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Abstract: Concurrence provides us an effective approach to quantify entanglement, which

is quite important in quantum information processing applications. In the paper, we mainly

review some direct concurrence measurement protocols of the two-qubit optical or atomic

system. We first introduce the concept of concurrence for a two-qubit system. Second, we

explain the approaches of the concurrence measurement in both a linear and a nonlinear

optical system. Third, we introduce some protocols for measuring the concurrence of the

atomic entanglement system.
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1. Introduction

Entanglement has been regarded as a key source in quantum information processing (QIP) since it

was first introduced by Einstein, Podolsky and Rosen [1] and Schrödinger [2]. Nowadays, entanglement

is required in nearly all quantum communication and computation protocols [3], such as quantum

teleportation [4–7], dense coding [8,9], quantum key distribution (QKD) [10–12], quantum secure
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direct communication [13–15], quantum computation [16–19], and other protocols [20–23]. During

the past decade, with the rapid development of the experimental process on quantum control, there is

a rapidly growing interest in entanglement generation [24–32]. For example, in 2005, six or eight ions

were entangled [24,25]. In 2007, photons were used to demonstrate entanglement between six or ten

qubits [26,27]. Actually, at an earlier time, with the help of spin squeezing, entanglement of 107 atoms

was created in cold atomic clouds [28], and large-scale entangling operations were realized in optical

lattices of 105 two-state atoms [29].

How to quantify the entanglement is important in QIP applications. Bell inequalities [33] and

entanglement witnesses [34–36] are the early approaches to realize the entanglement characterization.

However, it is difficult for them to provide satisfactory results of the entanglement measurement,

for they only disclose the entanglement of some states while failing for other states [37]. Another

indirect entanglement measurement method is the quantum state tomographic reconstruction [38–40]. In

quantum state tomographic reconstruction, we need to first reconstruct the density matrix of an unknown

quantum state by measuring a complete set of observables and then calculate its entanglement. However,

this approach is only suitable for small quantum systems, for the number of measured observables grows

exponentially with the dimension of the system [38].

In 1996, Bennett et al. proposed an entanglement measurement method named entanglement of

formation (EOF) [41,42]. For a general quantum system consisting of two parts, here named A and B,

an arbitrary pure state can be written as [43]:

|Φ〉 =
n∑

i=1

ci|φA
i 〉 ⊗ |φB

i 〉. (1)

Here, {|φA
1 〉, . . . , |φA

n 〉} and {|φB
1 〉, . . . , |φB

n 〉} are sets of orthonormal states for A and B, respectively.

The ci’s are a set of positive coefficients. The values of ci precisely show the features of the state |Φ〉 that

do not change when the parts of the system are subjected to separate unitary transformations. Therefore,

the coefficients ci’s are of vice importance and any reasonable definition of the entanglement of |Φ〉
should depend only on those values. In this way, the EOF for the state in Equation (1) is defined as:

E(Φ) = S(TrB|Φ〉〈Φ|) = S(TrA|Φ〉〈Φ|) = −
n∑

i

c2i log2c
2
i , (2)

where S means the von Neumann entropy. For describing the significance of the EOF, we take a

particular entangled state, the singlet state |Ψ−〉 = 1/
√
2(|01〉 − |10〉), as the standard state and define

its entanglement to be one ”ebit”. Suppose the two parties Alice and Bob want to create n copies of |Φ〉;
they will need nE(Φ) singlet pairs in total [41].

On the other hand, the definition of EOF can be extended to a mixed state. Under this case, the EOF

is designed to pick out the irreducible entanglement of the mixed state. Suppose Alice and Bob hope to

create a mixed state ρ. They first write down a decomposition of ρ into pure states as:

ρ =
N∑

j=1

pj|Φj〉〈Φj|, (3)
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where |Φj〉 is the distinct (but not necessarily orthogonal) normalized pure states of the bipartite system

and pj is the non-negative real coefficient. The number of singlet pairs they needed can be written as:

number of singlet pairs =
N∑

j=1

pjE(Φj). (4)

This number largely depends on the particular decomposition of ρ that was chosen. The EOF of the state

in Equation (3) is defined as the minimum number of the singlet pairs required to create ρ. In this way,

for a mixed state in Equation (3), the EOF is:

Ef (ρ) = inf
∑

j

pjE(Φj), (5)

corresponding to the decomposition that minimizes the expression in Equation (4).

It was proven that there is a general formula of Ef [42,44,45], which is based on an exactly calculable

quantity, that is concurrence (C). For a pure state |Φ〉 in a two-qubit system, C(|Φ〉) is defined as

C(|Φ〉) = |〈Φ|Φ̃〉|. The |Φ̃〉 = (σy ⊗ σy)|Φ∗〉, where σy is the Pauli operator

(
0 −i
i 0

)
, and |Φ∗〉

is the complex conjugate of |Φ〉. For a two-qubit system, the relationship between the concurrence and

EOF can be written as:

E(|Φ〉) = ε(C(|Φ〉)), (6)

where:

ε(C) = −1 +
√
1− C2

2
log2

1 +
√
1− C2

2
− 1−

√
1− C2

2
log2

1−
√
1− C2

2
. (7)

Similar to the EOF definition of a mixed state ρ, we can also define the concurrence of a mixed state

as the average concurrence of an ensemble of the decomposition of ρ =
∑

j pj|Φj〉〈Φj |, which is the

minimum value over all decompositions of ρ. In this way, the concurrence can be written as [46]:

C(ρ) = inf
∑

j

pjC(Φj). (8)

According to [43], there always exists a decomposition of ρ that achieves the minimum in Equation (8)

with a set of pure states. Therefore, the function ε(C(ρ)) defined in Equation (7) also provides us the

EOF as:

Ef (ρ) = ε(C(ρ)). (9)

On the other hand, according to [45], there is an explicit formula for concurrence as:

C(ρ) = max{0, λ1,−λ2,−λ3,−λ4}. (10)

In Equation (10), λi(i = 1, 2, 3, 4) is the non-negative eigenvalue of the Hermitian matrixR =
√√

ρρ̃
√
ρ

in decreasing order. Here, ρ̃ = (σy ⊗ σy)ρ
∗(σy ⊗ σy), and ρ∗ is the complex conjugate of ρ. It can be

found that Equation (10) can reduce to the concurrence of the pure state formula C(Φ) = |〈Φ|Φ̃〉| when

ρ is a pure state as |Φ〉〈Φ|.
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If we express the state |Φ〉 in the standard basis as:

|Φ〉 = c0|00〉+ c1|01〉+ c2|10〉+ c3|11〉, (11)

where |c0|2 + |c1|2 + |c2|2 + |c3|2 = 1, the connection between concurrence and entanglement of a

two-qubit system can be particularly clear. It can be found that |Φ〉 is factorizable only under the case

that c0c3 = c1c2. Therefore, we can take the difference between c0c3 and c1c2 as a measurement of

entanglement. In this way, we can obtain a more clear definition of the concurrence as [43,45,47]:

C(|Φ〉) = 2|c0c3 − c1c2|. (12)

Based on Equation (12), one can directly measure the concurrence of pure states by detecting only

one single factorizable observable, which indicates that two copies of the composite state are available.

In this way, some efficient concurrence measurement protocols based on a linear optical system or a

nonlinear optical system have been proposed [48–57].

The review is organized as follows: Section 2 will explain some concurrence measurement protocols

for the optical states. Section 3 will explain some concurrence measurement protocols for the atomic

state. Section 4 will make a brief discussion and a conclusion.

2. The Concurrence Measurement for the Optical States

In 2006, Walborn et al. first experimentally realized the direct concurrence measurement of an

arbitrary pure momentum photon stateas α|01〉ab + β|10〉ab [48,49]. Here, a and b represent two spatial

modes, while “1” and “0” represent one and zero photons, respectively. The measurement process relies

on the hyperentanglement. The experimental setup of the protocol is shown in Figure 1. In the protocol,

two copies of a bipartite quantum state are created using a photon pair, which are generated in the

spontaneous parametric down-conversion source. The polarization degree of freedom is stored in one

copy of the quantum state, and the momentum degree of freedom is stored in the other copy. Owing

to momentum conservation, the momentum states can be generated with neutral filters, phase plates

and beam splitters, which combine different momentum modes [58–60]. Meanwhile, an arbitrary pure

polarization state can be prepared by pumping two perpendicular nonlinear crystals with the additional

help of the half and quarter wave plates placed in the path of both of the pump beams [61].

In the experimental process, all of the measurements focus on only a single photon, for example the

first photon, which can significantly facilitate the experimental operation. According to the description

above, a hyperentangled state of the first photon can be generated as:

|Φ〉 = (α|01〉ab + β|10〉ab)⊗ (β|H〉 ± α|V 〉) (13)

where |H〉 and |V 〉 represent the horizontal and vertical polarization state, respectively, and |a〉 and |b〉
represent two different momentum modes. In this way, the first photon may be in four possible Bell

states as:

|ψ±〉 = αβ(|H〉|b〉 ± |V 〉|a〉),
|φ±〉 = α2|H〉|a〉 ± β2|V 〉|b〉, (14)
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It can be found that the success probability for obtaining |ψ−〉 or |ψ+〉 is PA = 2|αβ|2. On the other

hand, based on Equation (12), the theoretical value of concurrence of α|01〉ab + β|10〉ab is C = 2|αβ|.
Therefore, the concurrence can be determined by the success probability for obtaining the first photon in

the antisymmetric state as |ψ±〉.

Figure 1. The experimental setup of the concurrence measurement protocol for the pure

momentum entangled state as α|01〉ab + β|10〉ab in [48,49]. Two photon pairs, which bear

entanglement in polarization and momentum degrees of freedom, respectively, can be created

by the setup of Source. D1 and D2 represent the single photon detectors. HWP is the

half-wave plate, and QWP is the quarter-wave plate. PBS is the polarizing beam splitter, and

LC is the cylindrical lens. POL represents the polarization filter, while CNOT means the

controlled-not gate. H and V indicate horizontal and vertical polarization, respectively.

The process to pick up |ψ±〉 is as follows. The key setup is the interferometer, which is constructed

by the polarizing beam splitter (PBS) and three focal length cylindrical lenses. According to Figure 1,

the input photon first enters a polarizing beam splitter (PBS), which can transmit the photon in |H〉 and

reflect the photon in |V 〉. After the PBS, with the help of three 150-mm focal length cylindrical lenses,

which are rotated by 45◦ and −45◦, respectively, the photons in |H〉 and |V 〉 will propagate in opposite

directions within the interferometer and leave through the same exit port. As the photons in |H〉 and |V 〉
encounter the lenses oriented at different angles, the resulting image of the photon in |H〉 is rotated by

90◦, while that of the photon in |V 〉 is rotated by −90◦, respectively. The interferometer performs the

so-called controlled-not gate (CNOT) operation, for the momentum state of the output states will depend

on the polarization [62]. If the photon is in |V 〉, |a〉 will evolve to |b〉, and vice versa. If the photon is in

|H〉, the momentum states will remain unchanged. In this way, after the CNOT operation, the four Bell

states in Equation (14) can be transformed to:

|ψ±〉 → 1√
2
(|H〉 ± |V 〉)|b〉 = |±〉|b〉,

|φ±〉 → 1√
2
(|H〉 ± |V 〉)|a〉 = |±〉|a〉. (15)
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Therefore, the success probability for obtaining |ψ±〉 equals that of obtaining |±〉|b〉. Then, the parties

make the output photons from the PBS pass through another half-wave plate and polarization analyzer

to discriminate the different polarization states. Meanwhile, they position two single photon detectors in

the paths of Modes a and b to discriminate the momentum state. In this way, the success possibility for

obtaining |±〉|b〉 can be easily measured.

In 2013, the group of Cao proposed three theoretical protocols to measure the concurrence of a special

two-photon polarization-entangled state as |ψ〉 = β|HH〉+ γ|V V 〉, where |β|2 + |γ|2 = 1 [50].

The first protocol is in linear optics, as shown in Figure 2. Two identical signal photon pairs are

prepared in the special two-photon polarization-entangled pure states as:

|ψ1〉ad1 = β|HH〉ad1 + γ|V V 〉ad1 ,
|ψ2〉bc1 = β|HH〉bc1 + γ|V V 〉bc1 . (16)

The parties make the photons in c1 and d1 modes pass through the 50:50 beam splitter (BS). Then, the

whole four-photon system can evolve to:

|ψ1〉ad1 ⊗ |ψ2〉bc1 → β2

√
2
|HH〉ab ⊗ (|HH〉c − |HH〉d) +

γ2√
2
|V V 〉ab ⊗ (|V V 〉c − |V V 〉d)

+
βγ

2
(|HV 〉ab + |V H〉ab)⊗ (|HV 〉c − |HV 〉d)

+
βγ

2
(|HV 〉ab − |V H〉ab)⊗ (|HV 〉cd − |V H〉cd). (17)

Figure 2. Schematic drawing of the first protocol of [50] with linear optics. Two pairs of

two-photon purification-entangled states are required. The BS represents the 50:50 beam

splitter. Dc and Dd are the single photon detectors.

The output photons in the spatial Modes c and d are detected by the single photon detectors Dc and

Dd, respectively. The parties select the items that make both of the two detectors fire. In this way, the

four-photon state in Equation (17) will collapse to the balanced states as:

|ψ3〉ab = |HV 〉ab − |V H〉ab, (18)

with the success probability of P1 = |βγ|2.
According to Equations (11) and (12), C(|ψ1〉) = 2|βγ| = 2

√
P1. Therefore, the concurrence of the

two-photon polarization-entangled state can be directly measured by measuring the success probability

for picking up the state of Equation (18). However, the detection efficiency of single-photon detectors is
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relatively low, and two of the four signal photons will be absorbed after the detection. For overcoming

these two problems, in the second protocol, they adopt the cross-Kerr nonlinearity to realize the quantum

nondemolition detection (QND) for the photons.

Before explaining the protocol in detail, we introduce the principle of the QND gate constructed

by the cross-Kerr nonlinearity briefly [63–71]. The cross-Kerr nonlinearity can be described with its

Hamiltonian [72]:

Hck = ~χn̂an̂b, (19)

where ~χ is the coupling strength of the nonlinearity, which depends on the cross-Kerr-material. n̂a

and n̂b are the photon number operators for Modes a and b. A coherent beam in the state |α〉 and a

single photon pulse with the form of |ψ〉 = γ|0〉 + δ|1〉 interact with the cross-Kerr material. After the

interaction, the system can evolve to:

Uck|ψ|α〉 = (γ|0〉+ δ|1〉)|α〉 → γ|0〉|α〉+ δ|1〉|αeiθ〉. (20)

Here, |0〉 and |1〉 mean no photon and one photon, respectively. θ = χt, and t means the interaction

time for the signal photon with the nonlinear material. According to Equation (20), the phase shift of

the coherent state is directly proportional to the photon number. By measuring the phase shift of the

coherent state, one can judge the number of the signal photons without destroying the photon.

As shown in Figure 3, in the second protocol, the parties make the output photon in c and d modes

pass through the cross-Kerr nonlinearities, which will make the coherent state |α〉 pick up the phase shift

of θ and −θ, respectively. After the cross-Kerr nonlinearities, the four-photon state in Equation (17) will

evolve to:

|ψ〉abcd =
β2

√
2
|HH〉ab ⊗ (|HH〉c|αei2θ〉 − |HH〉d|αe−i2θ〉)

+
γ2√
2
|V V 〉ab ⊗ (|V V 〉c|αei2θ〉 − |V V 〉d|αe−i2θ〉)

+
βγ

2
(|HV 〉ab + |V H〉ab)⊗ (|HV 〉c|αei2θ〉 − |HV 〉d|αe−i2θ〉)

+
βγ

2
(|HV 〉ab − |V H〉ab)⊗ (|HV 〉cd − |V H〉cd)|α〉. (21)

Then, the parties choose the items corresponding to the zero phase shift in the coherent state |α〉. Under

this case, they can also pick up the state in Equation (18) with the probability of P2 = |βγ|2.
In the protocol, the complex single photon detectors are not required. Moreover, after the detection,

the photons in the c and d modes can be remained for other applications. Both of the two above protocols

can also be used to measure the concurrence of general two-photon polarization pure state as |ϕ〉 =

c0|HH〉+ c1|HV 〉 + c2|V H〉 + c3|V V 〉. However, they cannot be used to measure the concurrence of

the mixed state. The third protocol is an improvement of the second one, which can directly measure the

concurrence of both pure and mixed states.

In the third protocol, suppose that two slightly different copies of the mixed photon states are prepared

as [73,74]:

ρ12(F ) = F |ψ〉〈ψ|+ (1− F )|HV 〉〈V H|,
ρ34(F

′) = F ′|ψ〉〈ψ|+ (1− F ′)|HV 〉〈V H|. (22)
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where |ψ〉 is the state in Equation (16). The concurrence of the mixed state is C[ρ(F )] = 2F |βγ|.

Figure 3. Schematic drawing of the second protocol in [50] with the cross-Kerr

nonlinearities. The single photon in the c and d modes will make the coherent state |α〉
pick up the phase shift of θ and −θ, respectively.

Figure 4 shows the principle of the third protocol. Comparing with the second protocol, another

cross-Kerr nonlinearity was adopted. The parties make the photons in the a1 and b1 modes pass through

BS2, and the photons in c1 and d1 modes pass through BS1, simultaneously. Then, the output photons

in the a and b and the c and d modes enter two QND gates, respectively. After the interaction, if both the

two coherent states pick up no phase shift, they can select the balanced state at the output Modes c, d of

BS1 and a, b of BS2 as:

FF ′|βγ|2
4

(|HV 〉ab − |V H〉ab)(ab〈HV | −ab 〈HV |)⊗ (|HV 〉cd − |V H〉cd)(cd〈HV | −cd 〈HV ), (23)

with the probability of P3 = FF ′|βγ|2.

Figure 4. Schematic drawing of the third protocol in [50]. The parties also make photons

in a and b modes pass through the cross-Kerr nonlinearities. The single photons in a and

c modes will make the coherent state |α〉 pick up the phase shift of −θ, while the single

photons in the b and d modes will make it pick up θ.

Actually, Under this case, the obtained concurrence is Cm = 2
√
P3 = 2

√
FF ′|βγ| =√

F/F ′C[ρ(F )]. As the difference between F and F ′ is slight, F/F ′ only slightly deviates from one. If

the two copies ρ12(F ) and ρ34(F
′) are identical, that is F = F ′, the concurrence actually obtained of the

mixed state equals C((F )) = 2F |βγ|.
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In the same year, the group of Cao put forward another protocol for directly measuring the

concurrence of arbitrary two-photon polarization-entangled pure state based on the parity-check

measurement (PCM) [51]. The structure of the PCM gate is shown in Figure 5. This PCM gate also

resorts to the cross-Kerr nonlinear interaction and can distinguish the superposition and the mixtures of

the states |HV 〉 and |V H〉 from |HH〉 and |V V 〉. Suppose the parties prepare two single photon states

in the spatial Modes a and b as:

|ψ〉a = d1|H〉a + d2|V 〉a, |ψ〉b = d3|H〉b + d4|V 〉b. (24)

                                              

                                            

a

HWP45

X X

Homodyne

HWP45

b

ac

bc

a1

b1PBS PBS

Figure 5. The structure of the PCM gate in [51]. The PBS can transmit the |H〉 polarized

photon and reflect the |V 〉 polarized photon. HWP45 represents the half-wave plate oriented

at 45◦, which can make |H〉 ↔ |V 〉. The output photons from the PBS enter the cross-Kerr

nonlinear media in the spacial modes of ac and bc. The single photons in ac and bc modes

can make the coherent state |α〉 pick up the phase shift of θ and −θ, respectively.

The parties make the two single photons pass through the PCM gate. The PBS can transmit the photon

in |H〉 and reflect the photon in |V 〉. HWP45 is the half-wave plate oriented at 45◦, which can make

|H〉 ↔ |V 〉. The output photons from the left PBS enters the cross-Kerr nonlinear medias in the ac and

bc modes, which will make the coherent state |α〉 pick up the phase shift of θ and −θ, respectively. The

phase shifts ±θ are undistinguishable in the homodyne measurement. After the PCM gate, the whole

two-photon system combined with the coherent state |α〉 will evolve to:

|ψ〉a ⊗ |ψ〉b ⊗ |α〉 → (d1d4|HV 〉a1b1 + d2d3|V H〉a1b1)|α〉
+(d1d3|HH〉a1b1 |αe−2iθ〉+ d2d4|V V 〉a1b1 |αe2iθ〉). (25)

In this way, one can distinguish the odd parity states |HV 〉 and |V H〉 from the even parity states |HH〉
and |V V 〉 according to the different phase shifts of the coherent state.

The schematic principle of the protocol is shown in Figure 6. In the protocol, it requires two copies

of arbitrary two-photon polarization-entangled states, say |φ12〉 and |φ34〉 with the form of:

|φ12(34)〉 = c0|HH〉+ c1|HV 〉+ c2|V H〉+ c3|V V 〉. (26)
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The parties firstly make Photons 2 and 4 pass through the PCM1, and Photons 1 and 3 pass through the

PCM2, respectively. After the parity-check measurement, they pick up both the odd states of Photons 2,

4 and 1, 3. In this way, the whole four-photon system will collapse to:

|φodd1〉1324 =
1√
N
[c0c3(|HVHV 〉1324 + |V HVH〉1324) + c1c2(|HV V H〉1324 + |V HHV 〉1324)], (27)

where the N = 2(|c0c3|2 + |c1c2|2). The success probability to obtain the state of Equation (27) is

P1 = N .

                                              

                                            

2 1

34

HWP22.5

P
C

M
1

P
C

M
2

P
C

M
3

12

34

Figure 6. Schematic drawing of the protocol for directly measuring the concurrence of

arbitrary two-photon polarization entangled states in [51]. The structure of Parity-Check

Measurement 1 (PCM1), PCM2 and PCM3 is shown in Figure 5. HWP22.5 is the half-wave

plate oriented at 22.5◦, which can make |H〉 → (|H〉+|V 〉)/
√
2 and |V 〉 → (|H〉−|V 〉)/

√
2.

Then, they make Photons 1 and 3 pass through theHWP22.5, which can make |H〉 → (|H〉+|V 〉)/
√
2

and |V 〉 → (|H〉 − |V 〉)/
√
2. After the HWP22.5, the state of Equation (27) will evolve to:

|φHWP 〉 =
(c1c2 + c0c3)

2
√
N

(|HH〉13 − |V V 〉13)⊗ (|HV 〉24 + |V H〉24)

+
(c1c2 − c0c3)

2
√
N

(|HV 〉13 − |V H〉13)⊗ (|HV 〉24 − |V H〉24). (28)

Finally, the parties make Photons 1 and 3 pass through PCM3 and pick up the odd parity state of Photons

1 and 3 again. In this way, the state in Equation (28) will collapse to:

|φodd2〉1324 =
1

2
(|HV 〉13 − |V H〉13)⊗ (|HV 〉24 − |V H〉24), (29)

with the success probability P2 =
|c0c3−c1c2|2

N
.

It can be found that both the Photon Pairs 1, 3 and 2, 4 are the maximally-entangled states, which can

be kept for further applications. The total success probability to obtain the state in Equation (29) is the

product of the success probabilities in the above two steps, that is P = P1P2 = |c0c3 − c1c2|2.
In this way, we can finally obtain the concurrence of the arbitrary two-photon polarization-entangled

state as:

C(|φ〉) = 2|c0c3 − c1c2| = 2
√
P. (30)

Besides the cross-Kerr nonlinearity, some other nonlinear elements can also be used to realize

the concurrence measurement of photon states. In 2013, Zhou proposed a concurrence measurement

protocol for an arbitrary two-photon entanglement state with the help of the photonic Faraday

rotation [52].
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The basic principle of the photonic Faraday rotation is shown in Figure 7 [75–81]. The parties make

a three-level atom trap in the one-side low-quality (Q) cavity, where the states |gL〉 and |gR〉 represent

the two Zeeman sub-levels of its degenerate ground state, and |e〉 represents the excited state. A single

photon pulse with the form of |ϕin〉 = 1√
2
(|L〉 + |R〉) enters the cavity and reacts with the three-level

atom, where |L〉 and |R〉 represent the left-circular polarization and right-circular polarization of the

input photon, respectively. When the atom absorbs or emits a |L〉 (|R〉) polarized photon, it will cause

the transitions |gL〉 ↔ |e〉 (|gR〉 ↔ |e〉).

L R

Input

Output

Figure 7. The interaction between the photon pulse and the three-level atom in the

low-quality (Q) cavity. We make a three-level atom trap in a low-Q cavity. |gL〉 and |gR〉
represent the two Zeeman sub-levels of its degenerate ground state, and |e〉 represents its

excited state. The state |gL〉 and |gR〉 couple with a left- (L) polarized and a right- (R)

polarized photon, respectively.

When the photon pulse pass through the low-Q cavity, if the photon pulse takes action, the output

photon state will convert to |ϕout〉 = r(ωp)|L(R)〉 ≃ eiφ|L(R)〉. Otherwise, the single photon would only

sense the empty cavity, and the output photon state will convert to |ϕout〉 = r0(ωp)|L(R)〉 = eiφ0 |L(R)〉.
In this way, for an input single-photon state |ϕin〉 = 1√

2
(|L〉 + |R〉), if the initial atomic state is |gL〉,

the output photon state can evolve to:

|ϕout〉− =
1√
2
(eiφ|L〉+ eiφ0 |R〉), (31)

while if the initial atom state is |gR〉, the output photon state will evolve to:

|ϕout〉+ =
1√
2
(eiφ0 |L〉+ eiφ|R〉). (32)

Based on Equation (31) and Equation (32), the angle Θ−
F = φ0 − φ or Θ+

F = φ − φ0 is defined as the

photonic Faraday rotation.

Therefore, under a special condition that φ = π and φ0 =
π
2
, the relation between the input and output

photon state can be rewritten as [79]:

|L〉|gL〉 → −|L〉|gL〉, |R〉|gL〉 → i|R〉|gL〉,
|L〉|gR〉 → i|L〉|gR〉, |R〉|gR〉 → −|R〉|gR〉. (33)

In the measurement protocol of [52], two nonlocal parties, Alice and Bob, share two pairs of arbitrary

two-photon entangled states with the same form of:

|φ1〉a1b1 = α|RR〉a1b1 + β|RL〉a1b1 + γ|LR〉a1b1 + δ|LL〉a1b1,
|φ2〉a2b2 = α|RR〉a2b2 + β|RL〉a2b2 + γ|LR〉a2b2 + δ|LL〉a2b2, (34)
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where |α|2 + |β|2 + |γ|2 + |δ|2 = 1.

The protocol includes two steps. As shown in Figure 8, the two parties make three three-level atoms,

here named “1”, “2” and “3”, with the same form of |ϕ〉 = 1√
2
(|gL〉+ |gR〉) trap in three low-Q cavities,

respectively. In the first step, they both make the photons in their hands pass through low-Q cavities and

interact with Atoms 1 and 2, simultaneously. Based on Equation (33), the relation between the input and

output photon-atom state can be written as:

|R〉|R〉(|gL〉+ |gR〉) → |R〉|R〉(−|gL〉+ |gR〉),
|L〉|L〉(|gL〉+ |gR〉) → |L〉|L〉(|gL〉 − |gR〉),
|R〉|L〉(|gL〉+ |gR〉) → −i|R〉|L〉(|gL〉+ |gR〉),
|L〉|R〉(|gL〉+ |gR〉) → −i|L〉|R〉(|gL〉+ |gR〉). (35)

Then, each of them picks up the photon state in odd parity, which does not change the atomic state.

Under this case, the state of the whole four photons will evolve to:

|Φ1〉a1a2b1b2 = αδ(|RLRL〉a1a2b1b2 + |LRLR〉a1a2b1b2) + βγ(|RLLR〉a1a2b1b2 + |LRRL〉a1a2b1b2), (36)

with the success probability of P1 = 2|αδ|2 + 2|βγ|2.

Figure 8. A schematic drawing of the concurrence measurement protocol for the arbitrary

two-photon entanglement state in [52]. Two pairs of photonic states with the form of |φ〉 =
α|RR〉ab + β|RL〉ab + γ|LR〉ab + δ|LL〉ab are generated by the single photon source S. The

parties Alice and Bob make three three-level atoms with the same form of 1√
2
(|gL〉 + |gR〉)

trap in three low-Q cavities, respectively. They make the photons in Modes a and b pass

through the cavity and interact with the three-level atoms. The QWP represents the quarter

wave plate.

Then, in the second step, Alice makes the photons in a1 and a2 modes pass through the quarter-wave

plate (QWP), which can make |R〉 → 1√
2
(|R〉 + |L〉) and |L〉 → 1√

2
(|R〉 − |L〉). After that, the state of

Equation (36) will evolve to:

|Φ2〉a1a2b1b2 = (αδ + βγ)(|RR〉 − |LL〉)a1a2(|RL〉+ |LR〉)b1b2
+(αδ − βγ)(|LR〉 − |RL〉)a1a2(|RL〉 − |LR〉)b1b2. (37)
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After the quarter-wave plate (QWP), Alice makes the two photons in her hand enter another cavity

and interact with Atom “3”, and she also picks up the photon state in odd parity. In this way, the state of

Equation (37) will finally evolve to:

|Φ3〉a1a2b1b2 = (|LR〉 − |RL〉)a1a2(|RL〉 − |LR〉)b1b2, (38)

with the success probability of P2 =
|αδ−βγ|2

2(|αδ|2+|βγ|2) .

Based on the two steps described above, the total success probability for obtaining the state in

Equation (38) can be calculated as:

Ptotal = P1P2 = |αδ − βγ|2 = C2(|φ〉)
4

. (39)

Therefore, the concurrence of |φ1〉a1b1 can be easily obtained by measuring the success probability for

obtaining the state of Equation (38).

In 2014, Sheng et al. proposed an effect concurrence measurement protocol for the hyperentangled

state [57]. Considering an enlarged Hilbert space, the hyperentangled state can be regarded as the product

of N Bell states with the form of [82,83]:

|Υ〉 = |Θ1〉 ⊗ |Θ2〉 · · · |ΘN〉. (40)

Here, N denotes the degrees of freedom. Suppose that the concurrence of the Bell state |Θi〉 is

Ci(i = 1, 2, · · ·N); the total concurrence of the hyperentangled state can be written as:

Chyper =

N∑

i=1

CN . (41)

The protocol can be used to measure the concurrence of an arbitrary hyperentangled state with four

different coefficients. In the protocol, the parties require two pairs of arbitrary polarization-momentum

hyperentangled states with the form of:

|φ〉 = |φ〉p ⊗ |φ〉m = (α1|Ha〉|Hb〉+ β1|Va〉|Vb〉+ γ1|Ha〉|Vb〉+ δ1|Va〉|Hb〉)
⊗(α2|a1〉|b1〉+ β2|a2〉|b2〉+ γ2|a1〉|b2〉+ δ2|a2〉|b1〉), (42)

where |α1|2 + |β1|2 + |γ1|2 + |δ1|2 = 1 and |α2|2 + |β2|2 + |γ2|2 + |δ2|2 = 1.

The protocol includes two steps. The first step is used to measure the momentum entanglement.

As shown in Figure 9, the parties make the photons in the a1, b1, a3 and b3 modes pass through two

cross-Kerr materials with the coherent states of |τ〉A and |τ〉B , respectively. If both of the coherent states

pick up the phase shift of ±θ, the momentum entanglement state will become:

|φ〉1 =
α2β2√

2(|α2β2|2 + |γ2δ2|2)
(|a1〉|a4〉|b1〉|b4〉+ |a2〉|a3〉|b2〉|b3〉)

+
γ2δ2√

2(|α2β2|2 + |γ2δ2|2)
(|a1〉|a4〉|b2〉|b3〉+ |a2〉|a3〉|b1〉|b4〉), (43)

with the success probability being P1m = 2(|α2β2|2 + |γ2δ2|2).
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Figure 9. The schematic of the concurrence measurement for the momentum entanglement.

Two pairs of hyperentangled states are emitted by the source (S). This setup can make the

parity check for the momentum entanglement.

Then, as shown in Figure 10, the parties make the photons in the spatial Modes b1, b2, b3 and b4 pass

through two BSs, which can make the state |φ〉1 become:

|φ〉′1 =
α2β2 + γ2δ2

2
√

2(|α2β2|2 + |γ2δ2|2)
(|a1〉|a4〉+ |a2〉|a3〉)⊗ (|c1〉|c3〉 − |c2〉|c4〉)

+
α2β2 − γ2δ2

2
√
2(|α2β2|2 + |γ2δ2|2)

(|a1〉|a4〉 − |a2〉|a3〉)⊗ (|c1〉|c4〉 − |c2〉|c3〉). (44)

Figure 10. Schematic principle of the momentum entanglement measurement. In the last

step, we should determine the spatial modes of the state to perform further measurement.

Next, the parties make the output photons in c1, c2, c3 and c4 modes pass through the cross-Kerr

nonlinearities. Under the case that the coherent state picks up the phase shift of θ1 + θ4, |φ〉′1 will

become:

|φ〉′′1 =
1√
2
(|a1〉|a4〉 − |a2〉|a3〉)⊗ |c1〉|c4〉, (45)

with the probability of P2m = |α2β2−γ2δ2|2
4(|α2β2|2+|γ2δ2|2) .
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Based on the process above, the total probability for obtaining |φ〉′′1 is:

Pm = P1mP2m = 2(|α2β2|2 + |γ2δ2|2)
|α2β2 − γ2δ2|2

4|α2β2|2 + |γ2δ2|2
,=

1

2
|α2β2 − γ2δ2|2. (46)

and we can obtain the concurrence of the momentum entanglement as:

C(|φ〉m) = 2|α2β2 − γ2δ2| = 2
√
2Pm. (47)

In the second step, by only considering the polarization entanglement, |φ〉′′1 can be rewritten as:

|ψ〉1 = (α1|Ha〉|Hc〉+ β1|Va〉|Vc〉+ γ1|Ha〉|Vc〉+ δ1|Va〉|Hc〉)
⊗(α1|Ha〉|Hc〉+ β1|Va〉|Vc〉+ γ1|Ha〉|Vc〉+ δ1|Va〉|Hc〉)

⊗ 1√
2
(|a1〉|a4〉 − |a2〉|a3〉)⊗ |c1〉|c4〉. (48)

The parties let the photons in a1, a2, a3 and a4 pass through the setup shown in Figure 10 by removing

the two BSs. If the phase shift of the coherent state is θ1 + θ4, |ψ〉1 will collapse to:

|ψ〉′1 = (α1|Ha1〉|Hc1〉+ β1|Va1〉|Vc1〉+ γ1|Ha1〉|Vc1〉+ δ1|Va1〉|Hc1〉)
⊗(α1|Ha4〉|Hc4〉+ β1|Va4〉|Vc4〉+ γ1|Ha4〉|Vc4〉+ δ1|Va4〉|Hc4〉). (49)

After the measurement, the spatial mode of each photon is deterministic. Next, the parties can start

the concurrence measurement of the polarization entanglement. Suppose each of the two parties owns

a QND gate shown in Figure 11. They first let the four photons in their hands pass through the two

QNDs, respectively, and pick up the case that both the two coherent states pick up the phase shift of

±2θ. Therefore, |ψ〉′1 will become:

|ψ〉′2 =
α1β1√

2(|α1β1|2 + |γ1δ1|2)
(|Ha1〉|Va4〉|Hc1〉|Vc4〉+ |Va1〉|Ha4〉|Vc1〉|Hc4〉)

+
γ1δ1√

2(|α1β1|2 + |γ1δ1|2)
(|Ha1〉|Va4〉|Vc1〉|Hc4〉+ |Va1〉|Ha4〉|Hc1〉|Vc4〉), (50)

with the probability P1p = 2(|α1β1|2 + |γ1δ1|2).

Figure 11. Schematic drawing of the parity check measurement for the polarization entanglement.
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Then, they perform the Hadamard operation on the photons in the a1 and a4 modes, which can make

|H〉 → 1√
2
(|H〉+ |V 〉), |V 〉 → 1√

2
(|H〉− |V 〉). After performing the Hadamard operation, the state |ψ〉′2

will become:

|ψ〉′3 =
α1β1 + γ1δ1

2
√
2(|α1β1|2 + |γ1δ1|2)

(|Ha1〉|Ha4〉 − |Va1〉|Va4〉)⊗ (|Hc1〉|Vc4〉+ |Vc1〉|Hc4〉)

+
α1β1 − γ1δ1

2
√
2(|α1β1|2 + |γ1δ1|2)

(|Ha1〉|Va4〉 − |Va1〉|Ha4〉)⊗ (|Hc1〉|Vc4〉 − |Vc1〉|Hc4〉). (51)

Finally, they make the photons in the a1 and a4 modes pass through the QND gate shown in Figure 10

again and pick up the odd parity state for a second time, which can transform the state |ψ〉′3 to:

|ψ〉′4 =
1

2
(|Ha1〉|Va4〉 − |Va1〉|Ha4〉)⊗ (|Hc1〉|Vc4〉 − |Vc1〉|Hc4〉), (52)

with the probability P2p =
|α2β2−γ2δ2|2

2(|α2β2|2+|γ2δ2|2) .

Therefore, the total probability to obtain the |ψ〉′4 will be:

Pp = P1pP2p = |α1β1 − γ1δ1|2. (53)

We can obtain the concurrence of the polarization entanglement as:

C(|φ〉p) = |α2β2 − γ2δ2| = 2
√
Pp. (54)

In this way, the total concurrence of the polarization-momentum hyperentanglement state can be

written as:

C(|φ〉) = C(|φ〉m) + C(|φ〉p) = 2
√
2Pm + 2

√
Pp. (55)

3. The Concurrence Measures for the Atomic State

Besides the optical system, the concurrence measurement protocols for an atomic state have also been

investigated. In 2007, with the help of the CNOT operation, Romero et al. proposed an efficient protocol

for directly measuring an arbitrary two-qubit pure atomic state [53].

Figure 12. The direct measurement of the concurrence of a two-qubit pure atomic state

in [53]. Two copies of atom states are required. The protocol involves a controlled-not

(CNOT) gate. The σy unitaries and other simple R qubit rotations, followed by the joint

measurement of the four qubits.



Entropy 2015, 17 4309

The schematic principle of the protocol is shown in Figure 12. It requires two copies of the two-qubit

pure atom states with the same form of:

|ψ〉 = c0|gg〉+ c1|ge〉+ c2|eg〉+ c3|ee〉, (56)

where |g〉 and |e〉 represent the ground state and excited state of the two-level atom, respectively.

The parities need to take local operations on the second copy of the atom state as |Φ〉 = |ψ〉 ⊗ (σy ⊗
σy|ψ〉). After the operation, the state of the whole four-atom system can be written as:

|Φ〉 = −c0c3|gggg〉+ c0c2|ggge〉+ c0c1|ggeg〉 − c1c3|gegg〉
−c2c3|eggg〉 − c20|ggee〉 − c23|eegg〉+ c1c2|gege〉
+c21|geeg〉+ c22|egge〉+ c1c2|egeg〉 − c0c1|geee〉
−c0c2|egee〉+ c2c3|eege〉+ c1c3|eeeg〉 − c0c3|eeee〉. (57)

Next, the parties take the CNOT operation between the second and the forth qubit. The second qubit

acts as the control qubit, while the forth qubit acts as the target. If the control qubit is |g〉, the target will

not be affected; conversely, if the control qubit is |e〉, the target will be flipped. Then, the parties apply

the rotation (R) operation on the second qubit, which makes:

|g〉2 →
1√
2
(|g〉2 − |e〉2), |e〉2 →

1√
2
(|g〉2 + |e〉2). (58)

After the CNOT and R operations, the state in Equation (57) will evolve to:

|Φ1〉 =
1√
2
{(c1c2 − c0c3)|gggg〉+ (c1c2 + c0c3)|gegg〉+ (c0c2 − c1c3)|ggge〉

−(c0c2 + c1c3)|gege〉+ 2c2c3|eegg〉 − 2c0c1|geeg〉+ (c21 − c20)|ggee〉
+(c21 + c20)|geee〉+ (c22 − c23)|egge〉 − (c22 + c23)|eege〉+ (c1c2 − c0c3)|egeg〉
−(c1c2 + c0c3)|eeeg〉+ (c0c2 + c1c3)|eeee〉 − (c0c2 − c1c3)|egee〉}. (59)

It can be found that the success probability for picking up |gggg〉 or |egeg〉 is Pgggg = Pegeg =

|c1c2 − c0c3|2/2. In this way, the concurrence information is present in the success probability for

obtaining |gggg〉 and |egeg〉, which can be written as:

C(|ψ〉) = 2
√
2Pgggg = 2

√
2Pegeg. (60)

Therefore, we can directly measure the concurrence of the two-qubit pure atomic state according to the

success probability for obtaining the state |gggg〉 or |egeg〉.
The experimental realization of the protocol is shown in Figure 13. The protocol can be applied

to a two-cavity setup in microwave 3D cavity quantum electrodynamics (QED) and straightforwardly in

trapped ion systems. The first cavity C is used to create two copies of identical entangled two-atom states

with an entangling technique [84,85], and the second cavity D is used to realize the CNOT control [86].

The detailed experimental operations are shown in [53].
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Figure 13. The experimental setup for measuring the concurrence in microwave 3D cavity

quantum electrodynamics (QED) using two cavities and two Ramsey regions in [53].

In 2008, Lee et al. also proposed a protocol for directly measuring the concurrence of an arbitrary

two-qubit cavity system based on the cavity quantum electrodynamics (QED) technique [54]. The

scheme can work for any arbitrary pure state of a two-qubit cavity system, even when the parties do not

have knowledge about the state. The scheme derives from the realization that the concurrence coincides

with the two-particle visibility under suitable interferometric setups [87–94].

The key element of the protocol is the single-particle interference, whose principle is shown in

Figure 14 [95]. The two cavities A and B are prepared in the entangled state as |ϕ〉1 = α|0〉A|1〉B +

β|1〉A|0〉B, where α = |α|eiθa, β = |β|eiθa and |α|2 + |β|2 = 1. |1〉A(B) and |0〉A(B) represent the single

photon state and vacuum state of cavity A (B), respectively. The party makes a two-level atom in its

ground state |g〉 pass through Cavity A, the dispersive interaction region, and Cavity B, successively. The

interaction time between the atom and Cavity A is chosen corresponding to a π-pulse interaction. The

dispersive interaction shifts the phase of the atomic state by Φ only under the case that the atom is in the

upper state |e〉. Therefore, it actually acts as a quantum phase gate for the atom [96,97]. The interaction

time between the atom and Cavity B is chosen corresponding to a π/2-pulse interaction. Thus, after the

atom passes through Cavity A, the dispersive interaction region, and Cavity B, successively, the final

state of the atom-cavity system can be described as:

|ψ〉f =
1√
2
(α− βeiΦ)|g〉|0〉A|1〉B − i√

2
(α+ βeiΦ)|e〉|0〉A|0〉B. (61)

                                              

                                            

A

Bob
2

B

Figure 14. The schematic drawing of the single-photon interference in [54]. A two-level

atom is prepared in the ground state |g〉. The party makes the atom pass through Cavity A,

a dispersive interaction region, and Cavity B, successively. The interaction times between

the atom and Cavity A, B correspond to the π-pulse and π/2-pulse interactions, respectively.

The dispersive interaction can change the relative phase of the atomic states by Φ.

In this way, the probability of obtaining the output atom in the upper state |e〉 can be written as:

Pe =
1

2
[1 + 2|αβ|cos(Φ− θa + θb)]. (62)
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The probability Pe exhibits one-particle interference fringes. There are two possible paths for the atom

to end up in |e〉, that is it can absorb a photon and transmit to |e〉 in Cavity A or B [95]. The visibility of

this interference pattern is 2|αβ|, which coincides with the concurrence of the initial cavity state |ϕ〉1.
The protocol in [54] is suitable for measuring the concurrence of an arbitrary pure entangled state for

the two-qubit system as:

|ϕ〉2 = α|0〉A|0〉B + β|0〉A|1〉B + γ|1〉A|0〉B + δ|1〉A|1〉B. (63)

The arbitrary two-qubit cavity state has been successfully generated in [98].

The schematic principle of the protocol is shown in Figure 15. Both Atoms 1 and 2 are prepared in

the ground state |g〉1 and |g〉2. The parties make each of them pass through the cavity, the dispersive

interaction region, and a Ramsey zone, successively. The interaction times between the cavity and the

atom are controlled corresponding to the π−pulse interaction, and the phase shifts generated in the

dispersive interaction region are Φ1 and Φ2, respectively. The interaction times in the Ramsey zone R1

and R2 correspond to the 2θ1- and 2θ2-pulse, respectively. After the series of interactions, the final state

of the two atoms and two cavities can be written as:

|ϕ〉2f = |0〉A|0〉B(A|g〉1|g〉2 +B|g〉1|e〉2 + C|e〉1|g〉2 +D|e〉1|e〉2), (64)

with the coefficients: 


A

B

C

D


 =M1 ⊗M2




α

β

γ

δ


 . (65)

The matrix Mj(j = 1, 2) describes the series interaction on the atom j, which can be written as:

Mj =

(
cosθj −isinθj

−isinθj cosθj

)(
1 0

0 eiΦj

)(
1 0

0 −i

)
. (66)

Figure 15. The schematic principle of the protocol in [54]. Both Atoms 1 and 2 are prepared

in the ground state |g〉. The parties make them pass through a cavity, a dispersive interaction

region, and a Ramsey zone, successively. The interaction times between the cavity and the

atom are chosen to correspond to a π-pulse interaction. The phase shifts generated in the

two dispersive interaction regions are controlled as Φ1 and Φ2, respectively. The interaction

times in the two Ramsey zones are chosen to correspond to the phase shifts of 2θ1 and 2θ2,

respectively.
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Referring to the investigate results of [87,88,90], we can obtain the corrected joint probability

P e1e2 as:

P e1e2 = |D|2 − (|C|2 + |D|2)(|B|2 + |D|2) + 1

4
= |A|2|D|2 − |B|2|C|2 + 1

4

= (|A||D| − |B||C|)(|A||D|+ |B||C|) + 1

4
. (67)

Since for arbitrary coefficients A, B, C and D, we can have:

−|AD − BC| ≤ |A||D| − |B||C| ≤ |AD −BC|,

|A||D|+ |B||C| ≤ |A|2 + |B|2 + |C|2 + |D|2
2

=
1

2
. (68)

we can finally obtain:

1− 2|AD −BC|
4

≤ P e1e2 ≤
1 + 2|AD − BC|

4
. (69)

After the operations shown in Figure 15, we can obtain:

2|AD − BC| = 2|αδ − βγ| = C(|ϕ〉2). (70)

In this way, Equation (69) can be rewritten as:

1− C(|ϕ〉2)
4

≤ P e1e2 ≤
1 + C(|ϕ〉2)

4
. (71)

Hence, the proposed system in Figure 15 provides an effective way to directly measure the concurrence

of a two-qubit cavity system.

Recently, Zhou et al. put forward a direct concurrence measurement protocol for nonlocal atomic

entanglement assisted by single photons [55]. This protocol is also based on the photonic Faraday

rotation in the low-Q cavities. The schematic principle of the photonic Faraday rotation has been briefly

explained in Section 2. In the protocol, the parties prepare two identical copies of two-atom entangled

states with the form of:

|Φ〉a1b1 = α|0〉a1|0〉b1 + β|0〉a1|1〉b1 + γ|1〉a1|0〉b1 + δ|1〉a1|1〉b1,
|Φ〉a2b2 = α|0〉a2|0〉b2 + β|0〉a2|1〉b2 + γ|1〉a2|0〉b2 + δ|1〉a2|1〉b2. (72)

Here, |0〉 ≡ |gL〉 and |1〉 ≡ |gR〉. The two copies of atom states are trapped in the low-Q cavities in the

spatial modes of a1 and b1, a2 and b2, respectively.

The schematic drawing of the protocol is shown in Figure 16. The protocol includes two steps. In the

first step, the parties prepare two single photons in 1√
2
(|L〉 + |R〉). They make each of the two photons

pass through two cavities, successively. The state of the whole four-atom system can be written as:

|Φ〉a1b1 ⊗ |Φ〉a2b2 (73)

= (α|0〉a1|0〉b1 + β|0〉a1|1〉b1 + γ|1〉a1|0〉b1 + δ|1〉a1|1〉b1)
⊗(α|0〉a2|0〉b2 + β|0〉a2|1〉b2 + γ|1〉a2|0〉b2 + δ|1〉a2|1〉b2)

= α2|0〉a1|0〉a2|0〉b1|0〉b2 + αβ|0〉a1|0〉a2|0〉b1|1〉b2 + αγ|0〉a1|1〉a2|0〉b1|0〉b2 + αδ|0〉a1|1〉a2|0〉b1|1〉b2
+αβ|0〉a1|0〉a2|1〉b1|0〉b2 + β2|0〉a1|0〉a2|1〉b1|1〉b2 + βγ|0〉a1|1〉a2|1〉b1|0〉b2 + βδ|0〉a1|1〉a2|1〉b1|1〉b2
+αγ|1〉a1|0〉a2|0〉b1|0〉b2 + βγ|1〉a1|0〉a2|0〉b1|1〉b2 + γ2|1〉a1|1〉a2|0〉b1|0〉b2 + γδ|1〉a1|1〉a2|0〉b1|1〉b2
+αδ|1〉a1|0〉a2|1〉b1|0〉b2 + βδ|1〉a1|0〉a2|1〉b1|1〉b2 + γδ|1〉a1|1〉a2|1〉b1|0〉b2 + δ2|1〉a1|1〉a2|1〉b1|1〉b2.
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After passing through the cavities, if both photons do not change their polarization, they will transmit

the polarization beam splitters (PBSs) and finally be detected by single-photon detectorsD1 andD3. The

PBS can transmit the photon in |+〉 = 1√
2
(|L〉 + |R〉), while reflecting the photon in |−〉 = 1√

2
(|L〉 −

|R〉). Under the case that both photons do not change their polarization, the whole four-atom state in

Equation (74) will collapse to:

|Φ〉a1a2b1b2 =
αδ√

2(|αδ|2 + |βγ|2)
(|0〉a1|1〉a2|0〉b1|1〉b2 + |1〉a1|0〉a2|1〉b1|0〉b2)

+
βγ√

2(|αδ|2 + |βγ|2)
(|0〉a1|1〉a2|1〉b1|0〉b2 + |1〉a1|0〉a2|0〉b1|1〉b2), (74)

with the probability of P1 = 2|αδ|2 + 2|βγ|2.

Figure 16. The schematic principle for directly measuring the two-atom entangled state

in [55]. The parties make each of two input single photons with the form of 1√
2
(|L〉 + |R〉)

pass through two low-Q cavities, successively. The polarization beam splitter (PBS) can

transmit the photon in the |+〉 polarization and reflect the photon in the |−〉 polarization.

Here, |±〉 represent 1√
2
(|L〉 ± |R〉). The output photons from the PBS will be detected by

the single photon detectors D1, D2, D3 or D4.

Then, the parties perform the Hadamard operations on atoms a1 and a2 by driving the atoms with an

external classical field (polarized lasers), which makes |Φ〉a1a2b1b2 evolve to:

|Φ〉′a1a2b1b2 =
αδ + βγ

2
√
2(|αδ|2 + |βγ|2)

(|0〉a1|0〉a2 − |1〉a1|1〉a2)⊗ (|0〉b1|1〉b2 + |1〉b1|0〉b2)

+
αδ − βγ

2
√
2(|αδ|2 + |βγ|2)

(|0〉a1|1〉a2 − |1〉a1|0〉a2)⊗ (|0〉b1|1〉b2 − |1〉b1|0〉b2). (75)

In the second step, the parties prepare another auxiliary single photon in 1√
2
(|L〉 + |R〉) in the Input

1 mode and make it pass through the cavities a1 and a2, successively. After the cavities, if the single
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photon does not change its polarization and is finally detected by D1 for the second time, |Φ〉′a1a2b1b2 will

finally collapse to:

|Φ〉′′a1a2b1b2 =
1

2
(|0〉a1|1〉a2 − |1〉a1|0〉a2)⊗ (|0〉b1|1〉b2 − |1〉b1|0〉b2), (76)

with the success probability of P2 =
|αδ−βγ|2

2(|αδ|2+|βγ|2) .

So far, the protocol is completed. The total success probability of obtaining |Φ〉′′a1a2b1b2 is:

P = P1P2 = |αδ − βγ|2 = C2(Φ)

4
. (77)

In this way, the aim of measuring nonlocal atomic entanglement can be transformed to measure the

success probability P of the state |Φ〉′′a1a2b1b2.

4. Discussion and Conclusion

Thus far, we have briefly explained some direct concurrence measurement protocols for the optical

states and atomic states. Different from traditional concurrence measurement protocols, these protocols

encode the concurrence into the success probability for picking up the balanced state. Moreover, the

measurement technique not only can deal with the pure state, but also can deal with the mixed state. The

key elements of these protocols are the parity check gates, which can be constructed by the linear optical

elements, such as PBS, HWP and BS, or the nonlinear optical elements, such as the cross-Kerr material

and the cavity. The setups constructed by the linear optical elements can be experimental realized under

the current experimental condition. On the other hand, the realization of nonlinear optical elements has

been a challenge for a long time. Therefore, in the paper, we especially discuss the parity check gate

constructed by the cross-Kerr nonlinearity and the QED in the low-Q cavity.

In Figures 3, 4, 13 and 15, the cross-Kerr nonlinearities are used to make the parity check for the

spatial degree of freedom, while in Figures 5 and 14, the cross-Kerr nonlinearities combined with the

PBSs are adopted to make the parity check for the polarization degree of freedom. In Figures 3–5, 13

and 14, two kinds of Kerr materials are required. One is to generate the phase shift of θ, and the other is

to generate −θ. Meanwhile, we need to make the ±θ undistinguishable in the homodyne measurement.

On the other hand, in Figure 15, four kinds of Kerr materials are required, corresponding to the phase

shift of θ1, θ2, θ3 and θ4, respectively. Although the cross-Kerr nonlinearity has been widely discussed

in current quantum information processing [99–104]. The cross-Kerr nonlinearity has been regarded as

a controversial topic in practical experiments for a long time [105–107]. There are two main reasons.

First, during the homodyne detection process, the qubit states may degrade to the mixed states [108–112].

Second, the natural cross-Kerr nonlinearity is extremely weak, which makes it difficult to discriminate

two overlapping coherent states in homodyne detection. For example, as pointed out by Kok et al.,

in the optical single-photon regime, the Kerr phase shift is only about 10−18. In this way, Shapiro

once showed that Kerr nonlinearity at the single-photon level cannot contribute to benefiting quantum

computation [106,107]. On the other hand, in current technology, it is quite a controversial assumption

to obtain a clean cross-Kerr nonlinearity [113,114]. Fortunately, according to [108], we can make the

decoherence extremely weak, simply by an arbitrary strong coherent state associated with a displacement

D (−α) performed on the coherent state. Meanwhile, with the help of weak measurement, it is possible
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to obtain an observable cross-Kerr phase shift with amplification [115]. Hofmann showed that with

the help of a single two-level atom trapped in a one-side cavity, we can obtain a phase shift as large as

π [116]. As shown in [117], large cross-Kerr nonlinearities were also obtained in a double-quantum-well

structure with a four-level, double-type configuration. The “giant” cross-Kerr effect with a phase shift

of 20 degrees per photon has been observed in the current experiment [118]. Recent work also showed

that the Rydberg atom system can generate a rather large cross-phase between photons [119]. Therefore,

recent theoretical and experimental works based on cross-Kerr nonlinearity may provide its practical

application in future quantum information processing.

Then, we provide a discussion of the QED in the optical microcavity. In Figures 7, 8 and 10, we

adopt the photonic Faraday rotation to realize the parity check measurement, which has been quite

popular in recent years. In Figures 7 and 8, the parties encode a three-level atom in the low-Q cavity

and make a photon pass through the cavity to interact with the three-level atom. In Figure 10, we

make a single-photon entanglement state encode in two cavities and make an atom pass through the

cavities and interact with the photon state. In both protocols, we can measure the concurrence based

on the input-output processing. It is worth mentioning that these cavity QED steps to measure the

concurrence are analogous to the steps for engineering and measuring generalized binomial states of

radiation [120–125]. Recently, some works about the realization of the photonic Faraday rotation have

been reported. For example, certain studies have reported on 85Rb coupled to an optical cavity. In 2005,

Nuβann et al. reported that they could precisely control and adjust the individual ultracold 85Rb atoms

coupled to a high-finesse optical cavity [126]. In 2007, Fortier et al. reported that by incorporating a

deterministically loaded atom conveyor, they could realize methods for deterministic loading of single
85Rb atoms into a cavity [127]. In the same year, the group of Colombe reported that they could realize

strong atom-field coupling for Bose–Einstein condensates in a Fabry–Perot cavity on a chip [128].
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