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Abstract: Within the framework of the third quantization, we consider the possibility that an initially
recollapsing baby universe can enter a stage of near de Sitter inflation by tunnelling through a
Euclidean wormhole that connects the recollapsing and inflationary geometries. We present the
solutions for the evolution of the scale factor in the Lorentzian and Euclidean regions as well as the
probability that the baby universe indeed crosses the wormhole when it reaches its maximum size.
Keywords: quantum cosmology; multiverse; Euclidean wormholes

1. Introduction
The idea that our Universe is not unique but instead resides in a collection of universes,
dubbed the multiverse, has appeared several times in cosmology and within vastly different contexts,
e.g., in Everett’s many worlds interpretation [1], in chaotic inflation [2,3], in the string theory
landscape [4], in the ekpyrotic scenario [5,6], and many others [7–15]. While there is no unique
precise interpretation of the term “multiverse” [9], a transversal idea is the possibility that different
universes interact with each other via quantum effects. Such effects are of increased relevance in the
context of the very early universe, when the energy density and curvature of the universe are expected
to approach the Planck scale. Therefore, they could prove important in solving the question of the
initial conditions of the universe and avoiding a Big-Bang-type of singularity [16].
As one of the many current proposals that attempt to provide a framework to study the dynamics
of the multiverse, the third quantization scheme draws parallelisms with quantum field theory [17–20].
By quantizing the wave function of the spacetime and matter fields, which satisfies a possibly non-linear
Wheeler–DeWitt equation, and defining creation and annihilation operators of individual universes
with a particular spacetime–matter configuration, the third quantization treats the multiverse as
a quantum system of particles (universes) with interactions (topology changes) [19,20]. At the
semiclassical level, these interactions are often associated to the existence of Euclidean wormholes
or instantons, which where first considered in the decay process of a false vacuum [21] (for further
works on Euclidean wormholes and instantons in various contexts, please check the references
cited in [22]). Although classically forbidden due to their Euclidean geometry, such solutions can
nevertheless be traversed by means of quantum tunnelling effects and therefore connect remote patches
of the universe, or in this case the multiverse.
In this work, we review how such a Euclidean wormhole appears in the third quantization
treatment of a toy model of the multiverse filled by a minimally coupled massive scalar field and
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where homogeneity and isotropy is assumed for each sub-universe [20,22,23]. This wormhole solution
connects two different Lorentzian regions, one corresponding to a small recollapsing baby universe
and the other corresponding to a larger asymptotically de Sitter universe. Thus, the possibility arises
for a baby universe to quantum tunnel through the wormhole and emerge as an inflating universe.
We summarize the results of our recent paper [22], presenting the explicit solutions for the evolution
of the scale factor in the two Lorentzian and the Euclidean regions as well as showing how the
tunnelling probability varies with the inflationary scale and the momentum of the scalar field.
To compute the tunnelling probability, we considered the tunnelling boundary conditions introduced
by Vilenkin [24,25].
2. The Model
Let us consider a spatially closed Friedmann–Lemaître-Robertson–Walker universe containing
a minimally coupled scalar field ϕ with a potential V ( ϕ). For such a universe the Wheeler–DeWitt
(WDW) equation reads [26]
h̄2



∂2 φ h̄2 ∂2 φ
2
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+
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∂a2
a2 ∂ϕ2

(1)

where φ( a, ϕ) is the wave function of the spacetime and matter fields, a is the scale factor, σ := 3π/(2G ),
with G being the gravitational constant, and H ϕ2 := (8πG/3)V ( ϕ). Notice that the scalar field ϕ is
√
made dimensionless by the rescaling ϕ → 4πG/3ϕ. By identifying the scale factor a as an intrinsic
time variable, which can be motivated from a semiclassical approximation, the WDW equation (1) can
be regarded as an analogue to the Klein-Gordon wave equation in the minisuperspace [16] and in this
picture the wave function φ assumes the role of the quantum field of spinless “particles”.
In the third quantization scheme, this analogy is taken one step further as the wave function of
the spacetime and matter fields is elevated to an operator φ̂( a, ϕ), which can be Fourier expanded as
φ̂( a, ϕ) =

Z

i
dK h iKϕ
√
e φK ( a) b̂K + e−iKϕ φK∗ ( a) b̂K†
2π

(2)

where K is related to the momentum of the scalar field ϕ. By quantizing the wave function of the
spacetime and matter fields as in (2), the third quantization draws parallels with the formalism of a
quantum field theory (cf. Figure 1 of [20]) and the operators b̂K and b̂K† can be interpreted as operators
for the annihilation and creation, respectively, of universes (“particles”) with a definite value of K and
amplitude φK . As such, the third quantization leads to a natural interpretation of the wave function
of the spacetime and matter fields in terms of one-universe and multi-universe states which can be
constructed by successive application of the operators b̂K and b̂K† on the void [20]. Of course, in general
the wave function φ( a, ϕ) does not have a definite value of the momentum of the scalar field ϕ since
the multiverse is composed of a distribution of sub-universes with different values of K which in
addition are coupled to each other. However, in the approximation that H ϕ2 is constant, the different K
modes decouple1 and each amplitude ϕK ( a) can be associated to a semiclassical solution of the WDW
equation. For such a sub-universe, we can obtain an effective Friedmann equation at the semiclassical
level by inserting the expansion (2) into the WDW equation (1), leading to:

1

In the case of a massless scalar field with a cosmological constant, this decoupling is exact. In addition, the Starobinsky type
of potentials, which have gained special attention since the results of the Planck mission [27], present a near constant plateau
on which inflation can occur. In that case, as long as the field is far from the origin, we can consider, as a first approximation,
that the value of the potential remains constant as the universe expands.

Galaxies 2018, 6, 19

 2
ȧ
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Here, a dot indicates a derivative with respect to the classical cosmic time t and we assume
that H ϕ assumes a constant value HdS throughout the evolution of the model. On the right hand
side of Equation (3), the first term inside the brackets leads to an asymptotically de Sitter inflation for
large a, the second term arises from the presence of spatial curvature and the third term is related to
the momentum of the scalar field ϕ. As will become apparent below, the value of the ratio K/Kmax ,
which modulates the amplitude of this last term, will be critical in the evolution of the individual
sub-universes for small values of the scale factor.
In order to obtain the time evolution of each sub-universe, we can rewrite the effective Friedmann
2 a−6 ( a2 − a2 )( a2 − a2 )( a2 + a2 ), where the values a , a and a can be
Equation (3) as ( ȧ/a)2 = HdS
+ −
0
+
−
0
defined for K ∈ [0, Kmax ] as [23]
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and satisfy a+ ≥ a− ≥ a0 . The dependency of the critical values a+ , a− and a0 on K is encoded in
the phase αK := 2 arcsin (K/Kmax ) ∈ [0, π ]. Based on the presence of two real and positive roots,
a+ and a− , for which H 2 = 0, we can divide the spacetime described by the effective Friedmann
Equation (3) into three separate regions:
(i)

For 0 < a < a− , we find a baby universe that expands from a = 0 until the maximum value a− at
which point, classically, it starts to collapse. During the expanding phase, the analytical solution
a(η ), where η is the conformal time defined by dη = a−1 dt, was obtained for the first time
in [22] and reads


sn2 HdS (η− − η ) k2
2
2
2
2
.
(7)
a ( η ) = a − − ( a0 + a − )
1 − k2 sn2 [HdS (η− − η ) | k2 ]
Here, sn(u|m) is the Jacobi elliptic function [28], we have introduced the constants
HdS := ( a20 + a2+ )1/2 HdS and k2 := ( a20 + a2− )/( a20 + a2+ ) and η− is the value of the conformal
time when a = a− .

(ii)

For a+ < a, we obtain an asymptotically de Sitter universe with a minimum allowed value a+ for
the scale factor. As in the previous case, a solution for a(η ) was obtained in [22] in terms of
Jacobi elliptic functions sn(u|m) and cn(u|m) [28]:
2

a (η ) =

a2+

+ ( a2+

sn2
a2− ) 2


HdS (η − η+ ) k2
,
cn [HdS (η − η+ ) | k2 ]


−

(8)

where η+ is the value of the conformal time when a = a+ .
(iii)

For a− < a < a+ , we observe a Euclidean region with H 2 < 0. While this region is classically
forbidden, from a quantum-mechanical point of view it can be interpreted as a Euclidean
wormhole that connects the regions of a < a− and a > a+ . The evolution inside the wormhole,
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which can be obtained by applying a Wick rotation to the Euclidean conformal time η̃ = −iη,
was derived in [22]:


h
i
a2 (η̃ ) = a2+ − a2+ − a2− sn2 HdS (η̃+ − η̃ ) 1 − k2 .
(9)
Here, η̃+ is the value of the Euclidean conformal time when a = a+ .
In Figure 1, we present the evolution of the scale factor in terms of η and η̃, as obtained in (7)–(9).
The thick blue line indicates the evolution of a baby universe that traverses the wormhole instead of
collapsing and then emerges as an inflating universe. The thin grey lines show the classical continuation
of the evolution of the baby universe (into the future) and of the asymptotically de Sitter universe
(into the past).

Figure 1. The blue thick line represents the evolution of the squared scale factor for a baby universe
(i) that once it reaches its maximum size traverses the Euclidean wormhole (ii) and emerges as an
expanding universe (iii) that starts to inflate. The classical continuation of the evolution in the baby
and inflating universes is shown as a thin grey line.

The solutions presented in (7) and (8) show how fundamentally different types of sub-universes
such as small recollapsing baby universes and larger expanding inflationary universes can exist in the
multiverse within the aforementioned framework of the third quantization. In addition, the existence
of a Euclidean wormhole solution, described by (9), that connects these two types of universes leads to
the possibility that a baby universe created in the multiverse with a momentum K avoids the collapsing
phase altogether by quantum-mechanically traversing the wormhole and emerging as an expanding
universe that evolves towards de Sitter inflation. This is similar to the tunnelling effect observed in
the models of creation from nothing by Vilenkin [24] and of an axion-induced Giddings–Strominger
instanton [29]. In fact, the effective Friedmann equation (3) and its solutions (7)–(9) can be seen as a
generalization of the results obtained in those works.
3. Tunnelling
Once a baby universe reaches its maximum size a− , it can continue its classical evolution and
start to collapse or it can enter the wormhole and eventually become an inflating universe, a process
which is quantum-mechanical in nature. Following Vilenkin’s tunnelling conditions, the probability of
this process to occur can be calculated as [24,25]:


2σHdS
PK ( a− → a+ ) ≈ exp −
h̄

Z a+
a−

1
da
a

q

( a2

−

a2+ )( a2

−

a2− )( a2

+

a20 )


.

(10)
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This integral was solved in Ref. [22] and the results show that the tunnelling probability can
be expressed as a linear combination of the complete elliptic integrals of the first, second and third
kind [28], K (m), E(m), Π(n|m), respectively:

!

MP2
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−


2
h̄2 HdS
!
PK ( a− → a+ ) ≈




MP2 

2
2
2
2


exp − h̄2 H 2 CK K k̃ + CE E k̃ + CΠ Π κ k̃
dS

where the linear coefficients CK , CE and CΠ are defined as
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K
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(11)
< 1,

(12)
(13)
(14)

and we have, k̃2 := ( a2+ − a2− )/( a2+ + a20 ) and κ 2 := ( a2+ − a2− )/a2+ . Notice that the presence of the
2 /M2 )−1 in the exponent means that the tunnelling probability is highly suppressed
factor −(h̄2 HdS
P
2 /M2 , which lie in the range 10−11 ∼ 10−10 [30].
for realistic values of the scale of inflation, h̄2 HdS
P
However, we find that this suppression can be counterbalanced in the cases of baby universes with
large values of K, as PK approaches unity when K ≈ Kmax . This can be understood as a consequence
of the narrowing of the Euclidean region as we consider values of K closer to the maximum allowed
value Kmax , thus making it easier for the wormhole to be traversed. These effects are clearly visible
in Figure 2, where we present a 3-dimensional plot of the tunnelling probability as a function of
2 /M2 , as well as different curves of P obtained by fixing one of these variables.
K/Kmax and h̄2 HdS
K
P
In a blue dashed line we present the tunnelling probability in the case of creation from nothing [24],
which corresponds to the first line in Equation (11).
4. Summary and Discussion
In this proceedings contribution, we presented our recent results regarding the existence of
Euclidean wormholes in a multiverse scenario which can connect baby and inflating universes [22].
Using the third quantization scheme, a key feature in our framework2 , we were able to describe
the evolution of such a multiverse in terms of the creation and annihilation of individual universes,
each of them identified by the number K related to the kinetic energy of the scalar field in that
particular universe. By solving the effective Friedmann equation for each value of K we were able
to find two classically disconnected solutions that correspond to small recollapsing baby universes
and to larger expanding universes that evolve towards a de Sitter expansion and that are joined by
an intermediate Euclidean wormhole solution. The existence of this wormhole allows for a baby
universe to be transformed into a new expanding universe, leading to inflation in a new region
of the multiverse. The solutions found can be seen as generalizations of the previous works by
Vilenkin [24] and Giddings–Strominger [29]. In the former work only a (positive) cosmological constant
is considered and therefore an inflating universe is created from nothing through tunnelling effects.
In the latter, the existence of a wormhole solution that connects regions of spacetime with different
topologies is supported by the presence of an axion which plays a similar role to the scalar field in the
model analysed in this work.

2

The third quantization is based in drawing parallels with quantum field theory. Therefore, the operators b̂ and b̂† in
Equation (2) can be regarded as the annihilation and creation operators, respectively, of sub-universes with a give value of K.
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Figure 2. The tunnelling probability PK ( a− → a+ ) plotted as a function of the ratio K/Kmax and
2 /M2 . In the two bottom panels we plot the tunnelling probability when
the inflationary scale h̄2 HdS
P
95
(left panel, from bottom/darker to top/lighter) fixing K/Kmax = 0, 14 , 12 , 34 , 100
; and when (right panel,
2 2
1 3 5 7
2
from bottom/darker to top/lighter) fixing h̄ HdS /MP = 8 , 8 , 8 , 8 . The tunnelling probability for the
case of the creation of an expanding universe from nothing (K = 0) is indicated by a dashed blue line.

The probability that a baby universe tunnels through the wormhole when it reaches its maximum
size can be computed by using the Vilenkin tunnelling conditions [24,25]. In our model, this probability
is in general highly suppressed due to the fact that the scale of inflation is several orders of magnitude
below the Planck scale. Nevertheless, in universes where the scalar field has sufficient initial
kinetic energy, the Euclidean region may become narrow enough for the tunnelling probability to be of
order of unity. This is seen in Figure 2 where the tunnelling probability is extremely peaked around the
maximum allowed value of Kmax . As a consequence, unless the creation of baby universes with large
values of K is highly suppressed, the patches of the multiverse that undergo an inflationary phase
should correspond to cases of K ≈ Kmax .
Finally, we note that the presence of a term in the Friedmann equation with a a−6 -dependency
suggests that these models could lead to a suppression of the primordial power spectrum on large
scales by limiting the total number of e-folds of inflation. This possibility and its implications for the
quadropole problem of the cosmic microwave background has been considered in our recent paper [31]
(see also [32]). Of course, if the value of K is too high, the near-scale-invariance of the primordial power
spectrum around the Planck pivot scale [27] is not recovered. Likewise, if the value of K is too small
the effect of this pre-inflationary era would be washed away. Therefore, a comparison with available
observational constraints on the primordial power spectrum could in principle be used to set upper
limits on K.
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