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Abstract: GT-style rubber-fiberglass (RF) timing belts are designed to effectively transfer rotational
motion from pulleys to linear motion in robots, small machines, and other important mechatronic
systems. One of the characteristics of belts under this type of loading condition is that the length
between load and pulleys changes during operation, thereby changing their effective stiffness. It has
been shown that the effective stiffness of such a belt is a function of a “nominal stiffness” and the
real-time belt section lengths. However, this nominal stiffness is not necessarily constant; it is common
to assume linear proportional stiffness, but this often results in system modeling error. This technical
note describes a brief study where the nominal stiffness of two lengths (400 mm and 760 mm) of GT-2
RF timing belt was tested up to breaking point; regression analysis was performed on the results to
best model the observed stiffness. The experiments were performed three times, providing a total of
six stiffness curves. It was found that cubic regression mod els (R2 > 0.999) were the best fit, but that
quadratic and linear models still provided acceptable representations of the whole dataset with R2

values above 0.940.

Keywords: timing belt; belt stiffness; dynamic system modeling; mechatronic systems;
3D printers; robotics

1. Introduction

Timing belts are a common means of motion transfer between rotating motors/shafts in a machine
or mechatronic system. Many small-to-medium sized mechatronic systems such as 3D printers [1],
robots [2,3], desktop computer numerical control (CNC) machines [4], and positioners [5] use such
belts, typically in the GT-style [6,7]. GT-style belts are specifically designed to effectively translate
rotating motion from pulleys into linear motion with minimal deformation, slippage, and backlash.
One of the fundamental characteristics of such a motion transfer system is that the length of the belts
changes with time, causing time-variant stiffnesses in the belts which must be considered in dynamic
system modeling and design. Note that the "stiffness" in the belt is considered only in the tension
direction of the belt for this work, resulting in a stiffness that can be described as a single value or
function instead of the full stiffness matrix [8,9].

When analyzing and designing any robotic and other mechatronic systems, it is vital that a good
dynamic model of the system be developed and used. Since such systems often use some kind of
flexible belts for motion transfer, the belt stiffness is a very important parameter in a system model.
In cases where the length of the belt is constant (e.g., running between two fixed pulleys), the stiffness
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k of the belt can be modeled as a spring where f (x) = kx; therefore, the stiffness of the belt is a function
of its deflection x under load. In effect, this constant-length stiffness of the belt is its “nominal” design
stiffness. However, in cases where the belt changes length during use, the effective length of these
belt is a function of time and, therefore, its stiffness is also time-variant; this time-variant stiffness is
the “effective” or apparent stiffness of the belt at some time t. It has been shown that the effective
stiffness of the length-changing belts can be directly calculated as a function of the nominal stiffness
value, the belt width, and the real-time length of the belt [10] such that:

ki(t) = Csp
b

Li(t)
(1)

where ki is the effective stiffness as a function of time, Csp is the nominal stiffness, b is the belt width,
and Li(t) is the length of the belt section at time t. For any case where the length remains constant,
the effective and nominal stiffnesses are equal since the value of Li(t) is a constant. Note that the value
of Csp may be a constant or function of material properties for different belt materials; it cannot be
considered a function of time the way that the length of the belt is. The most commonly-used GT-style
belt is the GT-2; Figure 1 shows the fundamental geometry and specifications for this type of belt.

Figure 1. GT-2 belt (a) specifications and (b) basic geometry.

Figure 2 shows a common application, where a GT-style belt is used to transfer motion from a
stepper motor to drive a linear positioning system. Also shown is a 2D dynamic model representation
of such a system (Figure 2b), where the differences in effective stiffness, based on belt length, in the belt
sections are clearly evident. The sections L1 and L2 change in effective stiffness as a function of time,
while section L3 stays constant during use [11,12] so the effective and nominal stiffnesses are equal.

Figure 2. (a) simple positioning system that utilizes a GT-type belt to drive the table and (b) its
representative dynamic model.
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The work described in this note explored the nominal stiffness Csp and the best way to model it
in dynamic systems where belt length is not constant. Several previous studies have assumed that
rubber-based timing belts have a linear nominal stiffness [5,11–18]. However, it is vital for designers
and engineers working with dynamic systems which use belts for energy transfer to understand the
true effects of the belt stiffness [19,20]. Therefore, experimental data was collected and used to derive
conclusions on the true stiffness behavior of the GT-2 belts during use. The collected data was subjected
to regression analysis to see which type of model best fit, allowing the comparison of models for the
same dataset. The information in this study will prove useful, both in choosing k stiffness values for
dynamic models and for judging expected model error if linear stiffness assumptions are used.

2. Procedure and Results

Two lengths of new GT-2 belts, 400 mm and 760 mm, were subjected to a simple tensile test until
they ruptured. The test apparatus was a custom-built, screw-driven manual desktop test stand set up
for tensile testing with 3000 N capability and a travel rate of 1/16 in (1.6 mm) per screw revolution.
The screw drive was rotated at a constant rate of 0.5 revolutions per second (0.8 mm/s), a reading
being taken every revolution of the screw or every 1.6 mm. Since the length measurement was based
on a count of the threads during travel, the uncertainty in length was too small to quantify; the digital
readout for the unit used a load cell with a given uncertainty of 100 gram-force or 0.89 N. It was
necessary to use this kind of manual tensile testing machine as none of the available standard machines
were sensitive enough to measure the force-deflection behavior of these kinds of belts [21]. In addition,
the discrete time measurement ensured a reasonably-sized dataset for curve-fitting. This was replicated
twice to obtain a set of six different curves, three from each length. The ruptured belts were observed
to fail suddenly and to show tearing of the glass fibers inside, as shown in Figure 3. The GT-2 belts
used were a composite of neoprene (synthetic rubber) [22] and glass fibers, where the fibers appeared
to drive the failure point of the belts.

Figure 3. Belt break interface, showing broken fibers.

The collected data, in terms of force-deflection curves, are shown in Figure 4a, while the equivalent
stress–strain curves for the tests are shown in Figure 4b. The length of the belts clearly had an effect
on the force-deflection curves, but this largely disappeared when the length was accounted for in the
stress–strain curves. Note that most of the curves show hyper-elastic behavior, i.e., there is no region
in the curve where the stiffness is constant.



Robotics 2018, 7, 75 4 of 8

Figure 4. Belt stiffness curves: (a) force-deflection curve and (b) stress–strain curve.

As the nominal compliance of the belts was clearly found to be nonlinear, a regression analysis
was performed to model the curves and find the level of unexplained variance in these curves. One of
the most common polynomial regression models [23,24] used for hyper-elastic materials is the cubic
polynomial. The basic model used for this study began with the following polynomial model:

σbelt = Aε3
belt + Bε2

belt + Cεbelt + D (2)

where a cubic model includes all of the variables, a quadratic model can be generated by setting
A = 0, and a linear model can be used with A = B = 0. These curve fits, completed using Microsoft
ExcelTM (Microsoft Corp, Redmond, WA, USA) are shown in Figure 5a, and the fits for each of the
variable and the resulting R2 values are shown in the first six cases in Table 1.

After fitting the cubic models to each of the six sets of experimental data, the cubic model,
a quadratic model, and a linear model were then fit to the entire set at once, as shown in Figure 5b.
A significant drop in the R2 value was noted for all of the models fit to the dataset, but differences
between the cubic, quadratic, and linear models were observed to be small, as shown in Table 1.

It was observed that the low-strain region of the dataset (Figure 5b,c) conforms better to a linear
model when the entire dataset is used. In actual use, it is most likely that the belts will not reach more
than 20–30% of the belt breaking strength during normal use [14,25,26], so this is a valid assumption
for many systems; this will, of course, need to be determined by the modeler or designer before using
a linear belt model. If the low-strain assumption can be used, then the data fit a linear model with a
slightly greater R2 value than a quadratic model for the entire dataset and is certainly superior to a
linear model for the entire dataset. The linear model for this case is shown in the last row of Table 1.

Figure 5. Curve fits for (a) individual belts (cubic model); (b) full sample curve fit (cubic, quadratic,
and linear models); and (c) low-strain linear curve fit.
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Table 1. Belt stiffness model curve fit data.

Case Plot Reference A B C D R2

760 mm (cubic model) - R1 Figure 5a −2.00 × 106 94,969 958.80 −0.5658 0.9996
760 mm (cubic model) - R2 Figure 5a −3.00 × 106 144,204 445.86 −0.1163 0.9996
760 mm (cubic model) - R3 Figure 5a −2.00 × 106 95,693 1281.60 −0.0723 0.9997
400 mm (cubic model) - R1 Figure 5a −2.00 × 106 81,219 849.99 0.2296 0.9993
400 mm (cubic model) - R2 Figure 5a −2.00 × 106 95,332 935.37 0.2840 0.9995
400 mm (cubic model) - R3 Figure 5a −922,283 50,993 810.95 0.4965 0.9994
Full dataset (cubic model) Figure 5b −2.00 × 106 98,091 937.22 −0.1758 0.9672
Full dataset (quadratic model) Figure 5b - −19,340 2408.9 −3.3656 0.9552
Full dataset (linear model) Figure 5b - - 1821.1 −0.6140 0.9431
Low strain (linear model) Figure 5c - - 2013.8 −2.3275 0.9573

3. Recommendations for Use and Applications

In cases where a time-variant belt length is used in a dynamic system model, the time-dependent
stiffness of the belt must be considered, even when a mix of time-variant and time-invariant belt
lengths are used. In practice, it is recommended that the modeler follow a three-step procedure:

1. Identify the nominal stiffness Csp of each belt type used in the system (e.g., if two thicknesses
of belts are used, two different nominal stiffnesses will be present). This information may be
collected from manufacturer datasheets or from tests on each belt type, similar to the tests done in
this technical report.

2. Decide if a linear or nonlinear nominal stiffness Csp model will be used for each belt type.
The primary driving force for this decision will be the computational cost for analyzing the
system; for a simple system, it may be practical to use a nonlinear nominal stiffness model, but a
linear model would be more feasible in a system with several elements. However, the importance
of the model accuracy is a serious consideration and may justify a high computational cost if high
accuracy is required.

3. Based on the configuration of the system and the decisions made in the first two steps, the effective
stiffness k can take one of four forms:

(a) If the belt length is constant and a linear model is used for Csp, the effective stiffness in the
equations of motion will be constant and described by

ki = Csp
b
L

(3)

(b) If the belt length is constant and a nonlinear model is used to find Csp, the nominal stiffness
will be a function derived form a force-deflection curve. The effective stiffness in that belt
section will be described by

ki = Csp(x)
b
L

(4)

where Csp(x) is a continuous function of x.
(c) If the belt length is time-variant and a linear model is used for Csp, the effective stiffness in

the equations of motion will be time-variant and described by

ki = Csp
b

L(t)
(5)
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(d) If the belt length is time-variant and a nonlinear model is used to find Csp, the nominal
stiffness will be a function derived form a force-deflection curve. In this case, the effective
belt section stiffness will be described by

ki = Csp(x)
b

L(t)
(6)

where Csp(x) is a continuous function of x and the belt length is a function of time.
Therefore, the effective stiffness will be dependent on both the length of the belt and
the amount of force placed on the belt.

When modeling these dynamic systems, it is recommended that the simplest model of the belt
stiffness which gives acceptable accuracy be used in order to balance computational cost with extreme
accuracy in the model. In most cases, the uncertainty in the material properties of the belt and the
common use of linearization in dynamic models would erase any advantage to using an extremely
high-fidelity belt model.

4. Conclusions

This short technical note presents the results of a brief exploratory study on modeling the
nominal stiffness of GT-2 timing belts; this information can be used to more accurately model the true,
time-variant, stiffness behavior of common GT-2 belts when the effective length of belt sections changes
with time. It was observed that these belts do not behave in a linear way, as expected for belts with
a hyper-elastic base material, but that a linear model can provide a reasonable approximation of the
behavior under some conditions, particularly low-strain conditions. When possible, the cubic stiffness
model should be used, but this would often be impractical for dynamic systems with many components,
as it can cause a simple model to become nonlinear in more than one variable. When practical and
necessary for problem tractability, a linear model may be used with a reasonable degree of accuracy.
The modeler or designer should keep in mind that some uncertainty will exist with any belt model
and should choose the model that best balances accuracy with computational cost.
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experiments, collect data, perform the regression analyses, and write the report.
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Nomenclature

b = Belt width (m)
βi = Belt section i damping coefficient
Csp = Nominal belt stiffness (N/m)
ki = Effective (true) belt section i stiffness (N/m)
Li = Belt section i length (m)
mi = Mass of block i (kg)
θi = Pulley i angle (degrees)
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