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1. Introduction

A continuous function f =u + iv is a complex-valued harmonic function in a complex domain
C ifboth u and v arereal harmonic. In any simply connected domain B c C, we can write f = h +
g, where h and g are analytic in B. We call h and g are analytic part and co-analytic part of f
respectively. Clunie and Sheil-Small [1] observed that a necessary and sufficient condition for the
harmonic functions f = h+ g to be locally univalent and sense-preserving in B is that |h'(2)| >
lg' (@), (z € B).

Denote by S the family of harmonic functions f = h + g, which are univalent and sense-
preserving in the open unit disc U = {z € C:|z| < 1} where h and g are analytic in B and f is
normalized by f(0) = h(0) = f,(0) —1 =0. Then for f = h+g € Sy, we may express the analytic
functions h and g as

h(z) =z + Z a,7", g(z2) = Z b,z" |by| < 1. (1)
n=2 n=1

Note that Sy reduces to the class of normalized analytic univalent functions if the co-analytic
part of its members equals to zero.

Also, denote by Sz the subclass of Sy consisting of all functions f,(z) = h(z) + g (z), where
h and g are given by

h(z) =z — Z|an|2" and g, (z) = (—1)"Z|bn|z",|b1| <1 @)
n=2 n=1
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In 1984 Clunie and Sheil-Small [1] investigated the class Sy, as well as its geometric subclass and
obtained some coefficient bounds. Many authors have studied the family of harmonic univalent
function (see References [2,3-7]).

In 2016 Makinde [8] introduced the differential operator F¥ such that

FR@ =2+ ) Cus™ 3)
n=2
where
' (o]
Cok = e 7@ = 2 [z‘("‘“ + Z anzn] Jk €Ny =NU {0},
! n=2
and

Ff(z) = f(2), F*f(2) = z + z Couz™

n=2
Thus, it implies that F¥f(z) is identically the same as f(z) when k = 0. Also, it reduced the
first differential coefficient of the Salagean differential operator when k = 1.
For f=h+g given by Equation (1), Sharma and Ravindar [9] considered the differential
operator which defined by Equation (3) of f as

F¥f(z) = F*h(2) + (-1)*Fkg(2),k e Ny = N U {0},z € C, 4)
where

n!

Fkh(z) = z + Z Cox@n 2", F¥g(2) = Z Cpibpz™ and Cpy, = m

n=2 n=1

In this paper, motivated by study in [9], anew class Ay (k,a,y)(k €Ny =NU{0},0<y<1,0<
a <1,) of harmonic univalent functions in U ={z € C:|z]| <1} is introduced and studied.
Furthermore, coefficient conditions, distortion bounds, extreme points, convex combination and radii
of convexity for this class are obtained.

2. Main Results

2.1. The Class Ay(k,a,y)

Definition 1. Let f(z) = h(z) + g(z) be a harmonic function, where h(z) and g(z) are given by
Equation (1). Then f(z) € Ay(k, a,y) it satisfies

Fk+1f(z)
Re {(1 P yka(z)} > @ ©)

for keNyg=NU{0},0<y<10<a<1z€U, and F*f(z) defined by Equation (4)

Let Az(k,a,y) be the subclass of Ay(k,a,y), where Az(k,a,y) = Sz N Ax(k, a,y).
Remark 1. The class Az (k, e, y) reduces to the class By(k, ) [9], when y = 1.

Here, we give a sufficient condition for a function f to be in the class Ay (k, a,v).

Theorem 1. Let f(z) = h(z) + g(z) where h(z) and g(z) were given by (1.1). If
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D0k lanl + ) k) byl < 1, ©)
n=2 n=1

where

(In — k| = ay)Cu
1-a)

O(n,k,a,y) =

(In = k| + ay)Cyy
1-a)

1p(n,k,a,y) =

(keEN,=NU{0},0<y<10<a<1lneN),
then f(z) is harmonic univalent and sense-preservingin U and f(z) € Ay(k, a,y).

Proof. Firstly, to show that f(z) is harmonicunivalentin U, suppose that z;,z, € U for |z;] < |z,] <
1, we have by inequality so that z; # z,, then

f(z) = f(z2)
h(z,) — h(z;)

L _|9@ —9@)| | SEab -z
N h(zy) — h(z,) |(Z1 —23) = Y=z Qn (21 — 73)
b Zool(ln_k|+a]/)cnk b,
© n= — n
S LU (1-a) > 0.
1_Zn:2n|an| 1 -y (ln_kl_a)/)cnk |a,|
n=2 (1 — (X) n
Thus f isaunivalent functionin U.
Note that f is sense-preserving in U. This is because
, N _ N \ (In— k| — an)c
K@I2 1= ) nlalla™™ > 1= ) nla,l 21 ) =—a =" |a,|
n=2 n=2 n=2
S (In =kl + ap)c N N -
> bl = ) nlbl = ) nlbyllz" 2 1g' )l
1-a)
n=1 n=1 n=1

According to the condition of Equation (5), we only need to show that if Equation (6) holds, then

FY*1f (7) ~ A
ke {(1 —Nz+ yka(z)} = ke (W - Wz)) >

wherez=re!?,0<9<2m,0<r<land0<a <1
Note that A(z) = F*¥*1f(z) and B(z) = (1 — y)z + yF*f (2).
Using the fact that Re(w) > a if and only if |w — (1 + a)| < |w + (1 — @)|, it suffices to show

that
|A(z) = (1+ a)B(2)| = |A(z) + 1 — a)B(2)| < 0 @)
Substituting for A(z) and B(z) in |A(z) — (1 + a)B(z)|, we obtain
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lA(2) - 1+ )B@)| = IF**'f(2) - (1 + )1 =)z +yFf (D]

[Z + Z Crer1yAnz™ + (1D Z Cn(k+1)bnzn]
n=2 n=1

-(1+w

< alzl+ ) |(r(1 + @) = In = kl| el 21"
n=2

3 |+ @) + In = k| CulaylizI™
n=1
Now, substituting for A(z) and B(z) in |A(z) + (1 — a)B(z)|, we obtain

14(2) + (1 = a)B(2)| = [F*" f(2) + (1 = )l =)z + yF*f (2)]

z+ Z Cn(k+1)anzn + (_1)(k+1) Z Cn(k+1)bnznl

n=2 n=1

+(1-a) [(1 —Y)z+yz+ yz Cprnz™ +y (=1 Z anbnz"l

n=2 n=1
[ee)

2 2= a2 = ) |(rl@=1)) = n = kl| Cuelal 121"

n=2
= |l =kl = (1 - )| CurlanlizI™.
n=1
Substituting for Equation (8) and Equation (9) in the inequality we obtain
14(@) - A + )B(2)] — |4(2) + (1 — 0)B(2)]

< alzl+ ) |(r(1 + @) = In = k| Cuela 121"

o n=2
£ |+ @) + In = kl| Culbyl 21"

n=1 o
Ha =121+ ) |(rl@=1)) = In = k| Cuelagl 121"

o n=2

£ |In =kl = (v - )| Curlbl 71"

n=1

=2 ) (In = k| = ap)Culan] +2 ) (In =kl + a)Cuelbn] = 2(1 = @)
n=2 n=1

< 0. (by hypothesis).

Therefore, we have

D (n =kl = a)Cuelanl + ) (In = Kl + @r)Cuplbal < (1 = @).
n=2

n=1

The harmonic univalent function

(1 - V)Z + Yz + Y Z ananzn + y(_l)k Z anbnznl
n=2 n=1

4 0of 9
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- 1 - 1
@) =2+ ;—w(n’ Cay ;—qj(n’ Cay I (10)

where k € Ny and Y3_,| X, + X-11Yn| = 1, shows that the coefficient bound given by Equation (6)
is sharp. Since

z o(n,k,a,v)la,| + z V(n,k,a,y) |byl
n=2 n=1

C 1 C 1
- Z O, k@ V) G ] + 2 Wk, p) g Yl

= D 12l ) Yl = 1.
n=2 n=1

Now, we show that the condition of Equation (6) is also necessary for functions f; = h+
gr, where h and g, are given by Equation (6).

Theorem 2. Let f, = h+ g, be given by Equation (6). Then f,(z) € Az(k,a,y) if and only if the
coefficient in condition of Equation (6) holds.

Proof. We only need to prove the “only if” part of the theorem because of Az(k,a,y) c Ay(k,a,v).
Then by Equation (5), we have

Fk+1f(z)
e {(1 P+ yka<z>} -

or, equivalently

Z = Yoy Cogernyl@nlz™ + (D Y2 Coerny 1DalZ"
—a{(1=y)z+yz+yTp; Culanlz™ + ¥ (=1 X7 C|by|Z"}

>0 (11)
(1 =Yz +yz =y X5, Cuclanlz™ + ¥ (=12 T3 Crye|bnlZ"

We observe that the above-required condition of Equation (11) must behold for all values of
zin U. If we choose z to be real and z - 17, we get

(1 —a) = E3-2(n — k| — ay) Cplan|
+ Xn=1(n — k| + ay) G| bl >0 (12)

—n-1 —

1-y Z:{j:z Crklay |zt + VZ;O=1 Coklbn |z

If the condition (6) does not hold, then the numerator in Equation (12) is negative for r
sufficiently closed to 1. Hence there exist z, =1, in (0,1) for which the quotient in Equation (12) is
negative, therefore there is a contradicts the required condition for f; € Az(k,a,y). O

2.2. Extreme Points

Here, we determine the extreme points of the closed convex hull of Az (k, a,y), denoted by
clcoAgz(k, a,y).

Theorem 3. Let f;, given by (1.2).Then f;, € Az(k,a,v) if and only if

fi@ = ) Xaln + Yo i)
n=1

where
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1
hl(Z) =2z, hn(Z) = z—mzn,n = 2,3, ey
(2) =z+ (-1 ! zZ,n=12
= e Vo kay T

and

620U 20,0 =1 ) (G, +Y;) 20

In particular the extreme points of Az(k,a,y) are {h,} and {gi,}.

Proof. Suppose

fk(z) = Z(xnhn + yngkn)

n=1

=anh + Y Gin) 2 — Z—Q(nkay)xz + (- 1)k2—¢(nkay) 7

1 1
— - n —1)k-1 - =n
z nZz 6(nk,a,y) XnZ" 4 (1) ; Y(nk,a,y) Ynz

Then

Z O k., )la| +Z¢(n, k@ p)lb,l

=Z (nka)/)(m ) Zdj(nkay)(m’yn)

=an+2yn=1—xls1.
n=2 n=1

Therefore fi(z) € clcoAz(k,a,y).
Conversely, if f,(2) € clcoAz(k,a,y). Then

SetX,, = 0(n, k,a,y)|a,|,(n=23,..)and Y, = v(n, k, a,y)|b,l,
(n=12.)and X, = 1—an+2yn

n=2 n=1
The required representation is obtained as

1@ = z—Zlanw + (—1)k2 7"

Z(Z)(n k, ,y)xz +(= Dkz q;(nkay)y"_n
=Z_Z[Z_hn(z) xn"'z [z — gkn (DY

n=2 n=1

=[1—ixn—zyn

n=2 n=1

[oe]

zZ+

= Z(xnhn + YnGin)

n=2 n=1

O

2.3. Convex Combination

6 of 9
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Here, we show that the class Az (k, @,y) is closed under convex combination of its members.
Let the function f},;(z) be defined, for i = 1,2,..,m by

fit@ = 2= ) Jands" + (~DF ) [byf7" (13)
n=2 n=1

Theorem 4. Let the functions fi ;(z), defined by Equation (13) be in the class Az(k, a,v), for every i =
1,2, ...,m. Then the functions c;(z) defined by

[oe]

ci(2) = Z ti fri(2),0<t; <1

i=1

are also in the class Az (k,a,y),where Y2, t; = 1.

Proof. According to the definition of c;(z), we can write

ci(z)=z— i (i t; |an_i|>z” + (—1D)* i (i t; |bn,i|>fn

n=2 \i=1 n=1 \i=1

Further, since f};(z) are in Ag(k,a,y) for everyi = 1,2,..,m, then by Theorem (2.1.2), we
obtain

[ee)

i o, k,a,y) (i t; |am~|> + i y(n, k, a,y) (z t; |bm~|>
k=2 '

i=1 k

=1 i=1
= Z t; (Z o(n, k, a, y)|an,i| + Z y(n,k,a, y)|bn,i|> < Z t, =1,
k=2 k=1

i=1 i=1
which is required coefficient condition.

2.4. Convolution (Hadamard Product) Property

Here, we show that the class Az (k, @,y) is closed under convolution.
The convolution of two harmonic functions

@) = 2= Y agle™ + (~DF ) b [ (14)
and
0u() = 2= Y ILyle™ + (DK ) M, [7" (15)

is defined as
(o{n *Qn)(2) = f(2) *O?n(z)
=z— |anLn|Zn + (_1)k |bnMn|En

Using Equations (12)—(14), we prove the following theorem.

(16)

Theorem 5. For 0 < u<a <1,k €Ny, let f, € Az(k,a,y) and Q, € Az(k,u,y). Then

fu*Qn € Ag(k,a,y) c Az(k, 1, v).

Proof. Let
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fi@ = 2= ) lala" + (~DF Y |b,[7"
n=2 n=1

be in the class Az(k,a,y) and

0u(@) = 2= ) [Lnlz" + (=D} Y M7,
n=2 n=1

bein Az(k,u,v).

Then the convolution f,, * @, is given by Equation (16), we want to show that the coefficients of
fn * Q satisfy the required condition given in Theorem 1.

For Q, € Az(k,u,v), wenotethat |L,] <1 and |M,| < 1. Now consider convolution functions
fn * @, as follows:

> 00kl anlllnl + > 6 ki )lbal 1Myl
=2 k=1

< D 0Lk Planl + Y Wk lby] < 1
k=2 k

=1
Since0 < pu<a<1landf, € Az(k,a,y). Therefore f, * Q, € Az(k,a,y) € Az(k,u,v). O
2.5. Integral Operator

Here, we examine the closure property of the class Az(k, a,y) under the generalized Bernardi-
Libera-Livingston integral operator (see References [10,11]) £, (f) which is defined by,

u+1
u

L,(f)= fzt”‘lf(t)dt,u > —1. (17)
0

Z

Theorem 6. Let fi.(z) € Az(k,a,y). Then

Ly(fi(2)) € Ag(k,a,y)

Proof. From definition of L£,(f,(z)) given by Equation (17), it follows that

Ly (fx(2)) = uz—tlfz gt (t - Zlanlt" + (1) Z |bn|E"> dt
0 n=2 n=1

[oe]

u+1 OOu+1
— 7 — n _1\k RA— ) S n
2= ez (DR Y bl

n=2 o n:o%
=z- Z Gpz" + (-1 Z Lpz"
n=2 n=1
where
u+1 la. |, and
=——a,|,an
" u+n "
u+1
L, = | nl
u+n
Hence

C o(n. k u+1 i k u+1|b |
Z (k@)oo + ) ke f b,
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<D 0tk aland + ) Wi k) |l < 1.
n=2 n=1

by Theorem 2.
Therefore, we have L, (f(2)) € Az(k, a,v).
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