = 31, IM = 21.

Theory: EDZ2κ=1

Elastic Foundations: ρ(−) = 1800 kg/m3, h(−)
f = 0.15 m, k(−)

2f = 20 × 107 N/m3, k(−)
3f = 35 × 107 N/m3

wr = 0.1

f [Hz] µ2 = 0.5 µ2 = 0.6 µ2 = 0.7 µ2 = 0.8 µ2 = 0.9 µ2 = 1.0
1 119.872 119.575 118.498 116.102 110.976 97.929
2 149.303 149.043 148.144 146.378 143.336 136.950
3 164.761 164.315 162.759 159.629 154.108 144.509
4 177.160 176.560 174.470 170.295 163.061 150.770
5 185.314 184.556 181.907 176.593 167.437 152.733
6 186.584 185.929 183.665 179.181 171.473 158.543
7 199.938 199.102 196.190 190.337 180.067 162.309
8 218.277 217.260 213.715 206.591 194.121 173.013
9 226.173 224.984 220.857 212.653 198.665 176.110
10 246.301 245.063 240.744 232.058 216.806 190.373

wr = 0.2

f [Hz] µ2 = 0.5 µ2 = 0.6 µ2 = 0.7 µ2 = 0.8 µ2 = 0.9 µ2 = 1.0
1 130.493 130.229 129.234 126.918 121.404 100.761
2 165.761 165.123 162.847 158.273 150.663 137.972
3 189.702 188.822 185.654 179.116 167.408 145.840
4 211.031 209.847 205.577 196.739 180.883 152.615
5 222.738 221.463 216.870 207.367 190.044 155.004
6 228.577 227.097 221.756 210.662 190.872 160.445
7 246.363 244.770 239.020 227.063 205.359 165.268
8 274.428 272.515 265.605 251.201 224.929 176.498
9 293.548 291.253 282.956 265.665 234.313 179.911
10 314.394 312.090 303.760 286.371 254.538 195.033

wr = 0.4

f [Hz] µ2 = 0.5 µ2 = 0.6 µ2 = 0.7 µ2 = 0.8 µ2 = 0.9 µ2 = 1.0
1 140.988 140.652 139.337 136.422 130.392 101.905
2 204.066 202.729 197.559 186.506 167.129 137.694
3 239.533 237.845 231.310 217.240 191.875 145.872
4 277.198 274.999 266.470 247.999 214.277 152.926
5 293.766 291.400 282.247 262.442 226.265 155.685
6 309.501 306.847 296.564 274.217 232.913 160.772
7 334.099 331.229 320.089 295.865 251.143 166.309
8 378.733 375.349 362.195 333.522 280.270 177.849
9 418.316 414.319 398.768 364.755 301.104 181.523
10 439.228 435.198 419.534 385.362 321.609 197.055
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Table 20. First ten natural frequency variations for EDZ2κ=5/6 theory of a CCFF helicoidal surface
(Figure 4c) reinforced by CNTs distributed as in Figure 5c for different mass fractions wr when varying
the parameter of agglomeration µ2 with µ1 = 0.5. The Chebyshev-Gauss-Lobatto grid distribution was
employed, with IN = 31, IM = 21.

Theory: EDZ2κ=5/6

Elastic Foundations: ρ(−) = 1800 kg/m3, h(−)
f = 0.15 m, k(−)

2f = 20 × 107 N/m3, k(−)
3f = 35 × 107 N/m3

wr = 0.1

f [Hz] µ2 = 0.5 µ2 = 0.6 µ2 = 0.7 µ2 = 0.8 µ2 = 0.9 µ2 = 1.0
1 119.772 119.477 118.403 116.013 110.903 97.885
2 149.229 148.971 148.079 146.326 143.302 136.918
3 164.585 164.140 162.591 159.473 153.974 144.416
4 176.776 176.180 174.108 169.968 162.794 150.582
5 184.972 184.217 181.578 176.287 167.181 152.576
6 185.980 185.333 183.100 178.676 171.061 158.287
7 199.096 198.272 195.398 189.623 179.495 162.001
8 216.896 215.896 212.412 205.413 193.174 172.434
9 225.898 224.710 220.583 212.378 198.383 175.865
10 244.435 243.217 238.968 230.425 215.431 189.471

wr = 0.2

f [Hz] µ2 = 0.5 µ2 = 0.6 µ2 = 0.7 µ2 = 0.8 µ2 = 0.9 µ2 = 1.0
1 130.372 130.108 129.115 126.803 121.301 100.712
2 165.537 164.905 162.647 158.114 150.573 137.944
3 189.423 188.547 185.392 178.882 167.221 145.740
4 210.370 209.195 204.960 196.194 180.468 152.419
5 221.836 220.574 216.027 206.624 189.621 154.827
6 227.918 226.446 221.134 210.098 190.281 160.162
7 244.960 243.387 237.704 225.890 204.454 164.913
8 272.209 270.326 263.513 249.319 223.448 175.859
9 293.209 290.917 282.631 265.361 234.039 179.657
10 311.516 309.246 301.037 283.905 252.558 194.046

wr = 0.4

f [Hz] µ2 = 0.5 µ2 = 0.6 µ2 = 0.7 µ2 = 0.8 µ2 = 0.9 µ2 = 1.0
1 140.826 140.492 139.184 136.283 130.271 101.852
2 203.553 202.225 197.089 186.114 166.884 137.668
3 239.065 237.382 230.872 216.855 191.588 145.767
4 276.049 273.866 265.398 247.060 213.592 152.724
5 292.251 289.906 280.829 261.187 225.333 155.498
6 308.409 305.770 295.539 273.311 232.232 160.473
7 331.756 328.915 317.892 293.924 249.692 165.925
8 375.161 371.817 358.831 330.532 277.985 177.170
9 417.794 413.801 398.274 364.315 300.757 181.270
10 434.675 430.699 415.243 381.526 318.649 196.020
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Table 21. First ten natural frequency variations for ED3 theory of a CCFF helicoidal surface (Figure 4c)
reinforced by CNTs distributed as in Figure 5c for different mass fractions wr when varying the
parameter of agglomeration µ2 with µ1 = 0.5. The Chebyshev-Gauss-Lobatto grid distribution was
employed, with IN = 31, IM = 21.

Theory: ED3

Elastic Foundations: ρ(−) = 1800 kg/m3, h(−)
f = 0.15 m, k(−)

2f = 20 × 107 N/m3, k(−)
3f = 35 × 107 N/m3

wr = 0.1

f [Hz] µ2 = 0.5 µ2 = 0.6 µ2 = 0.7 µ2 = 0.8 µ2 = 0.9 µ2 = 1.0
1 119.831 119.536 118.460 116.069 110.954 97.923
2 149.260 149.001 148.106 146.348 143.316 136.934
3 164.665 164.220 162.668 159.547 154.043 144.473
4 176.944 176.347 174.270 170.120 162.929 150.692
5 185.132 184.376 181.736 176.440 167.319 152.674
6 186.251 185.601 183.357 178.913 171.269 158.437
7 199.453 198.625 195.740 189.942 179.770 162.172
8 217.527 216.523 213.019 205.982 193.666 172.777
9 226.023 224.835 220.709 212.508 198.524 176.005
10 245.348 244.123 239.852 231.264 216.186 190.036

wr = 0.2

f [Hz] µ2 = 0.5 µ2 = 0.6 µ2 = 0.7 µ2 = 0.8 µ2 = 0.9 µ2 = 1.0
1 130.437 130.173 129.180 126.868 121.365 100.754
2 165.628 164.993 162.729 158.181 150.614 137.958
3 189.544 188.667 185.508 178.988 167.312 145.803
4 210.625 209.447 205.203 196.420 180.660 152.534
5 222.209 220.940 216.380 206.949 189.828 154.937
6 228.184 226.709 221.391 210.342 190.561 160.330
7 245.505 243.926 238.226 226.374 204.864 165.116
8 273.124 271.235 264.395 250.147 224.165 176.245
9 293.353 291.061 282.773 265.497 234.171 179.805
10 312.790 310.509 302.266 285.064 253.579 194.677

wr = 0.4

f [Hz] µ2 = 0.5 µ2 = 0.6 µ2 = 0.7 µ2 = 0.8 µ2 = 0.9 µ2 = 1.0
1 140.902 140.567 139.257 136.353 130.339 101.896
2 203.733 202.401 197.258 186.262 166.988 137.680
3 239.241 237.556 231.040 217.010 191.718 145.834
4 276.411 274.225 265.746 247.387 213.870 152.843
5 292.774 290.426 281.332 261.660 225.735 155.614
6 308.769 306.127 295.887 273.641 232.520 160.653
7 332.515 329.668 318.623 294.614 250.285 166.148
8 376.390 373.033 360.016 331.658 278.974 177.584
9 417.984 413.990 398.458 364.489 300.912 181.419
10 436.360 432.364 416.868 383.072 320.016 196.689
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5. Conclusions

In this paper, various investigations were conducted with regard to the free vibration analysis of
laminated doubly-curved shells and plates resting on elastic foundation and reinforced by Carbon
Nanotubes (CNTs). The results for different higher-order ESL models have been shown, which may also
include the Murakami’s function to capture the zig-zag effect when a soft core is considered. Once the
fundamental system of equations had been developed, the corresponding differential equations were
solved numerically by means of the GDQ method, due to its features of accuracy and reliability.
The various parametric studies prove that dynamic behavior in terms of natural frequencies is highly
affected by several mechanical parameters. In particular, the effects of Winkler-Pasternak foundation,
CNT agglomeration and mass fraction were investigated and discussed through several graphs and
tables. The following observations can be made:

- the choice and variation of the mechanical parameters that characterize the elastic foundation
have a significant impact on the values of natural frequencies;

- interesting behaviors can be observed in terms of natural frequencies when the mechanical
parameters of the foundation are increased; in particular, bifurcation points and peculiar
overlapping can be noted;

- analogously, the natural frequency values are considerably affected by the agglomeration of
CNTs; this aspect is extremely clear when the mass fraction of CNTs reaches higher values;

- the dynamic response of the structure can be modified by varying the parameters that define the
through-the-thickness volume fraction distribution of CNTs;

- several analytical distributions can be chosen to describe peculiar through-the-thickness volume
fraction distributions, such as power law, exponential and Weibull functions; it should be noted
that, at the present time, these distributions are not available in FEM commercial codes;

- the comparison with the commercial FEM software shows good agreement of results, for those
cases that can be analyzed and compared.

Finally, the authors believe that the present investigations could help engineers and researchers
in studying and designing shell structures reinforced by CNTs and resting on elastic foundations,
by providing the proper values for CNT agglomeration, and a more suitable foundation model for
obtaining the optimal dynamic response.
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