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Abstract: In the framework of a microscopic model for intersubband gain from electrically
pumped quantum-dot structures we investigate electrically pumped quantum-dots as active
material for a mid-infrared quantum cascade laser. Our previous calculations have indicated that
these structures could operate with reduced threshold current densities while also achieving a
modal gain comparable to that of quantum well active materials. Here, we study the influence
of two important quantum-dot material parameters, namely inhomogeneous broadening and
quantum-dot sheet density, on the performance of a proposed quantum cascade laser design.
In terms of achieving a positive modal net gain, a high quantum-dot density can compensate
for moderately high inhomogeneous broadening, but at a cost of increased threshold current
density. However, by minimizing quantum-dot density with presently achievable inhomogeneous
broadening and total losses, significantly lower threshold densities than those reported in
quantum-well quantum-cascade lasers are predicted by our theory.
Keywords: semiconductor laser; quantum dot; quantum cascade laser

1. Introduction
Quantum cascade lasers (QCL) based on quantum wells (QW) have been an exciting and
important topic of optoelectronic-device research for decades [1–8]. These systems have been realized
up to and above room temperature and with high output powers [9–11]. Also, continuous operation
with high efficiency has been achieved at wavelengths greater than 10 µm [12].
Using low-dimensional systems such as quantum dots (QDs) instead of QWs in QCLs promises
a reduction of non-radiative losses due to their different density of states. In addition to QDs,
nanowires have also been studied in this context theoretically recently [13,14]. Early proposals with
QDs [15] involved transitions between QDs in different layers, but the idea of using transitions inside
a single QD was already suggested in Reference [16]. Later it was shown experimentally that QDs
in general promise lower threshold currents than conventional laser diodes [17–20]. Recently, much
experimental progress in the direction of QD intersublevel devices has been made with mid-infrared
(mid-IR) photodetectors [21–23]. While mid-IR electroluminescence at low temperatures [24–26],
and also at room temperature [27,28] have been demonstrated, no QD-QCLs operating at room
temperature have been realized so far.
In order to advance the understanding of the processes in QDs that are important for their use
as a gain material for a QCL, we have used the design of the experimental structure of Reference [27],
which has shown mid-IR electroluminescence, as a guide to develop a model QCL active region
consisting of QDs. In particular, we have proposed a dot-in-a-well QD structure (DWELL structure)
sandwiched between QWs, i.e., a QW-QD-QW structure [29,30].
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The particular features of the model used to describe the QW-QD-QW structure are that it
incorporates continuum states including tunneling with QD states, as well as polaronic effects, which
effectively broaden the discrete QD states [31], and thus goes beyond earlier proposals of QDs
as active material for QCLs [15,16]. The detailed inclusion of scattering contributions at elevated
densities, at which continuum states are involved, also sets our approach apart from studies of
strong electron-phonon coupling effects, such as long-lived QD polarons [32]. In Reference [29] we
discussed theoretically requirements for an optimal line-up of QW and QD states in the QW-QD-QW
structure. We found that it was most important to have an efficient extraction of carriers from the
QW-QD-QW system by an additional collector structure. Otherwise electrons pile up in continuum
states and provide an Auger-like contribution that degrades the performance, as we discuss in some
detail below. A model for the design of the collector region, however, is beyond the scope of the
present paper. Using our optimized band line-up for the active region in combination with our
efficient extraction process, we found a reduced current requirement to achieve a gain-length product
comparable to that of mid-IR QW QCL devices, for an inhomogeneous broadening of a quantum-dot
ensemble that is close to the lower limit achievable today using self-organized growth [30].
The present paper extends our previous studies [29,30] and investigates how the inhomogeneous
broadening and QD density affect the performance of QDs as active material for mid-IR QCL devices.
We do not address here the numerous technical challenges of fabricating a QD laser device that fulfills
our model requirements (in particular, the precise band line-up and a collector region with the desired
properties), but focus on the tradeoffs among influences of the QD material parameters, which are an
important part of design of possible future mid-IR QD QCL devices.
The paper is organized as follows. In Section 2, we introduce our theoretical model and indicate
how we calculate the modal gain and the different contributions to the current. In Section 3 we
first present calculated results of our optimized QD QCL model. We apply these to a feasibility
study using QD density and inhomogeneous broadening as parameters. As the different scattering
pathways through the QD active region have an important influence on the performance, we also
analyze the different contributions to the current in some detail.
2. Setup
The model system of a QD structure as a gain material for QCLs that we investigate here was
introduced in Reference [29], where the material composition and geometry have been optimized.
Here, we give only a brief description. Figure 1 shows a schematic picture of the investigated
structure, which is patterned after the experimental device in Reference [27]. The periodic QD
QCL structure with device periodicity of 50 nm in Figure 1 (left) consists of alternating active and
collector regions. The active region shown in the enlarged band lineup in Figure 1 (right) is described
microscopically in our model. Here, a thin active layer of QDs embedded in a QW (DWELL structure)
is sandwiched between a source QW, where the carriers are injected into the excited states of the
QDs, and a drain QW, where the carriers are extracted from the ground state of the QDs. When a
steady-state current is driven through this band lineup it creates an inversion N between the ground
and excited QD states, which can be used for the amplification of an optical field. Finally, as the
collector region combines the carriers from the top and drain QW, in a periodic structure these carriers
can be injected into the following source QW.
The microscopic description of the region depicted in Figure 1 (right) includes a realistic model
of the underlying electronic structure [33]. Furthermore, our dynamical model is based on the
semiconductor Bloch equations and contains Boltzmann-like electron-phonon and electron-electron
scattering terms including polaronic effects with an effective quasi-particle broadening [29]. The latter
is especially important for scattering where discrete QD levels are involved. Electrons interact in
general with longitudinal acoustic (LA) and optical (LO) phonons, but, as long as the level spacing of
the QDs is much larger than the typical energy range of the acoustic phonons coupled to the QDs, the
scattering effects due to acoustic phonons are inefficient.
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Figure 1. (Left): Schematic diagram of a quantum dot (QD) quantum cascade laser (QCL) structure
studied in this paper. The current is injected from an Injector Region into an Active Region and flows
in growth direction through a periodic structure of Active and Collector regions until an Extractor
Region is reached. The periodicity of the structure is 50 nm. (Right): Model of the active region.
The top quantum well (QW) is located energetically above the QD states and the drain QW. The black
(double) arrows indicate the pathway of carriers through the active region. The QD transition used
for the amplification of an optical field is highlighted by the gray double arrow.

In particular, we describe the occupation of the QD states by ensemble-averaged electron
distributions. We do not include carrier correlation effects, as they are important when only a few
QDs are coupled to a single cavity mode [34]. However, we do include scattering processes where
several electrons in each QD of the ensemble may be involved under current injection.
The electron-phonon scattering contributions can be characterized by the types of states
(i.e., QD, QW) involved in the scattering process: The different possibilities are intra-QW scattering
(only QW states involved), phonon-assisted QD capture/emission (one QW state involved), and
intra-QD scattering (only QD states involved). For the electron-electron scattering contributions we
distinguish between intra-QW scattering (only QW states involved), intra-QD scattering (only QD
states involved) and Auger-like contributions. Among the Auger-like contributions we count the
following processes: QW-assisted QD capture/emission (three QW states involved), QW-assisted
QD scattering (transitions between two QW states and two QD states, respectively), pure QD-QW
scattering (QD-QW transitions), and QD-assisted QD capture/emission (three QD states involved).
More details on the calculation of the electronic structure, the Coulomb- or electron-phonon scattering
matrix elements and the derivation of the scattering contributions can be found in Reference [29].
Further, we model the electron injection into the source QW and the extraction of electrons by
transport of electrons from the top or drain QW into the collector region with rate equations. We do
not address the challenge of growing an optimized design of the collector region for an efficient
extraction process and a minimization of carrier losses.
With regard to the injection model, we should also briefly discuss changes introduced to the
band lineup in a biased structure. We assume in the following dynamical calculations a structure
optimized in the presence of a bias voltage. For an actual device design, the cold structure needs
to be optimized so that the bias-induced shift leads to a level lineup close to the one described
in Figure 1. For example, we have checked that, for a field of 36 kV/cm, the following material
composition leads to the desired level line-up: The DWELL structure itself consists of a GaAs top
QW with embedded In0.75 Ga0.25 As QDs, the source-QW composition is In0.19 Ga0.81 As, and that of
the drain-QW is In0.33 Ga0.67 As.
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These compositions have been computed without many-particle renormalizations of the band
structure, but should be meaningful because energy shifts of only a few meVs do not affect the
scattering behavior significantly. For instance, the steady-state result for the cw small signal
gain should described accurately, if the material parameters of the cold structure are optimized
for the applied voltage. However, we cannot resolve the switch-on dynamics during which this
renormalized band lineup develops. The inclusion of interaction-induced shifts would be a numerical
challenge, as we would have to treat kinetic and spectral properties self-consistently. To go beyond the
present results, which neglect many-particle renormalizations, we would have to do inverse quantum
engineering for the cold structure, which increases the numerical demand even more.
Our analysis focuses on the active region, but is transferable to a periodic structure (like a
QD QCL), if small carrier losses in the collector region are neglected. This is a valid assumption
for an optimized design of the collector region. However, finite carrier losses increase with the
length of the device and restrict its extension in the direction of current flow, but the current coming
from the injector region is not significantly changed. By contrast, the overlaps of the QW and QD
wave functions as well as the QD density substantially influence the injected current, and these
are incorporated in our microscopic theory. Thus, we compute microscopically the modal gain and
current density as a measure for the performance of the active region, and regard inhomogeneous
broadening and QD density as parameters. We will assume a temperature of 300 K for all the results
presented in this paper.
We calculate the steady-state current density J through the QD QCL device via
J=e

dnk
1
A∑
dt
~
k

(1)

inj

where (dnk /dt)|inj is a measure of the number of injected electrons into the source QW per time and
A is the normalization area of the source QW. The steady-state modal gain G can be calculated with
the help of the inversion N
h̄ω0 Γinh nQD µ2
N
(2)
G = Γcon 2
h̄c0 ε 0 nb
`
h̄γd
where Γcon = 0.65 is the confinement factor, h̄ω0 = 105 meV is the transition energy, nb = 3.4
(GaAs) the background refractive index of the host material, ` = 50 nm is the periodicity length
of the structure, µ = 2.5 e nm the dipole moment, h̄γd = 1 meV the polarization dephasing (see
also Reference [29] for the choice of this quantity), nQD the QD density, and N the inversion of the
optically active states. The inhomogeneous broadening, in contrast to the homogeneous broadening
determined by the polarization dephasing, acts as an effective reduction Γinh of the density nQD
of QDs that are resonant with the optical field and is calculated assuming a Gaussian distributed
level spacing of the QD ensemble. The microscopic model of the QD active material and the
electronic transitions involved are calculated in the transport part of the model, which determines
the steady-state inversion and current.
In addition to electron-electron and electron-phonon interaction, spontaneous emission
of photons between the optically active states of the QDs might contribute to the current.
Therefore, we computed the spontaneous emission current [31] via the equation
Jsp = e`h̄

Z ∞
0

dω S ω, α(ω )



(3)


with the spontaneous emission spectrum S ω, α(ω ) calculated with a nonequilibrium
Kubo-Martin-Schwinger relation as given, e.g., in Reference [35] using the absorption coefficient
α(ω ) proportional to the reciprocal periodicity length `−1 . Numerically we find that the spontaneous
emission current is below 1 A·cm−2 for QD densities up to 5 × 1011 cm−2 and therefore negligible for
the QD model under study.
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3. Results
3.1. QD Material Parameters
As explained in the previous section, we determine the inversion N vs. current density J by a
microscopic model of the steady-state carrier transport from the source QW through the active QD
region into the drain QW. Figure 2a shows the results of this calculation for various QD densities
nQD in two different forms. While the basic physics contained in Figure 2 has been discussed in our
previous papers [29,30], it shows some of the “raw data” needed for the main results of this paper
concerning the influence of QD material parameters on QD QCL design choices. Figure 2 shows the
modal gain G, which is computed by Equation (2), vs. current density J in the steady state and the
inset figure shows the inversion vs. current density J. In our calculation, the inversion is a property
of individual QDs, whereas the modal gain applies to the QD ensemble.
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Figure 2. (a) Modal gain G vs. current density J for QD densities nQD of nQD,1 = 1010 ,
nQD,2 = 5 × 1010 and nQD,3 = 2 × 1011 cm−2 . The FWHM of the inhomogeneous broadening ∆inh
is 10 (solid dark-gray line), 15 (dashed dark-gray line), 25 (solid light-gray line), and 50 meV (dashed
light-gray line). For one data set, the current density Jsat for modal saturation gain, the current
density Jtr for transparency and the modal saturation gain Gsat are depicted. Inset: Inversion N
vs. current density J for a QD density nQD of 1 × 1010 cm−2 (black), 5 × 1010 cm−2 (dark-gray) and
20 × 1010 cm−2 (light-gray). (b) Saturation gain Gsat as function of the current density Jsat extracted
from raw data as partly shown in Figure 2a for an inhomogeneous broadening with ∆inh of 10 (solid
black line) and 50 meV (dashed black line).

We do the transport calculation for a range of injection rates into the source QW, and from this
determine the current density. Increasing the injection rate leads to a larger current density J until a
saturation value around an injection rate of, e.g., Λ = 1.2 ps−1 for moderate QD densities is reached.
For a larger current density J, a higher inversion and a higher modal gain result for a specific QD
density. Note that, for a lower QD density, a higher inversion for the individual QD transitions may
be reached and less current is necessary to obtain this inversion. This can be explained as follows: For
higher QD densities more carriers need to go through the active QD layer and thus the steady state
current density increases. However, more carriers injected into the whole structure also mean more
carrier-carrier and carrier-phonon scattering processes into continuum states, which compete with
the transition between the optically active states in the QDs. In particular, the structure is designed
so that carrier-phonon scattering causes inversion for the optically active QD states, but the inversion
is diminished by an increased effectiveness of carrier-carrier scattering processes at higher carrier
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densities. In the following we analyze the dependencies between gain G and the density of the QD
ensemble nQD in detail.
From Figure 2a, we observe a reduced gain G for a higher inhomogeneous broadening.
Most notably, in spite of a reduction of the individual QD inversion N for higher QD densities nQD
(as shown in the inset of the Figure 2a), the gain G of the whole QD ensemble is increased. But the
increase of the QD density also leads to an increased current requirement.
For the intermediate QD density of nQD = 5 × 1010 cm−2 , we have also indicated in Figure 2a
how we determine the saturated gain Gsat and the threshold and saturation currents Jtr and Jsat ,
respectively, for a given QD density and inhomogeneous broadening. Figure 2b shows schematically,
for two different values of inhomogeneous broadening, how we obtain by interpolation the
dependence of Gsat on the current J from a set of G vs. J calculations. Using this procedure, we
obtain Gsat as a function of current, QD density and inhomogeneous broadening.
We next plot the saturation gain Gsat vs. QD density nQD in Figure 3, and the saturation gain
vs. saturation current density Jsat in Figure 4 for a set of inhomogeneous broadenings. As the
saturation gain depends on both quantities, one could interpret these figures as the two dimensional
projections of the three dimensional saturation gain curve Gsat (nQD , Jsat ). We have also included two
lines for the loss α, which is a combination of the mirror and waveguide losses. The smaller value
α = 20 cm−1 is a conservative estimate taken from Reference [12] as lower currently attainable limit
and the larger one α = 50 cm−1 is intended to mimic the effect of a positive net gain of about 30 cm−1 .
3
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Figure 3. Saturation gain Gsat vs. QD density nQD for inhomogeneous broadenings ∆inh of 10 (solid
line), 15 (long dashed line), 25 (short dashed line), and 50 meV (dotted line). The black line is the total
loss line at 20 cm−1 (solid line) and 50 cm−1 (dashed line).

Figure 3 shows that, in order to overcome the total losses, the QD density has to be around
1 × 1010 cm−2 for an inhomogeneous broadening with FWHM ∆inh of 10 meV and at most
1 × 1011 cm−2 for ∆inh = 50 meV. Figure 4 then shows that this entails a current density Jsat of around
150 A·cm−2 for ∆inh = 10 meV, and between 225 A·cm−2 and 325 A·cm−2 for ∆inh = 50 meV. Figure 4
also shows that, for all the QD densities considered here, the current density Jsat is below the QW QCL
current density limit, which we determined in Reference [30]. Finally, the inset in Figure 4 contains
the relation between QD density nQD and the two different current densities Jsat and Jtr , as defined
in Figure 2. There is obviously only a small deviation between transparency and saturation currents,
but a pronounced dependence of the current density on the QD density.
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Figure 4. Saturation gain Gsat vs. current density Jsat for inhomogeneous broadenings ∆inh of 10 (solid
line), 15 (long dashed line), 25 (short dashed line), and 50 meV (dotted line). The black horizontal line
is the total loss line by 20 cm−1 (solid line) and 50 cm−1 (dashed line). The black vertical line is the
QW QCL current density limit chosen for comparison. Inset: QD density nQD vs. current density Jsat
for saturation gain and current density Jtr for transparency.
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Figure 5. Minimum QD density nQD,min (black line) and corresponding current density Jth,min (gray
line) necessary to reach lasing threshold for a device with a total loss of 35 cm−1 vs. inhomogeneous
broadening ∆inh .

We next pick an intermediate value for the losses α = 35 cm−1 and determine the minimum QD
density nQD,min to overcome this losses, i.e., to produce a zero net gain. The corresponding current
density is thus the threshold current density for this loss, which we denote by Jth,min . Figure 5 plots
nQD,min and Jth,min vs. the inhomogeneous broadening ∆inh . For small inhomogeneous broadening,
a lower QD density is necessary to overcome the losses. Also a lower threshold current is required
for small inhomogeneous broadenings, because the threshold current increases with increasing QD
density. In particular, for an inhomogeneous broadening with FWHM of 10 meV (50 meV) a minimum
QD density of about 1 × 1010 cm−2 (7 × 1010 cm−2 ) with a corresponding threshold current density of
about 150 A·cm−2 (275 A·cm−2 ) is required to overcome the total losses. This figure shows clearly the
dependencies between QD material parameters and threshold current for a particular device design,
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and establishes that net gain for realistic values of QD density and inhomogeneous broadening should
be achievable.
3.2. Contributions to the Current
The dynamics behind the results presented so far arise from a complicated interplay of complex
electron scattering processes in the whole structure under investigation. To elucidate these processes,
we first separate the different contributions to the current. We then explain qualitatively the
microscopic scattering processes behind the contributions to the current, as the detailed scattering
pathways through the structure have an important influence on the performance. Even for a device
design that is different from ours, these qualitative considerations concerning the scattering pathways
may help to optimize a structure design.

(a)
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Figure 6. (a) Contributions to the current density for saturated gain Jsat (solid black line) vs. QD
density nQD . The current with (solid black line) and without (solid gray line) inclusion of Coulomb
scattering is shown. The current due to electron-phonon scattering consists of the phonon contribution
extracted from the drain QW (dashed gray line) and the phonon contribution extracted from the
top QW (dotted gray line). (b) Corresponding saturated gain Gsat vs. QD density nQD for an
inhomogeneous broadening ∆inh of 15 meV.

Figure 6a shows the different contributions to the current density, for saturated gain
Jsat vs. ensemble QD density nQD .
The solid line is the full calculation including all
scattering mechanisms. The electron-phonon contributions, shown as solid gray line in Figure 6a,
is determined in a separate calculation without Coulomb interaction. We interpret as the
Coulomb-interaction contribution to the current the difference of the current resulting from a
calculation with and without Coulomb-scattering. Compared to the electron-phonon interaction
contribution it plays an almost equally important role and primarily depends on the electronic
occupation of the continuum states above the QD, as will be discussed in more detail below.
For completeness, the saturated gain (corresponding to the current for saturated gain) vs. ensemble
QD density is shown in Figure 6b for an inhomogeneous broadening of 15 meV (FWHM).
The different results shown in Figure 6a are the best one can do to separate different contributions
to the current in the framework of the numerical calculation. Figure 7 contains a purely schematic
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picture of different scattering pathways that are involved in the computed results shown in Figure 6a.
As already mentioned, the spontaneous emission current is negligible for the QD model under study.
In Figure 7a–d, the steady-state current injected into the source QW (IS ) is equal to the current
extracted from the drain (ED ) and the top QW (ET ).
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Figure 7.
Schematic picture of different electronic scattering pathways; in particular,
(a) electron-phonon processes, (b) Auger processes, (c) Coulomb induced processes that work against
the inversion, and (d) scattering pathways that contribute to gain the cavity field. Electron-phonon
scattering is illustrated by one dashed arrow, electron-electron transitions by two solid arrows, and
injection or extraction processes by wide arrows. The black QD states and the filled gray QW regions
are highly occupied and the gray QD states and the striped gray QW regions have only a small electron
occupation. Refer to Figure 1 for the explanation of the states involved.

To distinguish between different electron-phonon contributions, which are the gray curves in
Figure 6a, we turn first to Figure 7a. In the vast majority of current pathways, the electrons relax
from the source QW to the excited QD states via phonon-assisted QD capture (P1 ). Then, the electron
may contribute via direct phonon-assisted QD emission from the excited QD to the top QW states
(P2 ) to the current extracted from the top QW (see dotted gray line in Figure 6a). Another possibility
is an electron-phonon process via direct phonon-assisted QD emission from excited QD into drain
QW states (P3 ). Also, the combination of the intra-QD relaxation process P4 and the phonon-assisted
QD emission process P5 , i.e., indirect electron-phonon scattering (from the ground QD) to drain QW
states primarily due to a weakening of the phonon-bottleneck effect by the inclusion of polaronic
effects, might occur. The scattering processes P3 and P4+5 contribute to the current extracted from the
drain QW (see dashed gray line in Figure 6a).
Next, we describe the Coulomb processes in more detail: First, Figure 7b depicts QW-assisted QD
capture/emission counted among Auger-like processes, i.e., processes where QD and QW states are
involved. Furthermore, the scattering pathways (QD-assisted QD emission P3a and top QW-assisted
QD scattering P3b ) illustrated in Figure 7c) make Coulomb-assisted electronic scattering in the QD
faster and thus work against the inversion in the QD. In particular, an efficient scattering via top
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QW-assisted QD scattering P3b in Figure 7c requires a pronounced occupation of the continuum
states. Finally, in Figure 7d scattering pathways that contribute to the inversion of the optically
active states are depicted. Here, the Coulomb processes, source QW-assisted QD capture P1 and drain
QW-assisted QD emission P4 , support the electron-phonon scattering pathways, phonon-assisted QD
capture P2 and phonon-assisted QD emission P3 , respectively. The suppression of processes such as
top QW-assisted QD scattering P3b in Figure 7c is, in fact, detrimental for achieving gain. This was
realized earlier [29], and is the reason that the model design includes an extraction process in the top
QW to prevent an excessive accumulation of carriers in the top QW. Only the carrier density in the
continuum states that piles up despite the extraction process contributes to an Auger-like current that
works against the inversion.
4. Conclusions
In conclusion, we presented a theoretical investigation on the influence of QD material
properties, such as inhomogeneous broadening and QD density, on the performance of QD active
regions for mid-IR QCL devices under room temperature conditions. We computed modal gain
and current density and showed that they are strongly influenced by the interdependence between
inhomogeneous broadening and QD density. By computing the threshold current we showed how
QD density and inhomogeneous broadening influences QD QCL characteristics, which may be used
in the future for an optimized design of those devices. More precisely, one can compensate for
moderately high inhomogeneous broadening (up to ∆inh = 50 meV) by increasing QD density, but
current densities as high as 225 or 325 A·cm−2 will be necessary to achieve positive modal net gain.
The direction to take may be to reduce inhomogeneous broadening. Our theory shows that with
∆inh = 15 meV a positive modal net gain is possible with current densities as low as 150 A·cm−2 .
We further investigated the different contributions to the current and found that both Coulomb
(i.e., Auger-processes) and electron-phonon scattering play almost equally important roles. As the
Coulomb contribution is controlled by the accumulation of carriers in the scattering states of the
QD structure, this underscores the importance of QD structure design that allows for an efficient
extraction of delocalized carriers in the QD layer.
An experimental realization of the structure proposed and analyzed here would have to
produce the energy level line-up rather precisely in a superlattice structure and, perhaps even more
importantly, would have to realize a collector region with the design requirements. The combination
of these features may present considerable technical challenges associated with QD growth, but we
believe our results make a strong case for the feasibility of a QD-QCL, and may help in the design of
future mid-IR QD QCL devices.
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