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Abstract: In this paper, the authors introduce the Orlicz spaces corresponding to the Young function
and, by virtue of the equivalent theorem between the modified K-functional and modulus of
smoothness, establish the direct, inverse, and equivalent theorems for linear combinations of modified
summation operators of integral type in the Orlicz spaces.
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1. Introduction and Main Results

Throughout this paper, we use C to denote an absolute constant independent of anything,
which may be not necessarily the same in different cases.

There are many types of integral operators (see, for example, [1-7] and closely related
references therein). In the paper [8], Ueki provided a characterization for the boundedness and
compactness of the Li-Stevi¢ type integral operators

T8 = [ floe

from the weighted Bergman space L} (dA,) to the p-Zygmund space Zg. Later, Li and Ma [9]
investigated the boundedness and compactness of products of composition operators and integral
type operators

cop)e = [ e

from Zygmund-type spaces to Qy spaces. Recently, the equivalent characterizations for the
boundedness and compactness of several integral type operators

Vife) = [ F@@ @ dr
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from F(p,q,s) space to a-Bloch-Orlicz and B-Zygmund-Orlicz spaces were developed in [10].
Gupta and Yadav [11] estimated the approximation by complex summation integral type operator

Mulf,2) = (14 1) 1 pus(2) [ FOpwsr (014 FO)puo(2)
k=1

in compact disks, where p, x(z) = (})z(1 — z)"~¥. In [8-11], some approximating properties of

integral type operators in complex spaces were established. Vural, Altin, and Ytiksel [12] provided
weighted approximation and obtained a rate of convergence of Schurer’s generalization of the g-Hybrid
summation operators of integral type

M (f,x) = [n+p—1], kil SINE) /Ooo P;’,p,k_l(t)f<[n—i_p]qt—i_“> dy(t)

[n+plg+B
()

where
ef[ner]qx

7 ke P g _ (nEptk-T ey X
Snpk( ) ([ +P}qx) [k}q! and Pnpk ( k qq (1+x)n+p+k

In [13], Govil and Gupta considered the simultaneous approximation for the Stancu-type generalization
of certain summation operators of integral type

::ilpnlk(x)/ombn,k1(t)f(;;t:g>dt+(1+x) ”f( +ﬁ>

by hypergeometric series. Srivastava and Gupta [14] introduced and investigated a new sequence of
linear positive operators

Guelfx) =1 & [ msCiemmecsn (bSOt [~ puatwelpunlb s,

which included some well-known operators as its special cases and obtained an estimate on the rate of
convergence by means of the decomposition technique for functions of bounded variation. In [15],
Gupta, Mohapatra, and Finta studied the mixed summation operators of integral type

anv / bnv 1 dt—"e_nxf( )

and obtained the rate of point-wise convergence, where

_ e (1X)° _ 1
Snp(x) =e - and by, ,(f) = B0+

tv(l + t)—n—v—l_

In [12-15], some approximating properties of integral type operators were discussed in C[0, o), which
is a special case of the Orlicz space. For f € L} [0, ), the modified summation operators of integral
type By (f, x) are defined in [16] as

Bulf0) = 757 L busl) [ bus(Df(0dE, x € 0,0), o
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](fil){,);, i +’;k);]+k — fork,n > 1. Recently, Han and Wu [16] obtained the following direct,

inverse, and equivalent theorems of modified summation operators of integral type in Orlicz spaces.

where b, (x) = T

Theorem 1 (Direct theorem [16]). Let f € L [0,00), ¢*(x) = x(1+x), and ¥ € Ay. Then

1Ba(f) = fllo < C {wz,(p (f,\/lﬁ)q) +an <f, i)q} + ”fn'q’]

Theorem 2 (Inverse theorem [16]). Let f € L}[0,00),0 < a < 2, and ||B,(f) — fllo = O(n=*/2). Then
w2p(f, e =O(t*) and wi(f,t)e = O(t*/?).
Theorem 3 (Equivalence theorem [16]). Let f € L},[0,00) and 0 < a < 2. Then
|Bu(f) — fllo = O(n*“/z) ifand only if wy(f,t)o = O(t*) and wi(f, t)o = O(t”‘/z).

In recent years, since the Orlicz spaces are more general than the classical L, spaces, which is
composed of measurable functions f(x) such that | f(x)|” are integrable, there is growing interest in
problems of approximation in Orlicz spaces.

For smoothly proceeding, we recall from [17] some definitions and related results.

A continuous convex function @ () on [0, c0) is called a Young function if it satisfies

lim %:0 and lim%:oo
t—0+ t t—oo
For a given Young function ®(t), its complementary Young function is denoted by ¥ (t).

It is clear that the convexity of ®(t) can lead to ®(at) < ad(t) for « € [0,1]. In particular, one has
P(at) < ad(t) fora € (0,1).

A Young function ®(t) is said to satisfy the Ap-condition, denoted by @ € A,, if there exist t) > 0
and C > 1 such that ®(2t) < CP(t) for t > t.

Let ®(t) be a Young function. We define the Orlicz class Lg [0, 00) as the collection of all Lebesgue
measurable functions u(x) on [0, c0). Since the integral

p(1,®) = [ @(ju(x)))dx

is finite, we define the Orlicz space L}, [0, ) as the linear hull of L [0, o) under the Luxemburg norm

u
= 1 . — < .
llull (@) gg{)\ p<A/<I>> < 1}

The Orlicz norm, which is equivalent to the Luxemburg norm on L, [0, 00), is given by

|ullo = sup / u(x)o(x)dx
p(v,¥)<1170
and satisfies
lull@) < llulle < 2[ull(e)- )

For f € L}[0,00), the weighted K-functional K, ,(f,t"), the modified weighted K-functional
Ky »(f,1"), and the weighted modulus of smoothness w, . (f, t)e are given, respectively, by

Krp(fit)o = inf{[|f - gllo + ¢8| : 7Y € ACi.},
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Reg(f )0 = inf{f = gllo + 9"l + 5l : 8V € ACuc},

and
a)mp(f’ t)cp = Ssup ||A}P,quf||©/
0<h<t

where ¢(x) = v/x, ¢(x) = /x(1+x), or ¢(x) = x, and g~V € ACj,. means that g is r — 1 times
differentiable and g~ is absolutely continuous in every closed finite interval [c,d] C [0, c0).

Between the weighted modulus of smoothness and the modified weighted K-functional,
there exists the following equivalent theorem.

Theorem 4 ([16]). Let f € L} [0, c0). Then there exist some constants C and to such that

w,,(fhe _
% SKr,(p(f/tr)d) Scwmp(f/t)d)/ 0 <t <t 3)
Between the weighted modulus of smoothness and the weighted K-functional, there exists the

following equivalent theorem.
Theorem 5 ([18]). Let f € L} [0, c0). Then there are some constants C and to such that

wr,(p(f: He

C < Kr,q)(fr tr)cb < er,<p(f/t)<l>/ 0<t < tO‘ (4)

Currently, there are few results about linear combinations of modified summation operators
of integral type B, (f,x). In this article, we investigate the approximation of linear combinations
of modified summation operators of integral type B, (f,x) in Orlicz spaces L} [0,0). The linear
combinations of modified summation operators of integral type B, (f, x) are defined as

2r—1
Luy(f,x) = 2 Ci(”)Bn,-(f/x)/
i=0
where
2r—1 2r—1
n<ng<m <---<npy1<Cp Y ci(n)=1, ) |e(n)]<C,
i=0 i=0 5)
2r—1
Y ci(n)By ((t—x),x) =0, k=0,1,2,...,2r— 1
i=0

Our main results in this paper can be stated as the following three theorems.

Theorem 6 (Direct theorem). Let f € L} [0,00), n € N, ¥ € Ay, and ¢(x) = /x(1+x). Then

HLn,T(f) _fH’I) < Cer,q) <f, \}ﬁ)q)

Theorem 7 (Inverse theorem). Let f € L%[0,00), n > 2r, and ¢?(x) = x(1 + x). Then

1 C& .
rg(fr7m) < L Mar )~ o

Theorem 8 (Equivalent theorem). Let f € L% [0,00), n > 2r, 9*(x) = x(1+x), and ¥ € Ay. Then

[Lnr(f) = fllo = O<1P(nll/2>), n— oo ifandonlyif wae(f,t)e =O0(P(t)), t— ot
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These main results improve some conclusions in [19] and increase the approximating speed of
corresponding operators.

2. Proof of the Direct Theorem

In order to prove the direct theorem, we need several lemmas below.

Lemma 1. The modified summation operator of integral type By (f, x) defined in Equation (1) satisfies

By(1,x)=1 and Bn((t—x) )<C[521<1 )} )

where 62(x) = max{¢*(x), 1}, p(x) = \/x(1+x), r € N, and C is a positive constant.
Proof. This follows from simple calculation. [J

Lemma 2 ([19]). If u locates between x and t, then

(t_u)erl - | x‘erl 1( 1 N 1 )
q,Zr(u) —(Prl(x) 14+x 1+t)°

Lemma 3. Let f € L3 [0,c0). Then

[Lnr(Flle < Clifllo-

Proof. By Lemma 3.2 in [16], we have

1Ba(f)lle < 2[fllo-

Using Equation (5), we obtain

2r—1 2r—1
[Lus(H)lle = || Y ci()By, < Z lci(m)[ 1B, (f)lo < Cl|fllo-
i=0 P

The proof of Lemma 3 is complete. [
Lemma 4 ([18]). For f € L},[0,00) and ¥ € A, we have

16(H)lle < Cllflle,

where

of.x) = oiltlfoot / Ut

is the Hardy-Littlewood function of f(x), and C is a positive constant.

We are now in a position to prove Theorem 6.

Proof of Theorem 6. Let

U=W3{g:¢%V e ACy., ¢¥¢?) € L[0,00)}.
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Taylor’s formula with integral remainder of ¢ € U reads

X) (t - x)i + RZr(gf £ .'X),

_ 2ri1 20
i=0
where . ,
Ray(g,t,%) = m/ (t— w142 (u)du, x€[0,00).
From Equation (5), it follows that Ly, (g, x) — g(x) = Ln,(R2r(g,t, x),x) and
[Lnr(8) — 8llo = [|Lnr(Rar (g - %), x) |0 (6)

Now we estimate [Ry/(g,t,x)|. As x € [1,00), we have 62(x) = ¢?(x). Applying Lemma 2
leads to

2r 1
|R27(g,t x ’/ 21’ Tl (u)g(zi’)(u)du
1 |t —x|2’ 11 1 1 t o o)
= (2r— 1)1 ¢ 2(x) }(1+x * 1+t> 6 ()3 (u) du

1 (t—x)% 1 1 .
S - 2 [x(1+x)+x(1+t }'9 ('™, x)|

From Lemma 1, we conclude that

By(I1, x) = ﬁ i bus(x) [ bual) @r . D) (ip%

0 (527 C
— ’ ( (27,_ 1’)9? Bn((t_x)Zr,x) < W|9((5%Yg(2r),x)|

|0(6% ¢, x)| dt
@)

and

| 521* | 1 (t - x)Zr 1
&@ﬂ>4—7;f—zmk | O i

B ‘ (5%78(27 ‘q)—2r o0 n+1 2 o ” @
 (@2r=1!(n+1) k21<”+k+1> bn+1,k(x)/0 by e(t)(t—x)7 dt

dt

C r r
Cloerse), ).

Hence, by Inequalities (7) and (8) and Lemma 4, it follows that

C r r r r
1B (Rar (8 %), ) g1 00) < W\;e((sg g(z),x)yyq)[% y|5gg2 o2 - ©9)
Forx € [0,1)and 62(x) = 1, we have
1 ! 2r—1,(2r)
[Rar(,8,)| = gy | [, (6= 018 (w)

1
(2r—1)!

! (t — u)erl 2r (2r)
8 g () du <

x—)¥n"|6(6¥ ¢, x)|.
8

1
= (2r—1)!
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Using Lemmas 1 and 4 arrives at

r
Bu(|Ror(g 1, %)], %) < (Zrnl)'fr(gzr )[6(52 @), x)| < 7|6 (625, )|

and

7!

1Ba(Rar (8, %), %)l o 1 <f|!6 578" oo 1) < ||52’ Moo

Combining this with Equation (9) leads to

C
1Bu(Rar(g, ), 2) loioes) < 211678 i
and, consequently,
2r—1
1L (Rar (8, %), X)lle <} [eil [ Bu (Rar (8, %), %)
i=0

2r—1

C
< Z \CzI*H&z’ g < Z leil 7 118y < o8

Then, applying the above inequality, Inequalities (3) and (6), and Lemma 3, we obtain

1L ()~ Fllo < ILns(F — ) — (F = o+ ILnr(g) — gl
< Cllf ~gllo+ 1078l < Cavaryg (f, \})q}

The proof of the direct theorem is complete. []

3. Proofs of the Inverse and Equivalent Theorems

For proving Theorems 7 and 8, we need the following lemmas.

Lemma 5. If f € L§[0,00) and n > 2r, then

19> L2 ()]l < CH 1 f

Proof. Since

B®)(f,x) z b2 () [ husnf (e

e R L Frer GG

n+1

1 & (k!
7n+1];(k—1)!n!.

5 (7
2r /oo
o

1_[ Z bn+Zrk

j=2

2,
( ) (—1) Bz () d (10)
2r 2
< H 7’l—|—] Z bn+Zrk Z (27’> nk-+2r— z(t)f(t)dt

we have

2r =] 0o 2r
P B (3) < [J04) 1 buraesd® () [ 3 (% Juseas(0f @)
k=1 i=0

j=2
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k—l—r—l'n' n—+2r+k)! o 21 /Dp
<Hn+1 ¥ buser (0 G (k(_l e T A 1 G [HSSCYOET

Cn" Zr( >
< by jer (% / by or—i(t) f(£) d £
n+1lz(:) Z nk+r nk42r—i

Therefore, by Jensen’s inequality [20] and the inequality (2), we obtain

||(P ( (f ch
0 1 & /2r Cnr t
LA B o )

q><n_1|_1 ibn,k+7(x) /[)oobn,k+2ri(t)cnr|)]:(t)dt> dx < 1}
¢<nili nk / bnk+r 1 Can{( )| >dx§1}
1

Cn'|f(1)]
Yl—i—l nk / bnk+r z ( A dtdx <1

I
o

I
o

>
h
3
'?’Q\H
S
N
ON
/\/\N/—\
=S
~ ~—

AN
N
>
A=A
—N—
>
c\
3
N[ —
IS
v

<Cr'|flle,

where by, ;1 ,_i(t) = 0 for n +r — i < 0. Combining this with Equation (5) leads to

2r—1

Alle < Z lei(m)|Crillfllo < Cn"[|f]lo-

2r)

Nl = Z\C )l9™ (x)BE"(

H(I)Zr(x

Lemma 5 is thus proved. [

Lemma 6. Let f € L},[0,00) and n > 2r. Then

Zr)

Hq’er ||q> B CHq’zrf @) Hcp'

Proof. Integrating by parts 2r times in Equation (10) gives

[eS) 27 .
B0 = H ) Ebwsan) [ L (7)) C0usea i 081
ey
B = 221"()2 = n —1F 1 ki: bpyor i (X) /Ooo bnfzr,k+2r(t)f(2r) (t)dt.
: =1
Accordingly,
¢ ()BY" (f, )
_ 22;.(; 2! - Jlr . kZ b y2r k(%) 9™ (%) /O " by sk (D (D9 (D F ) (1) d
: =1
< C 3

< 7 L bz () | b (09 (07 (1) d,
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Employing Inequality (2) and Jensen’s inequality [20] reveals

9% (B ()|
<2 inf{)\ : /OOOCI>< < i by—2ri2k4r(X) /:o bn,k—&-r(t)Wdt) dx < 1}

A>0 n+1/4=
ngigfo{A:/o%(nil:ilbnz,+z,k<x>/0°°bn,k<t>"’27(”’§m“)’dt)dxg1}
: 2%2%{A: RSt | bn,k<t)d><w(”2;(t”f (m(t)‘) dtdx < 1}
< zAir;g{/\ o f;i3 0°°q>< T ¢2;(t>|f(2’)(t)|> dt < 1}

< Cllg* -

Applying the above inequality and Inequality (5) results in

Y ci(n)g?BE)(f)
i=0
2r—1
<C Y lamI|e* |y < Cllo* f| 4
i=0

< ¥ la(m)l]l9*BE (Pl

P i=0

o> L (Al =

The lemma is proved. O

Proof of Theorem 7. From Lemmas 5 and 6 and [21] (Theorem 2.2), we obtain

Kag(£,—5) < S S0 Lun(h) — £l
21,9 " ar/2 o > nr -

=
Utilizing Inequality (4) concludes the inverse theorem. [

Proof of Theorem 8. Using the so-called order function () = t*[Int|Pel ™" for0 < « < 1, B € R,
and ¢ < 1 and combining Theorems 7 and 8 conclude the equivalent theorem. [
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