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Abstract: A novel memristor circuit is presented, which is generated from the canonical
Chua’s circuit by replacing the Chua’s diode with a first order memristive diode bridge.
The circuit dynamical characteristics with the variations of circuit parameters are
investigated both theoretically and numerically. It can be found that the circuit has three
determined equilibrium points, including a zero saddle point and two nonzero saddle-foci
with index 2. Specially, the circuit is non-dissipative in the neighborhood of the zero
saddle point, and there exists complex nonlinear phenomena of coexisting bifurcation
modes and coexisting chaotic attractors. Experimental observations are performed to verify
the numerical simulation results.
Keywords: coexisting bifurcation mode; Chua’s circuit; memristive diode bridge;
dynamical characteristics
PACS Codes: 05.45.-a

1. Introduction
Due to physical realizations of various memristors, much attention has been paid to memristor-based
chaotic circuits and their dynamical analyses in recent years. Memristor-based chaotic circuits can be
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constructed by replacing nonlinear resistance elements in classic chaotic circuits with memristors, and
some novel features of chaotic behaviors could be observed [1‒12].
Since memristors are commercially unavailable, it would be very useful to have a circuit that
emulates a memristor. Several nonlinearities are used to describe the relation between magnetic flux
and electric charge of these memristors, such as HP memristor model [3,4,11,13], non-smooth piecewise
linearity [5,6], smooth cubic nonlinearity [1,2,7,8], smooth piecewise-quadratic nonlinearity [9,10], and
so on. The corresponding equivalent circuits can easily be constructed using off-the-shelf components
such as resistors, capacitors, operational amplifiers and analog multipliers, which are useful for
memristor-based breadboard experiments.
Another approach is to use generalized memristors, which would require a circuit that can exhibit
the desired memristor printfingers, such as memristive LDR circuit [14] and memristive diode bridge
circuit [15,16]. A generalized memristor consisting of a diode bridge with a second order parallel RLC
filter is reported in [15], which is further simplified by replacing the second order RLC filter with a
first order parallel RC filter [16]. These memristive diode bridge-based circuits have simple
topological structures, and only consist of elementary electronic circuit elements, which are suitable
for using integrated circuit techniques, and can easily be used in other application circuits.
In this paper, a new memristive diode bridge-based chaotic circuit is proposed, which is constructed
by replacing the Chua’s diode in the canonical Chua’s circuit with the simplified generalized
memristor reported in [16]. In the proposed circuit, a physical circuit exhibiting memristor printfingers
is used, which is different from memristive chaotic systems reported in [1–3,9–12], where the
nonlinearities of memristors are described by mathematical models and special properties of line
equilibrium set [1–3,9,10], transient chaos [1,2] and hyperchaos [12] are discovered. Due to the
nonlinearity of the memristive diode bridge, the proposed memristive Chua’s circuit has three
determined equilibrium points, including a zero unstable saddle point and two nonzero unstable
saddle-foci with index 2. In particular, this circuit is non-dissipative in the neighborhood of the
zero saddle point, and nonlinear phenomena of coexisting bifurcation modes and coexisting attractors
are observed.
The dynamical characteristics of the proposed memristive Chua’s circuit are thoroughly
investigated using several traditional dynamical methods [1,2,9–12]. In Section 2, the mathematical
model of the proposed circuit is deduced, and numerical results of state variables are calculated.
According to simulation results, when proper circuit parameters are assigned, this circuit could be
chaotic and displays a double-scroll chaotic attractor. In Section 3, the dissipativity of the memristive
Chua’s circuit is evaluated. Then the equilibrium points and their stabilities are analyzed to investigate
the mechanism of its chaotic behaviors. In Section 4, the detailed dynamical behaviors are investigated
by depicting its bifurcation diagrams and the corresponding Lyapunov exponent spectra. With
reference to theoretical analysis results, typical phase portraits are numerically simulated and
experimentally verified in Section 5.
2. Mathematical Model of the Memristive Chua’s Circuit
The generalized memristor reported in [16] consists of a diode bridge with a first order parallel
RC filter, as shown in Figure 1, whose memristive behavior is realized using the voltage constraints
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involving each pair of parallel diodes [15]. Its mathematical model is described by the
following equation:
i = g (vC , v)v = 2 I S e − ρ vC sinh( ρ v)

(1)

dvC
2 I e − ρ vC cosh( ρ v ) vC 2 I S
= f (vC , v ) = S
−
−
dt
C
RC
C

(2)

where ρ = 1/(2nVT), IS, n, and VT stand for the reverse saturation current, emission coefficient, and
thermal voltage of the diode, respectively, vC is the state variable of the dynamic element C, v and i are
the input voltage and the flowing current of the generalized memristor. According to Equation (1), the
generalized memristor is voltage-controlled and its memductance can be expressed by:
GM =

2 I e − ρ vC sinh( ρ v )
i
= g (vC , v ) = S
v
v

(3)

In this circuit, C = 1 μF, R = 0.5 kΩ, and four 1N4148 diodes are used to construct the memristive
diode bridge, where the diode parameters are IS = 2.682 nA, n = 1.836, and VT = 25 mV. When
sinusoidal voltage stimuli are applied, the generalized memristor exhibits three characteristic
fingerprints for identifying memristors [16].
Figure 1. Generalized memristor realized by memristive diode bridge with parallel RC filter [16].

Based on the topology of the canonical Chua’s circuit, a memristor based chaotic circuit is
established, as shown in Figure 2, in which the Chua’s diode is substituted by the simplified
generalized memristor shown in Figure 1.
Figure 2. Generalized memristor-based canonical Chua’s circuit.

With reference to Figure 2, there are four dynamical elements of two capacitors C1 and C2, an
inductor L, and the capacitor C inside the generalized memristor, leading to the existence of four state
variables v1, v2, i3 and vC. Applying Kirchhoff’s circuit laws and the constitutive relationship of the
generalized memristor of the proposed circuit, we can obtain a set of first-order differential equations:
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 dv1

 dt
 dv2

 dt

 di3
 dt

 dvC
 dt

=

i3 2 I S e − ρ vC sinh( ρ v1 )
−
C1
C1

=

Gv2 i3
−
C2 C 2

(4)

v v
= 2− 1
L L
2 I S e − ρ vC cosh( ρ v1 ) vC 2 I S
=
−
−
C
RC C

When the circuit parameters are fixed as listed in Table 1, and the initial values of four state
variables are taken as v1(0) = 0.01 V, v2(0) = 0.01 V, i3(0) = 0 A and vC(0) = 0 V, the circuit in Figure 2
is chaotic and displays a double-scroll chaotic attractor, as depicted in Figure 3a. The voltage-current
relation of the generalized memristor is presented in Figure 3b, which exhibits a pinched hysteresis
loop similar to that reported in [16]. This nonlinearity is important for the memristive Chua’s circuit to
generate special dynamical behaviors showing in next sections. The corresponding Poincaré mapping on
vC(t) = 0.5505 V section is illustrated in Figure 3c, which further prove that the circuit is indeed chaotic.
Figure 3. Dynamics of generalized memristor based canonical Chua’s circuit. (a) Phase
portrait in v1(t)-v2(t) plane; (b) Phase portrait in v1(t)-i(t) plane and (c) Poincaré mapping in
v1(t)-v2(t) plane.

(a)

(b)

(c)
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3. Equilibrium Points and Stabilities

The concept of dissipativity for linear and nonlinear systems was introduced by Willems
in 1972 [17,18]. It is well known that a nonlinear circuit is dissipative if it has a minus exponential
constrain rate, then the orbits of this circuit will ultimately be confined to a specific sub-set of zero
volume, and the asymptotic motion will settle onto an attractor [19,20]. For the circuit in Figure 2, the
mathematical expression of the exponential constrain rate is written as:

∇V =

 cosh( ρ v1 ) cosh( ρ v2 )  G
∂v1 ∂v2 ∂i3 ∂vC
1
+
+
+
= −2 ρ I S e − ρ vC 
+
−
.
+
∂v1 ∂v2 ∂i3 ∂vC
C1
C

 C2 RC

(5)

Table 1. Circuit parameters for simulations and experiments.
Parameters
R
G
L
C
C1
C2
IS
n
VT

Significations
Resistance
Conductance
Inductance
Capacitance
Capacitance
Capacitance
reverse saturation current of diode
emission coefficient of diode
thermal voltage of diode

Values
0.5 kΩ
0.67 mS
185 mH
1 μF
0.02 μF
0.2 μF
2.682 nA
1.836
25 mV

Using circuit element parameters listed in Table 1, Equation (5) can be written as following:
cosh( ρ v2 ) 

∇V = −2.92e − ρ vC  cosh( ρ v1 ) +
 + 1330.4
50


(6)

According to Equation (6), the dissipativity of the proposed circuit is determined by the values of
state variables v1(t), v2(t) and vC(t). Obviously, the circuit is non-dissipative in the region around the
origin point, but chaotic attractor can still be generated, as shown in Figure 3. This property is different
from conventional nonlinear chaotic circuits [19,20], which are complete dissipative for the selected
circuit element parameters, so the eigenvalues of the corresponding Jacobian matrix at each equilibrium
points should be evaluated to reveal the mechanism of the chaotic behavior illustrated in Figure 3.
Firstly, the equilibrium points of the circuit in Figure 2 are calculated by setting the right-hand side
of Equation (4) to zero, and we can obtain the following equations:
 i3 = 2 I S e − ρ vC sinh( ρ v1 )

 i3 = Gv2
.

 v2 = v1
 v = 2 RI e − ρ vC cosh( ρ v ) − 2 RI
 C
1
S
S

(7)

Clearly, the origin point S0 = (0, 0, 0, 0) is one equilibrium point of the memristive circuit. Besides,
two functions describing the relationship between vC and v1 are also derived as:
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vC = f1 (v1 ) =

1

ρ

ln

2 I S sinh( ρ v1 )
,
Gv1

vC = f 2 ( v1 ) = RGv1coth( ρ v1 ) − 2 RI S

(8)
.

(9)

The values of vC and v1 are the intersection points of these two function curves described by
Equations (8) and (9), which can be obtained through graphic analytic method as shown in Figure 4.
According to the lines depicted in Figure 4 and the circuit parameters listed in Table 1, it is easily
verified that the proposed chaotic circuit has two nonzero equilibrium points:

S1 = (1.7909, 1.7909, 0.0012, 0.5970)
S2 = (−1.7909, − 1.7909, − 0.0012, 0.5970)

(10)

These two equilibrium points are located symmetrically on both sides of the vC-axis, whose values
are determined by the specified circuit parameters of G and R. This feature is completely different
from conventional memristor based chaotic circuits [1–3,9,10], whose equilibrium points are an
equilibrium point set located on the axis corresponding to the inner state variable of the memristor.
Figure 4. Two function curves and their intersection points.

Then, the Jacobian matrix, evaluated at the equilibrium point S = (v1 , v2 , i3 ,vC ) , is given by:
 h2
− C
 1

 0
J=
 1
−
 L
 h1
 C

0
G
C2

1
C1
−

1
C2

1
L

0

0

0





0



0


h2
1 
− −
C RC 
h1
C1

(11)

where, h1 = 2 ρ I S e− ρvC sinh( ρ v1 ) and h2 = 2 ρ I S e− ρvC cosh( ρ v1 ) . Thus, the characteristic equation of
Equation (11) is written as:

λ 4 + a3λ 3 + a2 λ 2 + a1λ + a0 = 0
where:

(12)
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a3 =

h2 h2
G
1
+ +
−
C C1 RC C2

C1 + C2 h12 − h22
G 
G
1  h2  1
−
−
− 
 h2 +  + 
LC1C2
CC1
CC2 
R  C1  RC C2 
1  Gh12 h2 − G  h2
1   C1 + C2

a1 =
+
+ +
− Gh2  


C1C2  C
L
 C RC   L


a2 =

a0 =

(13)

1
1


( h2 − G )  h2 +  − h12 

LCC1C2 
R



Finally, four eigenvalues at three determined equilibrium points are calculated as:

S0 : λ1 = 3039.2, λ2,3 = 145.6 ± j17215.7, λ4 = −2000.1
S1,2 : λ1,2 = 1073.3 ± j5163.3, λ3 = −1173.3, λ4 = −663303.0

(14)

It can be seen that S0 is a unstable saddle point having a positive real root, two complex conjugate
roots with positive real parts, and a negative real root; whereas S1,2 are two unstable saddle-foci
having two complex conjugate roots with positive real part and two negative real roots. The
exponential constrain rates at these equilibria are given as:

∇VS0 = 1330.4
∇VS1,2 = −662326.8

(15)

With reference to Equation (15), the memristive Chua’s circuit is non-dissipative in the
neighborhood of S0. Considering that S0 is a repulsive point, the orbit will be excluded from this
region, and ultimately settles onto an attractor around the two unstable saddle-foci in dissipative region.
According to this, the proposed memristive Chua’s circuit has two separated attractive regions,
resulting to the formation of a double-scroll chaotic attractor, as depicted in Figure 3.
4. Complex Dynamics in the Memristive Chaotic Circuit

In this section, detailed dynamical behaviors of the proposed memristive circuit are analyzed by
utilizing several conventional dynamical methods [1,2,9–12], in which the circuit parameters are set as
illustrated in Table 1, and L is selected as a varying parameter.
4.1 Parameter Region
According to Routh–Hurwutz condition, the real parts of the roots of Equation (12) are negative if
and only if:
a3 > 0, a3 a2 − a1 > 0 and a3 ( a1a2 − a0 a3 ) − a12 > 0, a0 > 0,

(16)

For S0, a0 is always negative, which proves that S0 is an unstable point. With reference to S1 and S2,
Equation (16) gives rise to the following constraint condition:
L < 30.4431 mH

(17)
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To make the nonzero equilibrium points unstable, thereby yielding the possibility for chaos to
occur, the parameter L needs to satisfy the following relation:
L > 30.4431 mH

(18)

So, the proposed memristive circuit is analyzed in the region 50 mH ≤ L ≤ 300 mH, where chaotic
behaviors could be observed. As L increases gradually within the parameter variation range, the
locations of the two nonzero equilibrium points are fixed, but their eigenvalues are changing,
as presented in Table 2. It can be found that S1,2 are two unstable saddle-foci having two conjugate
roots with positive real parts and two negative real roots, from which a double-scroll chaotic attractor
could be emerged. The detailed dynamical characteristics are investigated in next section through
numerical simulations.
Table 2. Four eigenvalues λi (i = 1, 2, 3, 4) of the nonzero equilibrium points.
L

λ1,2

λ3

λ4

50 mH
160 mH
220 mH
300 mH

484.1 ± j10593.9
1033.1 ± j5620.5
1117.4 ± j4653.6
1189.3 ± j3827.8

−1,075.3
−1,155.4
−1,197.9
−1,252.2

−662,222.8
−663,240.8
−663,366.8
−663,456.4

4.2. Bifurcation Diagram and Lyapunov Exponents
The bifurcation diagrams of v2(t) and the first three Lyapunov exponents LE1, LE2 and LE3 are
depicted in Figure 5a,b, respectively. When L increases gradually within the parameter region,
the orbits of the memristive Chua’s circuit start from periodic behavior, and then enter into chaotic
behavior via forward period-doubling bifurcation routes. After this, the orbits return to periodic
behavior through reverse period-doubling bifurcation routes, and then jump into chaotic behavior, and
finally turn into infinite. Correspondingly, the maximum Lyapunov exponent equals zero in periodic
regions, and reaches at positive during the chaotic regions. The numerical results showing in
Figure 5a,b match well with each other.
Figure 5. Dynamics with the value of L increasing. (a) Bifurcation diagram of v2(t) and
(b) Lyapunov exponent spectra.

(a)

(b)

From Figure 5a, dynamical behavior of coexisting bifurcation mode is also observed, which mainly
happened in the region 50 mH ≤ L ≤ 165 mH. The trajectory colored in red starts with an initial
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condition of [0.01 V, 0.01 V, 0 A, 0 V], whereas the one colored in blue starts with an initial condition
of [0.01 V, −0.01 V, 0 A, 0 V].
Based on the eigenvalues illustrated in Table 2, when L is increasing, the attraction and repulsion of
S1 and S2 are getting stronger, while the increase of their repulsion is much larger. Then, the two
separated attractive regions are gradually expanding, and merge into a double-scroll chaotic attractor
as L is greater than 165 mH.
4.3 Coexisting Limit Cycles
With reference to Figure 5b, when 50 mH ≤ L ≤ 103 mH and 134 mH ≤ L ≤ 156 mH, the first
Lyapunov exponent equals zero and the others are less than zero, that implies the existence of limit
cycles with different periodicities. Some phase portraits in v1(t)-v2(t) plane are obtained from
numerical simulations and plotted in Figure 6a,b, in which L is set to be 55 mH and 85 mH,
respectively. It can be found that there are two coexisting limit cycles located around the two nonzero
equilibrium points. According to their geometric locations, the orbit colored in red is called the right
limit cycle with the initial states [0.01 V, 0.01 V, 0 A, 0 V], while the one colored in blue is called the
left limit cycle with the initial states [0.01 V, −0.01 V, 0 A, 0 V]. The time-domain waveforms of v2(t)
at L = 85 mH, starting from the above mentioned different initial states, are plotted in Figure 7a. When
the initial states are set close to equilibrium point S1, the trajectory will be centered in the positive
region of v2(t), otherwise the trajectory will be centered in the negative region of v2(t).
Figure 6. Chaotic and periodic orbits in v1(t)-v2(t) plane. (a) Coexisting limit cycles with
period-1 (L = 55 mH); (b) coexisting limit cycles with period-2 (L = 85 mH); (c) coexisting
spiral chaotic attractors (L = 160 mH) and (d) double-scroll chaotic attractor (L = 220 mH).

(a)

(b)

(c)

(d)
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4.4 Coexisting Chaotic Attractors
When L is in the regions [104 mH, 132 mH] and [157 mH, 165 mH], the first Lyapunov exponent is
positive, the second one equals zero, and the others are still less than zero, that implies the circuit in
Figure 2 is chaotic. Figure 6c shows a phase portrait in v1(t)-v2(t) plane at L = 160 mH, from which
dynamical behaviors of coexisting chaotic attractors are observed. When the initial states are set close
to equilibrium point S1, the attractor colored in red will be emerged, which could be called as the right
attractor. Otherwise, the left attractor colored in blue will be formed. The corresponding time-domain
waveforms of v2(t) are similar to those depicted in Figure 7a.
Figure 7. Time-domain waveforms of v2(t). (a) L = 85 mH and (b) L = 185 mH.

(a)

(b)

4.5 Double-Scroll Chaotic Attractors
As L is increased, the two separated attractive regions illustrated in Figures 6a–c are expanded, and
the gap between these two regions gradually disappears. When L is greater than 165 mH, these two
orbits can pass through the boundary between right and left attractive domains, and a double-scroll
attractor could be formed, as illustrated in Figure 6d, in which L is set as 220 mH. The corresponding
time-domain waveforms of v2(t) are plotted in Figure 7b. Obviously, the two trajectories span both
negative and positive regions of v2(t).
When L is further increased, the repulsion forces of S1 and S2 are getting too much stronger, and the
chaotic orbits will escape from the attractive region to infinite as L is greater than 278 mH.
5. Experimental Verifications

In this section, basic characteristics of complex dynamics of the proposed chaotic circuit are
verified by experimental observations. An analog electronic circuit can easily been built to physically
realize the chaotic circuit for generating chaotic attractor, in which precision potentiometers, manually
winding inductors, multilayer ceramic capacitors and 1N4148 diodes are used. The negative conductor
is realized by a current inverter with an AD711KN operational amplifier and three resistors [9].
Setting the component parameters as those used in numerical simulations, the desired phase
portraits are captured using Tektronix DPO3034 digital oscilloscope and depicted in Figure 8.
Comparing Figure 8 with Figure 6, it can be seen that the shape of the measured phase portraits are
slightly different from those obtained from numerical simulations, which may be caused by
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measurement errors arose from inaccurate values of manually winding inductor and parasitic
parameters in the experimental circuit. But the dynamical behaviors and their evolution route
observed from the analog electronic circuit agree with those revealed by numerical simulations.
Therefore, it can be concluded that the experimental results can verify the results of theoretical
analyses and numerical simulations.

v1(t), 500mV/div

Figure 8. Experimental results of phase portraits in v1(t)-v2(t) plane. (a) Coexisting limit
cycles with period-1 (L = 55 mH); (b) coexisting limit cycles with period-2 (L = 85 mH);
(c) coexisting spiral chaotic attractors (L = 160 mH) and (d) double-scroll chaotic attractor
(L = 220 mH).

(a)

(b)

(c)

(d)

6. Conclusions

In this paper, a novel memristor based chaotic circuit is presented, which is derived from the
canonical Chua’s circuit by replacing the Chua’s diode with a first order memristive diode bridge. The
equilibrium points and their stabilities are analyzed, and the dynamical characteristics, with the
variation of parameter L, are investigated both theoretically and numerically. The simulation results
indicate that this circuit has three determined equilibrium points, one zero unstable saddle point and
two symmetrical unstable saddle-foci. Specially, the proposed memristive circuit is non-dissipative in
the neighborhood of the zero equilibrium point, but chaotic attractors excited from two nonzero
unstable saddle-foci could still be observed. For special properties of these equilibria, nonlinear
phenomena of coexisting bifurcation modes and coexisting attractors are also discovered. Finally, a
simple electronic circuit is realized and some chaotic attractors are obtained. The dynamical behaviors
of the analog electronic circuit agree with those revealed by numerical simulation results.
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